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ABSTRACT. We obtain a graded character formula for certain
graded modules for the current algebra over a simple Lie algebra of
type Eg. For certain values of their highest weight, these modules
were conjectured to be isomorphic to the classical limit of the
corresponding minimal affinizations of the associated quantum group.
We prove that this is the case under further restrictions on the
highest weight. Under another set of conditions on the highest
weight, Chari and Greenstein have recently proved that they are
projective objects of a full subcategory of the category of graded
modules for the current algebra. Our formula applies to all of these
projective modules.

Introduction

The problem of determining the structure of the minimal affinizations
of quantum groups is one of the most studied problems in the finite-
dimensional representation theory of quantum affine algebras in recent
years (see |6] for a recent survey with a comprehensive list of references).
In particular, determining the character of such representations when
regarded as modules for the quantum group Ug,(g) over the underlying
semisimple Lie algebra g is of special interest. Determining the character is
theoretically equivalent to determining the multiplicity of the irreducible
constituents of these representations when regarded as U,(g)-modules.
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In practice, computing the multiplicities out of a given character is a
laborious task which can be performed algorithmically.

One of the methods which have been used to approach this problem is
that of considering the classical limit of the given module and regard it as
a representation for the current algebra g[t] = g ® CJt]. This approach was
first considered in |2, 7| and it was then further developed in |9, 10, 22].
In this paper, we apply this method for g of type Eg and obtain a formula
for the multiplicities of the irreducible constituents of the graded pieces
of these modules assuming certain conditions on the highest weight. Our
formula actually holds for a larger class of g[t]-modules. Namely, given
a dominant integral weight \ of g, the first author defined in [22] a g[t]-
module denoted by M (A). The definition is by generator and relations
which naturally generalize the relations of the classical limits of Kirillov-
Reshetikhin modules obtained in [2]. It was conjectured in [22] that M (\)
is isomorphic to the classical limit of the minimal affinizations of the
irreducible U, (g)-module of highest-weight A\ provided that there exists a
unique equivalence class of minimal affinizations associated to A. Our main
results are a formula for the multiplicities of the irreducible constituents
of the graded pieces of the modules M () and the proof of the conjecture
of [22] assuming certain conditions on \. To explain these conditions, let
us label the nodes of the Dynkin diagram of g as follows.

1 2 3 4 5

Let I ={1,2,...,6} and identify it with the set of nodes of the Dynkin
diagram of g following the above labeling. For an integral weight u, the
support of u is the subset of I consisting of labels such that the value of
1 on the corresponding co-root is nonzero. The connected closure of the
support is the minimal connected subdiagram of the Dynkin diagram of g
containing the nodes in the support of u. We mostly focus our study on
the modules M () with A not supported in the trivalent node and prove
that the character formula (3.12) below holds for all A with support con-
tained in one of the following subsets of I: {1,2,5,6},{1,4,5,6},{2,4,6}.
Following the conjecture of [22], we conjecture that (3.12) holds for all A
not supported in the trivalent node and prove in such generality that (3.12)
gives an upper bound for the multiplicities of the g-irreducible constituents
of the graded pieces of M () (see (3.10)). In particular, it follows from
(3.9) that all irreducible constituents are multiplicity free (even if the
grading is not taken into account). As a byproduct of the proof of (3.12),
we obtain a realization of M () as a submodule of the tensor product
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of the classical limits of certain Kirillov-Reshetikhin modules (Theorem
3.14(a)), thus establishing part of the conjecture of |22] for such A.

Keeping the above conditions on A and further assuming that the
connected closure of the support of A is of type A, we prove that M(\) is
isomorphic to the classical limit of the corresponding minimal affinizations
when regarded as g[t]-modules (Theorem 3.14(b)). This establishes the
other part of the conjecture of [22| for these values of \. In particular,
(3.12) gives the multiplicities of the irreducible constituents of the minimal
affinizations when the support of A is contained in one of the following
subsets of I: {1,2,5},{1,4,5},{1,2,6},{4,5,6},{2,4}. Moreover, we also
prove that, if (3.12) indeed holds for any A not supported in the trivalent
node as conjectured, then we can include {1,2,4,5} in this list. Dropping
all the assumptions on \ except that the connected closure of its support
is of type A, we prove that the classical limit of the corresponding minimal
affinizations are quotients of M (\) (Proposition 3.15). This is a further
step towards the proof of the conjecture of [22] in general. However, the
graded character formula for the Kirillov-Reshetikhin modules associated
to the trivalent node given in [16] implies that, if A is supported on that
node, then these modules are not multiplicity free. We remark that, in
[23], Nakajima developed an algorithm for computing the ¢-analogue of
the g-character of any finite-dimensional irreducible representation of the
quantum affine algebra associated to any simply laced simple Lie algebra
g. In particular, without any assumption on A, the graded character of
the classical limits of the minimal affinizations associated to A can be
computed using this algorithm. Theoretically, one can then compute the
multiplicities from the character as mentioned in the first paragraph of
this introduction. On the other hand, with the above assumptions on A,
formula (3.12) gives these multiplicities directly.

Let us explain the reasons behind the several aforementioned restric-
tions on A. First we recall that, for simply laced g, there exists a unique
equivalence class of minimal affinizations associated to A if and only if
the connected closure of its support is of type A. Let 6 be the highest
root of g and, given ¢ € I, let €;(0) be its coordinate in the basis of simple
roots. Given a positive integer r, let gt : 7] be the quotient of g[t] by the
ideal g ® t"CJ[t]. It turns out that M (\) factors to a module for gt : 7]
where 7 is the maximum of ¢;(6) for ¢ running on the support of A. In
particular, if g is of type Eg, M(\) can be regarded as a module for
g[t : 3]. Moreover, if A is not supported on the trivalent node, then M(\)
factors to a module for g[t : 2]. The category Go of graded g[t : 2]-modules
with finite-dimensional graded pieces has been recently studied in [4, 5]
by exploring its interplay with the theory of Koszul algebras and quiver
representations. The literature on the representation theory of gt : 7]
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for 7 > 2 is more limited and results such as the ones from [4, 5] are
yet to be established. Thus, we focus on the case that M(\) factors to
a g[t : 2]-module which, for type Eg, is equivalent to assuming that \ is
not supported on the trivalent node (as mentioned above, this is also the
necessary and sufficient condition for the modules M (\) to be multiplicity
free). It follows from [5, Theorem 1| that, if A satisfies certain conditions,
then M(X) is a projective object of a full subcategory of Ga naturally
attached to A\. Moreover, |5, Theorem 2| gives a graded character formula
for M (M) provided A satisfies the conditions of [5, Theorem 1]. We remark
that |5, Theorem 2| expresses the graded character of M () in terms of an
alternating sum of the graded characters of M (u) with p strictly smaller
than \ with respect to the usual partial order on the weight lattice of
g. Hence, the formula of [5, Theorem 2| is of recursive nature. For g of
type Eg, we prove that the conditions on A required on [5, Theorem 1]
is equivalent to requiring that the support of A be contained in one of
the following subsets of I: {1,2,5,6},{1,4,5,6}. Therefore, (3.12) holds
beyond the cases covered by [5, Theorem 2|. This latter list of subsets of I
also hints that it should be expected that when the support of A contains
{2, 4} the situation should be more complicated than otherwise. Indeed,
the proof of (3.12) for this case is significantly more technically involved
than for the others.

The paper is organized as follows. In Section 1, we review the basic
notation on simply laced simple Lie algebras and the associated loop
algebras, current algebras, quantum groups, and quantum affine algebras.
In Section 2, we review the relevant facts on the finite-dimensional rep-
resentation theory of these algebras. After reviewing the classification of
minimal affinizations in Subsection 3.1, the main results (Theorem 3.14,
Proposition 3.15, the multiplicity free property (3.10), and the character
formula (3.12)) are stated in Subsection 3.2. The relation of our results
with those of [5] is explained in Subsection 3.3. The proofs are given in
Section 4.

Acknowledgements: The work of the first author was partially supported
by CNPq. The M.Sc. studies of the second author, during which part of
this work was done, were supported by FAPESP.

1. Quantum and classical loop algebras

Throughout the paper, let C,R,Z,Z>,, denote the sets of complex num-
bers, reals, integers, and integers bigger or equal m, respectively. Given
a ring A, the underlying multiplicative group of units is denoted by A*.
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The dual of a vector space V is denoted by V*. The symbol =2 means
“isomorphic to”. The cardinality of a set S will be denoted by |S|.

1.1. Classical algebras

Let I = {1,...,n} be the set of vertices of a finite-type simply laced
Dynkin diagram and let g be the associated semisimple Lie algebra over
C with a fixed Cartan subalgebra . Fix a set of positive roots R and let

= P gra where gy, ={z€g:[h ] =+a(h)z, ¥YhEh}.
a€RT

The simple roots will be denoted by «; and the fundamental weights
by w;, i € I. Q, P,Q", PT will denote the root and weight lattices with
corresponding positive cones, respectively. Let also h; € h, be the co-root
associated to «;,i € I. We equip h* with the partial order A < p iff
p—X € QF. Let C = (¢;5); jer be the Cartan matrix of g, i.e., ¢;; = o (h;).
The Weyl group is denoted by W.

The subalgebras g+o,a € RT, are one-dimensional and [g+q, g+s] =
giasp for every a, f € RT. We denote by rE any generator of g4, and,
in case a = «; for some i € I, we may also use the notation xli in place of
xi In particular, if o + 8 € RT, [aF, xzﬂ is a nonzero generator of gi,+p

and we simply write [z, xéc] = x(f .- For each subset J of I let g; be

the Lie subalgebra of g generated by xfj, j € J, and define n:J]E, by in the
obvious way. Let also Q7 be the subgroup of @ generated by «a;,j € J,
and R}r =R"NQ,. Given A € P, let A; be the restriction of A to b% and
A7 € P be such that A/ (h;) = A(h;) if j € J and A7 (h;) = 0 otherwise.
By abuse of language, we will refer to any subset J of I as a subdiagram
of the Dynkin diagram of g. The support of 4 € P is defined to be the
subdiagram supp(u) C I given by supp(u) = {i € I : pu(h;) # 0}. Let also
supp(p) be the minimal connected subdiagram of I containing supp(pu).

If a is a Lie algebra over C, define its loop algebra to be a = a®@cC[t, t7!]
with bracket given by [z @ t",y @ t°] = [z,y] ® t""5. Clearly a® 1 is a
subalgebra of a isomorphic to a and, by abuse of notation, we will continue
denoting its elements by x instead of x ® 1. We also consider the current
algebra a[t] which is the subalgebra of a given by a[t] = a ® C[t]. Then
g=n" @®bh®at and b is an abelian subalgebra and similarly for g[t]. The
elements r> @ ", ﬂ:f ®t", and h; ® t" will be denoted by xir, :vzir, and
hi r, respectively. Also, Diagram subalgebras g are defined in the obvious
way.

Let U(a) denote the universal enveloping algebra of a Lie algebra
a. Then U(a) is a subalgebra of U(a). Given a € C, let 7, be the Lie
algebra automorphism of a[t] defined by 7,(x ® f(t)) =z ® f(t — a) for
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every € a and every f(t) € C[t]. If @ # 0, let ev, : @ — a be the
evaluation map = ® f(t) — f(a)z. We also denote by 7, and ev, the
induced maps U (a[t]) — U(a[t]) and U(a) — U(a), respectively. Given a
nonzero x € a we shall denote by U(x) the universal enveloping algebra of
the one-dimensional subalgebra generated by x regarded as a subalgebra
of U(a).

For each i € I and r € Z, define elements A;, € U () by the following
equality of formal power series in the variable wu:

ZAZ +ru” = exp ( Z ha“isu5> . (1.1)

1.2. Quantum algebras

Let C(q) be the ring of rational functions on an indeterminate ¢ and
A = Clg,q']. Set

qt —q ™

[m] = R [mlt = [m]fm =1]... 21, [7]=

for r,m € Z>o, m > r. Notice that [m],['] € A.

The quantum loop algebra Uy,(g) of g is the associative C(g)-algebra
with generators :L'?’:T (Gel,rez),kf (iel), hi, (icl reZ\{0})
and the following defining relations:

kik;y b=k ki =1, kik; = kjki,
kihj, = hjki,

k; xﬂk‘z 1 — qjcc“:z:i

17’

1
iy hjs) = 0, [hig, )] = £=[regla)
T

tryljs j,r4s?
+ + +cij .+ E P e = + +
xi,r+l$j s 4 ”‘IL‘] 5L 7“+1 - ljwz T:EJ s+1 xj,s+lxi,r7
Jr —
o 7] = 6y e~ Vs
i, g8l T VL) —
J qg—q 1
m
+ + _+ + _ e
Z 7' Ta(l) T xivro'(k) Ijvsxivra(k+1) T mivro(m) - 0’ lf t # ‘7,
oE€Sm k=0
for all sequences of integers ri,...,7y,, where m = 1 — ¢;;, Sy, is the

symmetric group on m letters, and the 1/);5, are determined by equating
powers of u in the formal power series

szﬂ:ru :kiilexp< q—q- thisu>.
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Denote by U, (#F), U, (h) the subalgebras of U, (§) generated by {x;tr

{k;tl, h; s}, respectively. Let Uy(g) be the subalgebra generated by x;t =
afy, ki € I, and define Uy(n*),U,(h) in the obvious way. U,(g) is
a subalgebra of Uy(g) and multiplication establishes isomorphisms of

C(q)-vectors spaces:

Uyg(g) 2 Uy(n7)@U,(h)@U,(n™)  and  Uy(§) = Uy (i )@Uy(h)@U, (7).
Let J C I and consider the subalgebra U,(g.s) generated by k‘;cl, hjr, :L‘;-ljs

for all j € J,r,s € Z,r # 0. If J = {j}, the algebra Uy(g;) := Uy(g,) is

isomorphic to Uy(slz). Similarly we define the subalgebra U,(g), etc.

£k
Fori e I,r € Z, k € Z>o, define (:cfr)(k) = (IE[",;]T!) . Define also elements
Air,i€1,r € Z by

hl S
ZAl +ru = exp ( Z [T s) . (1.2)
Although we are denoting the elements xi

i hir, and A;, above by the
same symbol as their classical counterparts, this will not create confusion
as it will be clear from the context.

Let Ux(g) be the A-subalgebra of U,(g) generated by the elements
(27) %), k= for i € I,r € Z, and k € Zs¢. Define Uy (g) similarly and
notlce that Ua(g) =Ux(g)NT, ( ). Henceforth a will denote a Lie algebra
of the following set: g, n*, b, g, n*, h For the proof of the next proposition
see [2, Lemma 2.1] and the locally cited references.

Proposition 1.1. The canonical map C(q) ®4 Ua(a) — Ug(a) is an
isomorphism. O

Regard C as an A-module by letting ¢ act as 1 and set
Uy(a) = C®p Ug(a). (1.3)

Denote by Z the image of x € Uy(g) in U,(g). For a proof of the next
proposition see [11, Proposition 9.2.3] and the locally cited references.

Proposition 1.2. U(g) is isomorphic to the quotient of U,(g) by the

ideal generated by k; — 1. In particular, the category of U,(g)-modules
on which k; act as the identity operator for all ¢ € I is equivalent to the
category of all g-modules. Ol

The algebra U,(g) is a Hopf algebra and induces a Hopf algebra
structure (over A) on Uy (g). Moreover, the induced Hopf algebra structure
on U(g) coincides with the usual one (see [11, 21]). On U,(g) we have

Alx]) =2f @1+ koz], A(z))=z; 0k '+loz;, Alk)=kok
(1.4)
for all i € I. The next lemma is easily established (cf. [22, Lemma 1.5]).
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x|z, x| --]]. Then x € Uy(n™)

Lemma 1.3. Suppose = = [z; , [z;,, P

i1 [
and

!
€x®H Hti1ez+ floy

for some y € Up(g) ® Ua(g) and some f(q) € A such that f(1)=0. O

An expression for the comultiplication A of U,(g) in terms of the
generators xzir, hi k;tl is not known. The following partial information
will suffice for our purposes (see [22, Lemma 1.6] and the locally cited

references).

Lemma 1.4. A(z; ;) =z, ®k;+1®xz;; +z for some z € Up(g) ®Ua(g)
such that z = 0. O

1.3. The /-weight lattice

Given a field F consider the multiplicative group Pr of n-tuples of rational
functions p = (pq (), -, p,(uw)) with values in F such that p;(0) =1
for all # € I. We shall often think of p;(u) as a formal power series in u
with coefficients in F. Given a € F* and i € I, let w; 4 be defined by

(wiya)j(u) =1- 5i7jau.

Clearly, if IF is algebraically closed, Pr is the free abelian group generated by
these elements which are called fundamental /-weights. It is also convenient
to introduce elements wy 4, A € P,a € I, defined by

wra = [ [(wia)*"). (1.5)
il

If F is algebraically closed, introduce the group homomorphism (weight
map) wt : Pr — P by setting wt(w;,) = w;. Otherwise, let K be an
algebraically closed extension of F so that Pr can be regarded as a subgroup

of Pk and define the weight map on Pr by restricting the one on Pk.
Define the £-weight lattice of U,(g) to be Py := Pc(q). The submonoid
73; of P, consisting of n-tuples of polynomials is called the set of dominant
(-weights of Uy(g). Given A € P with A;(u) = [1;(1 = a;ju), where a;
belongs to some algebraic closure of C(q), let A~ € 73Jr be defined by
A (w) =TLQA—a;; L4). We will also use the notation /\+ A. Given v €
Py, say v = Ap~t with A\, p € 77; , define a C(g)-algebra homomorphism

Ty : Uy(h) — C(q) by setting Wy (ki) = q;tWt(V)(hi) and

= )
QZO \IIV(A’L,:ET‘) - (Ni)z(u) . (1'6>
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One easily checks that the map ¥ : P, — (Uy(h))* given by v — ¥y
is injective. Define the /-weight lattice P of g to be the subgroup of P,
generated by w;, for all i € I and all @ € C* or, equivalently, P = Pc.
Set also PT =P N 73;' . From now on we will identify P, with its image
in (Uy(h))* under ¥. Similarly, P will be identified with a subset of
U(h)* via the homomorphism ¥y, : U(h) — C determined by (1.6) and
Wy (hy) = wt(v)(hy).

It will be convenient to introduce the following notation. Given i €
I,a € C(q)*,r € Z>o, define

r—1
Wia,r = H wi7aqr—l—2j. (17)
J=0

If JC1Iand A€ Py, let XA; be the associated J-tuple of rational
functions. Notice that A; can be regarded as an element of the /-weight
lattice of U,(gs). Let also A7 € P, be such that (A7);(u) = Aj(u) for
every j € J and (A7);(u) = 1 otherwise.

Given i € I and a € C(q)*, define the simple ¢-root «; o by

| | -1
Qg = Wiaq,2 wj,aq,fcji' (18)
JFi

The subgroup of P, generated by the simple f-roots is called the ¢-root
lattice of U,(g) and will be denoted by Q,. Let also Q;‘ be the submonoid
generated by the simple ¢-roots. Quite clearly wt(a; ) = ;. Define a
partial order on P, by

p<Xx if  Aplegl

Remark. The elements a; , were first defined in [15] where they were
denoted by A; 44. The term simple ¢-root was introduced in [8] where an
alternate definition in terms of an action of the braid group of g on P,
was given. For more details on the ¢-weight lattice see [20, Section 3| and
the references therein.

2. Finite-dimensional representations

2.1. Simple Lie algebras

For the sake of fixing notation, we now review some basic facts about the
representation theory of g and U,(g). For the details see [19] and [11] for
instance.
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Given a U,(g)-module V and p € P, let
V,={veV:kv=¢""yforallieI}.

A nonzero vector v € V), is called a weight vector of weight p. If v is a
weight vector such that x;rv =0 for all ¢ € I, then v is called a highest-
weight vector. If V' is generated by a highest-weight vector of weight A,
then V is said to be a highest-weight module of highest weight A. A

U,(g)-module V is said to be a weight module if V=@ V). Denote
uwevr

by C, be the category of all finite-dimensional weight modules of U,(g).

Analogous concepts for g-modules are defined similarly after setting

Vie={veV:hv=pu(h)v for all h € h}.

Denote by C the category of finite-dimensional g-modules.

Let Z[P] be the integral group ring over P and denote by e : P —
Z[P],\ ~— €, the inclusion of P in Z[P] so that e*e# = e . The
character of an object V' from C, or C is defined by

char(V) = > dim(V},)e". (2.1)
pneP

The following theorem summarizes the basic facts about the categories
Cq and C.

Theorem 2.1. Let V' be an object either of C, or of C. Then:
(a) dimV, = dimV,,, for all w € W.
(b) V is completely reducible.

(c) For each A € PT, the g-module V()\) generated by a vector v
satisfying

v =0, hiv = A(h;)v, (7N +y =0, Viel,

K3 7

is irreducible and finite-dimensional. If V' € C is irreducible, then V'
is isomorphic to V(\) for some A € PT.

(d) For each A € PT the U,(g)-module V,()\) generated by a vector v
satisfying

zv =0, kiv = ¢y, (a;»_))‘(hi)“v =0, Viel,

is irreducible and finite-dimensional. If V' € C, is irreducible, then
V' is isomorphic to V() for some A € PT.



A. MoURA, F. PEREIRA 79

(e) For all A € PT, char(V,(\)) = char(V(X)). O

If J C I we shall denote by V;(Ay) the simple U,(gs)-module of
highest weight ;. Similarly V' (A;) denotes the corresponding irreducible
gs-module.

Proposition 2.2. Let A € P™,J C I, and suppose v € V(X)) (re-
spectively v € V(A))) is nonzero. Then U, (gs)v = V4 (Ay) (respectively
Ulgs)v =V(A))). O

Assume g = g1 @ g2 where g; are semisimple Lie algebras. Then
P = P; x P, where P; is the weight lattice of g; for j = 1,2, and so on.
Given A € Pj+, denote by V; () the irreducible g;-module of highest-weight
A If V7 is a gi-module and V5 is a go-module, then Vi ® V5 is naturally a
g-module.

Proposition 2.3. Let A = (A1, \2) € PT and pu = (u1, u2) € P. Then:
(a) V(A = Vi(A1) ® Va(A2) as g-modules.
(b) VIV = (Vi(M)u) ® (Va(A2)u,) as h-modules. O

We will need the following elementary lemma (a proof can be found
in [22, Lemma 2.3|).

Lemma 2.4. Let V be a finite-dimensional g-module and suppose [ €
Z>1,v € Pyup €V, for k=1,...,1, are such that V = Zi,:l U™ )ug.

Fix a decomposition V' = 763 Vj where m € Z>1,V; = V(p;) for some

j=1
pj € P andlet ; : V' — Vj be the associated projection for j = 1,...,m.
Then, there exist distinct k1, ..., ky € {1,...,1} such that vy, = p; and
Wj(vkj) # 0. ]

2.2. Loop algebras

Let V be a U,(g)-module. We say that a nonzero vector v € V' is an ¢-weight
vector if there exists A € Py and k € Zq such that (n — ¥y (n))"v =0
for all € U,(h). In that case, A is said to be the f-weight of v. V' is said
to be an f-weight module if every vector of V' is a linear combination of
(-weight vectors. In that case, let Vy denote the subspace spanned by
all (-weight vectors of f-weight X. An /-weight vector v is said to be a
highest-¢-weight vector if nu = W (n)v for every 1 € U,(h) and :c;-frv =0
for all i € I and all r € Z. V is said to be a highest-¢-weight module if
it is generated by a highest-f-weight vector. Denote by 5(1 the category
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of all finite-dimensional ¢-weight modules of Ugy(g). Quite clearly C~q is an
abelian category. B
Observe that if V' € C4, then V' € C,; and

Vi = P V- (2.2)
Aswt(A) = A

Moreover, if V' is a highest-f-weight module of highest /-weight A, then
dim(VWt(/\)) =1 and Vi #0=p < wt(A). (2.3)

Define the concepts of f-weight vector, etc., for g in a similar way and
denote by C the category of all finite-dimensional g-modules. The next
proposition is easily established using (2.3).

Proposition 2.5. If V is a highest-¢-weight module, then it has a unique
proper submodule and, hence, a unique irreducible quotient. O

Definition 2.6. Let A € P,7 and A\ = wt(\). The Weyl module W, () of
highest ¢-weight A is the U, (g)-module defined by the quotient of U,(g) by
the left ideal generated by the elements x;rr, (x;r)’\(hi)ﬂ, and n — ¥y (n)
for every ¢ € I,7 € Z, and 1 € Uq(f)). Denote by V() the irreducible
quotient of W;(AX). The Weyl module W(AX),A € PT, of g is defined in a

similar way. Its irreducible quotient will be denoted by V().
The next theorem was proved in [13].

Theorem 2.7. For every A € P (resp. P*) the module W, (X) (resp.
W (A)) is the universal finite-dimensional U,(g)-module (resp. g-module)
with highest /-weight A. Every simple object of CNq (resp. 5) is highest-/¢-
weight. O

We shall need the following lemma which is a consequence of the proof
of Theorem 2.7.

Lemma 2.8. If V is a highest-¢-weight module of g and v be a highest-¢-
weight vector. Then V' = U(glt])v. O

If J C I we shall denote by V,(Ay) the Uy(g,)-irreducible module of
highest /-weight A 7. Similarly V(A ) denotes the corresponding irreducible
gs-module. Similar notations for the Weyl modules are defined in the
obvious way.

The next theorem was conjectured in [15] and proved in [14].

Theorem 2.9. Let V be a quotient of W,(X) for some X € P If Vj, # 0,
then p < A. O
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Given V in Cy, let wto(V) = {p € Py : Vi # 0}. We will need the
following proposition proved in [22, Section 4.8|.

Proposition 2.10. Suppose g is of type A, A € P*, A =[], Wi a; A(hi)s
p € wtg(Vg(A)), and Apt = Qb Oj1p,, Qg for some j < k and
some a;, by € C(q)*,i e I,l=j,...,k.

(a) If % = Mh) TR )T for all i < n, then by, = apg*) 1.

(b) If a;—tl = ¢~ AT+ for all 4 < n, then b; = aj¢™ M)~ O

2.3. Classical limits

Denote by PX the subset of P, consisting of n-tuples of polynomials with
coefficients in A. Let also P} be the subset of ’PX consisting of n-tuples
of polynomials whose leading terms are in C¢Z\{0} = A*. Given X € P,
let X be the element of PT obtained from A by evaluating ¢ at 1.

Recall that an A-lattice (or form) of a C(g)-vector space V is a free
A-submodule L of V such that C(q) ®4 L =V. If V is a Uy(g)-module, a
Ua(g)-admissible lattice of V' is an A-lattice of V' which is also a Ua(g)-
submodule of V. Given a Uy (g)-admissible lattice of a U,(g)-module V/,
define

L=Cw®ulL, (2.4)

where C is regarded as an A-module by letting g act as 1. Then L is a

g-module by Proposition 1.2 and dim(L) = dim(V'). The next theorem is
essentially a corollary of the proof of Theorem 2.7.

Theorem 2.11. Let V be a nontrivial quotient of Wy () for some X € P;,
v a highest-(-weight vector of V', and L = Ua(g)v. Then, L is a (_JA(ﬁ)—
admissible lattice of V' and char(L) = char(V'). In particular, L is a

quotient of W (). O

Definition 2.12. Let A € P, v be a highest-f-weight vector of V4 (X)
and L = Ux(g)v. We denote by V() the g-module L.

3. Minimal affinizations and Beyond

3.1. Classification of minimal affinizations

We now review the notion of minimal affinizations of an irreducible U, (g)-
module introduced in [1].

Given A € P, a Uy(g)-module V is said to be an affinization of V,(\)
if, as a Uy(g)-module,

Vv e @ VY (3.1)
<A
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for some m, (V') € Z>o. Two affinizations of V,(\) are said to be equivalent
if they are isomorphic as U, (g)-modules. If X € P is such that wt(A) = A,
then V,(A) is quite clearly an affinization of V,(\). The partial order on
PT induces a natural partial order on the set of (equivalence classes of)
affinizations of V,(A). Namely, if V' and W are affinizations of V,(\), say
that V' < W if one of the following conditions hold:

(a) my (V) < my,(W) for all p e PT;

or all u € such that m >m there exists v > u suc
b) for all u € P* such that m,,(V L(W) th i h
that m, (V) < my,(W).

A minimal element of this partial order is said to be a minimal affinization.

Theorem 3.1 ([12]). Let A € P, A = wt(A), and V' = V,(X). Suppose
g is of type A. Then V is a minimal affinization of V() iff there exist
a € C(q)* and € € {1, —1} such that
n
A= Hwi ai M) with a1 =a and Gitl = qe()‘(hi)+)‘(hi+1)+1)
Z:1 b b a/Z
for all i € I,i < n. If g is of type D or F, suppose the support of A
is contained in a connected subdiagram J C I of type A. Then, V is a

minimal affinization of V() iff V(A ;) is a minimal affinization of V().
O

The next corollaries are easily established (recall from §1.1 that supp(\)
is the minimal connected subdiagram of I containing supp(\)).

Corollary 3.2. Suppose A € PT is such that supp(\) is of type A. Then,
V4(A) has a unique equivalence class of minimal affinizations. O

Corollary 3.3. Given i € I and m € Z>q, the modules V(Wi qm),a €
C(q)*, are the only minimal affinizations of V;(muw;). O

The modules V(wj q,m) are known as Kirillov-Reshetikhin modules.
We now state a few results which were used in the proof of Theorem
3.1 and will be useful for us as well. The proofs can be found in [12].

Lemma 3.4. Suppose () # J C I is a connected subdiagram of the
Dynkin diagram of g. Let V' = V,(X), v a highest-f-weight vector of V/,
and Vy = Uy(gs)v. Then, V; =V (A)). O

Definition 3.5. Suppose g is of type A. A connected subdiagram J C [
is said to be an admissible subdiagram. If g is of type D or F, let ig € I be
the trivalent node. A connected subdiagram J C [ is said to be admissible
if J is of type A and J\{ip} is connected.
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Proposition 3.6. Suppose J C [ is admissible and that A € 73;' is such
that V,(A) is a minimal affinization of V,(A) where A = wt(X). Then
Vy(Ay) is a minimal affinization of V(). O

The next proposition was proved in [22, Proposition 3.7].

Proposition 3.7. Let A € P,/ and A = wt(X). If V;(XA) is a minimal
affinization of V;(A), then there exist a; € C(¢)*,i € I, such that A =

[Lics Wianh,) and 3= € q% for alli,j € 1. O

aj

Corollary 3.8. For every A € P* there exist A € P such that Vi () is
a minimal affinization of V,(\). Moreover, A = w) , for some a € C*. [

3.2. Graded characters
Recall the definition of the maps 7, : g[t] — g[t] from subsection 1.1.
Definition 3.9. Let A € P, A = wt(A), and a € C* be such that

A = w) 4. The g[t]-module L(A) is defined to be the pullback of V,(X) by

Ta-
It is immediate from Theorem 2.11 that
char(L(AX)) = char(V,(X)). (3.2)

Let V' be a Z>o-graded vector space and denote its r-th graded piece
by V[r]. A g[t]-module V is said to be Z>¢-graded if V' is a Z>¢-graded
vector space and x ® t*v € Vr + s| for every v € Vir|,z € g,r,s € Z>o.
Observe that if V' is a Z>o-graded g[t]-module, then each graded peace
is a g-module. Given s € Zx>, denote by V(s) the quotient of V' by its
g[t]-submodule G>9 V[r]. We shall refer to V'(s) as the truncation of V'

r>s

at degree s. If V' is a finite-dimensional Z>o-graded g[t]-module, define
the graded character of V' by

char, (V') = Zchar(V[r]) t" € Z[P][t].
r>0

Let also my, (V') be the multiplicity of V(u) as an irreducible constituent
of V[r].

Definition 3.10. Let m € Z>q and i € I. The g[t]-module M (mw;) is
the quotient of U(g[t]) by the left ideal generated by

nt[t], h @ tC[t], hj, hi —m, Ty (zy,)" ", z, 1 foralj#i (3.3

Define T'(mw;) to be the g[t]-submodule of M (w;)®™ generated by the
top weight space.
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Quite clearly M(mw;) is a Z>o-graded g[t]-module. Given A € P
one can consider the modules A()) defined in [22]. These are graded glt]-
modules which were proved to be finite-dimensional in [22, Proposition
3.15]. One can proceed similarly to prove that the modules M (mw;) are
finite-dimensional. Moreover, it was proved in [24, Proposition 5.2.5| that
A(mw;) = M (mw;) (for a general simple Lie algebra g). We shall not need
the modules A(\) in this paper.

Given i € I,m,r € Z>o, let v; 4, be the image of 1 in M (mw;) and set

R(i,m,r) ={a € R" : z, vim = 0}. (3.4)
Since (h @ tC[t])vim = 0, it follows that
R(i,m,r) C R(i,m,s) for all s > 7. (3.5)

In particular, it follows that M(0) is the trivial representation and
R*(i,0,s) = R* for all i € I, s € Z>o. Now, given A € P™ and r € Z>o,
set
R(A\7) = () R, A(ha), 7). (3.6)
el
Notice R(mwj,r) = R(i,m,r) for all i € I and m,r € Z>o.

Definition 3.11. Let A € PT™. The g[t]-module M ()\) is the quotient of
U(g[t]) by the left ideal generated by
wl, heIClH], b= ), ()M ag, (3)

a,r

for all i € I,r € Z>p, and a € R(\,r). Define T'(\) to be the g[t]-
submodule of ‘®IM (A(h;)w;) generated by the top weight space.
S

Definitions 3.10 and 3.11 of M (mw;) coincide since R(mwj;,r) =
R(i,m,r) for all i € I,m,r € Z>o. The modules M (\) are clearly Zx>(-
graded. It follows from |22, Proposition 3.13| that M ()) is a quotient of
the module A(X) of [22] and, hence, finite-dimensional. Moreover, one
easily sees that T'()) is a graded quotient of M (\) for all A € Pt (the
details can be found in |24, Proposition 5.2.10]).

Proposition 3.12 (][22, Proposition 3.21|). Let A € P be such that
V4(A) is a minimal affinization of V,(\) where A = wt(A). Then, T'(A) is
a quotient of L(X). O

The following is the main conjecture of [22].

Conjecture 3.13. Let A € P*. Then, M (\) = T(\). Moreover, if supp(\)
is of type A and X € P is such that V() is a minimal affinization of
V4 (X), then, M(X) = L(X).
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For the rest of the subsection assume that g is of type Fg and that
the nodes of the Dynkin diagram are labeled as in the introduction. We
now state our main results.

Theorem 3.14. Let A € P™ be such that A(h3) = 0. Suppose that either
{2,4} € supp(A) or supp(\) C {2,4,6}. Then:

(a) The first isomorphism in Conjecture 3.13 holds.

(b) The second isomorphism in Conjecture 3.13 holds provided that
supp(\) is of type A.

Notice that part (a) of Theorem 3.14 and Proposition 3.12 together
with the following proposition which will be proved in Subsection 4.4
imply part (b) of Theorem 3.14.

Proposition 3.15. Let A € PT be such that is of type A. Then, L(A) is
a quotient of M ().

As a byproduct of the proof of Theorem 3.14 we are able to compute
char; (M (X)) for A as in the theorem. In particular, we compute char(V;(A))
for all A € P,/ such that wt(X) satisfies the hypothesis of part (b) of the
theorem. Let us now present these formulas and, along the way, explain
the strategy of the proof of Theorem 3.14(a).

Fix A € Pt and, given u € P and r € Z>, set

My = 1y (M (X)) and b = My (T(A)).

We have already seen that t,, < m,,,. Therefore, in order to prove the
first isomorphism of Conjecture 3.13, it suffices to show that

myr <ty forall — pe P reZs. (3.8)

For r € Z5, set
wt(r) = A —r1(we — ws) — ro(ws — w1) — 73(we — Wi + ws)—
—ra(w) — wo +wq) — r5(w2 — w3 + wa) — TeWe

and
gr(r) =ri+ro+r3+rq+rs+rs.

Let also
A={rez8y:rs < me,rs < ms,ra <my,ri+r3+rs < mo,rotratrs < myl,

Ay, ={reA:wt(r) =p}, A, ={reAd:gr(r) =r}, and A4,, = A,NA,.
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The omission of the dependence of wt and A on A in the notation will
not create confusion. One easily checks that the function wt : Z% — P is
injective and, if r € A, then wt(r) € P*. In particular,

A, <1 forall pePt. (3.9)

The basic idea for proving (3.8) is the same one used in [9, 10, 22|. Namely,
in Subsection 4.5, we will use the defining relations of M (\) to show that,

if  A(hs) =0,  then  myu, < |A.L,l (3.10)

Moreover, for A\ as in Theorem 3.14, by performing some explicit compu-
tations in T'(\), we show in Subsection 4.7 that

tr > Al (3.11)
Clearly (3.10) and (3.11) together imply (3.8). Moreover,
char (M () = > char(V (wt(r)))t&"®) (3.12)

reA

for all A as in Theorem 3.14. In particular, for A as in Theorem 3.14(b)
and X € P such that V,(X) is a minimal affinization of V; (), we have

char(Vy(A)) = ) _ char(V (wt(r))). (3.13)
reA

Remark. Similar results in the case that g is of classical type or G5 were
obtained in [9, 10, 22| (however, the definition of the modules T'(mw;)
requires some extra care in the non simply laced case). Equation (3.12)
(and similar ones for general g) was predicted in [16] in the case that
A = nmuw; for some ¢ € I, m € Z>o. However, the meaning of the gradation
in [16] is related to the quantum context, whereas here it appears by
computing the classical limit. It is not clear to us why these two gradations
coincide. The formulas in [16] were obtained by assuming the Kirillov-
Reshetikhin conjecture whose proof was later completed in [17, 18]. Our
results give an alternate proof of these formulas for g of type Eg and
i # 3. As mentioned in the introduction, M (mws) is not multiplicity free
in general. Using the methods of this paper, we are able to prove that the
isotypical components of M (mws)[r] are exactly as given by [16]. However,
so far we could only obtain an upper bound for m,, which is most often
larger than the actual value of my, .
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We end this subsection by reviewing a construction used in [9, §2.6]
which will be useful for us as well. Let V., 0 < r < k, be g-modules such
that

Homg(g @ V;, Vig1) # 0, Homg(A?(g) © Vi, Vigo) =0, 0<r <k—1,

(3.14)
where we assume that Vj; = 0. Fix non-zero elements p, € Homg(g ®
Vi, Vig1), 0 <7 < k—1, and set py = 0. It is easily checked that the
following formulas extend the canonical g-module structure to a graded
g[t]-module structure on V = @F_, V.

(z@thw=p(r@w), (@t )w =0, (3.15)

forallzeg,weV,, 1<r<k s>2.
Moreover, V[r] =V, for all 0 < r < k. Also, if Vj = U(g)wp and the
maps p, for r < k are all surjective, then V = U(n™[t])wyo.

3.3. Projectivity

If supp(A) is not of type A, then Proposition 3.15 is probably false. In fact,
most likely, M () is then a proper quotient of L(A). We now explain the
motivation for studying the modules M (\) beyond the cases associated to
minimal affinizations from the perspective of [5]. We begin with following
straightforward lemma which has been implicitly used in [5].

Lemma 3.16. Let r € Z~¢ and V be a g[t]-module generated by a vector
v satisfying (g ® ¢"C[t])v = 0. Then, (g ® t"C[t])V = 0.

Proof. Let z € g,s > r,and w = (21 ® t")--- (2 ® t"™)v for some
m,r; € Z>0,z; € g,j = 1,...,m. We proceed by induction on m. If
m = 0, we have (z®t*)w = 0 by hypothesis. Assume m > 0, let v’ = (z2®
t"2) -+ (2, @t )v and assume, by induction hypothesis, that (y®t*)w’ = 0
for all y € g,s > r. Then, given = € g and s > r, we have

(r@tw = (v1 @t")(z @ t5)w' + ([z,21] @ 575w,
Both summands are zero by the induction hypothesis on m. O

The next proposition follows immediately from the above lemma and
the definition of M ().

Proposition 3.17. Let A € P* and r > 0 be such that R(\,r) = R™.
Then, (g ® t"C[t])M(\) = 0. O
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If V is a g[t]-module as in Lemma 3.16, then the canonical projection
glt] — g[t : r] := g[t]/g @ t"C]t] induces a g[t : r]-module structure on V.
Chari and Greenstein in [4, 5] initiated the study of the category Gy of
graded g[t : 2]-modules with finite-dimensional graded pieces (they do not
assume g is simply laced). Given a subset ' of P x Z>0, they consider
the full subcategories Ga(I') of Ga consisting of modules V' such that V()
is an irreducible constituent of V'[r| only if (u,r) € I'. In particular, they
consider subsets I" of the following form. Given ¥ C R and \ € P, set

POY) ={(p,7) € PT X Z50: N —p = anﬂ,n[g € Z>0, an =r}.
Bew Bew

Notice that (A, 0) € T'(\, ¥) for any choice of ¥ and that T'(\,0) = {(),0)}.
If we regard V(\) as a module for g[t : 2] by pulling back the canonical
projection g[t : 2] — g[t : 1] = g, then V(X) is an object of Go(T'(A, ¥)).
The full strength of the results of |5] is realized when W is either empty or
of the form W, for some v € P where

U, ={a€R":(a,v) =max{(B,v): B€ RT}}

and (-, -) is the bilinear form on P x P induced from the Killing form of g.
For A\ € P* such that R(\,2) = R*, set ¥» = RT\R(\,1). The

following theorem is a particular case of [5, Theorem 1].

Theorem 3.18. Let A € P™ be such that R(),2) = R* and suppose that
either ¥* = () or U = W, for some v € P. Then, M()) is the projective
cover of V()) in the category Go(T'(A, U})). O

For X as in Theorem 3.18, [5, Theorem 2] gives a formula for computing
the graded character of M () by induction on the cardinality of the set
INOWZN

Let us return to the case that g is of type Eg. It follows from the proof
of Theorem 3.14 (see Lemma 4.11 below) that M ()) is a module as in
Lemma 3.16 with » = 3. Moreover, if A(h3) = 0, then we can take r = 2.

Lemma 3.19. Let A € P™ be such that A(h3) = 0 and {2,4} ¢ supp(\).
Then, either ¥* = ) or there exists v € P such that ¥* = U,

Proof. Recalling that (o, ) = &(ay, o;)v(h;) and using the characteriza-
tions of R(A,1) given by (4.7), one easily checks by inspection of Table 1
below that

(a) supp(\) C {1,5} = ¥ = .

(b) 6 € supp(A\) C {1,5,6} = ¥* =V, .
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(¢) 2 €supp(N) € {1,2,5,6} = ¥} = ¥,
(d) 4 € supp(A) € {1,4,5,6} = ¥} = ¥,

Clearly A satisfies the hypothesis of the lemma iff it satisfies one of the
conditions (a)-(d) above. O

This immediately implies the following corollary of Theorem 3.18.

Corollary 3.20. Let A be as in Lemma 3.19. Then, M () is the projective
cover of V()) in the category Ga(T'(A, UH)). O

Similarly to the proof of Lemma 3.19, one easily checks that if {2,4} C
supp(A), then U # () and WA # U, for all v € P. Therefore, \ satisfies
the hypothesis of Theorem 3.18 iff it satisfies the hypothesis of Lemma
3.19. It follows that every A as in Theorem 3.18 satisfies the hypothesis of
Theorem 3.14. On the other hand, if A satisfies the hypothesis of Theorem
3.14 but not the one of Theorem 3.18, then {2,4} C supp(\) C {2,4,6}.
In this case, we cannot conclude that M (\) is a projective object in some
subcategory of Gy nor can we use [5, Theorem 2| to compute its graded
character.

Remark. It is worth remarking that we will perform most of the proof of
(3.11) using only the hypothesis A(hg) = 0. This provides some evidence
that Conjecture 3.13 holds in complete generality. In particular, we con-
jecture that (3.12) is the graded character of M()) for all A € PT such
that A\(h3) = 0.

4. Proofs

4.1. On characters for type A-

We now record some lemmas about the characters of certain finite-
dimensional sl3-modules which will be needed in the proof of (3.11). To
simplify some formulas, we introduce the notation of divided powers. If A
is an associative algebra, x € A, and r € Z>¢, set z() = %xr.

We will make use of the following result on representations of the
3-dimensional Heisenberg algebra which will also be used in the proof
of (3.10). Thus, consider the three-dimensional Heisenberg Lie algebra £
spanned by elements x,y, z where z is central and [z, y] = z. Part (a) of
the following lemma is standard while a proof of part (b) can be found in
[10, Lemma 1.5].

Lemma 4.1. Let r,s € Z>(, V a representation of §, and suppose 0 #
v € V is such that z"v = 0.
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(a) The following identity holds in U($)):

min{r,s}
k=0

(b) For all k € Z>q, the element y*2*v is in the span of elements of the
form x%y?2% with 0 < ¢ < r,a+c =k, and b+ ¢ = k + 5. Moreover,
if zv =0, then y®zv = SJ%I xy*Tho. O

Recall that U(n™) is @ T-graded and denoted by U(n™), the piece of
degree 7. For the remainder of this subsection we assume g = sl3 and
I ={1,2}. Observe that the map n= — $ given by x; + x and Ty =y,
where i, j € I are distinct, is an isomorphism.

Lemma 4.2. Let i,j € I,i # j, and n = kja; + kja; € Q. Then
{(z;)™ (:Uj_)(kj)(:vi_)(ki*”) :0 <7 < min{k;, k;}} is a basis of U(n™),,.

Proof. Since dim(U(n™),) = p(n) = min{k;, k;} + 1, it suffices to show
that this set is linearly independent. Let us write x =z, ,y = T, and
z = [z, y]. Then, by part (a) of Lemma 4.1 we have

min{r,k;} b — k
)y 59) k) — ’;0 (7}_ ! > L) (k=) 1 (i)

One now easily uses the PBW theorem to prove that these vectors, with
0 <7 < min{k;, k;}, are linearly independent. O

Lemma 4.3. Let A\ = miw; + mows € PT,0 < k1 < my,0 < ky < mo,
and = X\ — kioq — kaap. Then, dim(V(X),) = min{ky, ko } + 1.

Proof. Straightforward using Kostant’s multiplicity formula (cf. [24, Propo-
sition 5.3.10]). O

Lemma 4.4. Let V be a finite-dimensional g-module, [ € Z>1, and
Ui, ... iy € PT. Assume p; < pg for all s < [, write 0y = ps — p =
ksia1 + ksaag, and suppose ks ; < ps(hs),i € I. Suppose also that there
exists v € V,, such that V = lezl U(n™)vs. Let 4,j € I be distinct.

l
Then, V= @ V(us) iff the vectors (xi_)(”)(xj_)(ksd)(m;)(k“*r)vs for
s=1

s=1,....,1 and 0 <r <min{ks, ks2} are linearly independent.
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Proof. By Lemma 4.3 we have dim(V (us)),, = min{ks1,ks2} + 1 and by
Lemma 2.4 there exists m < and s1, ..., S», such that V = Z;L V(s,)-
r=1

Hence,

m

dlm(vﬂl) - Z dlm(v(lu&"),u»l) = Z(min{k&ml? k57*12} + 1)
r=1 r=1
The if part follows since the cardinality of the set {(s,r):s=1,...,1,0 <

r < min{ks 1, kso}} is 3L (min{ke 1, keo} + 1).

l
Conversely, assume that V= @ V(us) and let Vs, s = 1,...,1,

s=1
be a submodule of V' isomorphic to V(us) and such that V = ela Vs.
Let also w5 : V' — V; be the associated projection. By Lemma82_41we
can assume 7, (vs) is a highest weight vector of V. Observe that the set
(7)) (acj_)(ksd)(:ci_)(kSai_’")ﬂs(vs) with 0 <r < min{ks 1, ks 2} is a basis of
(V&) ;- Indeed, the set ($;)(T)(I‘;)(k5*j)($;)(k5’i_r) is a basis for U(n™),, by
Lemma 4.2. In particular, the vectors (z; )" (xj_)(ks’f)(:ci_)(ksﬂ_r)ws(vs)
with 0 < r < min{k,1,ks2} span (Vi),,. Since we already know that

dim((Vs)y,) = min{ks 1, ks 2} + 1, the claim follows. Let a, s € C be such

that
[ min{ks 1,ks 2}

Z Z ar,s (x;)(r) (:C;)(ks,j)(x;)(ks,i—T)rUS =0.
s=1 r=0
Given 1 <t <1, we get
l min{ks,hks,g}

m( Y ans(e) ) ) @) ) =
s=1 r=0

min{ktJ,kt,Q}
Z ar’t(xi—)(r) (xj—)(kt,j)(xi—)(kt,rr)m(vt) —0.

r=0

It follows that a,¢ =0 forallt =1,...,l and 0 <7 <min{k; 1, ki2}. O

Lemma 4.5. Let a,b,c,m € Z>o,i,j € 1,j # i,A = mw;, and v €
V(A)A\{0}. Then,

(xf)a(lf])b(ﬁff)cv #0 <« b<c and a+c<m.

Moreover,
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Proof. From the sly representation theory we have (z; )% # 0 iff ¢ < m.
+

Since z (z; )°v = 0 and hj(z; ) = c(z; ), it follows from the sl
representation theory once more that (x;)b(:v;)cv # 0iff b < ¢ (and
¢ < m). Notice that this together with the second statement implies the
first statement. We prove the second statement by induction on a > 0.
The case a = 0 is obvious. The induction step will however depend on the
knowledge of the case a = 1. For convenience set x = Ty =z, and
z = [z,y]. Using the well-known commutation relation in U(n™)

ya® = 2Py — ba®1z

we get,

yl’byc’l) _ I’byc—HU _ bxb_lyczv _

b c+1—-b
_ b, c+1 b e+l b, c+1
=z vV——— V= —""—"-—2 v
Y c+1 4 c+1 4
where, in the second equality, we used that xv = 0 and the last statement
of Lemma 4.1. The case a = 1 follows. Then, for a > 1, using the induction

hypothesis we get

a—1
—b
Yerbytn = y(y abyCo) = (H C—Z—T— - ) yabyetaly,

s=1

Since, by the case a = 1, we have

—b
yxbyc-i-a—l,u _ (C—(";ia )xbya-&-cv

the second statement follows. O

Remark. Notice that if b < ¢ the number [[_, %;b is a positive rational

number.

4.2. Root data

Henceforth we assume g is of type Eg, set A = >, miw; € PT, and
assume XA € P is such that V() is a minimal affinization of V().
We will need the expression of every positive root in terms of the simple
roots and of some of them in terms of the fundamental weights. These
expressions are given by Tables 1 and 2 below, respectively.
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p1=a1+ az

B2 =ay+as

B3 =az +as
Bi=as+ay

Bs = as + as

Bs = a1+ az+ a3
Br=a3+as+as

Bs = ag +az + ag

Bo = a3+ as+ ag

Pro = a2 + a3 + ayg

f11 = a1 +as +as + ag
Bl2 = as + ag + as + ag
B3 = g + ag + ag + ag

Bra=a1+as+as+ay

b15 = ao + a3 + a4 + as

041:2(.4)1—0.12
052:20)2—(,01—0)3

a3 = 2W3 — Wo — W4 — We
g = 2wy — W3 — Ws
055:2(,05—0.)4
a6:2w6—w3

P23 = w1 — wo + w3 — w4 + ws

Table 1

Bie
Pz
Pis
B9
B0
P21
Ba2
B3
B4
Ba2s
Bae
Bar
Bas
B9
B30

Table 2

Baa
Ba2s
Bae
Bar
Bas
B9
B30

a1+ ag +az + a4 + as

a1 + a2 + a3+ aq + Qg

Qg + a3+ a4 + a5 + Qg

o]+ g+ a3+ ag + a5+ ag
a9 + 203 + a4 + ag

a1 + as + 2a3 + ag + ag

Qo + 203 + ayq + a5 + ag
a1+ as + 203 + a4 + as + ag
a1 + 200 4+ 2a3 + a4 + ag

a9 + 203 4+ 204 + a5 + ag
a1+ 2as +2a3 + ayg + as + ag
oy + o+ 2a3 + 204 + a5 +
a1+ 200+ 203+ 204 + s+
a1+ 200+ 3a3+ 204 + a5+

a1+ 2a+3as+2a4+as+ 206

W2 — Whs
W4 — W1
w2 — W4 + Ws
w1 — wy + Wy
Wy — W3 + wy
w3 — We

We
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4.3. A smaller set of relations for M (\)

In order to prove Proposition 3.15, we need a version of [22, Proposition
4.6].

Proposition 4.6. Suppose that either ms # 0 or supp(A) is of type A.
Then, M () is isomorphic to the g[t]-module N(\) generated by a vector
v satisfying

hiv = m;v and n[tly = hRtClthy = (x;i)mﬁlv = 2,0 =0

foralla € Ry :={a € R 1o =Y, .y njey; withn; < 1forallie I} =
RA\{B; :j = 20}

Proof. Tt follows from Lemma 4.11 that R C R(), 1) and, hence, M () is
a quotient of N(A). Let us now show that, under the hypothesis assumed
on A, we have an epimorphism in the opposite direction. Thus, we need to
show that x, v = 0 for all & € R(\, 7). In fact, after (3.5), given a € R,
it suffices to show that

Ty 0 =10 where ro = min{r : a € R(\,r)}. (4.1)
If 7o, = 0 this follows immediately from the defining relations of N(\)
since they clearly imply that U(g)v = V()). If a € R equation (4.1) is
again immediate from the defining relations of N (). Therefore, we need
to prove (4.1) for a € RT\R; only. Notice also that Lemma 4.11 implies
that ro, < 3 for all @ € RT.

Assume first that mg # 0. It then follows from (4.7) that R = R(\, 1)
and (4.1) is immediate for all a such that r, = 1. Equation (4.7) also
implies that R(),2) = {#; : 20 < j < 28} and R(\,3) = {f29, B30}
Therefore, we are left to show that xgjzv = 0 for all 20 < j < 28 and

xgj 4v = 0 forall 29 < j < 30. This follows from the following commutation
relations together with (4.1) for a such that r, < 1:

Thoo = [Tag 0 Tapal Tay 0 = Way 105, 1) a0 = [0, 1, 75,,4];
Thys,2 = [xa 10,1 1) Thos2 = [x,g L8171 1) Lho52 = [x/gzhl’xgl&l]’
$E2672 - [xg xﬁm J $E2772 [$E4,1’x§19 1]’ x52872 - [wgloJ’xEngL
Ly0,3 = [w(;5717 Ba2s,2 ol L30,3 = [ L8151 Ty 2 2]

Now, assume m3 = 0. In this case, 7, < 2 for all & € RT. We consider
separately the cases supp(\) C {1,2,4,5} and supp(\) C {1,2,6} (the
case supp(\) C {4,5,6} follows from the latter by the symmetry of the
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Dynkin diagram). Thus, assume supp(A) C {1,2,6} and consider the
following relations

Tgpo1 = (35,5, 1]s Tg, 1= 23,25, 4] Tg0o1 = (3, T5, 1)
Tgys1 = [anwﬁm,lL Tyl = [%4737518,1]7 Tgo1 = (%5, %5, 1]
Since as3,4 € R(A,0) in this case, it follows that zg v = 0 for all
20 < j <27,5 #24,26. If mg =0, Weneedtoshowthata: 1v—Ofor
J € {24,26,28,29} and Tg.,-0 = 0 where r = 1if mg = 0 and r = 2

otherwise. Since, in this casé, B3, P10 € R(A,0), the former follows from
the following relations

x[;2471 - [x537$[;17,1]’ wEQS,l - [xfga’wa,l]’
“7:528,1 - [‘Tgm’xgml]’ 56529,1 = [503_,»@/;2871]-

The latter follows from the relations

xgso,l - [xgls’x/gm,l] and x/gBO»Q - [$/§18»1’$/§28»1]
using that fi1g € R(A,0) if mg = 0.

Assume supp(\) C {1,2,4,5}. As in the previous case, one sees that
xgj v =0 for all 20 < j < 23. If both mso and m4 are nonzero, we are
left to show that xﬁ ov =0 for all 24 < j < 30. For 24 < 5 < 28, this is
done as in the case mg # 0 while for j = 29, 30 this then follows from the
relations

xgzsn? = [xg’ LEEQSQ] and I530,2 = [33518’1, xgm,l]'

If mo = 0 and my # 0, we need to show that :EB24 V= :L‘ﬂ%’lv 0. This
is done as in the case supp(A\) C {1,2,6}. The case ma # 0 and myg = 0 is
treated similarly. In particular, if m4 = 0 we have Tg, V=25, 10=0.
Finally, if mo = m4 = 0, we need to prove in addition that mgﬂv =0 for
J = 28,29, 30. This is done as in the case supp(\) C {1,6}. O

4.4. Quantized relations

The goal of this subsection is to prove Proposition 3.15. We proceed as in
the proof of 22, Proposition 3.22| where a similar statement for orthogonal
Lie algebras was proved. First we record several previously proved results
which will be used in the proof.

Lemma 4.7 (|22, Lemma 4.18]). Suppose w is a highest-f-weight vector
of Vy(wjam) for some i € I,a € C(q)*, and m € Z>g. Then, T w =
aq™x; w. ]
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The following proposition follows from the results of [3, Section 6].

Proposition 4.8. Let | € Z>1,i; € I,m; € Z>1,a; € C(q)* for j =
... L If ;L; ¢ q%>° for J >k, then Vo(wiy a1,my) ® -+ @ Vo(wiyap,m,) 18
a highest-f-weight module. O

Corollary 4.9 (|22, Corollary 4.4]). Let A € P*,a; € C(q)*,i € I, and
A = [lier Wisaia(hy)- Then, there exists an ordering i1,...,4, of I such
that Vg(A) is isomorphic to the Uy(g)-submodule of Vo(wi, 4, an;,)) ®
@ Vo(wi, ;. A(hi,)) generated by the top weight space.

Proposition 4.10 (]22, Proposition 3.13|). Suppose A € P is such that
V4(A) is a minimal affinization and that J C I is an admissible subdiagram.

Let v be a highest-(-weight vector of V' = V(A), A = wt(A), and a € C*
be such that A = wy 4. Then z, v = a"z v for every a € Rj. 0

If a € R}L for some admissible diagram J, we shall refer to « as an
admissible root.

Proof of Proposition 3.15. Let a € C be such that A = Wy We fix a
highest-/-weight vector v of V' = V() and a; € A*,i € I, such that
A= Hz‘el Wi.a;,m,;- Let also ¥ be the image of v in V and v’ be the image
of ¥ in L(A). By Proposition 4.6, we need to show that z,, ;v" = 0 for all
« € R} . This is equivalent to showing that

U = av for all o € R} (4.2)

By Proposition 4.10, (4.2) holds if « is an admissible root. Therefore, it
remains to show that

Ty (U= av for all 7 < j<20. (4.3)

Assume first that supp(A) C {1,2,3,4,5}. In this case ag € R(A,0)
and (4.3) with j € {8,9, 11,12} follows from the following relations

Tge1 = 6,25, 1]5 Tge1 = %65 %5, 1],

xl;u,l - [mﬁ_’ngs,l}’ xEIQ»l - [xG_’xl;%l]

together with the fact that (53, 84, B¢, and (7 are admissible roots. Next,
assume that we have proved (4.3) for j € {10, 14,15,16}. Then, (4.3) for
the remaining values of j follows from the following relations

x/gliivl [ajg’xglo,l]’ xgw,l = [xg’x/gmﬂ]’

xﬁ1871

- [l'g’xgu’nl]’ x,gw,l = [xa,$51671]-
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In order to prove (4.3) for j € {10, 14,15,16}, it suffices to find elements
X, X1 € Ug(n™) such that

X; = rg, Xj1=1ag 4, and  Xj1v = aj(q)X;v + zjv (4.4)

for some a;j(¢q) € A and z; € Up(g) satisfying a;(1) = a and 7; = 0. We
prove the existence of such elements assuming

aip1 = a;qgmiTmirtl for all i <5. (4.5)

The case a;41 = a;q” ™iTmin+D) § < 5 is proved similarly using part (b)
of Proposition 2.10 instead of part (a). Let ig = max{i € I : m; # 0} (in
the case a1 = a;q~ ™t t i < 5 we would use ig = min{i € I :
m; # 0}). The relations X 1v = a;(q)X;v+x;v of (4.4) are the quantized
relations alluded to in the title of this subsection.

Let X’ be such that A = Xwio,aio,mio . Let also v1, v9 be highest-£-weight
vectors of Vg (X') and V(Wi a;,.m., ) respectively. By (4.5), Proposition 4.8,
and Corollary 4.9, the assignment v — v; ® v extends to an isomorphism
V = Uy(@)(v1 ® v2) C Vy(X') @ Vy(wi ay,.m,, )- Henceforth, we identify v
with v1 ® v9. We write down the proof of the existence of elements as in
(4.4) for j = 16 assuming igp = 5 (the other cases are proved similarly and
the computations are simpler). Set

Xug = [y, [vg, a1, 25 )], Xie = [v5, Xua], and X1 = 25, X14].

Quite clearly, X6, X161 € Ua(g) satisfy the first two identities in (4.4).
By Lemmas 1.3 and 1.4, modulo an element of the form xv with x €
Ua(§) ® Ua(g) such that T = 0, we have

Xi6v = 25 X14(v1 ® v2) — X1az5 (v1 @ v2)
= x5 (X14v1) ® v2) — X14(v1 @ (25 v2))
= (w5 X1401) © (k3 'v2) + (X1401) @ (25 v2)
— (X14v1) ® ((k1koksks) ‘o5 v9) — v1 @ (X1425 v2)
=q "™ (x5 X14v1) @ v2 + (1 — ¢~ ") (X14v1) ® (5 v2)
—v1 ® (X145 v2)

while
X16,1v = 251 X14(v1 ® v2) — Xnaz5 (v1 @ v2)
= 251 ((X14v1) ® v2) — X14(v1 @ (75,02))
= (75, X14v1) ® (k5v2) + (X14v1) ® (25 102)
— (X14’U1) X ((k1k2k3]€4)_11‘5_’1712) -1 ® (X14$5_,1'U2)
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= ¢ (25, X14v1) @ v2 + (1 — ¢~ ") (X1401) @ (25, 02)
— V1 ® (X14.CL‘5_711)2).

Using Lemma 4.7 we get

Xi6,10 = ¢ (25 1 X14v1) @ va + (1 — ¢7"°)(X1401) @ (a59™° 25 v2)
—v1 ® (X14(a5q"v2))
= a5q"* X160 + ¢ (5, X14v1) @ v2 — a5(75 X1401) ® va.

Since ai6(q) := asq™® satisfies a16(1) = a, in order to prove that X4 and
Xi6,1 satisfy the last identity of (4.4), it suffices to show that

q" (v51X14v1) ® v2 = a5(z5 X14v1) @ vo. (4.6)

Notice that x;rTXle = 0 for all 7 € Z and let W be the U,(gs)-submodule
of V(') genefated by X14v1. Then, by Proposition 2.10(a), W is a highest-
{-weight module with highest /-weight ws 4,qmsa. It then follows from
Lemma 4.7 that
r5 1 X14v1 = a4qm4+1ng14v1.

This and (4.5) imply (4.6).

The case supp(A) C {1,2,3,6} is dealt with similarly and the case
supp(A) C {3,4,5,6} then follows using the symmetry of the Dynkin
diagram. We omit the details. O

4.5. Upper bounds

In this subsection we prove (3.10). Let v € M (A)) be nonzero.

Lemma 4.11. For every i € I,m € Z>p, and a = Zje] ajaj € RT we
have o € R(i,m,a;). In particular:

(a) R(1,m,1) = R(5,m,1) = R*.

(b) R(6,m,1) 2 R™\ {B30} and R(6,m,2) = R"

(¢) R(2,m,1) 2 R*\ {24, B2s, Bas, Bag, B0} and R(2,m,2) = RT.

(d) R(4,m,1) 2 R™ \ {Bas, Bar, Bas, B29, B30} and R(4,m,2) = RT.

(e) R(3,m,1) 2 RT\ {B;:j > 20}, R(3,m,2) 2 R" \ {Ba9, B30}, and
R(3,m,3) = R".

Proof. Statements (a)-(e) follow from the first statement by inspection of
Table 1. Conversely, clearly items (a)-(e) together imply the first statement.
The proof is analogous to that of |2, Proposition 1.2] (see also [24, Lemma
5.2.8]). We omit the details. O
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Observe that the above Lemma together with (3.5) imply

Ta, oV = Tg, U =1Tg V= 0

foralli e I,j <20,k <29,7>1,5s>2and R(\,3) = R". Let R'(i,m,r)
be the set on the right-hand-side of the inclusion symbol of the appropriate
item of Lemma 4.11. It will follow from Section 4.6 below that, if m > 0,
then

R(i,m,r) = R'(i,m,r). (4.7)
Set R'(A,7) = Nier R/ (i,m;,r) and let t(\) be the subspace of g[t] spanned
by {z, 1,25, : @ € RT\R'(\,1),8 € RT\R'(),2)} which is clearly an
abelian ideal of n™[t]. Since we are assuming ms = 0, we have R'()\,2) =
RT and, therefore, t()) is the subspace of g[t] spanned by {z,, : a €
RT\R'(\,1)}. Since R(A,7) = R* for all r > 2 by (3.5), a straightforward
application of the PBW Theorem implies

M) =Um [t)v =Unm")U(¢(N))v. (4.8)
Moreover,

R(A\, 1) D RY\ {Bau, B25, B2, Bor, Bas, B29, B30 }- (4.9)

by Lemma 4.11 and, therefore,

M(X) =U(n")U(xg,, 1)U (5, 1)U (25, 1)
U(xgw,l)U(‘ngﬁ,l)U(xg%,l)U(x,gzzhl)v' (4'10)

We now apply Lemma 4.1 to prove that

M) = U(ni)U(x,gso,l)U(x,g%,l)U(xgzml)U(xg%nl)U($E25,1)U<mg24,1)v'
(4.11)

Indeed, let * = 23,y = Tg10 2 = Tgoq which generates a three-

dimensional Heisenberg subalgebra of g[t|. Since zv = 0, it follows from

Lemma 4.1 that (z5, ;)" (24, ;)°v is a multiple of (x3)*(z4, ;)" v for

every r,s € Z>0. Since [:cg_,a:gj 1) =0 for all 24 < j < 30,5 # 28, (4.11)

follows.

Given r = (r1,719,73,74,75,76) € ng set

Xp = (:EE30,1)T6 (xgzsyl)% ($,§27,1)T4 (x/gz&l)m (xgzs,l)m (xgmul)rl

so that (4.11) is equivalent to

M) = > U )xpw. (4.12)

6
rez,
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Recall the definition of wt(r) in Subsection 3.2 and use Table 2 to observe
that x.v € M(\)[gr(r)]we(r)-

Consider the Heisenberg subalgebra of g[t] generated by {z], Tg, 10
T, 1} Since (z7)™ Ty =0 and [371_7375]-,1] =0 forall 24 <j <30,j #
25, it follows from Lemma 4.1 that we can restrict the sum of (4.12) to
rc Zgo such that ry < mj. Similarly, by working with the Heisenberg
subalgebra generated by {xz, L5001 x[;%J} we can assume r3 < ms.

Next, we show that we can restrict the sum of (4.12) to r € Z%, such
that r1 +r34+r5 < mg and r9+r4+1r5 < my. By contradiction, assume this
is not the case. It then follows from Lemma 2.4 that there exists r € Z8,,
satisfying either r{ + r3 4+ r5 > mq or ro + r4 + r5 > my and such that
V(wt(r)) is an irreducible summand of M (X). Moreover, the injectivity of
wt : Z% — P implies that the projection of x,v on this summand is non
zero. Fix such r and suppose r; +73+175 > my (the other case follows from
the symmetry of the Dynkin diagram). Let s = (r1,72,73,0,74 + 75,76)
and notice that

(23) 1 xgv = cxpv for some ceC”. (4.13)

This easily follows from the relations

[x;,xgj J=0 forall 24<;<30, j+#26,28,

L Bar,10

[ 5,515 x/gwl] =0 for all 24 < j <30, and Tg,, 10 =0.

+ - - + -
[xQ ’xﬁzeyl] L 823,17 [$2 ’xﬂz&l]

It follows from (4.13) that the projection of xqv on V(wt(r)) is non zero
and, hence, V(wt(r))wis) # 0. We claim that this is a contradiction.
Indeed, notice that wt(s)(hg) = (mg —1r1 —r3—r4—15). Hence, oowt(s) =
wt(s) — (mg —r1 —r3 — 14 — r5)an is a weight of V(wt(r)). Here, oo € W
is the simple reflection associated with as. Since wt(s) = wt(r) — rqao, it
follows that

ogowt(s) = wt(r) + (r1 + 73 + 15 — ma)ag > wt(r),

contradicting V (wt(r))s,wi(s) 7 0-

So far we proved that the sum in (4.12) can be restricted to r € Z9,,
such that r4 < mq,r3 < ms, 71 +713+715 < mg, and 9 + 14 + 15 < my.
Now, observe that, for such r, wt(r) € P* iff r € A. Therefore, by Lemma
2.4, we must have a surjective homomorphism of g-modules

@ Vwt(r)) = MA)[r]
re A,

for every r € Z>¢ and (3.10) follows.
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Remark. Let w € T'(\) be nonzero and notice that, since T'(\) is a
quotient of M (\), equations (4.12) remain valid after replacing M (\) by
T'(\) on the left-hand-side and v by w on the right-hand-side.

4.6. The Kirillov-Reshetikhin case

In this subsection we assume A = m,w; for some i € 1,7 # 3, and prove
(3.11) in this case. As mentioned earlier, for such A, (3.12) (and hence
(3.11)) follows from [18, 16| (see also [2]). However, in order to prove (3.11)
for more general A later, we will need further details about this case than
just (3.11). Hence, we consider it separately. We split the proof in cases
according to the value of . We keep denoting by v a nonzero vector in
M(N) .

Assume i = 1 or ¢ = 5 and notice that Lemma 4.11 implies t(A) = 0 in
this case. Hence, M(A) = U(n™)v and it follows that M (\) is isomorphic
to the pullback of V(X\) by the map g[t] — g,2 ® f(t) — f(0)z. Since
A = {A} in this case, (3.11) follows.

Now suppose i = 6. Notice that A, = {(0,0,0,0,0,7)} for all 0 < r <
me and A, = () otherwise. Since wt((0,0,0,0,0,7)) = (me — r)ws, (3.11)
becomes

timg—ryws,r 7 0 forall 0 <7 < mg. (4.14)

We begin proving this in the case mg = 1 in which case we have T'(\) =
M (X) by definition. Observe that Homg(g ® V(ws), V(ws)) # 0 which is
true since V' (wg) is isomorphic to the adjoint representation. Hence, we can
apply the construction given by (3.15) with Vj = V(wg) and Vi = V(0).
One easily checks that the highest weight vector wg of Vj satisfies the
relations satisfied by v and, hence, the module V' constructed in this way is
a quotient of M (wg). Since V[0] = V(wg) and V[1] = V(0), (4.14) follows.
Moreover, we clearly have T g0 100 # 0 (otherwise the map py would be
zero) and, hence, T5.,1v # 0. In particular, (4.7) holds for i = 6.

For mg > 1, let w € M (wg),, be nonzero. Since T'(\) is generated
by w®™s € M(wg)®™® one easily checks that (x5, ) w®™ # 0 for all

r < mg. In particular,
(Tgy1) v # 0 iff o <mg. (4.15)

By the remark closing Subsection 4.5, T'(\) = Y% U(n_)(xgwl)rw@mﬁ.
Hence, (x5, ;)"w®™ must be a highest-weight vector in T'(A)[r] which
implies (4.14).

Next, let ¢« = 2. The proof is parallel to the previous case. Namely,
(3.11) becomes equivalent to

tima—r)watrwsy 7 0 forall 0 <r < ma. (4.16)
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Notice that Tg,,1 plays the role that Tg01 , did in the case i = 6. If mg = 1,
we again use the construction given by (3.15) this time with Vj = V(wg)
and V) = V(ws). In particular, it follows that T, 1V # 0. For ma > 1, let
w € M(w2),, be nonzero. As before, we conclude that (:1;524’1)7"10@””2 #0
for all 0 < r < my. Equation (4.16) follows as in the previous case by
using that T(\) = 3275, U(n7)(zg,, ) w2

We now record the following lemma which, in particular, proves (4.7)
for i = 2.

Lemma 4.12. Let r; € Z>9,j = 1,...,5, and

w= (:E,Em,l)rl (5”526,1)T2 (x,ggg,l)m (Tf9,1)"™ (%30,1)%-

Then w is a nonzero scalar multiple of

(mg)% (xg)Tserm (ml)r‘5+r4+7“3 (xg)Ts+r4+r3+T2 (x52471)r1+r2+r3+r4+r5v'

Moreover, w is nonzero iff r1 4 - - - + 75 < mg. In particular, R(2,mo, 1) =
RI(Q, ma, 1)

Proof. The last statement follows immediately from the second. The first
statement follows from straightforward successive applications of Lemma
4.1. Namely, we first consider the Heisenberg subalgebra generated by
T =T,y =Ty, 1, and z = Tg.oq together with the relation zv = 0 to
get,

(25,0 1) (@50 1) "0 = 126 )" (25,, )"0

for some nonzero scalar 7. Since [z, :L',Ej 1) =0 for j = 24, 26,28, it follows
that

(xgzz;,l)rl (xE%,l)TQ (xfgzs,l)TB (xf32971)r4 (xfgso,l)r

v =
= 1(26)" (@, 1) (T g,01)" (T 1) (29,1)™ 0.

By similarly considering the subalgebras generated by {z3, 5015 L g o
{zy, L1 x§2871}, and {z5, PURY xEQG,l} in this order, the first statement
follows.

We have seen above that (x4, 1)’” w®™m2 £ 0 iff r < my. This implies
(w5, ) TSRSy L 0 iff 7y 4 - 4 75 < ma. Since @y (5, )0 =
(2g,, )i v =0 and hs(2g,, 1) v = rv, it follows that (z5)*(zg,, ;)"v # 0
forall0 < s < r. In particular, (5 )5 FTaFrstr2 (g, | JrFredrsdratsy £ (.

The proof is completed proceeding similarly. O

The case i = 4 is obtained from the previous case by using the
nontrivial Dynkin diagram automorphism of g. In particular we have:
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Lemma 4.13. Let r; € Z>9,j = 1,...,5, and

w = ($52571)T1 (x52771)r2 (1‘52871)7‘3 (x529a1)r4 (xggo,l),’%/v'
Then w is a nonzero scalar multiple of

—\T —\r5+7 —\r5+r4+7T —\75+1r4+r3+r — ri+reotrstratr
(376)5(373)5 4(1.2)5 4 S(xl)s) 47173 2(56257)1 2TT3TTATT5 )

Moreover, w is nonzero iff r1 4 - - - + 75 < my. In particular, R(4,my,1) =
R'(4,ma4,1). 0

4.7. Lower bounds

We now complete the proof of (3.11) for A as in Theorem 3.14. In fact, we
will carry out most of the proof assuming only that A(h3) = 0. Recall the
notation xr,r € A, developed in Section 4.5. In addition, we shall use the
following notation. Denote by v; ,; a nonzero vector in M (m;w;)m,u, and
by v} ., the image of v; m, in M (m;w;)(s). By definition of the truncated
module M (m;w;)(s) we have

M (mjiw;)(s)[r] =0 it r>s. (4.17)
Given s = (8;)ier € Z[z()v let Ts(\) be the submodule of Z?IM(mZWl)(SZ)
generated by vg := ® vf’m Since T'(A) is the submodule of Z (?IM miw)
generated by v := ® vl m,, there exists a unique epimorphism from 7°(\)

iel
onto Ts(A) such that v — vg. Let ¢ . denote the multiplicity of V(u) as

an irreducible constituent of T's(\)[r]. Observe that, since [Ayy(r),gr(r)| = 1
for all r € A, in order to prove (3.11), it suffices to prove that

for each r € A there exists s € ZIZO such that tvsvt(r),gr(r) > 1.
(4.18)

It will be convenient to write the tensor product & M (m;w;) in the
e 1

1
following order: M(m2w2)®M(m4w4)®M(m6w6)®M(m1w1)®M(m5w5),
where we already used that ms = 0 and, hence, M (msw3) = V(0) = C.
In particular, v = v2.m, @ Vam, ® V6.mg @ V1m; ® Us5ms; and similarly
for vg,s € leo- To shorten notation we write w = v1,m, ® v5,m; When
convenient so that

V= V2 my @ Vimy @ Vg mg @ W.

Let {e; : j =1,...,6} be the canonical basis of Zgo. Given r € Z,
set ZS[r] = {r € Z% : gr(r) = r}, and observe that Z°[0] is a free Z-
module having b := {(e; — e5), (e2 — e5), (e5 — e3), (e5 — e4), (e5 — e5) }
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as an ordered Z-basis. Define b; € b,j = 1,...,5, by requiring that
b = {by,...,bs} as an ordered set. Clearly, r,r’ € Z5[r] iff r — v’ € Z5]0].
Given j = (j1,jo,73,74,75) € Z° and s € ZI>0 such that so < mao,s4 <
my, s¢ < mg, observe that ro = (s2, $4,0,0,0, S6) € Asytsst+s; and set

5
v =To— > jibr= (52 ji 50— o s ju 1+ G2 Js = ja = Js, 56+ Js)-
=1

Thus, r € Z5[sg + 84 + s¢] iff r = r; for some j € Z5. For shortening some
expressions, given j € Z°, we may use the notation jo = j1+jo — j3— ja—Js.
Notice that rj e Aiff

0<gz<ms, O0<js<mi, Ji1<s2, J2<s4, Jo=0,
(4.19)
J5s <me —S6, J1—J3—J5s < M4 —S4, Jo— Ja—Js < Mg — S
Set
A(s) ={re A:x vy # 0} NZO[s3 + s4 + sg]
and let B(s) be the set of tuples j € Zgo satisfying

j3 S]l §827 j4§j2§84) j3§m57 j4§m17 jOEO,
(4.20)
Jjs < mg — Se, J1—J3 — J5 < my — 4, Jo — ja —J5 < mg — so.

In Subsection 4.8 we will show that
r; € A(s) & Jj € B(s). (4.21)
It follows from (4.21) that
Ts(M[s2+sa+s6l = > Un’)x, vg. (4.22)
jeB(s) J
For 3,k € B(s) we have
Wt(fj) —wi(ry ) = (k2 —j2)ar + (k1 — ji)s + (ks — Jjs)(as + ag)+
(4.23)
+ (ko — j2 + ja — ka)oo + (k1 — j1 + j3 — k3)au.

In particular, wt(rg) is the unique maximal weight of T's(A)[s2 + s4 + s¢]
and, hence,
s
bat(r g ) satsatss = 1. (4.24)
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Lemma 4.14. Let r € A. Then, there exists s € ZIZO and j € B(s) such
that j5 =0 and r = rj. In particular, r € A(s).

Proof. Let s1 =s3=955=0,s9 =71+ 713+ 75,54 =19+ 14, and sg = 7.
As before, set ry = (s2,54,0,0,0, 56) and notice that ry € A. One easily
checks that r = r; where j = (rg +r5,74,73,74,0). By (4.21), r € A(s)
iff 5 € B(s). The checking of the latter is straightforward. Ol

The above lemma shows that it suffices to show (4.18) in the case that
r =r . for some s € ZIZO and j € B(s) such that j5 = 0. In this case, it

follows from the proof of (4.21) (see the last line of Subsection 4.8) that

X, Vg is a nonzero scalar multiple of

J

S

vj = (xg%,l )jl_j3 (x[;%,l )j3 (‘,B[;m,l)s2 o U;?mQ ®
® (xg%,l )j2 B (1527,1 )j4 ($E2571)84_j2 ’Uijlmzl ® w’

where w' = (Tg59.1) ®Vgime ® w. Notice vj # 0 since j € B(s). From now

on we fix s € lem write B = B(s), and set
By ={j € B(s) : j5 =0}.
Given k € B, let

B;; ={je€B(s):wt(r,) < Wt(rj)} and By, = BE U{k}.

i)
It easily follows from (4.23) that
keBy, = ByCBhy. (4.25)
By Lemma 2.4, (4.22), and the injectivity of wt : A — P, (4.18) holds
for r = ry, iff
v ¢ V’: = Z U(n_)vj. (4.26)

jeBE

Equivalently, (4.18) holds for r = ry, iff we have an isomorphism of
g-modules

Vi, = Un v, = Vi(wt(r.)). 4.27

o= Y0 U)o, = @ Vwilr) (1.27)
JGBk JGBk

Given j € By, define the height of 5 to be

ht(j) = ht(wt(ry) — Wt(rj)) = 2(j1 + jo) — (j3 +ja) = j1 + j2 + jo.
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We prove (4.27) by induction on k = ht(k). Equation (4.24) implies that
(4.27) holds for £ = 0. Thus, assume k > 0 and, by induction hypothesis,
that (4.27) holds for j € By such that ht(j) < k. It follows from the
induction hypothesis and (4.25) that

(V) = Y AVt D, ) (429)
jeB%

We are left to show that
dim((Vk)wt(rk)) = dim((Vg)wt(rk)) + 1. (4.29)

Let J_ ={1,2},J; ={4,5},J = J_UJy CIsothat g, =sl3and
g, = sl3®sls. By Proposition 2.2, U(g,,, )V(wt(rj))wt(r )= V(Wt(rj)Ji)
J

and similarly for J in place of Ji. Moreover, we have isomorphisms of
vector spaces

>~

V(Wt(rj))wt(rk) = V(Wt(rj)J)wt(I‘

= V(Wt(rj ) )wi(r

k)J

o @ % (Wt(rj)J+)wt(rk)J+. (4.30)

The first isomorphism above is clear and the second follows from Proposi-
tion 2.3. If j € By, it easily follows from (4.23) that

ko — jo < wt(r

(
ko — jo + ja — ks < wt(r
ki —j1 < wt(r
(

J
J
J
k1 — g1+ j3 — k3 < wt I'j

Hence, we can use Lemma 4.3 to compute

dim(V(wt(rj)L )Wt(rk)J) = min{ky — jo, ko — jo + ja — ka} + 1
and (4.31)

dim(V(Wt(rj)J+)wt(I' )J+) = min{ky — j1, k1 — j1 +Jj3 — k3} + 1.

k
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Plugging this in (4.28) we get

dim((V]:)wt(rk)) = Z (min{ka — j2, k2 — jo + ja — ka} +1)x
y +
jesy,
X (min{kl —J1, k1 —J1+ J3 — k‘3} + 1) (432)
We will need the following notation. Given, i1,1%9,...,4; € I, and
ai,...,a; € ZZ()v set

X?f,’.....',’icz” — (gg;l)(al) .. (xi;)(al)'

Also, given j € By, set

1_(3) = min{ks — jo, k2 — jo + ja — ka},
l4(3) = min{ky — j1, k1 — j1 + Jjs — k3}

so that (4.29) can be rewritten as

dim((Vig Jwe(r )) = -G+ D+ G) + D). (4.33)
jeBk
It now follows from Lemma 4.4 and (4.22) that (4.33) holds iff the vectors
ngf 5 (@) k=1 =ps xzf}é‘:” z (9)k2=j2=p1 v; are linearly independent

(4.34)

for j € B, 0 <p1 <1-(3),0 < ps <14(J). Here pa(j) = ko — jo +ju — ks
and py(7) = k1 — j1 + js — k3. We will prove (4.34) only for A\ as in
Theorem 3.14. However, let us develop for a little longer the general case.

In particular, we will show that all the vectors in (4.34) are nonzero.

Set p = (phps)’xjp _ ng%’;(.?):klfjlfpzsxm,m(.?),kz*jz*m’

vjp = Xj pvj‘ Thus, we want to show that the vectors v. are lin-
eaﬂy indepéndent for 7 and p as above. From now on, when now confusion

arises, we simplify notation and write [_ in place of I_(7), etc. Recall that

and

727

vj - (x§2871)j1 B (xlngs,l)js (3%24,1)827]41 Ugfm2®

® (x52871)j27j4 (x[;27,1>j4 (3;525,1)347]42 Uifmzx ® w'.

L . o \se..S6
To simplify the expression above, set vg = (z ,830,1) Vg me

X; - (:Elg28:1)j1 o (x,g%,l)ja ($E24,1)82_j1’
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and
Xj - (:1:52871)]27]4 (‘7:,Ez>771)j4 (xl;%,l)&ﬁp
so that
v, =x2v32 ® xj, Vi, @ V6 @ . (4.35)

Also, using Lemma 4.12 we get

) o
vaég?mz = (zy )" (z5 )31(55524,1)821’;?@

and x;, vifm = (x5 )24 (z] )2 (31:525?1)541)4?‘”14 (4.36)

up to nonzero scalar multiples. By applying the comultiplication one sees
that v. is equal to

da,e2,fa_az,b2,c2 2 so dy,eq,fa aa,ba,ca 4 s4
E :X5,4,5 X101 X Ugpp, @X5 45" X191 X, Uppm,®@
" J J

ai,bi,c ds,es,[5
®v6 @ X151 Vimy ® X555 V5 ms  (4.37)
where x runs over the set of collections of nonnegative integers a;, b, ¢,
dl, €r, fl satisfying

a2 +as+ay =pi, ba+bs+by=p2, cotcstcr=ky—jo—pi,
(4.38)
dy+dy+ds=ps, ex+estes=ps, fo+ fa+[fs="Fk —ji—ps.

b b b b
Above we also used that X?:2:iv57m5 = xg:4:gvl’m1 = Xi’zﬁvﬁ = Xg:4:gv6 =0

whenever a + b+ ¢ > 0. We will need to study the summands on the
right-hand-side of (4.37).

) b .
Using Lemma 4.5 we see that x‘f}if’qvlml # 0iff a1 +¢1 < my

. b b
and by < ¢ and, in that case, x{5 v, = nxiiaﬁclvl,ml for

some positive rational number 1 (depending on aj, by, cy). Similarly,
xg5f§’fsv57m5 # 0 iff ds + fs < ms and e5 < f5 and, in that case,

ngfg”f%&m&; is a positive multiple of xif’gd5+f5

da,e2,fa _az,ba,co 2 so  __ _azbaca_doea,fo 2 so :
the factor X545 X191 XJ’U27m2 =X151 X545 va27m2.Notlce that

U5 ms- Next, we study

x;r(;rg%l)s?v;?mQ = hy(zg,, 1)"0v55,, = 0, and hs(zg,, 1)2v5%,, = sa.

)

Therefore, we can use Lemma 4.5 together with (4.36) to see that

da,ea,fa 2 s o : : .
X545 x‘7 V3, 1S a nonnegative rational multiple of

89,.52

ex+j1—J3.J1+fo+da/ —
X455 (% 5,,,1)" V7,
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and it is nonzero provided es < j3 4+ fo and j; + ds + fo < so. Since
do < ps, fo < k1 — j1 — ps by (4.38), and k1 < sg, the latter is always
satisfied. One easily checks that

+,2 .8

2 _ 2,82 _
x] xijm2 = hlxj Vyomy = 0

. . . da,e2,fz _a2,b2,c2 2 s _ : -
which implies x5°%57°x7%5 | x‘7 V3o, = 0 1f ¢ # 0. Next, using the

relations
[xf, 25 ] =25 [y x5 =0, x5 0% =0
27 Bag,1 B21,17 B21,17 " B2a,1 ’ B21,172,mz2 ’
+2 ,,52 _ : 2 ,,52 _ _ 2 ,,52 :
one sees that x5 x7vs 'y = 0 Since hax” v, iy = (ma — s2)x°v5 g 10
b ‘7 b bl

follows from Lemma 4.5 that

az,b2,c2 2 . so . o
X151 xijm2 #0 iff co=0 and ao < by <mo — so.

Since we anyway have by < pa = (k2 — k4) — (j2 — ja) < ma — s, the
relevant conditions are co = 0 and as < by. Therefore, we find that

da,ez,f2_jaz,ba,c2 2 53 ; i i
X545 X151 Xj Uy, 1 a nonnegative rational multiple of

ex+j1—J3.J1+fa+da _az,ba s — 52,82
X45 X5 (%5,,1) 050,

which is nonzero iff

az < by and ez < j3 + fa.

o d b . . .
Similarly, we get that X54f§’f X141 “x o3t is a nonnegative rational
5 1< ‘7 b

multiple of
by+jo—ja,j2+catas dseq  — 54,84
X921 X5.4 (33525,1) Udmy

which is nonzero iff
d4 < ey and b4 < j4 + c4.
Therefore, the sum in (4.37) is a linear combination of the vectors

ey, f3 a2752( — )82 2 o dy,eq bﬁpcﬁ;( — )84 54 o
Xas X122 \Tgyy 1) "Vam, @ X544 Ko \Tpg,o 1) Vamy

/
1,C

b /
® V6 ® Xy 1 V1my @ xfgfsvams (4.39)

)

where

6,1261-1-@1» 62:b4+j2—j4, 0212044‘@4"‘].27
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ft=fs+ds, ey = ex + j1 — Js, f5=fo+da+ 1,

with the numbers ay, by, . .., f; satisfying (4.38) as well as

a4+ c1 < my, b1 < ey, az < b, by < cq+ ja, co =0,
(4.40)
ds + f5 < ms, es < fs, dy < ey, ez < fa + Js, fa=0.

Notice that

ay=a; =by =by=c1 =0, as=p1, ba=p2, c1=Fky—jo—pi,

dy=ds=es=ex=f5=0, do=ps, es=ps, fo=Fk —j1—Dps,

satisfy (4.38) and (4.40), which implies that the set of nonzero summands
in (4.37) is nonempty. One easily sees that the vectors in (4.39), for distinct
values of (ag, b1, b2, b}, ).y, da, €, eq,e5, f5, i), are linearly independent
by looking at the weights of their tensor factors. Since v. is a linear

combination of these vectors with positive rational Coefﬁcieﬁts, it follows
that vj p = 0 for all choices of j and p.

We now restrict ourselves to A as in Theorem 3.14. To simplify notation,
we rewrite the vectors in (4.39) as
U;Q,bme’g,fé ® vig,ca,dzl,ez; ® vg @ Ulln,c’l ® U?’fé- (4.41)
If {2,4} € supp()), the argument reduces to one identical to the one used
in the proof of [22, Proposition 5.7 (all the details can be found in [24,
Lemma 5.3.9]). From now on we assume supp(A) C {2,4,6} which is the
remaining case to consider. In this case, we must have j3 = j;s = k3 =
ks =0,pa =1_,ps = 4. In particular, (4.38) and (4.40) reduce to

ap =by=c1=c3=0, az +ag = p1, as < by,
by + by = k2 — jo, ¢y = kg — jo — p1, by < ¢y,
ds =e5 = f5=f1=0, dy + da = ps, dy < ey,

fa =k —j1—ps, es+ex =k — Ji, ez < fo.

Therefore, vj » is a linear combination of vectors of the form

ba,k1—eq,k1—d ko—b2,ka—a2,d
ng, 2,k1—€4,K1 4®'U42 2,K2—02,04,€4 ® vg

with 0<ap <p; <by <1_,0<dy <ps<eqg <ly. (442)

Set

a,b,k1—ek1—d ko—b,ko—a,d,e
Vapde =Vy '+ L T @uyt ® vg (4.43)
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and observe that the coefficient of v, 4. in Ujp is nonzero iff j; <

k1 —e,j2 <ks—b,a <pi,d<ps.
To complete the proof, we now show by induction on n; € Z>( that
the set {Ujp : (k1 — 71) < ni} is linearly independent. We prove this

performing a further induction on ny € Z>q to show that the set {UJ P

(k1 — j1) < nq, (ke — j2) < no} is linearly independent. Set

S(n1,m2) = {(g,p) : k1 — j1 < ny, ko — jo < naj,
S[ni,n2) = {(3,p) : k1 — j1 = n1, k2 — ja < na},
S(n1,n2] = {(3,p) : k1 — j1 < n1, ko — jo = na},
S[ni,n2] = {(3,p) : k1 — j1 = n1, k2 — jo = na}.

The inductions clearly start when nqy = ny = 0 since {vjp : (J,p) €

S5(0,0)} = {Uk} Assume now that ny > 0 and, by induction hypothesis,
that the set {vj p’ (,p) € S(n1,n2 — 1)} is linearly independent. Let

c. €Cbe sucﬁ that
J.p

> e v, =0 (4.44)
. jip ip
(J.P)eS(n1na)

By the induction hypothesis, it remains to show that

ij =0 forall (j,p)€ S(ni,ns. (4.45)

Set
S[n17n2](m) = {(Jap) € S[nlvnQ] : (p17p5) = (nQ_Ta ni _5)7T+5 < m}
Observe that if (j,p) € S(ni,n2) is such that the coefficient

of Uny—rmgni—sm, MU . is nonzero, then (g, p) € S[ni,n2] and (p1,ps) =
(ng —7r',ng —s),0 <7 <r0<s <s. An easy induction on r+ s >0
shows that ¢ ip = 0 for all (7,p) € S[n1, no](r +s). This implies Cip 0
for all (j,p) € S[ni,n2]. Similarly, if (5,p) € S(ni,n2)\S[n1,ns| is
such that the coefficient of vp,—rpyni—1-sm,—1 i v . is nonzero, then
(4,p) € S[n1 — 1,n2] and (p1,ps) = (g —7',n1 —1—5),0 <7' <70 <
s’ < s. Again, an easy induction on 7 + s > 0 shows that ij =0
for all (7,p) € S[n1 — 1,n2](r + s). Proceeding recursively in this way
one proves ij = 0 for all (5,p) € S[n1 — 7,m2],0 < j < ny. Since
S(nl,ng] = UjS[nl -7, n2]7 (4.45) follows.
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The above paragraph proves the induction step on ne. It remains
to show that the induction on ny starts when n; > 0. Thus, assume
n1 > 0,ns = 0 and, by induction hypothesis on ny, that {v ip :(j,p) €

S(ny —1,0)} is linearly independent. Let CJ » € C be such that

oo v, =0 (4.46)
jipip

(J.P)eS(n1,0)

By the induction hypothesis, it remains to show that

Cip = 0 forall (j,p) € S[ni,0]. (4.47)

The proof of (4.47) is similar to that of (4.45) and we omit the details.

Remark. Observe that the above proof of (4.45) is based on finding values
of a,b,d, e such that v, q . appears with nonzero coefficient in v ip for

exactly one value of of the pair (j,p) € S(n1,n2) and so on. The difficult
in adapting the above proof for proving (4.34) for all A not supported in
the trivalent node resides in the fact that, if {2,4} C supp()) and either
my # 0 or ms # 0, one can give examples of (j,p) # (3',p') such that
the summands of the form v, 4. With nonzero coefficients appearing in
vj P are exactly the same as those appearing in v , g Hence, one would

need to keep a very efficient control of the coefficients.

4.8. Proof of (4.21)

By (4.19), in order to prove that r; € A(s) = j € B(s), it remains to
show that x,. vg # 0 only if j3 < j1,j4 < j2, and js > 0. It follows from

J
Lemma 4.11 that
r.Vs = (555307 )’ 6+J5( T Bas.1 ) <(x526,1)j3(x524,1)82 31U§2m2®
By V(5. 00, © 03, @ 0)

Notice that if sy — ji + j3 > s2 we have (x§2671)j3 (Tg,,1)72" Jiys? = 0
by (4.17). In other words, rj € A(s) only if j3 < j;. Similarly, we must

have jy < j2. Continuing the above computation we get that x,. vg =

: J
(T )56t where ' is the vector
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Jo
. B e o
Z (]13) (xﬁzsvl)m (xﬁzﬁ,l)B (x52471)82 ]17);27712@
k=0
_ ko — i _ s
® <m528,1) (x527,1>]4 (x525,1)84 JQUZ?WAL ® vﬁ ;M6 Q@ w.

By (4.17), (25, )0 (25, 1) (x5, )2 7052, = 0if (o — k) + js +
(s — j1) > s2. Hence, the summand corresponding to k in the
above summation is nonzero only if jo — jy — j5 < k. Similarly,
(xgzsyl)k(xgzml)ﬂ(x52571)54 ]2U4m = 0if k4 ja + (4 — J2) > su, Le,,
if k > jo — j4. Thus, the summand corresponding to k in the above sum-
mation is nonzero only if jo — j4 — j5 < k < jo — j4. In particular, we must
have j5 > 0.

To complete the proof of (4.21), we need to show that j € B(s) =

X vg # 0. Set j_ = max{0,j2 — ja — js} and j; = min{jo,jo — ja} and

observe that j € B(s) = j— < j4. Given j_ < k < ji, set

4 B e
Uk = (jlg)($ﬁ28,1)]o ($526,1)]3($5Q4,1)52 le2 ‘e ®
®(”3§28,1) (@5, 1) (X5 1) T,

Notice that Lemmas 4.12 and 4.13 imply that v; # 0. Continuing the
above computation we see that

s6+Jjs J+
_ . 86+Js )86+j5—l ( )l S6 _
Xr . Us = Z Z 301 'Uk®$5301 Vg,me @ W =
J 1=0 k=j_
J+
4
- (8686]5) Z (xﬁso 1) Uk ® (xﬁso 1) GUg?mb‘ S w.
k=j_

The second equality above is proved as follows. By (4.17),
(25,,1)° 5 g = 0f (s6 + js — 1) + (Jo — k) +js + (52 — j1) + k +
Ja+ (84 —J2) > s2+sa, Le., if | < s¢. Similarly, (zg, )lv26m6 01if I > s.
By (4.15), (25, 1)* Vo 7é 0 and, therefore, it remains to show that
J+
(@5, > v #0. (4.48)

k=j_
1 .
Indeed, (,3) (T g,0.1)77 0k 18 equal to
Js

. B - e, o
Z (]ls)(xﬁ:sml) (x/32871)J0 (£ﬁ26,1>33(x524,1)82 j1U§2m2®

=0
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® ($E30,1)j5il(x[§28,1)k($gg7,1)j4 (33525,1)847%”2%4-
Making use of (4.17) once more we see that
($[;30,1)j51)k = (j}g) (k:—jgi5j4+j5)v§ ® U{lf
where
v§ — (xggml)kfjﬁjﬁjs (x@&l)jrk(m@ﬁ,l)jz«s (x§2471)827j1052m2

and

=

— j2—j4—k( — k Ja 847254

Vg = ($/530»1) xﬁzsyl) ($,§27,1) (m,gzs,l) 4,my”

Lemma 4.12 implies that v§ # 0 while Lemma 4.13 implies that vf # 0.
Observing that v§ are weight vectors of distinct weight and similarly for
v}, (4.48) follows. This completes the proof of (4.21). Notice also that, if

Js = 0, it follows from the computations above that x,. v
J

s is a nonzero

scalar multiple of

$2—7J1 ,U;2m2
k)

(xgz&l)jlijs (x,g%,l)jg (xEM,l) ®

® (x/gzs,l)h_]‘l (xgw,l)h (xg%’l)&l—m vi?ﬂu ® (xgsml)s'svg?m«s Qw.
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