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ABSTRACT. Suppose G is a finite group and H is a subgroup
of G. H is said to be s-permutably embedded in G if for each prime p
dividing |H|, a Sylow p-subgroup of H is also a Sylow p-subgroup of
some s-permutable subgroup of G; H is called weakly s-permutably
embedded in G if there are a subnormal subgroup 7" of G and an
s-permutably embedded subgroup Hg. of G contained in H such
that G = HT and H NT < H,.. We investigate the influence of
weakly s-permutably embedded subgroups on the p-nilpotency of
finite groups.

1. Introduction

Throughout the paper, all groups are finite. Recall that a subgroup H of
a group G is said to be s-permutable (or s-quasinormal, m-quasinormal)
in G if H permutes with every Sylow subgroup of G [1]. From Ballester-
Bolinches and Pedraza-Aguilera [2], we know H is said to be s-permutably
embedded in G if for each prime p dividing |H|, a Sylow p-subgroup of
H is also a Sylow p-subgroup of some s-permutable subgroup of G. In
recent years, it has been of interest to use supplementation properties of
subgroups to characterize properties of a group. For example, Y. Wang [3]
introduced the concept of c-normal subgroup. A subgroup H of a group
G is said to be a c-normal if there exists a normal subgroup K of G
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such that G = HK and H N K < H¢, where H¢ is the maximal normal
subgroup of G contained in H. In 2007, A. N. Skiba [4] introduced the
concept of weakly s-permutable subgroup. A subgroup H of a group G is
said to be weakly s-permutable in G if there is a subnormal subgroup 7'
of G such that G = HT and H N K < Hyq, where Hyq is the maximal
s-permutable subgroup of G contained in H. In [5], H. Wei introduced
the concept of ¢*-normal subgroup. A subgroup H of a group G is called
c¢*-normal in G if there is a normal subgroup K of G such that G = HK
and H N K is s-permutably embedded in G. As a generalization of above
series subgroups, Y. Li [6] introduced a new subgroup embedding property
in a finite group called weakly s-permutably embedded subgroup.

Definition 1. A subgroup H of a finite group G is said to be weakly
s-permutably embedded in G if there are a subnormal subgroup T of G
and an s-permutably embedded subgroup Hse of G contained in H such
that G = HT and HNT < Hg,.

Y. Li studied the influence of weakly s-permutably embedded sub-
groups on the supersolvability of groups. If G has a normal Hall p'-
subgroup, then we call that G is p-nilpotent. There are many results about
the p-nilpotency. For example, if for an odd prime p, every subgroup of
order p lies in center of G, then G is p-nilpotent ([13], IV, p.435). Recently,
M. Asaad and A. A. Heliel proved that if every maximal subgroup of
Sylow p-subgroup P of G is s-permutably embedded in G, where p is the
smallest prime dividing |G|, then G is p-nilpotent ([15], Theorem 3.1).
In the present paper, we continue to characterize p-nilpotency of finite
groups with the assumption that some maximal subgroups or 2-maximal
subgroups of Sylow subgroup of G are weakly s-permutably embedded.

2. Preliminaries

We use convention notions and notation, as in [11| and [13]|. G always
denotes a group, |G| is the order of G, O,(G) is the maximal normal
p-subgroup of G, OP(G) =< g € G| pfo(g) > and ®(G) is the Frattini
subgroup of G.

Lemma 1. (|3|, Lemma 2.2.) Let H be a weakly s-permutably embedded
subgroup of a group G.

(1) If H < L < G, then H is weakly s-permutably embedded in L.

(2) If NG and N < H < G, then H/N is weakly s-permutably
embedded G/N.

(3) If H is a w-subgroup and N is a normal 7'-subgroup of G, then
HN/N is weakly s-permutably embedded in G/N .
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Lemma 2. Let p be a prime dividing the order of a group G and P a
Sylow p-subgroup of G. If Ng(P) is p-nilpotent and P is abelian, then G
s p-nilpotent.

Proof. Since Ng(P) is p-nilpotent, Ng(P) = P x H, where H is the
normal p-complement of Ng(P). Since P is abelian and [P, H] = 1, we
see that Cg(P) = P x H = Ng(P). By famous Burnside’s Theorem, G is
p-nilpotent. O

Lemma 3. ([7], A, 1.2) Let U, V, and W be subgroups of a group G. Then
the following statements are equivalent:

(HUNVW =UNV)(UNW).

) UVNUW =U(VnWw).

Lemma 4. (8], Lemma 2.3.) Suppose that H is s-permutable in G, P
a Sylow p-subgroup of H, where p is a prime. If Hg = 1, then P is
s-permutable in G.

Lemma 5. ([14], Lemma A.) If P is a s-permutable p-subgroup of G for
some prime p, then Ng(P) > OP(QG).

3. Main results

Theorem 1. Let P be a Sylow p-subgroup of a group G, where p is a
prime divisor of |G|. If Ng(P) is p-nilpotent and every mazimal subgroup
of P is weakly s-permutably embedded in G, then G is p-nilpotent.

Proof. 1t is easy to see that the theorem holds when p = 2 by [3, Theorem
3.1], so it suffices to prove the theorem for the case of odd prime. Suppose
that the theorem is false and let G be a counterexample of minimal order.
We will derive a contradiction in several steps.

(1) G is not a non-abelian simple group.

By Lemma 2, p?|| P| and so there exists a non-trivial maximal subgroup
P, of P. By the hypothesis, P; is weakly s-permutably embedded in
G. Then there are a subnormal subgroup 7' of G and an s-permutably
embedded subgroup (Pj)se of G contained in P such that G = P;T and
PyNT < (Py)se. Suppose G is simple, then T'= G, and so P} = (P)se is
s-permutable embedded in G. Therefore P is a Sylow p-subgroup of some
s-permutable subgroup K of G. Since G is simple, K = 1. By Lemma
4, Py is s-permutable in G. Thus Ng(P1) > OP(G) = G by Lemma 5. It
follows that Ng(P;) = G, and so P, <G, a contradiction.

(2) Op(G) = 1.
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If Oy (G) # 1, we consider G/O, (G). By Lemma 1, it is easy to see
that every maximal subgroups of PO, (G)/Oy (G) is weakly s-permutably
embedded in G/Op (G). Since

Nejo (@) (PO, (G)/0,(G)) = Na(P)O, (G)/0,(G)

is p-nilpotent, G/O, (G) satisfies all the hypotheses of our theorem. The
minimality of G yields that G/ Op/(G) is p-nilpotent, and so G is p-
nilpotent, a contradiction.

(3) If M is a proper subgroup of G with P < M < G, then M is
p-nilpotent.

It is clear to see Nj;(P) < Ng(P) and hence Nj;(P) is p-nilpotent.
Applying Lemma 1, we immediately see that M satisfies the hypotheses
of our theorem. Now, by the minimality of G, M is p-nilpotent.

(4) G has a unique minimal normal subgroup N such that G/N is
p-nilpotent. Moreover ®(G) = 1.

Let N be a minimal normal subgroup of G. Consider G/N. We will
show G/N satisfies the hypothesis of the theorem. Since P is a Sylow
p-subgroup of G, PN/N is a Sylow p-subgroup of G/N. If [PN/N| < p?,
then G/N is p-nilpotent by Lemma 2. So we suppose |PN/N| > p3. Let
M; /N be a maximal subgroup of PN/N. Then M; = N(M; N P). Let
P, = M;NP. It follows that PNN =M NPNN=PNN is a Sylow
p-subgroup of N. Since

p=|PN/N:M;/N|=|PN:(M;nP)N|=|P: M, nP|=|P: Py

we have that P; is a maximal subgroup of P. By the hypothesis, P; is
weakly s-permutably embedded in G, then there are a subnormal subgroup
T of G and an s-permutably embedded subgroup (P;)se of G contained in
Py such that G = PiT and PLNT < (P1)se. So G/N = My /N -TN/N =
PyN/N-TN/N. Since (|[N : PNN|[,|N:TNnN|)=1, (PANN)(TNN) =
N=NNG=NnN(AT). By Lemma 3, (PPN)N(T'N)= (P NT)N. It
follows that

(PLN/N)N (TN/N) = (PLNNTN)/N = (P, T)N/N < (Py)s.N/N.

Since (Py)seN/N is s-permutably embedded in G/N by |2, Lemma 2.1],
M /N is weakly s-permutably embedded in G/N. Since Ng/n(PN/N) =
N¢g(P)N/N is p-nilpotent, we have G/N satisfies the hypothesis of the
theorem. The choice of G yields that G/N is p-nilpotent. Consequently
the uniqueness of N and the fact that ®(G) = 1 are obvious.

(5) G = PQ is solvable, where @ is a Sylow g-subgroup of G' with
pFq
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Since G is not p-nilpotent, by a result of Thompson [9, Corollary],
there exists a characteristic subgroup H of P such that Ng(H) is not
p-nilpotent. If Ng(H) # G, we must have Ng(H) is p-nilpotent by Step
(3), a contradiction. We obtain Ng(H) = G. This leads to O,(G) # 1. By
Step (4), G/O,(G) is p-nilpotent and therefore G is p-solvable. Then for
any q € m(G) with ¢ # p, there exists a Sylow g-subgroup of @ such that
G1 = PQ is a subgroup of G [10, Theorem 6.3.5|. Invoking our claim (3)
above, (1 is p-nilpotent if G < G. This leads to Q < C(O,(G)) < Op(G)
[11, Theorem 9.3.1], a contradiction. Thus, we have proved that G = PQ
is solvable.

(6) The final contradiction.

By Step (4), there exists a maximal subgroup M of G such that
G = MN and M NN = 1. Since N is elementary abelian p-group,
N < Cg(N) and Cg(N) N M < G. By the uniqueness of N, we have
Ca(N)NM =1and N = Cg(N). But N < 0,(G) < F(G) < Cg(N),
hence N = O,(G) = Cg(N). Obviously P = PN NM = N(P N M).
Since P N M < P, we take a maximal subgroup P; of P such that
PN M < P;. By our hypotheses, P, is weakly s-permutably embedded
in GG, then there are a subnormal subgroup 7" of G and an s-permutably
embedded subgroup (Pj)se of G contained in P; such that G = P;T and
PyNT < (P1)se. So there is an s-permutable subgroup K of G such that
(P1)se is a Sylow p-subgroup of K. If Kg # 1, then N < Kg < K. It
follows that N < (Py)se < P, and so P = N(PNM) = NP, = Py,
a contradiction. If K¢ = 1, by Lemma 4, (P} )se is s-permutable in G.
From Lemma 5 we have OP(G) < Ng((P1)se)- Since (P1)se is subnormal
in G, PANT < (P1)se < O0p(G) = N by [12, Corollary 1.10.17]|. Thus,
(Pl)se < P NN and (Pl)se < ((Pl)se)G = ((Pl)se)op(G)P = ((Pl)se)P <
(PLNN)Y = PN N < N. It follows that ((P1)s) =1 or ((P1)se)¥ =
PiNN =N.If (P))s)? =P NN =N, then N< P, andso P= Py, a
contradiction. So we may assume ((P;)s)” = 1. Then P, N T = 1. Since
|G : T'| is a power of p and T' < <G, OP(G) < T'. From the fact that N
is the unique minimal normal subgroup of G, we have N < OP(G) < T.
Hence NN P, <T NP =1. Since

IN:PLNN|=|NP,:P|=|P:Pi|=np,

Py NN is a maximal subgroup of N. Therefore |[N| = p, and so Aut(N) is
a cyclic group of order p—1. If ¢ > p, then N@Q is p-nilpotent and therefore
Q < Cg(N) = N, a contradiction. On the other hand, if ¢ < p, then, since
N = Cg(N), we see that M = G/N = Ng(N)/Cq(N) is isomorphic to a
subgroup of Aut(/N) and therefore M, and in particular @, is cyclic. Since
@ is a cyclic group and ¢ < p, we know that G is g-nilpotent and therefore
P is normal in G. Hence Ng(P) = G is p-nilpotent, a contradiction. [
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Remark 1. In proving our Theorem 1, the assumption that Ng(P) is
p-nilpotent is essential. To illustrate the situation, we consider G = Aj;
and p = 5. In this case, since every maximal subgroup of Sylow 5-subgroup
of G is 1, we see that every maximal subgroup of Sylow 5-subgroup of G
is weakly s-permutably embedded in G, but G is not 5-nilpotent.

Corollary 1. Let p be a prime dividing the order of a group G and H
a normal subgroup of G such that G/H 1is p-nilpotent. If Ng(P) is p-
nilpotent and there exists a Sylow p-subgroup P of H such that every
mazximal subgroup of P is weakly s-permutably embedded in G, then G is
p-nilpotent.

Proof. 1t is clear that Ny (P) is p-nilpotent and that every maximal
subgroup of P is weakly s-permutably embedded in H. By Theorem 1, H
is p-nilpotent. Now let H, be the normal Hall p’-subgroup of H. Then H,,
is normal in G. If H,y # 1, then we consider G/H,,. It is easy to see that
G/ H,y satisfies all the hypotheses of our corollary for the normal subgroup
H/Hy of G/Hy by Lemma 1. Now by induction, we see that G/H,

is p-nilpotent and so G is p-nilpotent. Hence we assume H, = 1 and
therefore H = P is a p-group. In this case, by our hypotheses, Ng(P) = G
is p-nilpotent. O

Theorem 2. Let p be a prime dividing the order of a group G and P
a Sylow p-subgroup of G. If Ng(P) is p-nilpotent and every 2-maximal
subgroup of P is weakly s-permutably embedded in G, then G is p-nilpotent.

Proof. Suppose that the theorem is false and let G be a counterexample
of minimal order. We will derive a contradiction in several Steps.

(1) G is not a non-abelian simple group.
(2) Oy (G) =1.

(3) If M is a proper subgroup of G with P < M < @G, then M is
p-nilpotent.

(4) G has a unique minimal normal subgroup N such that G/N is
p-nilpotent. Moreover ®(G) = 1.

(5) 0p(G) = 1.

If O,(G) # 1, Step (4) yields N < O,(G) and ®(0,(G)) < ®(G) =
1. Therefore, G has a maximal subgroup M such that G = M N and
G/N = M is p-nilpotent. Since O,(G) N M is normalized by N and M,
hence by G, the uniqueness of N yields N = O,(G). Since PN M < P,
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there is a maximal subgroup P; of P such that P " M < P;. Then
P=PNMN=NPNM)=NPyand P, =P NP=P NN(PNM)=
(PONM)(PANN). If PNM =1, then P = N and so Ng(P) = G is
p-nilpotent, a contradiction. Thus we may assume P N M # 1. Take a
maximal subgroup Py of PN M. Let P, = Py(P1 N N). Obviously P,
is a maximal subgroup of P;. Therefore P» is a 2-maximal subgroup of
P. By our hypotheses, P, is weakly s-permutably embedded in G, then
there are a subnormal subgroup T of G and an s-permutably embedded
subgroup (P2)se of G contained in P such that G = BT and P,NT <
(P2)se- So there is an s-permutable subgroup K of G such that (Ps)se
is a Sylow p-subgroup of K. If K¢ # 1, then N < Ko < K, and so
N < (Py)se < Py < Py. It follows that P = NP} = Py, a contradiction. If
Kg =1, then (Py)se is s-permutable in G by Lemma 4. Thus (Ps)s < <G.
From Lemma 5 we have OP(G) < Ng((P2)se). By |12, Corollary 1.10.17],
PNT < (P2)Se < Op(G) = N and so (PQ)Se < PNN <P NN.
Then (Po)se < ((P2)se)? = ((P2)se)?"OF = ((P2)se)” < (PLNN)T =
PN N < N. It follows that ((P2)s)” =1 or (P)se)? = PLNN = N. If
(P2)se)¥ = PLNN = N, then N < Py, a contradiction. If ((P)se)” = 1,
then P» NT = 1. Since |G : T| is a number of p-power and T' < <G,
OP(G) < T. From the fact that N is the unique minimal normal subgroup
of G, we have N < OP(G) < T. Thus NN P, < TN P, = 1. Since
NNP,=NnNP and N N P is a maximal subgroup of N, we have
IN| = p. Since M =2 G/N = G/Cq(N) SAut(N) is abelian, P N M
is normalized by M. Therefore P = N(P N M) < G. It follows that
G = N¢(P) is p-nilpotent, a contradiction.

(6) The final contradiction.

If NN P < ®(P), then N is p-nilpotent by J.Tate’s theorem ([13],
IV, 4.7). Hence, by N char N <G, Ny < Oy (G) = 1. It follows that
N is a p-group. Then N < O,(G) = 1, a contradiction. Consequently,
there is a maximal subgroup P; of P such that P = (N N P)P;. We take
a 2-maximal subgroup P, of P such that P, < P;. By the hypothesis,
P; is weakly s-permutably embedded in G. Then there are a subnormal
subgroup T" of G and an s-permutably embedded subgroup (P)se of G
contained in P such that G = P,T and P, NT < (Py)se. So there is an
s-permutable subgroup K of G such that (P»)se is a Sylow p-subgroup
of K. If Kg # 1, then N < Kg < K and so (P3)se N N is a Sylow
p-subgroup of N. We know (P)se "N < PoNN < PNN and PNN is a
Sylow p-subgroup of N, so (P2)se NN = P,N N = PN N. Consequently,
P=(NnNP)P,=(P,NN)P, = Py, a contradiction. Therefore K¢ = 1.
By Lemma 4, (P,)se is s-permutable in G and so (P2)s < <G. Hence
PoNT < (P2)se < 0,(G) = 1. Tt follows that [P NT| < p?. It is easy to
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see that [N N P| < p?. Thus NN P is abelian. Since P < Ng(PNN) < G,
we have Ng(P N N), and so Ny(P N N) is p-nilpotent by Step (3). By
Lemma 2, N is p-nilpotent, a contradiction with Steps (2) and (3). O

Corollary 2. Let p be a prime dividing the order of a group G and H
a normal subgroup of G such that G/H 1is p-nilpotent. If Ng(P) is p-
nilpotent and there exists a Sylow p-subgroup P of H such that every
2-maximal subgroup of P is weakly s-permutably embedded in G, then G
s p-nilpotent.
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