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Units of some group algebras of groups of order
12 over any finite field of characteristic 3
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ABSTRACT. The structure of the unit groups of the group
algebra of the groups D15 and C3 x C4 over any finite field of
characteristic 3 is established.

1. Introduction

Let U(RG) be the group of units of the group ring RG of the group G
over the commutative ring R. It is well known that

U(RG) = V(RG) x U(R),

where V(RG) = {>_ cqagg € U(RG) | > cqay = 1} is the group of
normalized units of RG and U(R) is the group of units of R. For further
details and background see Polcino Milies and Sehgal [9].

We are interested in the structure of (K G) when of order ap® where
p is a prime, a, k € Ny and (a,p) = 1. It is well known that |V (KG)| =
|K ||G‘_1 if G is a finite p-group and K is a finite field of characteristic p.
A basis for V(IF,G) is determined in [10], where F), is the Galois field of
p elements and G is an abelian p-group. Note that several results were
obtained in the case where K is a field of characteristic p and G is a
non-abelian p-group, see |1, 2, 3| for further detials.

In [6], the order of U(Fx Doym) is determined where F,x is the Galois
field of p*-elements, Doym = (a,b | a?" = 1,b> = 1,a® = a~!) is the
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dihedral group of order 2p"™ and p is an odd prime. In [4], the structure
of U(F3x Dg) was determined in terms of split extensions of elementary
abelian groups. Additionally in (8], it is shown that Z(V}) and V1 /Z (V1)
are elementary abelian 3-groups where Vi = 1+ .J(F3x Dg), J(Far Dg) is the
Jacobson Radical of Fgqr Dg and Z (V1) is the center of V. The structure
of F Ay is established in [11] where F' is any finite field and A4 is the
alternating group of degree 4. Our main result is the following:

Theorem 1. Let V(FG) be the group of normalized units of the group
algebra FG of a group G over a finite field F of 3% elements. The following
conditions hold:

() If G=(z,y|2° =y* =1, a¥=2a"1) = Dy, then

V(FG) = (C55% x C5%%) % €3, .

(i) If G = (z,y|a*=y3 =1, yary=1x)=C3xCy, then

(Cs% % Cs%) % O3, | if4 | (38 — 1)

e = {(Cs6k X Cg%) X (Cgp_y X Csar_yq) if 41 (3k —1).

The next two results can be found in |7].

Theorem 2. Let F' be an arbitrary field of characteristic p > 0, let G be
a p-solvable group and c be the sum of all p-elements of G including 1,
then

J(FG) = lann(c)

where J(F'G) is the Jacobson Radical of FG and lann(c) is the left anni-
hilator of c.

Theorem 3. Let N be a normal subgroup of G such that G /N s p-solvable.
If |G/N| = np® where (n,p) =1, then

J(FG)P" C FG - J(FN) C J(FG)

where F' is a field of characteristic p > 0. In particular, if G is p-solvable
of order np® where (n,p) =1, then

J(FG)P" = 0.

Denote by g =3¢y b € RG.
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2. Proof of Main Theorem

Case (7). Let G = Dja. Consider the ring homomorphism 6 : Far D19 —
F3: (Cy x C3) given by

2
Z 2% (a; + aiy37° + ai16y + ai197°y) —
i—0
2
> (i + aiys® + aip6y + aiyoTy).
=0

where Cy x Cy = (7,7 |72 =3? = 1,7y =yZ) and a; € Fy.

We can now construct the group homomorphism 6’ : U(Fsx D12) —
U(F31(Cy x Cy)), since units gets mapped to units. We define the group
epimorphism ¢ : U(Fsx(Co x C3)) — U(FqrD12) given by a + bT + ¢y +
dzy +— a + bz + cy + dody where a,b, c,d € Fy.. Clearly ' o ¢ = 1 and
therefore U (Fgx D12) = H X U(F3x(Co x Cq)) where H = ker(6’). Let

2
o= Z xzz(ai + ai+3x3 + a6y + ai+9x3y) € 31 Dyo,
=0

where a; € Fgr. Then o € H iff

2 2 2 2
§ a; =1, § ajq3 = § k46 = E aprg = 0.
i=0 =0 k=0 1=0

Lemma 1. H has exponent 3.

Proof. D1 is solvable and hence p-solvable. Clearly |D13| = 4.3 and by
Theorem 3, J(FsrD12)® = 0 and 1 + J(F4x D12) has exponent 3. Now by
Theorem 2, J(FarD12) = {a € F3x D12|ax? = 0}. Let

2

a=> 2" [ + aipar® + iy + air102’y] € U(FyDiy),
i=0

then
3 3 3 3
(S J(ngDlg) <~ ZO&Z‘ = Z()éj+3 = ZO&H_G = Z Q9 =0
i=1 j=1 =1 m=1

where «; € Fai. Therefore H = 1+ J(F3xDi2). O
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Lemma 2. Every element of the centralizer of x* in H (C(x?)) has the
2 2 2

form Zm%(ai —|—ai+3x3) + (a6 —|—oz7x3);5y where Zai =1, Zai+3 =0
=0 i=0 =0
and o € Fap.. Also Cp(2?) = C35F,

Proof. Cy(2®) ={h € H | ha®> = 2®h}. Let h = Z?:o % (o + aiy32® +

Qirey + airordy) € H where o; € Fyr, Z?:o o; = 1 and Z?:o ity =
2 _ 2 _

Zi:o Qj+6 = Zi:o a9 = 0.

2 2
(ha® — x*h) = <Z ey + Z ai+9l‘2”3y> a?
=0 =0
2 2
— 2 (Z ai+6x2zy + Z Oéi+9$21+3y>

2
_ 2i+4 2i+1 2i+2 2i+5
= aigr’ My + E Qipor™ Y — E Qi Y — E Qipox™ Y
=0 =0 1=0 =0
2 2
_ 2i+4 2i+2 2i+1 2i+5
= § [Oéi+6l‘ Ty — aper™ y] + E [Oéi+9$ Ty — gz y}
i=0 i=0

= (ag — a7) 22y + (a9 — a10) 322y,

Therefore h € Cy(2?) if and only if ag = a7 = ag and ag = a9 = aq1.

Hence every element of Cy(x?) has the form Z?:Om%(ai +air373) + (ap +
2 2

a7x3);5y where Zai =1, Zai+3 =0 and «; € Fa. It remains to show
i=0 i=0
that Cy(2?) is abelian. Let o = 22 0 z% (ai + ai+3x3)+(a6+a7x3)x2y S

CH( ?) and 5 Zz 0552Z (62 + Biysx ) (56+ﬂ7x3);5y € Oy (z?) where

Zaz =1, ZOZH_;; =0, ZBZ =1, ZBZ+3 = 0 and a4, B; € F3x. Note

=0 /-\ 1=0 =0 =0
that (z2)? = 0. Then

2

2
aff = Z % (ai + ai+3l'3) Zx% (bi + b¢+3:1;3)
= i=0

=0
2 —
+ Z % (ai + ai+3x3) (b + b7x3)x2y
=0
. 2
+ (ag + a7z®)z2y Z (b + bigsx®™?)
i=0
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+ (ag + a7:1:3):L‘2y(b6 + b7fc3)x2y

2 2
= Z % (ai + ai+3x3) Z ek (bl + bi+3l‘3)
=0 1=0

2
+ Z (ai + ai+3x3) x2(b(5 + b7x3)y

i=0
2 —_~
+ Z (bi + bi+3x3) 22(ag + a7x>)y
i=0

2 2
= Z 2% (ai + a3x2i+3) Z % (bi + bi+3:c3)
=0 1=0

+22(bg + bra® )y + 22(ag + arz®)y

2 2
Z 22 ( ai + iy3 x3) Z 22 (bi 22 4 by x2i+3)
0 i=0

=

—

+ ((OLG + bﬁ) + (a7 + b7)x3 ny

and

2 2
Ba = szi (bi + bi+3a:3) Z z? (ai + ai+3x3)
i=0 =0
+ Z z® (b + biysz®) (ag + arz®)a?y
=0
7 N ) |
+ (bs + b7$3)$2y Z z? (a,- + CLZ‘+3.’E3)
i=0

+ (bs + brz®)22y(ag + arz®)a?y

2 2
= Z 2% (bi + bi+3$3) Z z% (ai + a¢+3x3)
i=0 =0
2 —_—
+ Z (bi + bigaz®) 22(ag + aza’)y
i=0
7 ) -
+ Z (ai + ai+3x3) l'Q(b(; + b7$3)y
i=0
= Z % (bi + bi+3$3) Z 2% (ai + ai+3x3)

=0 i=0
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+ £E2(CL6 + a7x3)y + $2(b6 + b7333)

2
= Z b + b2+3$ Z ‘T2Z az + al+3x3)
i= =0

((CLG + b@) (a7 + b7)x3)x2y.
Lety = Z?:o z2 (ﬁi + Bitsx ) € Hand§ = Z —0 z% (ozi + ai+3x3) €

H. Clearly v, 6 € V(F3:Cg) and 0 = 0 since V (F5:Cp) is abelian. There-
fore Cy(x?) is abelian. O

Lemma 3. Let S be the subgroup of H consisting of elements of the form
2
1+ 2(r+ra23)(1+y) where ¥ = Zia:% and 1,71 € Fae. Then S == C3%.
i=0

Proof. Let s1 = 14+&(r+r1z3)(1+y) € S and so = 1+ Z(s+s123)(1+y) €
S where r,s,7r1,51 € Fgi, then

5150 = 1+ &(s + 5123) (1 + o) + 2(r + 2> (1 +y)
T+ r1a®) (14 g)E(s + 5129 (1 + )
=142 ((s+r)+(s1+71)2°) (1+y)
T+ et (1 + ) (1 g)i(s + 1)
=142 ((s+r)+(s1+71)2°) (1 +y)
+ 2(r 4+ ra)(1 — 1)Z(s + s12°)
=1+2Z((s+7)+ (s1 +r1):1:3) (1+vy).

Therefore S is closed. O
Lemma 4. H = Cy(2?) x S.
Proof. Clearly H = CH(xz).S since Cy(z?) NS = {1} It remains to

show that S normalizes Cy(2?). Let s = 1 + Z(r + r123)(1 + ) , then

st =1—a(r+mra®)(1+y) where r,r; € ng Also let c =37 (e +

323 + (g + arx ):U2y € Cy(z*) where Zaz =1, ZOQ+3 =0 and
a; € Fqe. Note that #2 = 2% = 0. Then

2
& = <1 — #(r+ra®)(1 + y)) (Z 22 (o + ai32®) + (ag + a7w3)m2y>

=0

X (1 + 2 (r 4+ ra)(1 + y))
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2

= (1—2(r+ma®)(1+ Y)) <Z 22 (q; + ajp32®)

1=0

2
T Z 2 (i + @iy3a”) (2 (r + ma®)(1+y)) + (a6 + a7$3)x2y>
=0

2 2
= Z ¥ (a; + i 32®) + Z 22 (4 323 (E(r 4+ r123) (1 4 1))

i=0 i=0
—~ 2 .
+ (ag + arz)z2y — i(r + ma) (1 + 1) Z 22 (a; + ajp3z®)
i=0
2 2
= Z xm(ai + ai+3x3) + Z xQ’(ai + ai+3x3)(§;(r + rlx?’)(y))
i=0 i=0
—~ 2 .
+ (ag + arz)z2y — i(r + 23 (y) Z 22 (q; + ajp32®)
i=0

2
- (Z % (q; + aiyszr®) + (a6 + ) + (a7 + 6)m3)x2y> € Cy(2?)
=0

where 6 = r(a; — a2) + 71 (s — as) and o, 7,71 € Far. O

Recall that U(F:))leQ) = Hx U(F3k (02 X 02)) Consider F3k (CQ X 02)

Fsu (Cy x Cy) = (FarC2)Cy

(Far @ Far)C2

FarCo @ Far Co

Fsr @ Far @ Far @ Fas.

1R

I

Thus U(F3:(Cy x Cy)) = Cq_1*. Therefore

U(F3:D12) = [C55F x C5%F] % Oy,
[(C36k X 032k) X C3k713] X U(ng)

1

Case (ii). Let G = C3 x C4. Define the group epimorphism
T: Z/[(F?)k (03 A 04)) — Z/{(]F3k04)

given by
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2

2 3\, i
Z(ai + @i 3% + 6™ + oz’ )y =
=0

2
Z(Ozi + @437 + ()zz'-;-ﬁfQ + Oéi+9f3)
i=0
where T generates Cjy.

Define the group homomorphism ¢ : U(F5xCy) — U(F3x(C5 x Cy))
by a + bT + cx? + dz® — a + bx + cx? + dz® where a,b,c,d € Fqe. Then
7o ¢ = 1, therefore U(F3x (C3 x C4)) = L x U(F5:Cy) where L = ker(T).
Let

2

l= Z(Oéi + air3x + airer? + aipord)y' € UF31(Cs x Cy)),
=0

then [ € L if and only if 37 ;a; = 1 and

2 2 2
E Q43 = E Al = E Q9 =0 (Oéi S ng)
j7=0 =0 m=0

Therefore |L| = 3%
Lemma 5. L has exponent 3.

Proof. By Theorem 3, J(F5:(C3 x Cy))3 = 0 and 1+ J(Fy:(C3 x Cy)) has
exponent 3. By Theorem 2, J(Fsx (C3xCy)) = {a € Far (C3 3 Cy)|ay = 0}.
Therefore L = 1+ J(F31(Cs x Cy)). O

Lemma 6. Every element of the centralizer of y in L (Cr(y)) has the
2 2 2

form Z(Ozi + aiaz?)y' + (x4 aga®)y where Zai =1, ZOJZ‘+3 =0
i=0 i=0 i=0

and o; € Fap.. Also Cp(y) = C35.

Proof. Cr(y) ={l € L|ly =yl}. Let

2
l= Z(ai + Qi+3T + Qe + i)y’ € L.
i=0

2 2 2 2
where E o =1, g ;g =0, E aire = 0, E aiy9 = 0 and a; € Fax.
i=0 i=0 i=0 i=0
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Then

9 2
ly—yl= (Z (i3 + Oéz'+91’3)yz> y—y <Z(ai+3x + ai+9$3)yl>

=0 =0

2
1 3y, i
(i3 + aipor®)y’™ E Qi+3YT + Qi oy )Y’

I
&MM

Il
=)

~

(A
= (a5 — aq)zy + (11 — alo)w 7.

Therefore [ € Cr(y) if and only if g = ay = a5 and g = a9 = aq1.
Thus every element of C,(y) is of the form

2
Z(ai +aipaz’)y + (a3 + ara’)y

i=0
2 2
where Zai =1, ZO(H_g =0and a; € Fgi. Leta = Z?:O(Ozi+ai+4x2)yi+
1=0 1=0

(azx + 01756 )y e C'L( ) and 3 = ZZ o(Bi + ﬂz+4$ )y + (Bsz + Bra®)y €

Zaz =1, ZOK1+3 =0, Zﬁl =1, ZBHg = 0 and oy, 3 € F3.
Then

2 2
aB =Y (ai+aitaz®)y' Y (Bi + Bipaz)y
= 0

7=

=0
2 .
+ Z(Oﬁ + iaz?)y (Bsz + Bra®)y
i=0

2
+ (asz + a72)§ Y (B + Birar®)y’ + (asz + a72”)§(Bsx + Bra)f
i=0
2 2
= Z(al + ai+4x yz Z Bz + ﬂz+4x
=0 =0

2 2
+ ) (i + ipaz®)G(Bsz + Bra’) + (asz + aga®) Y (Bi + Bipar®)
=0

2

=Y (ai+aipad®)y' Y (B + Bipaz®)y’

1=0 =0
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2

2
= Z o; + al+456 Z(ﬁz + /Bz+4x )

1=0
((063 + B3)z + (a7 + Br)z’)y

2 2
Ba=> (Bi+ Birar®)y' > (e + iraa?)
=0 =0
2

+ Z(ﬁz + Biraz® )y (asz + a7z®)y
=0
2
+ (B3 + Bra® Z i + i)y + (Bsz + B72°) (s + ara®)y

(o + ajpax?)y’

I
Mw
Mw

(Bi + Bz+4$ )Z/Z

~.
o
<.
I
=)

|

(Bi + Biyar)Glaze + agaz®)
=0

.

2
6333 + B7LE Z a; + O‘z+4x
=0

I
Mw

2
(Bi + 5z+49€ yl Z a; + Oéz+49€
=0

I
o

7

+y

—

sz + arx®) + (Bsx + Bra’)y
2

(az + CKH_41'2) Z(BZ + 5@4—4-%' )

i= 1=0
+ (a3 + B3)x + (a7 + B7)x)y

Mw

o

Let v = Y7 o(i + aipaz?)y’ € Land § = 32 (8i + Birar?)y’ € L.
Clearly 7,8 € V(F4:Cg) since (22,y) = Cg and v = &7. Therefore
Cr(y) = C35*. O

Lemma 7. Let T be the subgroup of L consisting of elements of the form
2
1+ (a+ bx®)y + (rx + r2®)y where § = Zzy’ and r,r1 € Fgx. Then

=0
T = O3,

Proof. Let t; = 1+ (a1 + biz®)y + (raz +7m2®)y € T and to = 1 + (ag +
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box?)y + (sx + s12°)y € T where a;,bj,7,71, 8,81 € Far. Then

tity = 1+ (ag + box®)§ + (sx + 512%)§ + (ag + biz®)y
+ (a1 + biz®)y(ag + bez®)y + (a1 + b12®)y(sz + s12°)y
+ (re + 2%y + (re + ri2®)g(ag + bea®)y
+ (rz + ra®)g(sz + s12°)7y
=1+ ((a1 + az) + (b1 + b2)2®)g + ((r + s)x + (r1 + 51)2°)y
+ (rz + ra®)g(sz + s12°)y
=1+ ((a1 + az + 61) + (b1 + b + 62)2°)§
+((r+s)z+ (1 +s)2d)geT

where 01 = 2(rs; + sr1) and d2 = 2(rs + ris2). It can easily be shown
that T is abelian. Therefore T = C3**. O

Lemma 8. L = C5% x C52F.

2

Proof. Let t = 1+ (a + b2?)y + (rz + m2®)y € T and ¢ = Z(ai +
=0

Qipaz?)yt + (azz + a72®)j € Cp(y) where Zal =1, ZaHg = 0 and

o, a,b,r,r1 € Far. Then

=(1+( a—i—b:n )y + (r:c+7“13:3)gj)2

2
(Z @i+ aipaz’)y' + (a3 + agx )y)

=0

< (i + ai+4x2)yi + (a+ bx2)§

2
+ ) (o + a@+4:1: )y (m + 7“1:r3)g + (agx + oz73:3)g7>

1=0

[\

2
=) (i +aipar®)y' + Z(ai + i paz?)y (re 4 1)y
=0 i=0

2
+ (asz + a7a®)y — (rz + ra’)y Z(ai + aipaz’)y’
i=0
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2
= Z(ai + ipaz?)y’ + (a3 + 61)z + (o7 + 02)2°)y € Cr(y)
=0

where 61 = r(ag —aq) + r1(ag — as), 02 = r(ag — as) + r1(az — aq).
Clearly ¢! € Cr(y) and T normalizes Cf,(y). Let
U=Cy)NT ={1+(a+bx*)7|a,beFa}.

Clearly |Cr(y) N T| = 3%¢ and by the second Isomorphism Theorem
|CL(y)T| = 3%, Therefore L = Cp(y)T. T is an elementary abelian 3-
group (Y =2 U x V). Clearly VN Cr(y) = {1} and V normalizes C(y).
Therefore L = C(y)V = C3%% x C32F. O

Recall that U(Fsx (C3 x C4)) =2 L x U(F35:Cy). Now
Fax? if4|(3F—1

L 4] (3 - 1)

F3k D ]Fg?k 1f4)[ (3 — 1).

]F3k04 = IF3k2 S, F32k. Thus Z/[(F3k04) = Cgk_14 if 4 | (3k — 1) or
Z/{(F3kc4) = Cgk_lz X Cszk_l lf 4"/ (3k — 1) Therefore
U(ng (03 X 04)) =

[(C3%% % C5?%) % C3, ] x U(Far) if4] (3% -1)
[(Cgﬁk X 03%) X (C3k,1 X 03%,1)] X U(ng) if4J[ (3k — 1).

I
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