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ABSTRACT. For the affine Lie algebra si(n,C) we study a
realization in terms of infinite sums of partial differential operators
of a family of representations introduced in [BBFK]. These repre-
sentations generalize a construction of Imaginary Verma modules
[F1]. The realization constructed in the paper extends the free field
realization of Imaginary Verma modules constructed by B.Cox [C1].

1. Introduction

Representation theory of affine Lie algebras is a very rich subject with
many applications in Mathematics and Physics. Representations of affine
Lie algebras have some very distinct features which have no analogs in
the finite dimensional case. For example, there exist modules for affine
Lie algebras containing both finite and infinite-dimensional weight spaces.
The simplest example of such modules is given by the so-called Imaginary
Verma modules [F1]. These representations correspond to nonstandard
partitions of the root system which are not equivalent under the Weyl
group to the standard partition into positive and negative roots (for
details see [DFG]). For affine Lie algebras, there are always only finitely
many equivalence classes of such nonstandard partitions (see [F2]). These
partitions give rise to Verma-type modules, which were first studied and
classified by Jakobsen and Kac [JK]|, and by Futorny |F2, F3| (see also
[C2, F1, FS, FK]).

In a recent paper [BBFK] different Borel-type subalgebras that do not
correspond to partitions of the root system of affine Lie algebra g were
considered. They correspond to functions ¢ : N — {£} on the set N of
positive integers, and give rise to a class of modules called ¢-Imaginary
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Verma modules. These modules can be viewed as induced from ¢-highest
weight modules over the Heisenberg subalgebra of g. If p(n) = + for
all n € N, then p-Imaginary Verma modules are just Imaginary Verma
modules. It was shown in [BBFK] that ¢-Imaginary Verma module is
irreducible if and only if its central charge is nonzero.

In the case of Imaginary Verma modules for affine Lie algebra sl (n,C)
their free field realization was constructed by B.Cox in [C1|. This realiza-
tion generalizes the classical Wakimoto construction in terms of infinite
sums of partial differential operators. Later this has been generalized by
B.Cox and V.Futorny [CF| for other Verma type modules.

The purpose of this paper is to extend the construction of [C1] to all
p-Imaginary Verma modules over the affine Lie algebra sl (n,C).

The structure of the paper is as follows. In Section 3, we recall a
construction of J-Imaginary Verma modules for affine Lie algebras follow-
ing [BBFK]. In Section 4, we consider the case n = 2 and construct a
realization py of J-Imaginary Verma modules for affine s/(2). Finally, in
Section 5, we construct a representation py : gl(n, C) — gl(Clz, y]), for all
J, using ¢y and two auxiliary anti-automorphisms py : sl (n,C) — sl (n,C)
and p2 : gl(Clz,y]) = gl(C[z,y]). Note that generically (when the central

charge of the module is not zero) J-Imaginary Verma module is irreducible.
Hence, our construction provides free field realization of a large family of

irreducible modules for affine si(n, C).

2. Preliminaries

Let sl(n,C) be a complex Lie algebra of nxm-matrices with trace zero
with the Killing form (X|Y) = ¢tr(XY'). Denote by E;; the matrix units,
i,j = 1,...,n and set HZ = Eu — Ei+1,i+1a 1 = 1,...,TL — 1. Then Eij,
i # j and H;’s form a basis of sl(n,C).

The affine Lie algebra sl (n,C) is the universal central extension with
the 1-dimensional center Cc of the loop algebra sl(n,C) ® C[t,t!]. Set
X(m) :=t"™® X, for all X,Y € sl(n,C) and m € Z. Then sl(n,C) is
generated by F;(m), F;(m) and H;(m), with m € Z and 1 < i < n, and
the central element c.

Fix a symbol A and a sequence {A(m)}m,ez. Define:

At (z) = Y A(m)z™, (2.1)

meZ>0

A (2):= ) A(m)z, (2.2)
meZ<0

A(z) = AT(2) + A (2) = Y A(m)z"™, (2.3)

meZ
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A(z) = AT (2) + A7 (2) = Y mA(m)z™™, (2.4)

meZ

—m

where, for example, Hj'(z) = mezsomHi(m)z

Then we have the following defining relations in sl(n, C):
(R1) [Hi(2), Hj(w)] = —(Hi| Hj)ed(z — w),
(R2) [Hi(z2), Ej(w)] = Cij 32, Ej(2)2"w™ = Cjj Ej(2)6(z — w),
(R3) [Hi(z), Fj(w)] = =Cij 3, Fj(2)2"w™" = =CyF(2)0(z — w),
(R4) [Ei(2), Fj(w)] = 6,5(Hi(2)8(z = w) = cd(z — w))
(R5) [Ei(2), Ej(w)] = [Fi(2), Fj(w)] = 0 if Cyj # —1,
(R6) [Fi(21), Fi(22), Fj(w)] = [Ei(21), Ei(22), Ej(w)] = 0 if Cj; = —1,

where C' = (Cj;) denotes the Cartan matrix of type A, and [X,Y, Z] :=
(X, [Y, Z]].

Elements H;,7 = 1,...,n—1 and ¢ span a Cartan subalgebra of gl(n, C),
while H;(m), m € Z, 1 <1i < n, and ¢ span a Heisenberg subalgebra of

sl(n,C). The central element ¢ acts a scalar on any irreducible module V.
This scalar is called the central charge of V.

Now fix v € C* and for all 1 <i < n, fix \; € C. Let 2¢ = ~2. Then:
Clz] := Clzyz(m) | 4,5,m € Z,1 < i, < n] (2.5)
Cly] := Clyi(m) | i,m € N*,1 < < (2.6)

are the algebras generated over C by x;;(m) and y;(m), respectively. In
C|x], define operators:

ajj == —xi;(m); (2.7)
* P 8
a;;(m) = W (2.8)

where [a;;(m), af;(p)] = 0ik0ji0m,—p. Fix an arbitrary J € IN*. In C[y]
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define operators b;(m), with m € Z and 1 < i < n as follows:

(—y 1\ it m = 0;
0
—ym=—— if me IN*\ J;
M G i) \
bi(m) == —y Lyi(m) if melJ; (2.9)
— % i -—mel
—y Ly (—m) if —meIN*\J.

where we have [bj(m),b;(p)] = m;j0m,—p. Let
Clz,y] := Clz] @c Cly].

3. J-Imaginary Verma modules for g

Fix J € IN* and let ¢5 : Z — {0,1} be the function given by:

Yy(m) = (3.1)

1 ifmeJor —meIN*\J;
0 itmeN*\Jor —meJ.

Let g = sl(n,C) and consider Syy ={a+nd | ac Ai,neZ}U
{nd | neN,pr(n) =1} U{—md | m € N,pj5(m) = 0}. Then the spaces
gs,, = @aesw o and g_s, = @ae—sw go are subalgebras of g such

J

that g = g-s,, © b @ gs,, of g. Let A € h* and suppose \(c) =a, a € C.
Let by, = b @ gs ¥ be the Borel subalgebra corresponding to Sy, and
note that by, D Cc® L;Zﬂ. Let Cvy be a module of dimension one for by,
such that for all h € b, gs,, Ux = 0 and hvy = A(h)vy.

Remark 3.1. We call the g-module
My; (A) := My, (A) = U(g) ®uy(s,,) Coa

a J-Imaginary Verma module. Identifying 1 ® vy with vy, the U(L)-
submodule of My, (A) generated by vy is isomorphic to My, (a). If ¢5(n) =1
for all n, then My, (\) coincides with the imaginary Verma module Ms(\)
where S = A

Here we present some basic properties of My, ().

Proposition 3.2. [BBFK, Proposition 3.4] Let A € h* be such that
A(c) = a. If a # 0, then the following statements are true for My, (A).

o My, (A) is a free U(g_sw)—module of rank 1.
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e My, (A) has a unique maximal submodule and hence a unique irre-
ducible quotient.

e supp (My, (\)) = U5€Q+{>‘ — B+nd | n€Z} where Q is the free

abelian monoid generated by all the simple roots in A+.

o If Yy(k) # 1y(¢) for some k,¢ € N, then dim My, (), = oo for any
p € supp (My; ().

We have the following irreducibility criterion for modules My, ().

Theorem 3.3. [BBFK, Theorem 3.5 Let A € b*, A(c) = a. Then My, ())
is irreducible if and only if a # 0.

4. The case n =2

We denote E(m) instead of Eq(m), a,, instead of ai1(m), etc.

o~

Definition 4.1. Let ¢y : sl(2,C) — ¢l(C[z,y]) be the function given by:

0
E =——
paE(m) = =5
0 0 .
e3(F(m)) :== Zl,j xﬁj_l_m%j + Zjej] :Cj,mafyj +2K ) i1 JYiT—jom +
Kmx_,, —2Jx_;
0 0
¢3(H(m)) = =2 Zj xj—mT —¥y(m)5— +Uy(—=m)2mKy_m +26m0J.
Z OYm

Lemma 4.2. We have the following:
(a) les(H(m)), p5(E(n))] = 2¢5(E(m +n));
(0) [py(H (m)), p3(H(n))] = 20m,—nmK;
(c) [es(H(m)), p3(F(n))] = =2¢p5(F(m +n));
(d) [es(E(m)), p5(F(n))] = @i(H(m + n)) + mom,—nK.
Proof. We have:
(a) [ps(H(m)), p5(E(n))]
:[—QZm« i_¢ (m)i—kw (—m)2mK +26 J—i}
- Jj—m 8$j J 3ym 7 Y—m m,0, oz,

0 0

0
— _2 e — — 2 = 2 E .




R. A. MARTINS 33

() [ps(H(m)), p3(H (n))]

0 0
= [-2 ijx]m% = a(m) 5=+ (=m)2m Ky + 20,

0 0
-2 Zx]—n% - wJ(n)Tn + wﬂ(_”)QnKy—n + 2(5n,0J]

+m

= 42;5] maxﬁn — 42:63 r— Om,—nt5(m)ihy(—n)2nK

+ 25m,fnm( )by (—=m )Km + 0 = 20, nmK (Py(m) + Py(—m))
= 20, —nmK.

(© L), s (F)
-[2% xmai - wﬂ<m>ajm s ()2 Y-+ 2607,

lelen +Z zn

Yi
+ 2K Z WiT—i—n + Knx_, — 2Ja:_n]
€]
= =2(Xasn( )
Z% m sz g T2 za%m
- lexz — n )
Lit+m

—2) wjmty(j +n)
J

8yj+n
— 4K wj mtby(—f =) (= = n)y—jn

—2Knx_p_pm +4J X _p_m — 2¢5(m) Kbp(m)ma _py—p
- %DJ(*m)QKW/JJ( M)T—m—n

0
:_4Zx]xz —j—m— n —|—2le$1 l—m— n )

0
_QZdﬂ -xj —m— niy

J
- 4KZ¢J y jLj—m—n — 2Knx _pmn

+ 4Jﬂ:_m_n —2Kmx_p_n
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:_2Z$]xz —j—m— n A 2Zx] —m— n

— 4K Z]ijfjfmfn - 2K(m + n)x,m,n + 4Jl’,m,n
Jjel
= —2py(F(m + n)).

(d) [ps(E(m)), ¢3(F(n))]
= [_Gf‘m’z$l:ﬂj_l n —|—ZLE] n
Lj

=+ QKijjw_j_n + Knx_,, — 2Jw_n}
Jjel

(Z:c] m— n —}—le

— 2Ky (—m — n)(m + 1) Yo — Omn (K + 2J))

ayj

+y(m +n)

axl—&-m-‘,—n amern

0
= -2 zj: X]'_m_naixj - Qpa]](m + n) amern

+ 2¢J(_m - n) (m + n)Ky—m—n + 26m,—n=] + Kmém,—n
= p(H(m +n)) +mbm I

Now let p; : ,;l(Q,C) — ;l(2, C) be the function given by

p1(E(m)) = —F(=m), pr(F(m)) = —E(=m), p1(H(m)) = H(—m)

and p1(K) = K.
Let p2 : gl(Clz, y]) = ¢l(C[z,y]) be the function given by
0 0 0 0
Pa(wm) = 5 = pal g —) = Tom, p2(yr) = oy p2(8yk) ~Yk-

Note that p; and py are anti-automorphisms of SAZ(2, C) and gl(Cl[z

respectively.

Definition 4.3. Let py := p2 0 oy 0 p1. We have:
(a) py(F'(m)) = p2 0 @y o p1(F(m))
— 2o pa(—E(-m) = pa( 5 ) = o
(0) py(E(m)) = p2 oy o p1(E(m)) = p2 o oy(—F(—m))

Y,
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= PZ( lex] l+m Z ]+may

— 9K ijjx,]qrm — K(—m)xm + 2J:1:m>
jel

0 0 0
- lZJ: T Oox_; 0x_; B Z(_yj) 0T _j_m

—j+l-m jed

90 d
+2K% T 5y; 05 + (Km +2J) T

o0 0 0
= - Z xj+l+m87xl% + j%yj 97— m

d
+2K Z j— axj - + (Km +2J) o
jeJ

(¢) py(H(m)) = p2 o pyo p1(H(m)) = p2 0 py(H(—m))

0 0
= Pz( - 2293j+m£j - wﬂ(—m)w
j —m

+ 03 (m)2(=m) Ky + 26007

0 0
=2 Z xﬂm + Yy (=m)y—m + ¢J(m)2mK8y—m + 20m,0J

)
-2 Zx]+m + Vy(=m)y_m + w(m)mK@ + 26,m.0-

The function py satisfy (R1) - (R6) because ¢y satisfy these relations
and p; and po are anti-automorphisms. Hence, it defines a representation

of sl (2,C). Now we can start to study a candidate py when n is arbitrary.

5. Free field realization of ;l(n, C)

Let py be the function given by:

(CL) pJ(Fr)( ) —ar 7’+1 + Z a],r—l—l )
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() py(Hr)(w) := 20741 (w)ay ;11 (w)

+Z(“”+1 )@ (W) = air(ﬂ))a?r(w))

1=

—1
1
Z (ars (w)az(w) = arss(w)ary, ;(w))
~,
b (w

)+ ( () + 55 () )
() p3(Er)(w) 1= arpi1 (w)ag, i (w)?

- EE: aT+1J(u0a:+1J *‘ji:(%r ]r+1 )

Jj=r+2
£ 37 (an()al () = argw)al, ;(w)ar, o (w)
Jj=r+2
70 (W) () + Sty () (b () + 54 () = Sy (w)

Theorem 5.1. The function py : ;\l(n, C) — gl(C[x,y]) is a representation
of sl(n,C).

To prove that py defines a representation of sAl(n, C) we need only verify
the relations (R1) — (R6) but to do it, we need the following lemmas:

Lemma 5.2. We have the following:

(2), ajy(w)] = did516(z — w); (5.1)

[aij(2)aki(2), mn (W) agy (w)]
)

pi0q;mn (W) ajy(2)6(2 — W) = Skminaij(2)ag, (w)o(w — 2);

laij(z

(5

a;j(2), djy(w)] = Gdjud (2 — w); (5
afj(2)6(w — 2) = afj(2)0(w — 2) — afj(w)d(w — 2); (5.
(5

(5

E

[bi(2), b5 (w)] = b (2), b5 (w)] = 8307 (w — 2);
[bi(2), b (w)] = b (2), 05 (w)] + [b7 (2), 0] (w)] = b330 (w — 2);
[arr41(2) s, 11(2), arrpr(w)ag 1 (w)a r,r+1( )]

_’aTT+1(u0a:r+l( ) nr+1( )5(“)—-2); (5'7)

[arj(2)ar;(2), f(w)ag(w)] = f(w)érwdjiar;(2)6(w - 2),

where f(w) comutes with a,;(2), ay;(2) and a,(w).
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Proof. We have:

(5.1) laij(2), ajg (W) = Y [ag;(m), afy(n)]z~"w ™"

m,ne”
= Y b,z "w =Y Sipbp w "
m,ne”l nel
= ik(Sjl(s(z_w)'

(5:2) [aij (2)ag(2), Gmn (W) apy(w)]
= aij(2)[ag(2); amn (W)]ag (W) + @i (2)amn(w)ag (2)ayy(w)
= amn(W)[ayg (W), aij(2)]aki(2) = amn(w)aij(2)ag, (w)ag(2)
(

(
Pq
= 0pi0qjamn(w)aj (2)0(2 — w) — OpmOimaij(z a;q(w o(w — z).

(5.3) [aij(2), ak(w)] = Y [aij(m), naj(n)]z"w™"

m,ne”L
= E ndikéjlém,,nz_mw_"zg dirbsmz"w™"
m,neL nez
= ikéﬂé(z—w).

(5.4) a;;(2)6(w — 2)

= (D (=m)aj(m)="")(D_ = "w")

meZ neZ
= Z (=m)a;;(m)z""""w"
m,ne”’
= Z —(m+n)a;;(m)z"" ap(m+n)
m,ne’l
+ Z naj; —m—n, n
m,ne’l
_ Z —naj;(m —ngnem oy Z na” P
m,ne”L m,nez
_(Za;kj(m) —Z + Z z] _m(S )
mGZ mez

= Z [bi(m),bj(n)]z_mw_" = Z MO;ijOm,—nz W

meZ meZ
nezr nez*

= Z MO;ijOm,—nz W "= [bf(z),bj_(w)]
mEZ*+

nez*
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= Z (—n)dijz"w™™ = 60 (w — 2).

nel_

and similarly for the other case.

(5.6) [bi(2),bj(w)] = [b] (2), b} (w)] + [b (2), b} (w)]
= Z MOijOm,—nz W " =05 » (—n)"w "
m,neZ nez
= (5Z-j5(w —2).
(5.7) larp+1(2)az,11(2), a1 (w)az 1 (w)ay 4 (w)]
= arp41(2)[ar,11(2), arprr(w)]ag . (w)ag, 1 (w)
= arpp1(w)ag g (w)lag, 1 (W), arri1(2)]ag 1 (2)
+ arry1(2)arr1(w)a :T—i—l(z)aj,r-l—l(w)a:,r-l-l(w)
— arr1(w)a rr+1( w)arr+1(2)a :,r+1(w)a:,r+1(2)
= —arr41(2)0(w — 2)ag, 1 (w)ay .4 (w)
+ a1 (w)ay o (w)o(w — z)ay 11 (2)
+arr+1(w)[arr+1( )t (w)lar 1 (2)az 1 (w)
= arp1(w)ag 1 (2)ar, 1 (w)o(w — 2).
(5.8) [am( Jaz;(2), f(w)ag (w)]
fw)(arj(2)az;(2)ag (w) — ag(w)arj(z)az;(2))
fw)lar;(2), ag(w)laz;(z) = f(w)dridjiar;(z)0(w — z). O

Lemma 5.3. We have the following:

n s—1
DD lans(w)ag o1 (w), arj(2)as;(2)]
Jj=r+2 k=1
= _58,r+1ar,T+1(w)a:,r—f—Q(z)&(w —2); (5.9)
r—1 n
SO 5 faeria(w)al ), ag (2)a3,4 (2)] = 0 (5.10)
7=1 k=s+2
n s—1
>0 laks(w)aj o1 (w), arirj(2)aii ;(2)) = 0; (5.11)
]:r+2 k=1

3

Z Z as+1k ( )arj(z)a:j(z)—ar+1,j(2)a:+1,j(z)]

Jj=r+2k=s+2

257’55 Z ar+1,] )

Jj=r+2



R. A. MARTINS 39

n

+ 0rs416(w — 2) Z arj(2)ay_y j(w)
Jj=r+2
+ 05 rp10(w — 2) Z ary2,5(w r+1,j(z)3 (5.12)
Jj=r+3
r—1
D10k i1 (W), 4jr(2)a5, 11 (2)] = =0r 041071 511 (2)5(w — 2); (5.13)
j=1
D @k 1 (W), argrj(2)an;(2)] = =0rp1,507%,19(2)0(w — 2). (5.14)
Jj=r+2

Now we are able to verify (Ry) - (Rg).
Lemma 5.4. (R1) [p3(H,)(2), p3(Hs)(w)] = —(H,|Hy)cd(z — w).
Proof. Observe that if |r —s|> 1, then [p;(H,)(2), pr(Hs)(w)] = 0 because

all summations are equal to zero. So, writing in terms of d, f(,), we have
the following:

+ Z a; T+1 7‘T+1 ) air(z)a;k,,(z),

pr(H) ()] + Y larj(2)ay;(2) = art(2)ays ;(2), pa(Hy) (w)]

Jj=r+2
[0 (2) + 2 (61 () + b4 (2)), po(Hr)(w)] )

+5rs+1([2aw+1< )1 (), pu(Hy ) ()]

+ Z az T+1 a; r+1 ) azr(z)a;(z)’ pJ(Hr—l)(w)]

+ Z [arj(2)ar;(2) = ars1,5(2)ar4a,5(2), py(Hr—1)(w)]

Jj=r+42
+ (=900 () + 2 (61 () + 540 (), ps(Hy) ()]
+ dromt (o3 () (2), pa(Hy 1) (w)])
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= Opg (4[@,«7«4_1( ) ;(:r-l-l( ) ar,r—i—l(w)a:,r—i-l(w)]

+ Z airs1(2 rr+1 z), ai,r+1(w)a;‘k,r+1(w)]

+ Z[az‘r(Z)ai}(Z)» air(w)af,(w)] + 0+ 7*[by(2), br (w)]

¥? 7
+ L6 (2), by ()] + 2 (), b ()
+5T75+1<[2ar7r+1(z)ai7r+1(z), Z _a(rfl)Jrl,j(w)a?r—1)+1,j<w)]
j=r+1
r—1 r—2 J+
+ [—an(2)aj(2), Y —ajr(w)aj, (w)]
i=1 J=1
+ Y lari(2)ai;(2), Y —ari(w)ag;(w)]
Jj=r+2 i=r+1

o+ [950(2), 01y ()] + G651 (2), b1 (w)])

+5T,S_1([pJ<HT>< ): 3 (Hy i) (w)])

= 0,50+ 0+ 040+ 2¢5(w — 2) + 0+ 0)
+ Ors1(—2[ar11(2)az, 41 (2), arpr1(w)ag, o (w))]

r—2
— ) _lair(2)az, (2), ai (w)ag, (w)]
i=1

3

Z arj(z arj(w)a:fj(w)]

j=r+2
— e (w—2) + e (2 = w)) + Sr g1 ([py(Hy ) (2), p3(Hys1) (w)])
+ 0r5(2¢0(w — 2)) + 0751104+ 04 04+ —cd~ (w — 2) — b (w — 2))
+ 0rs—1([ps(Hr)(2), pr(Hypi1)(w)])
= 0,5(2c0(w — 2)) + O 511 (—cd(w — 2)) + Gps—1(—cd(w — 2)),

where in the last equality we have:

[pJ(Hr)(Z)apJ(Hr-‘rl)(w)] =
— [py(Hr1)(w), p3(H,)(2)] = ¢b(z — w) = —cd(w — 2).

Then the relation (R1) is verified. O
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Lemma 5.5. (R2)[ps(H,)(2), ps(Es)(w)] = Craps (By) (2)3(z — w).

Proof. We have the following:
(@) 2arry1(2)ar,11(2), py(Es)(w)]

= 0sr(2[arr11(2)a Tr+l(z) arry1(w)a T,'r-i—l(w)a:,r-l—l(w)]
+2[a7‘,7‘+1( ) rm—&-l( )7

n

(D am(w)ay;(w) = arj(w)ayyy j(w)as, 1 (w)]

Jj=r+2
+ 2[“m+1(z)a:,r+1( z),
1

0 () + brw) = b () = b ()

+ 65,T+1(2[a7"77“+1(z)a7°,r+1( ) Qr 7‘+1(w)a:,r+2(w)]>
+ 0sr—1(=2a;_1 ;11 (2)arr41(w)0(w — 2))

(5.8)

5.7) * *
) G (21 ()71 ()0 ()8 — 2)

+2 ) (arj(w)ay;(w) = arsr(w)as iy j(w))as, 41 (2)8(w - 2)
Jj=r+42

= 2907 1 (W) (w — 2) + 707,11 (2) (57 (w) + bl (w))d(w — 2)
- ’yza:7r+1(z)5(w = 2)) 4 05,41 (2arr41(2) a2 (w)6(w — 2))
+ Osr—1(=2a7_1 41 (2)arr1 (W) (w — 2)).

) Sl (2Dt 12(2) — i () 21, ps(Bo) )]
=1

r—1
= 58r(2[ai,r+1 (Z)azr—i—l( — air(z Z ajr(w j r1(w)])
=1
r—1
+ 0sri1(D lairi1(2)a],41(2), ai g1 (w)as, o (w)])
=1

n

01 (—(ar-rr (w)ay_y p(2)ai_y (W) + ) (aroy(w)ai_y ;(w)
Jj=r+1

_arj( )a Ay 17" +Zaj7" 1

— arrr1(w)a 7“—1,7"+1< z) — ’Yar—1( )br—1(w)

2@ ()b (w) = iy (w)b (w))d(w - 2)
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2 .
+ Lal,(2)8(w - 2))

5:2 sr Z azr a; r+1 )(5(11} - Z))

+ Osr+1(= Z ai,r11(2) 7 o (w)d (W = 2))

n

+(Ss,rfl(—(arfl,r(w)a:—l,r(z)a:—l,r(w) + Z (arfl’j(w)a:_lvj(w)
j=r+1

— apj(w)ay;(w))ay_q . +Za1r 1 (2)

N IS I

2@ ()b (w) = af (Wb (w))d(w - 2)

2 .
+ Lar,(2)8(w - 2)).
(©) > larj(2)ap;(2) = ari1,3(2)ai g ;(2), py(Es) (w)]
Jj=r+2
= 0sr( Z [—ar+1,5(2)ari1(2), —aryj(w)ariy j(w)]
Jj=r+2
+ Y lan(2)ay(2), arj(w)ay; (w)]
j=r+2
+ Y lan(2)ay(2) = arr(2)ary 4(2),
j=r+2

(arj(w)az;(w) = arq1j(w)ayyq j(w))ag, 1 (w)])

+ 5S:T+1(_(ar+1’7"+2(w)a:+1,r+2(z)a:-i-l,r-i-?(w)

+ ) (ary(w)ayy j(w)

Jj=r+3

- ar+2,j(w)a:+2,j(w))a:+1,r+2(z) - ar,r-&-l(w)a:,r-s—z(z)

- Z art2,5(w)ay i ;(w)
Jj=r+3
~y

— Va1 g2 (W) (w) + 2ar+1 r2(w w) (b (w) + bj+2(w)))5(w - 2)
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2 n

N C *
Lt a2 = 2)) (D arsw)ai_y s (w)d(w — 2))
Jj=r+2
(5:2)
(5.7)

=05 (04042 ) aryrj(w)ay;(2)8(w — 2))
Jj=r+2

+ 5377’4-1(_(aT+1ﬂ"+2(w)a:+1,'r+2(z)a:+1,r+2 (w)
n
+ Z (arq1,5(w)ariy j(w)
j=r+3
- ar+2,j(w)ai+27j(w))a:H’Hg(z) - ar,T+1(w)a7"f7r+2(z)

n
= Y araj(w)ar j(w)

j=r+3

* ’7 *
- ’7@r+1,r+2(w)br+l(w) + §ar+1,r+2(w)(br+(w) + b:}rQ(w)))é(w —z)
2 n

+ %ai+1,r+2(2)5(w = 2) +bsra( Y arj(w)ai_y j(w)d(w — 2)).
Jj=r+2

Finally, we have:

(@) [=30r(2) + S (674 (2) + 5710 (), p3(Bs) (w)]

= 05 (V2 [br(2), @ty (W) (w)])
2

+ 5s,r+1(_%a:+1,r+2(w)<[br(z)v bﬂ'(w)] + [b;:l(z), bri1(w)]))
2
o Bor-1 (a1 () (b, (2), b ()] + b1 (2), ba (w)])
. 2 .
= 60r (12052 ()80 = 2)) + 8y 1 (= 5071 pal(w)S(w = 2)

00 (Lt ()5 ).

Adding the four equations up we get:

[03(Hr)(2), pr(Es)(w)]
= 60205 B)(2)6(w — 2) + Bups1(—p3(Brs1)(2)5(w — 2)
+0sr-1(=ps(Er-1)(2)0(w = 2)),
proving (Rz2). O

Lemma 5.6. (R3)[p3(H,)(2), p1(Fs)(w)] = —=Crspy(Fs)(2)0(z — w).
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Proof. We have:

(@) 2]arri1(2)ar ,11(2), pr(Fs)(w)]
= b (Qarp2()3(z — w))
+ 5s,r+1(2[ar,r+1(z)a;r+1(Z)v ar7r+2(w)a:ﬂ,+1(w)]) + 05,10
= 05 (2ar,r42(2)0(2 — w)) + 05,41 (2arr42(w)ar, 1 (2)6(w = 2)).

Zazr+1 zr—i—l )_alr(z) ( ) IOJ(F)( )]
i=1
r—1
= 0sr(Q_lairs1(2)ai,11(2), aipia(w)ag, (w)]
i=1
- Z air (2 ), @1 (w)ag, (w)])

+ 0010 _lairi1(2)07 41 (2), ajpya(w)as, o (w))])
j=1
+ 0s,r—1([ar—1, (z)a;—l,r('z)v a1, (w)]

r—2
= an(2)laf (), air(w))al, _; (w))
=1

r—1
— 63 (=2 a1 (2)al, () (z — w)
i=1

r—1

051D airaz(w)af, 1 (2)8(2 = w))
i=1

)

r—

+0sr-1((=tr-1,(2) + ) _ air(2)aj, 1 (w))d(z — w)).
1

K3
n

(©) > larj(2)ap;(2) = ar1j(2)ais (), py(Es)(w)]
j=r+2
= 050 + 05 T+1 Z Z a’T] ak: 7"-1-2( )ak,r+1(w)]

j=r+2 k=1
+ Z [ar+17j(z)ai+17j(2), ar+1,r+2(w)]) + 5577"_10
j=r+2
= 5s,r+1(_ar,r+2(z)a:,r+1(w)é(z - w) - CLT+1,T+2(Z)5(Z - ’UJ))

(d) [=7br(=) + (b1 (2) + b1y (2)), p(F) (w)] = 0.
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Adding the four equations up, we have the result. ]
L?mma 5.7. (R4) [p3(Er)(2), py(Fs)(w)] = 05 (p3(Hy)(2)0(2 — w) —
cd(z —w)).

Proof. Conbider the case |s —r| > 1. We have [p(E,)(2), —ayr+1(w)] =0

and 777 > l[akr(z)a;’;,rﬂ(z),aj,8+1(w)a;5(w)] = 0, because r # s.
Flnally

s—1 n

DD (an(2)ai(2) = @ p(2)a7 4 1 (2))as i1 (2)

j=1 k=r+2

+ Y arpak(2)aiy, aj s (w)ajy(w)]

k=r+2
s—1 n
= ark a?"+1,k(z)a:+1,k(z)7aj,S-f—l(w)a;s(w)]ai,rJrl(z)
J=1 k=r+2
s—1 n
Z Z a’T+1k ) rk( ) a]5+1< ) ]s(w)]
=1 k=r+2
s—1 n
=" D (@ (W)ai(2)8udr; — a2y ()14
J=1 k=r+2

— @ s+1(W)ay 4y (2)0r41,50ks
+ ar11,5(2)afs (W)0r41,50k,511) a7 41 (2)0 (2 — w)

S— n
+ 0D (1 k(2)a5, (w)6r50k, 511
=1 k=r+2

= @55 +1 (W), (2)0r41,50ks)0(2 — w) = @

If s+ 1 > n then ajsp1(w) =0 = ;541 and ® = 0. Now suppose
s+1<n lfs—1<rthenj<s—1<r, 0 = ]T+1—0and®—0 If
s—1 > r we have s —1 > r because |s —r|> 1. Then s > r+2 and for this
reason the terms j = 7,7+ 1 and k = s,s + 1 appears in the expression.
Then:

® :(ar,s+1(w>a:s(z) — ars11(2)ays(w) — ar+1,s+1<w)a;+1,s(z)
+ ari1,5+1(2)ar4 1 (w))ay ,11(2)0(2 — w)
T (41,541 (205 (0) — r1 o1 () (2))3(2 — ) = 0.

So we only have nontrivial expressions when » = s, »r = s — 1 or
r = s+ 1. Then:

[o3(Er)(2), pr(Fs)(w)] = brs([p1(Er(2)), —arr1(w)]
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r—1
+ ps(Er(2)), ) _(ajr41(w)af, (w)])

7=1
Z)) —Qs,541 (w)]

+6rs 1([p.]](Es 1
(@51 (w)ajs(w)])

—

I
—

s

+ [p3(Es-1(2)),

1P1

+ 041 ([p3 (Bss1) (2), —as s1(w)]

\\_/
=~

w

+p1(Est1)(2), ) ajsta(w)ajs(w)])

<.
Il
-

= 0ys <(2€er+1( Jarr1(2)

£ 3 (@ (e () — atary (arsns(2) — b2
j=r+2

2-
%w*<>+wg<»ww—uo—%ﬁ@—w>

+ Z a5 (2551 (2), @1 ()5, ()] ) + 0,11 (0 4+ 0)

n

+ 6r,571(* Z [as,erl(w)aa8j(2)a:—1,s(z)a:j(z)]

Jj=s+1
+ as,s41(2)a%_q 4 (2)8(w — 2))
—57‘8((2arr+1( ) :r—i—l( )
+ jij 2)arj(2) = alyy j(2)ari1,i(2)) — 10, (2)
Jj=r+2
1@m<wwaxnmu—m

2

+ Z as, 7"+1 ] 7"+1 )

— ajr(z )a’jr<z))5(z —w)) + 0 s-1(— a5’8+1(z)a:_1,s(z)5(w —z)
+ as,s+1(2)ag_14(2)0(w — 2))
= 0sr(p3(Hy)(2)8(2 — w) — cd(z — w)).

Then the lemma is verified. O

Lemma 5.8. We have the following:

(R5|R6) [py(Fr)(2), p3(Fs)(w)] = [p3(Er)(2), py(Es)(w)] = 0 if Crs # —1;



R. A. MARTINS 47

[o3(Fr)(21), py(Fr)(22), py(Fs) (w)]
- [pJ(E )( ) (Er)( ) (Es)( )] =0if Cps = —1.

Proof. We have:
[o5(F7)(2), p3(Fs)(w)]

= [—ar;+1(2), Zaj r+1(2 z), py(Fs)(w)]
= 58,7"—1—1@7",7’4-2( )(5(’[1) - Z) + 5r,s+1ar 1,r+1( )5(11) - Z)

s—1
— Ors+1 Z aj,?"—i—l(w)a;s (w)(i(w - Z)
j=1

r—1

Fburer S g sn(w)al ()3 — 2)
j=1
= (53 r4+1 ar 'r+2 + Zaj r+2 ) + 0y s+1(ar 1r+1( )

_Za] r+1 ]7" 1 )))(5(10—2)

Then [pr(Fy)(2), py(Fs)(w)] = 0 if |[r — s|# 1 (or equivalently,
if Crs # —1). Now:

(o3 (Er)(2), p3(Es)(w)] = [arr+1(2)ay 41 (2)%, p1(Es) (w)]

+ [ (arj(2)ay;(2) = aryr(2)ai iy ;(2))as s (2), p3(Es) (w)]
Jj=r+2
r—1

+ [Z aj'r ]7«+1 Z a'r-l—lj pJ<E )(w)]
j=1 j=r+2

+rﬁ¢ﬁ4awxa—%ﬁﬁﬂawﬁaa+waﬂ@»

2
— %d:,r_,_l(z)v p1(Es)(w)]
= (—0ps Z (arj<w)aij(w) - ar+1,j(w)ai+1,j(w))a:ﬂ“*l(Z)26<w =)

Jj=r+2
- 5r,s+1ar,r+1(w)a:—l,r(w)a:m+1( )2(5(w —z)
+ 20 s—10r41(2) a7, 41 (2) a5 40 (w)(w — 2)
_25r,s+1ar,r+1(Z)a:m—&-l(z) r— 1r+1( w)o(w — 2)



48 FREE FIELD REALIZATIONS OF CERTAIN MODULES

B0 (2200 (w) = 5 (01 () + B ()0 — 2)

2 )
G af 1 (228w = 2) + (B Y (ans(w)a; (w)
Jj=r+2

1 ()0 () ()75 (w0 - 2)
+ 5s,r+1as,s+1(w)a§7s+1(2)2a§,s+1(W)5(w —2)
+ 0541 Z (ars1,p(w)aryy g (w)
k=r+3
- ar+2,k(w)a:+2,j(w))a:,rJrl(z)a:+1,r+2(z)6(w —2)
— Ors5+1 Z (arj(2)ar;(2) — ary1,5(2)azyq (2))

Jj=r+2

*

17 (W)azy 1 (W)I(w = 2)

+ > (ar(2)af;(2) = arg1(2)ar,y ;(2))
Jj=r+2
(5r,s+1a:,r+2(w) - 5r,s+1a;ﬁ—1,r+1(w))5(w —z)

— Osr41 (ar,rJrl (w)a:,r—m (2)

3 (W)l ;(2)ak e (2)5(w - 2)

j=r+3
n
2rs 3 a1 (w)al; (et (20w — 2)
j—r+2
- rs+1 Z ar] Ay 1,] ) :,r—kl('z)é(w_z)
Jj=r+2

+ ay y1(2)a5 11 pq2(2)0s 011 (705 (W) (w — 2)

2
Y A
_ §(b;“_1(w) + bjﬂ(w))&(w —2z)+ ?5(10 —2)))
+ ((_258+1,ra8,s+1(Z)a:,s+1(z)a:,s+2 (w)

+ 25r+1,sa5,s+1<z)a:,s+1 (Z>a:fl,s+1 (w)

n
— Op 541 ( Z (asj(z)a:j(z) - as+1,j(z)a:-i-lyj(z))a:,s—i-Z(w)
Jj=s+2
+-a&5+1(uoa:§+l( ss+2 EE: a8+2k s+1J(Z)a;s+1(Z)

Jj=s+3
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+ 05,41 Z asj(2)ag_y j(w)ag 11 (2)
Jj=s+2

n
+ 05,041 Z (asj(z)azj(z) - as+1,j(z)a:+1,j(z))a:—l,sﬂ(w)
Jj=s+2

r—2
+ 5S+1,T(_ Zajﬂ’—l( ]7“+1 Z a’H—LJ r—l,j(w)>
j=1

Jj=r+2

r—1
+ 5S,T+1(Z ajT( ] r+2 Z aT+2,] )))5(w - z)
j=1

= j=r+3
+ (41,5051 541(2) = Orsr107_1 141 (2)) ((70s(2)

= I (2) + B ()a(w — 2)

4 20— 9) = Db aprios 1 (29500 = 2)) £ (B 1 ()b 0)
L )+ )30 — ) + 8 T (20260~ 2)
()0 2003 (P (232 — )

=20 (2) + B ()0 — ) + Lz )

- Bor1@3 1 001(2) = Bor1,r0} 1 141 () ((00(2) = S (04 (2)
2 2
51 (2)8(w = 2) + L8(w = 2)) = TSrasair i (2)0(w — 2)

+ 720r,r+1(z)as,s+1(w)(5rs - 5(57‘,s+1 + 5sm+1))5(w - z)).

After doing the calculations above, the term in §,; become equal to
zero. So we have only terms in 0, 41 and d, s—1. Then:

[p3(Er)(2), p3(Es)(w)] = 0if [r — 5|7 1,
and (R5) is verified. To finish we have:

[pJ(Fr)(zl)’pJ(Fr)(ZZ)va(F )( )] = [pJ(F )( ) [pJ(Fr)(22)7pJ(FS)(w)H
= [~arr1(21), (@141 (w Z%rﬂ aj,—1(w))d(w — 22)]
r—1

+ 1D s (21)ad, (1), o1 g1 (w)

j=1
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r—2
=Y i (w)ai,  (w)d(w — 2)] =040 =0.
=1

Similarly for s =r 4+ 1. If s =r — 1 we have:

(@) [ane 1 (2002 (o1)2, 0B (22), 3(Er 1) ()]
1 (W) 1 (1)2 0y ()61 — 2250 — 22)
+ ‘znzz(arj(@)aﬁj(@) — ar41,5(22)ay41 (22))
s (01 (0051 — )50~ 22)
; .izamzz)a:_l,j(w)a:,rﬂ<z1>26<z1 — 22)8(w — 2)
et )61 — 22500 — 2) 0t o)

— 201 (22) + b1 (22))

2
¥ -
- 3ai,r+1(21)2ai—1,r(w)5(w —21)0(2z2 — w).
(0) [ D (arj(z1)ak;(z1) = ars14(21)aryy 5(21))ar 1 (21),
Jj=r+2

[p5(Er)(22), py(Er—1)(w)]]

n
== Y (ari(z1)az;(z1) = arp15(z1)apy 5(21))
Jj=r+2

X apy1(21)2ar_y (w)8(21 — 22)6(w — 22)

— > (arj(z)ar;(z1) = ars1j(21)aiyy 5(21))
j=r+2

Xy py1(21) 051 1 (0)0(21 — 22)6(w — 22)

—2 57 g (e)al (W)l (21)ar_y ()3(z1 — 22)3(w — 2)
j=r+2

— Y ani(z)a_y j(w)ar, o (21)%0(21 — 22)0(w — 2)
j=r+2

— Y arpr(2)ar_(w)ay . (21)5(w — 22)8(21 — 22).
Jj=r+2
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r—1
) > ajr(21)af, 41 (21)
j=1

= > ar(20)ay(20),s [ps(Er) (z2), py(Err) (w)]

Jj=r+2
= (@711 (20)a) (W) Y (ar(22)ari(22) — afiy j(22)ar41,(22))
Jj=r+2
* * ’y
— @711 (21071 (W) (Ve (21) = 5 (671 (21) + 5741 (1))
,.)/2

+ 2 Ay 17"+1(Zl) rr—i—l( )

+2 Z ary1,5(21)ar;(21)ay;_y (w)ag . g (w)

j=r+2
+ Y ar(z)apy j(w)ay 4 (22))3(21 — 20)8(w — 29).
j=r+2
(@) 17961 (1) (21) = 5071 (o) By (1) + B (1))
= L), [pa(B) ) (B ()
—ay,11(22)2a_y (0)3(21 — 22)8(w — 22) (Ybr (1)
— 2 (b1 (21) + b4 (21)

72

2
+appp1(22)ar_ 1 (w)0(21 — 22)0(w — 22) (V0 (21)

_ %(b;"_ (z1) + br—i—l (21)))

@y pp1(22)%ai 1 (w)3(21 — w)d(w — 22)

2
vy * * c
- ?ar,r—l-l(Z?)ar—l,r—i-l(w)(;(zl — 22)6(w — 21)
— 720k (21)ay (w)al,  (w)3(z2 — w)d (22 — 21)
2 .
01 (21)a] g (22)8 (21 — 22)6(w — 22).

Adding the four summations up we have:
[05(Er)(21), p3(Er)(22), pr(Er—1)(w)] = 0

Similarly: [py(E,)(21), p3(Er)(22), py(Ers1)(w)] = 0 and then (R6) is
proved. ]
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