Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 11 (2011). Number 2. pp. 64 — 77

© Journal “Algebra and Discrete Mathematics”

On partial Galois Azumaya extensions

Daiane Freitas and Antonio Paques

Communicated by V. V. Kirichenko

ABSTRACT. Let a be a globalizable partial action of a finite
group G over a unital ring R, A = Rx, G the corresponding partial
skew group ring, R* the subring of the a-invariant elements of R and
a* the partial inner action of G (induced by «) on the centralizer
Ca(R) of R in A. In this paper we present equivalent conditions
to characterize R as an a-partial Galois Azumaya extension of R
and C4(R) as an a*-partial Galois extension of the center C(A)
of A. In particular, we extend to the setting of partial group actions
similar results due to R. Alfaro and G. Szeto [1, 2, 3].

1. Introduction

The notion of Galois Azumaya extension was introduced by Alfaro and
Szeto in [3], motivated by an early work by themselves [2] about the
conditions necessary and sufficient for a skew group ring to be Azumaya.
Early, several other authors had considered this problem, among them
DeMeyer and Janusz [6] for group rings, Szeto and Wong [19] for twisted
group rings, and Tkehata [12] for skew group ring over commutative rings.
In [2] Alfaro and Szeto extend the Ikehata’s results to the noncommutative
case. The results in |2] were considered later by Ouyang [14| for smash
products, by Carvalho [5] for not twisted crossed products and by Paques
and Sant’Ana [16] for partial crossed products. All these above mentioned
results show in particular, each one in its respective context, that there
exists an interesting and closed relation among the notions of Azumaya
algebra, Galois extension and Hirata separability.
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In this paper we deal with globalizable partial actions of a finite group
G over a ring R, and the respective partial skew group ring. Our aim is to
extend to this context the Alfaro-Szeto’s results from [1, 2]. First we prove
a result analogous to [2, Theorems 1 and 2| for the partial skew group ring
A = R %4 G, where o denotes a partial action of G on R (see Theorem
1.1). In the sequel we consider the “inner" partial action o*, induced by
a, of G on the centralizer C4(R) of R in A (see Proposition 2.8) and we
also prove a result analogous to |1, Theorem 3| for the partial skew group
ring A = C4(R) o+ G (see Theorem 1.2).

Throughout, unless otherwise stated, rings and algebras are associative
and unital. For any non-empty subset X of a ring R, any subring Y of R
containing X and any (Y,Y)-bimodule V' we will denote by Cy(X) the
centralizer of X in V', that is, the set of all v € V such that xv = vz for
all z € X. If in particular X =Y =V = R, then Cy(X) is the center of
R and we will denote it simply by C'(R).

A partial action o of a group G on a ring R |7] is a pair

a= ({Dy}gea, {ag}gea),

where for each g € G, Dy is an ideal of R and oy : Dy-1 — Dy is
an isomorphism of (nonnecessarily unital) rings, satisfying the following

conditions:
(i) D1 = R and « is the identity automorphism I of R;
(ii) ag(Dg-1 N Dp) = Dy N Dgp;
(iil) agoan(r) = agn(r), for every r € Dy-1 0 Dgp)-1.

If Dy = R for every g € G, then « is a global action of the group G on R,
by automorphisms of R.

We will assume hereafter that every ideal D, is unital, with its identity
element denoted by 1, (in particular, each 1, is a central idempotent
of R). By [7, Theorem 4.5|, this condition is equivalent to say that «
has a globalization (or an enveloping action), which means that there
exist a (nonnecessarily unital) ring 7" and a global action of G on T, by
automorphisms S, (¢ € G), such that R can be considered an ideal of T
and the following conditions hold:

(i) T = ZgEG BQ(R)§
(ii) Dy = RN By(R), for all g € G

(iil) oy = Bg’Dg_r
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In particular, under these conditions, we have R = T'1r and

1y =1rBy(1Rr), ay(rly—1) = By(r)lgp and ay(lxly-1) = 14lg,

for every g, h € G and r € R. Also, if G is finite then 7T is unital.
Following [7], the partial skew group ring R, G is defined as the direct

sum
@ Dgdyg,

geCG

where the 5;5 are symbols, with the usual sum and the multiplication
defined by the rule

(10g)(50n) = rag(s1,-1)dgn

forallg,h € G,r € Dy and s € Dy,. Since every D, is unital by assumption,
then R, G is associative (see |7, Proposition 2.5 and Theorem 3.1]) and
unital, with the identity element given by 1rd1. Also, R x, G is a ring
extension of R via the embedding r — 741, for all r € R.

The subring of invariants of R under « [8] is defined as

R* ={r e R:ay(rl,-1) =rly, forall g € G},

Note that if « is global then R® = R® as usual. We say that R is an
a-partial Galois extension of R® (or a G-Galois extension of RC, if a is
global) if G is finite and there exists a finite set {x;, y;}/", of elements of
R such that Y77" | za4(yily—1) = 01,41R, for every g € G. Such a set is
called a partial Galois coordinate system of R over R®.

A non-empty subset X of R is called a-invariant (or G-invariant, if
a is global) if ay(D,—1 N X) = Dy N X, for every g € G. In particular,
the centralizer Cr(X) of any non-empty a-invariant subset X of R is also
a-invariant. Since every D, = R1, it is immediate to see that if X is an
a-invariant subring of R then 1, belongs to X for every g € G. Moreover,
in this case « induces by restriction a partial action on X’ = Cr(X) given
by the pair ({X'lg}geq, {ag|qu_1 tgec)-

Let S O R be a ring extension. We say that S is Hirata-separable over
R 9] if S ®p S is isomorphic, as an S-bimodule, to a direct summand of
a finite direct sum of copies of S or, equivalently, if there exist elements
z; € Cs(R) and y; € Csgrs(S), 1 <4 < m, such that >, iy =
15 ® 1g [18, Proposition 1|. The set {z;,4; | 1 < i < m} is called an
Hirata-separable system of S over R. Hirata-separable extensions are
separable [10, Theorem 2.2]. S is called separable over R (see [11]) if
the multiplication map mg : S ®r S — S is a splitting epimorphism of
S-bimodules or, equivalently, if there exists an element z € Cgg,s(S5)
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such that mg(z) = 1g. If R C C(5) (resp., R = C(S5)) we also say that S
is a separable (resp., an Azumaya) R-algebra. A ring R is called Azumaya
if it is an Azumaya C(R)-algebra. Furthermore, provided the existence
of a partial action « of a finite group G on a ring R, we say that R is
an a-partial Galois Azumaya extension of R* if R is an a-partial Galois
extension of RY, R“ is an Azumaya ring and C'(R%) = C(R)“.

Our main results in this paper are the following theorems.

Theorem 1.1. Let a be a globalizable partial action of a finite group G on
a ring R, and A = R %, G. Then the following statements are equivalent:

(i) R is an a-partial Galois Azumaya extension of R.
(ii) A is Azumaya and C(A) C R.

(iii) A is Hirata-separable over R, R is a separable C'(A)-algebra, and
C(A) =C(R)~.

(iv) Cr(R%) is an a-partial Galois extension of C(A) and R is an
Azumaya C(A)-algebra.

Moreover, in this case, C(A) = C(R)* = C(R%) and A =~ R ®¢(a)
Endc(A)(CR(Ra)).

Theorem 1.2. Let a be a globalizable partial action of a finite group G on
a ring R, and A = Rx, G. Let o* be the partial inner action, induced by
a, of G on Cy(R), and A = C4(R) *o+ G. Then the following statements
are equivalent:

(i

(ii) A is Hirata-separable over C4(R).

) €
)
)
)

A(R) is an a*-partial Galois extension of C'(A).

(iii) A is Hirata-separable over R and Cx(Ca(Ca(R))) = Ca(R).

(iv) A is an Azumaya C(A)-algebra.
Moreover, in this case, C(A) = C(C4(R))* = C(R)* = C(A) = C4(R)™

Their proofs will be done via an explicit way going from the partial to
the global case and conversely (see section 3). Some examples illustrating
these results are given in the section 4.

We present in the next section the necessary preparation to prove the
above theorems. Actually, the proofs of these theorems can be seen as
applications of the results we will present in the next section, which also
are of some independent interest.
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2. Prerequisites

From now on, G will denote a finite group and a = ({Dy}4eq, {ag}geq)
a partial action of G on a given ring R, with globalization (7', 3). Also,
let A= Rx*, G and B=Tx3G.

Since T = deg Bg(R), putting G = {g1 = 1,92,...,9n}, we have
that 1p =e; ®ea @ -+ @ ey, where eg = 1 and ¢; = (1p — 1g) -+ (1p —
B (1r))Bg; (1Rr), for every 2 < i < n, (see [8]). Let ¢ : T — T be the
map given by

T) = Zﬁgi (z)es Z Z l+lﬁgzl 1g)-- 591',,1(11%)591 (),
=1 1<i<n i1 <<y

for every x € T'. Such a map was introduced in 8], it is clearly (left and
right) 7C-linear and multiplicative, and it will be useful in the sequel.

Lemma 2.1. The following statements are equivalent:

(i) R is an a-partial Galois Azumaya extension of R®.

(ii) T is a G-Galois Azumaya extension of TC.

Proof. See [15, Corollary 2.3|. O

Lemma 2.2. The following statements are equivalent:
(ii) A is Azumaya and C(A) C R.

(ii) A is Hirata-separable over R, R is a separable C(R)*-algebra and
C(A) = C(R)~.

Proof. We start by observing that C(A) C R if and only if C(4) =
C(R)®. Indeed, if € C(R)® then (rydy)(rd1) = rgay(rl,—1)dy = r4ré, =
(rd1)(rgdy), for every g € G and 1y € D So C(R)* C C(S5). Conversely, if
xz € C(S) C R then z € C(R) and z(14 (5 g) = (201)(1404) = (1404)(2d1) =
ag(xl,-1)dy, which implies a(zl,-1) = z1y, for every g € G. So = €
C(R)“.

Now, the proof of the equivalence (i)« (ii) above follows by tracking
the same arguments as in the global case. For the details, see the proof
of (1)=(2) and the first paragraph of the proof of (2)=(3) of Theorem 1
in [2]. O

Lemma 2.3. The following statements are equivalent:

(i) A is Hirata-separable over R.



D. FREITAS, A. PAQUES 69

(ii) B is Hirata-separable over T.

Proof. (i)= (ii) We start by observing that C(R) C C(T') and ¥(C(R)) C
C(T). The first assertion is immediate since for any r € C(R) and any
t € T we have rt = r(1gt) = (1gt)r = tr. For the second assertion, taking
r € C(R) and putting x = ¢(r) € T, it is clear that ¢(s)x = x(s)
for every s € R and thus ), By, (s)e;x = Y, x84, (s)e;, which implies
By, (s)eix = xfq,(s)e;, for all 1 < i < n. Since T = P, By, (R)e; the result
follows.

We also have that C4(R) C Cp(T). Indeed, recall from [16, Lemma
2.1 that Ca(R) = > cq ¢g(R)dg, where ¢4(R) is the set of all r € D,
such that ray(sl,-1) = sr, for all s € R. So, it is enough to show that
¢g(R) C ¢g(T) for all g € G, which is immediate since given r € ¢4(R)
we have r3,(t) = r1y8y(t) = rlrfy(1rt) = ray(1gtl,—1) = 1gtr = tr, for
allteT.

Now suppose that A is Hirata-separable over R and take x; € C'4(R)
and y; € Cagpa(A), 1 < i < m, such that ), x;y; = 14 ® 14. Thus,
each x; = 3 ;7i g0y, With 1y € ¢4(R) for all g € G. In particular
ri1 € C(R). Also, by [16, Lemma 2.1(ii)-(iv)|] we can take each y; =
> ohea an(cily-1)0p ® 1,-16,-1, with ¢; € C(R). From ), wy; = 14 ® 14
we get > irmi1c; = 1g and Y ;i gagn(cilgpy—1) = 0 if either g # 1 or
h # 1.

Then, denoting r;; := r; 4, we have
Zi Ti,l/Bgzgj (ci)Bg(lr —ej) = Zz Ti,llR/Bgzgj (ci)Bg, (17 — €5)
= (XiTii0gg, (Cil(glgj)*l))ﬁgz(lT —€j)
= 0

for all 2 < 5,1 <n,

Sb(ran) By, () (r = €)= Yoi B (ria)ewsy, (@) (1 = ;)
>k B (2 ri,lﬁgkflgj(ci))ek(l:p )
zk 69k (ZZ 7‘1‘,1049;19]_ (Cilgj*lgk))ek(lT _ €j)

= Bg;(1r)e;(17 — €j)
— 0

for all j # 1, and

YoiriiBa(W(ci) = > imiily By (¥
= 2 iTiilrBy (¥

> iTiilrBy (ci
2 Tidg (il 1)
0

Ci)lR)

(i)
)
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for all [ # 1.

Taking w; = ¥(r;1)01 + ZKK” 1110, and v; = ¥(¢;)01 ® 1rd +
> a<ij<n Bg; (i) (1 — €5)dg, ® 7o, o1, We have from the above that u; €
Cp(T),v; € Cpg,B(B) foreach 1 < i <m,and ), uv; = P(d 2, 75,16)01®
1761 = w(lR)él ® 1pd1 = 1901 ® 1961 = 1 ® 1. Hence, B is Hirata-
separable over T'.

()= (i) Let w; € Cp(T) and v; € Cg,B(B), 1 <i < m, be a Hirata-
separable system of B over T'. Then by [16, Lemma 2.1| u; = deG ti,g0g
with t;4 € ¢4(T), and we can take v; = > By(di)dg ® 1rdy—1 with
d; € C(T), for every 1 < i < m. It is immediate that ¢; = d;1p € C(R)
for each 1 < i < m. Also, every 1,4 = ti41y € ¢g(R) since 1,4 € Dy
and r; gag(rlg-—1) =1 ¢By(r) = 1gti ¢By(r) = 1grt; g = rry 4 for all v € R.
Again by [16, Lemma 2.1] we have x; = deG Tig0g € Ca(R) and y; =
deG ag(czl )(5 & 1 1(5971 € CA®RA(A)-

Notice that the bi- additive map B X B— A®pg A, given by (b,b) —
14b14 ® 140’1 4 is T-balanced, and so induces a well-defined left T-linear
map 0 : Br B — AQpg A.

Therefore,

DTV = D Zg,hec&i,gdg)(ah(cilh*l)5h) ® 1p-10p-1

= Zl Zg,hGG Tiygag(ah(cilh—l)lg—l)5gh X 1h—16h—1
Zi Eg,hEG n,gagh(cil(gh)q )5gh ® 1p-1 6h*1
Zi Zg,heG tiylgagh((di1R)1(gh)*1)5gh ® 1p-1 5h*1
>i 2g.nea tig@gh ((dilr)1(gny-1)dgn @ 1j-105-1
> 2gnea tigLRBgn(dilR)dgn ® 1p-16p-1
= 22 gnec La(tigBen(di)ogn)la ® La(lrdp-1)1a

(E Zg heq tl,gﬂgh( i)0 gh ® 170p,- 1)

(9(13 & 13)
14lgla ®14lpla
= 1a®1y4

and A is Hirata-separable over R. O
Lemma 2.4. The following statements are equivalent:

(i) R is a separable C(R)“-algebra.

(ii) T is a separable C(T)%-algebra.
Proof. Tt follows from [15, Lemma 2.1 (i), (iii) and (ix)]. O
Corollary 2.5. The following statements are equivalent:

(i) A is Azumaya and C(A) C R.
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(ii) B is Azumaya and C(B) C T.
Proof. 1t follows from Lemmas 2.2, 2.3 and 2.4, and |2, Theorem 1|. [
Lemma 2.6. The following statements are equivalent:

(i) R* is Azumaya.

(ii) TC is Azumaya.
Proof. 1t follows from [15, Lemma 2.1 (iii) and (viii)]. O
Lemma 2.7. The following statements are equivalent:

(i) Cr(R®) is an a-partial Galois extension of C(R®).

(ii) Cr(T%) is a G-Galois extension of C(TY).

Proof. 1t follows from [15, Lemma 2.1(ii)-(iii) and Lemma 2.4| that
(Cr(TF), '), with By = ﬁg‘CT(TG) for all ¢ € G, is a globalization of
(Cr(RY),a’), with ag = e (gay for all g € G. Now the result follows
from [8, Theorem 3.3]. O

These above listed results are sufficient to prove Theorem 1.1 (see
section 3). For the proof of Theorem 1.2 we also need to introduce the
notion of an “inner" partial action, denoted a*, of G on C4(R), induced
by the partial action @ on R. In the particular case that C4(R) C R, the
partial action a* coincides with the restriction of a to C'4(R).

Proposition 2.8. Under the conditions above assumed, we have that:

(i) B induces an action * of G on B by inner automorphisms By, given

by By (ton) = (170g)(ton)(11dg-1) = By(t)dgng—1, for all g,h € G
andt €T,

(i) By(1g-1) =1y, By(lg-11p) = 14lgn, and 1gB;(r) = ag(rly-1), for
g,h € G andr € R,

(iii) Cp(T) is B*-invariant, and therefore 5* induces, by restriction, an
action of G on Cg(T),

(iV) CA(R) = CB(T>1R = CB(T)IA,

(v) a* == ({Ca(R)g = Ca(R)g}eec, {af = Biloam), . }eec) is a
partial action of G on Ca(R), and ay(a) = (1464)a(14-164-1), for
all g€ G and a € Ca(R),1,
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(vi) (Cp(T), 5*|CB(T)) is a globalization for (Ca(R), a*),
(vii) Ca(R)*" :={a € Ca(R) | ag(aly—) = aly, for all g € G} = C(A).

Proof. (i) It is enough to see that the map 8* : G — Aut(B), g — S5, is a
homomorphism of groups. Clearly, 5* is well-defined, and for all g, h,l € G
and t € T we have

B (gh)(te)) = Bon(tdr) = Ban(t)dgnign)—1 = By(Br(t))dg(nin-1)g—1
By (Bn(t)0nin-1) = By (B (tar)) = B*(g) o B*(h)(tér)

(ii) For every r € R and ¢, h € G we have

6;(1971) = ,3;(197151) = 59(11%3971(13))51
= By(1r)1Rd1 = 1461 = 1.

= By(1rBy-1(1r)Br(1R))01

By(lg-11p) = By(LrBy-1(1r)Br(1R)01)
= 11001 = 1,1,

= By(1r)1RByn(1R)d1)
1rBy(r) = 1rB;(ré1) = 1rBy(r)o1 = ay(rly-—1)o1 = ay(rig—1).
(iii) For every b € Cp(T), g € G and t € T we have

Byt = (17dg)b(17d5-1)(t61) = (1764)b(Bg—1(t)d4-1)
= (110g)b(Bg-1(t)01)(176g-1) = (1T5 )(Bg=1()01)b(176g-1)
= Bg(Bg1(8))(Ardg)b(1104-1) = t5(b),
so B5(b) € Cp(T).
(iv) First note that

1gkBlr = 1r(EPT6,)1r = @ (T1rdy)(1r61)

geG geqG
= P T1rB,(1r)5, = P T140, = ED Dydy = A.
ged geG geG

Also, 1 is clearly a central idempotent in Cp (7). Hence, Cp(T)1r =

1rCB(T)1g = C14B1,(T) = Ca(T) € Ca(R). For the reverse inclusion,

observe that given a € C4(R) there exists b € B such that a = 1zblp

and so at = (alg)t = a(lrt) = (1gt)a = t(1ra) = ta, for every t € T
(v) Clearly, each C4(R)y is an ideal of C4(R) and

ag(Ca(R)g—1) = Bi(Ca(R)1,-1) = B5(CB(T)14-1)
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= By(CB(T))By(14-1) = Cp(T)1,
= CA( )g—CA R)g

Thus, each aj : C4(R)g-1 — Ca(R), is an isomorphism of rings. It is
stralghtforward to check that the three conditions for a* to be a partial
action are also satisfied. And

(Lgdg)a(lg-10g-1) = (lrag(ly-1)dg)a(ly-117dg-1)
= (I7dy)(1g-1alg-1)(1rdg—1) = By(a) = ag(a),

for all g € G and a € Ca(R),

(vi) Let G = {g1 =1,92,...,gn}. It follows from (iv) that 3 (Ca(R))
is an ideal of Cp(T) for all 1 < i < n. Since 14 = 1rd; € C4(R), we have
lp = 1061 = 32, By (1r)eidr = 3By (1r)01)(€i01) = >_; By, (La)eidr €
> i B3, (Ca(R)), and consequently Cp(T) = >, 8; (Ca(R)). Finally,

Ca(R)N By (Ca(R)) = Cp(T)1grN B;(Cp(T)1R)
= Cp(M)1rN By (C(T))B;(1 )
= Cp(T)1rNCp(T)B;(1r) = Cu(T)1rB,(1R)
= CB(T)lg—CA( ) g — =Ca (R)

(vii) It is immediate, from the definitions of centralizer and subring
of a*-invariants, that = € C4(R)®" if and only if (rd,)z = 2(rd,) for all
g € G and r € Dy if and only if z € C'(A). O

Lemma 2.9. Let I' = Cp(T) *3+ G, A = C5(R) xo+ G, Co(I') = Cp(T)
(resp., Co(A) = Ca(R)) and Cy(I') = Cr(Cia(I')) (resp., Ci(A)
Ca(Ci—1(AN))) for alli > 1. Then,

(i) 1r015 = A,
(ii) 1g is a central idempotent in C;(I') and
(i) C;(I)1r = Ci(A) for all i > 0.

Proof. Tt follows by induction via the same arguments used in the proof
of Proposition 2.8(iv). O

Remark 2.10. Note that o* induces an inner partial action, denoted o**
of G on Cp(C4(R)) in the same fashion that « induces a*. Therefore,
Proposition 2.8 also applies in this similar situation. Furthermore, the
restriction of & to C'4(R) (resp. R) coincides with o* (resp. ).
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3. The Proofs

Proof of Theorem 1.1:

(i)=(ii) It follows from Lemma 2.1, [3, Theorem 1, (3)=-(1)], and Corol-
lary 2.5.

(ii)=(iii) It follows from Lemma 2.2.

(iii)=-(i) If follows from Lemmas 2.3 and 2.4, |2, Theorem 1, (2)=-(3)],
and Lemma 2.1.

(i)=(iv) It follows from Lemma 2.1, [2, Theorem 2(3)], and Lemmas 2.6
and 2.7.

(iv)=-(i) It is enough to notice that any partial Galois coordinate
system of Cr(R®) over C(A) is also a partial Galois coordinate system of
R over R“.

For the last assertion we observe that by the same arguments used in the
proof of [2, Theorem 2(1)] we have RxoG =~ R*®¢(a)(Cr(RY)*aG). Since
Cr(R?) is an a-partial Galois extension of C'(A), then Cr(R%) %o G =~
Ende4)(Cr(R®)) by [8, Theorem 3.3], and the result follows. O

Proof of Theorem 1.2:

(i)e(ii) By Proposition 2.8(vi) (Cp(T), 5*) is a globalization of (C'a(R), a*)
and by [8, Theorem 3.3], C(T) is a Galois extension of C5(T)%" (= C(B))
if and only if C'4(R) is an a*-partial Galois extension of C'4(R)® (= C(A)).
Then, the result follows from [8, Theorem 3.3|, [1, Theorem 2|, and
Lemma 2.3.

(ii)=-(iii) It follows from Lemma 2.3, [1, Theorem 3| and Lemma 2.9.

(iii)=-(iv) It follows by some arguments similar to the corresponding
ones used in the proof of [1, Proposition 3|, as we will see. From [10, Theo-
rem 2.2| we have that A is a separable extension of R and so, by |4, Propo-
sition 3.1] there exists ¢ € C(R) such that ta(c) == 3 cqag(cly-1) = 1g.
We also have from [17, Proposition 1.2] that C4(Ca(R)) = R, for R is a
direct summand of A as a left R-module. Hence,

(since C(A) C Ca(Ca(R)) (see the proof of Lemma 2.2)),
C(R) = RN CA(R) = Ca(Ca(R)) NCa(R) = C(Ca(R))
and

tras(co1) = > ap((cdi)ly-1) = B(cly-101)

geG geq
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= > Bylclg)d =) aglcly1)d

geG geG
= tro(c)or = 1rd = 14,

which implies, again by [4, Proposition 3.1], that A is separable over
Ca(R). Since C4(R) is separable over C(A) by [13, Lemma 1], then A is
also separable over C'(A) by the transitivity of the separability. Thus, it
remains to prove that C(A) = C(A). Indeed, setting L = Cy(Ca(R)), it
follows by Proposition 2.8 that C(A) = L. Furthermore, it is immediate
to see that L = C(L)*"" and then

C(A) = C(L)*" = (Ca(L)NL)*" = (CA(CA(Ca(R))) N L)
= (Ca(R)NL)* = (Ca(R) N CA(Ca(R)))™ = C(Ca(R))"
= C(R)™ = C(A)

(iv)= (i) It follows from Corollary 2.5, [1, Proposition 3| and |8,
Theorem 3.3|.
The last assertion is immediate from the above. ]

Remark 3.1. The equivalences (i)« (ii)<(iv) of Theorem 1.2 can also
be seen as a corollary of Theorem 1.1 since C4(R), under the condition
(i), is an a*-partial Galois Azumaya extension of C4(R)®" indeed.

4. Some Examples

Example 4.1. Let R be an Azumaya ring, G a finite group and a =
({Dg}gea: {ag}geq) the trivial partial action of G on R, that is, D; = R,
ay = Ig and Dy = 0 = a4 for all g # 1. In this case we have that
A=R*x,G=R=R* C(A) =C(R) =C(R)* =C(R*) and R is an
a-partial Galois Azumaya extension of R®. Furthermore, C4(R) = C(R),
a* coincides with the restriction of a to C(R), A = Ca(R) xox G = C(R),
and each one of the equivalent assertions of Theorems 1.1 and 1.2 is
trivially satisfied.

Example 4.2. Let S be an Azumaya ring and set T = [] S; =
1<i<4
@ Sie;, where S; = S for every 1 < i < 4, and each e; is the quadruple
1<i<4

whose j*-coordinate is 1g if j = i and zero otherwise.

Consider G a cyclic group of order 4 generated by g, and 8 : G —
Aut(T) a global action of G on T by automorphisms S, given by
D 1<j<a 4j€j = D1<j<a 4j€jti(mod4)- LTake R = Seq @ Ses @ Seq and
« the partial action of G on R obtained from [ by restriction to R, that
iS, o = ({Dgi}lgigzl, {agi}1§i§4) where
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Dy = Dgo = R, Dg = Seq, Dgz = Se; & Ses, Dgs = Sey,
o] = Otgo = IR,
ag: Dgs — Dy, seq > seq,
Qg2 Dgz — Dg2, se1 + s'ez — s'eq + ses,

Qg3 : Dy, — Dgg, se| — sey

Clearly (T, ) is a globalization of (R, «) and it is straightforward to
verify that R* = S(e1 + e3 +e4) =~ S and C(RY) = C(R)® = C(S)(e1 +
ez +eq) >~ C(5). It is also clear that R is an a-partial Galois extension
of R*. In this case a partial Galois coordinate system is given by x1 =
y1 = e, r9 = yo = ez and xr3 = y3 = e4. Hence, R is an a-partial
Galois Azumaya extension of R%. Consequently, A = R x, G is Azumaya
with C(A) = C(R)* by Theorem 1.1. Moreover, it is easy to check that
CA(R) = C(R) and so a* is the restriction of o to C'(R). Since each
e; € C(R),i=1,3,4, then C4(R) is also an a-partial Galois Azumaya
extension of C'(R)®.

Example 4.3. (see |8, Example 6.3|) Let S be a commutative ring and
G is a cyclic group of order 6, generated by g. Assume that S is a (global)
Galois extension of S¢ and set R= [] S;i= @ S;e;, where S; = S

1<i<5 1<i<5

for every 1 < i <5, and each e; is the quintuple whose j*-coordinate is
lg if j =i and zero otherwise. Taking Dgo = R, Dy = Seg—; = Reg—,
ago = Ig and agi(se;) = g'(s)eg—i, 1 < i < 5, it is straightforward to
check that a = ({Dyi}2_o,{a,}7_y) is a partial action of G on R and
R = {s1e1 + sgeg + s3e3 + 0%(s2)eq + o (s1)es | 51,82 € S, 83 € 5’03}. Let
si,t; € 5,1 < i < m, be a Galois coordinate system for S over S and
consider the elements x; = y; = e;,j = 1,2,4,5 together with the elements
Ti3 = S;e3,Y;3 = t;es. It is easy to see that this gives a partial Galois
coordinate system for R over R%. Since, in addition, R is commutative, then
R is an a-partial Galois Azumaya extension of R*. By Theorem 1.1, A =
Rxo G is Azumaya and C(A) = R®. Furthermore, Ca(R) = Ré,0 © Se3dys
and it is an o*-partial Galois extension of C4(R)®" = C(A) with the
partial Galois coordinate system given by the elements u; = v; = e;d,0,
j = 1, 2,4, 5 and U3 = 31'63(59077)1‘3 = tieg(sgo, 1 < ) <m.
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