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ABSTRACT. In this paper we consider rings R with a partial
action « of an infinite cyclic group G on R. We introduce the concept
of partial skew Armendariz rings and partial a-rigid rings. We show
that partial a-rigid rings are partial skew Armendariz rings and we
give necessary and sufficient conditions for R to be a partial skew
Armendariz ring. We study the transfer of Baer property, a.c.c. on
right annhilators property, right p.p. property and right zip property
between R and R[z; ).

We also show that R[z;«] and R{x;a) are not necessarily asso-
ciative rings when R satisfies the concepts mentioned above.

1. Introduction

Partial actions of groups have been introduced in the theory of operator
algebras giving powerful tools of their study (see [15] and [17] and the
literature quoted therein). Also in [15] the authors introduced partial
actions on algebras in a pure algebraic context. Let G be a group and
R a unital k-algebra, where k is a commutative ring. A partial action o
of G on R is a collection of ideals S, of R, g € G, and isomorphisms of
(non-necessarily unital) k-algebras a : S;-1 — Sy such that:

(i) S; = R and «; is the identity map of R;

(i) Sgny)-1 2 (Sh N Sg-1);

(iii) arg 0 () = agp (), for every = € o ' (Sy N Sg-1).
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The property (ii) easily implies that ay(S,-1 N Sp) = Sy N Syp, for all
g,h € G. Also ag1 = a;l, for every g € G.

Given a partial action a of a group G on R, an enveloping action is
an algebra T' together with a global action 8 = {0, | g € G} of G on T,
where o is an automorphism of 7', such that the partial action is given by
restriction of the global action ([15], Definition 4.2). From ([15], Theorem
4.5) we know that a partial action « has an enveloping action if and only
if all the ideals S, are unital algebras, i.e., Sy is generated by a central
idempotent of R, for every g € G. In this case the partial skew group
ring R %, G is an associative algebra (this is not true in general, see (|15],
Example 3.5)).

When « has an enveloping action (7', 5) we may consider that R is an
ideal of T" and the following properties hold:

(i) the subalgebra of T' generated by |J ¢ 0g(R) coincides with 7" and
we have T'= 3 0g(R);

(ii) Sg = RNogy(R), for every g € G,

(ili) ag(x) = og(x), for every g € G and x € 5,1

The authors in [13] introduced the concepts of partial skew Laurent
polynomial rings and partial skew polynomial rings. In these cases, the
authors studied prime and maximal ideals with the assumption that the
partial action has an enveloping action. Moreover, the authors in [14]
studied Goldie property in partial skew polynomial rings and partial skew
Laurent polynomial rings.

Let R be an associative ring with identity element 1r, G an infinite
cyclic group generated by o and {«,i : S,—i — S,i,i € Z} a partial action
of G on R. We simplify the notation by putting o; = o« and S; = S, for
every ¢ € Z. Then the partial skew group ring can be identified with the set
of all finite formal sums "

i:_n . . . .
the sum is usual and the multiplication rule is az'bz’ = a;(a_;(a)b)z* 1.

a;z", a; € S; for every —n <1 < m, where

We denote this ring by R{x; «) and call it partial skew Laurent polynomial
ring. The partial skew polynomial ring R[z; o] is defined as the subring of
R(z; ) whose elements are the polynomials > ' ; bia’, b; € S; for every
0 < i < n with usual sum of polynomials and multiplication rule as before.

In this paper, we assume that R is an associative ring and « is a partial
action of an infinite cyclic group G on R such that R[z;a] and R(z;a)
are not necessarily associative rings.

In the Section 2, we study McCoy’s result in partial skew Laurent
polynomial rings when a partial action « of an infinite cyclic group G on
R has an enveloping action (7, 0), where o is an automorphism of 7.

In the Section 3, we introduce the concept of partial skew Armendariz
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rings and we show that R is a partial skew Armendariz ring if and only
if the canonical map from the set of right annihilators of R to the set
of right annihilators of R[x;«] is bijective and with this result we study
the transfer of Baer property , p.p-property, ascending chain condition on
right annihilators property and right zip property between R and Rlx;a].
We study necessary and sufficient conditions for R[z;a] to be reduced and
as a consequence of this result we introduce the concept of partial a-rigid
rings. We show that partial a-rigid rings are partial skew Armendariz
rings.

In the Section 4, we give examples to show that Baer rings, p.q. Baer
rings, p.p-rings and quasi-Baer rings do not imply the associativity of
the partial skew polynomial rings and partial skew Laurent polynomial
rings. When a partial action « of a group G on R has an enveloping
action (7', ), we study conditions to show the following equivalences: R
is Baer < T' is Baer, R is p.q. Baer < T'is p.q. Baer, R is quasi-Baer <
T is quasi-Baer and R is p.p < T is p.p. When (R, «) has an enveloping
action (T, o), where ¢ is an automorphism of 7', we show that 7" is o-rigid
= R is partial a-rigid and T is skew Armendariz = R is partial skew
Armendariz. Moreover, we give an example to show that the converse of
each arrow is not true.

Throughout this article, for a non-empty subset Y of a ring 5, we
denote rg(Y) ={a € S:Ya=0} (Ir(Y) ={a €S :aY =0}) the right
(left) annihilator of Y in S.

2. Generalization of McCoy’s result
in partial skew Laurent polynomial rings

In [33], McCoy proved that if R is a commutative ring, then whenever
g(x) is a zero-divisor in R[z] there exists a non-zero element ¢ € R such
that cg(z) = 0, and in [26] it was proved that if rgp, (f(z)R[z]) # (0),
then rr(,) (f(z)R[z]) N R # (0), where f(z) € Rlx] and 7pgp(f(7)R[x]) =
{h(x) € R[z] : f(z)R[z]h(z) = 0}. Moreover, the author in ([12], The-
orems 2.3 and 2.4), generalized these results for skew polynomial rings
of automorphism and derivation type. We study this situation in partial
skew Laurent polynomial rings but we are unable to prove an analogue
result for partial skew polynomial rings.

Throughout this section we assume that R is not necessarily a com-
mutative ring and « is a partial action of an infinite cyclic group G on R
with enveloping action (7', o), where ¢ is an automorphism of 7.
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Lemma 1. Let f(z) =37 b 2t and g(z) =Y qa,x be two elements
of R(x;a). Then f(z)R ZZ g iail_j)z =0, for every j € Z, if and
only if f(x)R{x; )g(x) =

Proof. Suppose that f(z)R>", aj(ail_j)z i = 0, for every j € Z.
Then, we have that

f(@)radg(z) = f(x)rlzd g( Za] (ai1_j)z"t = 0.

So, f(x)R{x;a)g(x) = 0.

The converse is trivial. ]

Let h(z) = 3", a;a’ € R{z;a). The length of h(z) is the number
len(h(x)) =n — s+ 1 and we use this number below.

Theorem 1. Let f(z) € R{z;a). If rrima (f(r)R{z;a)) # 0 then
TR<x;a>(f(iL')R<.’E;Oé>) N R # 0, where rR(:ca( ( ) <1‘,Oé) = {h($) €
R{z;a) : f(z)R{x;a)h(z) = 0}.

Proof. We freely use Lemma 1 without mention. Let f(x) = apa? + ... +
aqx?. If either f(x) is constant or f(z) = 0 or f(z) = a429, then the
assertion is clear. So, assume that ¢ # 0, p < ¢ and

"Rizia) (f (2) B(z; 0)) N R = (0).

Let g(x) = bz’ + ... + bpa™ € rR(p.q)(f(2)R{2;a)) of minimal length
with by, # 0. Then

f(@)R(z; a)g(x) =0,

and we have that f(2)1_qz 9RY 1", aj(bijl_;)x"7 = 0, for every j € Z.
Thus, agRoj(1-;by,) = 0, for every j € Z. Hence, a,R(x; a)by, = 0 and
we have that

agR{z;a)g(z) = agR{z; a) bzt + ... 4 bpp—12™ 7).
So,

f(@)R{z; a)a,R{z; ) (byat + ... 4+ byp—12™ 1)) =
= f(x)(R{z; a)aq R(z; a))g(x) = 0,

for every j € Z, and we obtain that

f@)R{z;a)aqR(c (bl )zt + ..+ aj(bp—11_j)a™1H7) = 0,
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for every j € Z. Note that by choice of g(z), we have that a,R(cj(by1_ )zt +
o Otj(bmfl]_,j)l‘m_l—i—j)) = 0. Thus,

agR{z; a) (aj(bl_)x™ + .+ aj(bp-11_;)2™ 1) =0
and it follows that

aq € lr(R{w; o) (v (bl )™ + .. + aj(bp11_j)x™ 1)+
+R{x; ) (bna™)),

for every j € Z. Hence,
(apx? + ... + ag—129 V) R{z; ) g(x) = (0),
and we obtain that aq—1Roj(1_;by,) = 0, for every j € Z. Consequently,

(apz? + ... + ag_129 ) R{z; a)ag_ 1 R{z;a) Y0 biat =
f(@)(R{z; a)ag1 R(z; o)) g(x) = (0).

By choice of g(x), we have that
a1 R{z; 0)g(z) = (0)
and we get

ag—1 € lr(R{z; a)(aj(bel_j)xt™ + .. + aj(bp_11_j)z™ 1)+
+R(x; o) (bpz™))

for every j € Z. Now, repeating this process we obtain that

as € Ip(R(x; o) (aj(bel —j)a™7 + .. + (b 11— j)a™ )+
+R{x; a) (bpz™))

for every p < s < ¢ and j € Z. Since asR{x; a)by,x™ = (0), for every p <
s < g, then (apaP+....4aqx?)R(x; )by, = (0). This is a contradiction. [
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3. On partial skew Armendariz ring

Rege and Chhawchharia introduced the notion of an Armendariz ring,
n

see [9]. A ring R is called Armendariz if whenever polynomials > a;x?,
=0

m .

> biz' € R[z] satisfy f(x)g(z) = 0, then a;b; = 0, for every 0 < i < n and
i=0

0 < j < m. The name Armendariz ring was chosen because Armendariz,

showed that a reduced ring (i.e., a ring without nonzero nilpotent elements)
satisfies this condition, see [2|. Some properties of Armendariz rings have
been studied by many authors, see [2], [1], [30] and the literature quoted
therein. The authors in [27], introduced the notion of skew Armendariz
rings, they gave examples and investigated the properties of these rings.

In this section, we assume that R is an associative ring and « is a
partial action of an infinite cyclic group G on R such that (R, «) does not
necessarily have an enveloping action, unless otherwise stated.

Let S be a ring with an automorphism 7. Following [27], S is said to
be 7-rigid if ar(a) = 0 implies that a = 0. Suppose that a partial action «
of an infinite cyclic group G on R has an enveloping action (7, o), where
o is an automorphism of 7. In this case, a natural generalization of the
concept mentioned above it would be aa;(al_1) =0 = a = 0 and this is
equivalent to ac(a) = 0 = a = 0. The next result shows that this natural
generalization implies that the partial action is a global action.

Proposition 1. Let « be a partial action of an infinite cyclic group G on
R and (T, 0) the enveloping action of (R, «), where o is an automorphism
of T. If for every a € R, ac(a) =0=a =0, then R=T.

Proof. We claim that for each ¢t € T such that to(t) = 0 we have that
t = 0. In fact, we easily have that t1graq(t1g1_1) = 0, which implies that
tlr = 0. Note that for each 7 > 0 we have that

(to*(1r))o(ta’(1r)o' ' (1r)o*(1R)) = 0.

Thus, we obtain that o~ (to?(1g))o (o (to*(1r)))1go(1g) = 0, which
implies that o~ (to(1g))o (0 (to?(1))) = 0 and by assumption we have
that o~ !(to'(1g)) = 0. Hence, to'(1g) = 0, for every i > 0.

Now, let b = to~#(1g), for i > 0. Then bo(bo~*(1g)o"1(1)) = 0.
Proceeding with similar method as above we obtain that to~*(1g) = 0,
for every ¢ > 0. So, tT' = 0 and by Remark 2.5 of [16] we have that ¢ = 0.

Let T' = T & Z with usual sum and multiplication defined by the
rule (a, z)(b, z1) = (ab+ az1 + bz, zz1). Note that (0,1) is the identity of
T'. We can extend the automorphism o of T to T by the rule: o(a, z) =
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(0(a), z). We claim that T"! is a o-rigid ring, i.e, if (a, z) € T* such that
(a,2)o(a, z) = 0, then we have that (a, z) = 0. In fact, for each (a,z) € T*
such that (a, z)o(a, z) = (0,0) we have that ac(a) = 0. Thus, a = 0 and
we obtain that (a,z) = (0,0). Hence, by (|27], Corollary 4) and (|24],
Lemma 4) we have that all the idempotents of T are invariant by o. Since
for any idempotent e € T, the element (e, 0) is an idempotent in T, then
o(e) =e. So, 0(1g) = 1 and we have that R =T O

Remark 1. Let a be a partial action of an infinite cyclic group G on R
with an enveloping action (7', 0), where o is an automorphism of 7". It is
natural to ask if R[z;a] were reduced then we would have that R = T.
This is not true in general as show the following example: Let K be a field,
{e; : i € Z} a set of central orthogonal idempotents, T = ®;czKe; with
an automorphism o defined by o(e;) = e;41, for every i € Z and R = Key.
We clearly have that the automorphism ¢ induces a partial action of the
group G =< o > as follows: Sy = R, S; = 0, for every i € Z\{0} and the
maps ag = idg and «; = 0, for every i € Z\{0}. Note that R[zr;a] = R
and RG T.

In the next proposition we give necessary and sufficient conditions for
partial skew polynomial rings to be reduced rings and this generalizes
(|27], Proposition 3).

Proposition 2. R[x;a]| is reduced if and only if for every a, € S, with
a_p(ap)a, =0, n >0 implies that a, = 0.

Proof. Suppose that R[x, o] is reduced. Let a; € S; such that a_;(aj)a; =
0, for 5 > 0. Then a;z7a;27 = a;(a—j(aj)aj)r® = 0. Hence, by assump-
tion we have that az? = 0. So, aj = 0.

Conversely, let f(z) = Y"1 ,a;x’ be a polynomial in R[xz;a] such that
(f(z))?> = 0. Then, a,(a_p(an)a,) = 0 and by assumption we have that
an = 0. Proceeding in a similar way we obtain that ag = a; = ... = a,, = 0.
So, f=0. Ol

Using the Proposition 2 we can generalize the notion of o-rigid rings
as follows.

Definition 1. Let G be an infinite cyclic group and « a partial action of
G on R. We say that R is a partial a-rigid ring if for every a € S, with
a_p(a)a =0, n >0, we have that a = 0.

Remark 2. Note that if R is partial a-rigid, then R is reduced.

The following definition generalizes (|27|, Definition).
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Definition 2. We say that R is a partial skew Armendariz ring if given
f(x) =" gaix’ and g(z) = Y1t o bz in Rlx; o] such that f(x)g(z) =0,
then a_;(a;)bj =0, for every 0 <i<n and 0 < j <m.

Proposition 3. Suppose that (R,«) has an enveloping action (T, o),
where o is an automorphism of T. If R is a partial a-rigid ring then R is
a partial skew Armendariz ring.

Proof. Let f(z) = > gaxi and g(z) = > _bjz; be polynomi-
als in R[z;a] such that f(z)g(z) = 0. Then apbp = 0. Note
that for degree 1 we have that apb; + ajai(bpl—1) = 0 and
we obtain that «_j(a1)bpaiaq(bpl-1) = 0. Thus, we have that
a_l(aloq(bol_l))alal(bol_l)) = a_l(al)boalal(bgl_l) = 0. Since R
is partial a-rigid then 0 = aja1(bol_1) = a—1(a1)by and consequently
aogby = 0. Now, for degree 2 we have that

apbs + a1on (bll_l) + agag(bol_g) =0 (*)

Multiplying (*) on the right side by b; and using the equality agb; = agby =
0 we have that bypasaa(bpl_2) = 0. Thus, a_o(az)bpasaz(bpl_2) = 0 and
we obtain that 06_2(a2a2(501_2))a2a2(b01_2) = a_Q(ag)boaQOég(bol_g) =
0. Hence, asaa(bpl_2) = a_z(az)byp = 0. So, byajai(bil_1) = 0. Pro-
ceeding with similar method as before we have that 0 = aja;(b11-1) =
a_1(a1)b; and it follows that apbe = 0. Now, using a standard induction
we have the desired result. O

Now, we recall some information on rings of quotients of a semiprime
ring R’ that we need in the sequel. For background on this subject we
refer the reader to [34], Section 24; [38], Chap. 9.

An ideal H of a semiprime ring R’ is essential as a two sided ideal if
rr/(H) = 0. The set of all essential ideals of R’ will be denoted by €& =
E(R'). Note that £ is a filter of ideals which is closed under multiplication
and intersection. If I is an ideal of R', then I & Annpg/(I) € £.

Denote by Q = Q¢ the ring of right quotients of R’ with respect to
the filter £, i.e., the Martindale ring of right quotients of R’. Recall that
the elements of @ arise from right R’-homomorphisms from H € £ to R':
for any H € £ and a right R'-homomorphism f : H — R’ there exists
q € @ such that gh = f(h), for every h € H, and conversely, if ¢ € @
there exists F' € £ such that ¢FF C R'. Also, elements ¢, p € Q are equal
if and only if they coincide on some essential ideal of R’ and if ¢H = 0,
for some g € Q and H € &, then ¢ = 0.
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Given an ideal I of R/, the closure of I in R as defined in [22] is
[I] = {x € R’ | thereexists H € £(R')withzH C I} =

{z € R' | thereexists H € £(R') with Hx C I}.

Note that [I| = rg/(rr/(I)) and if [I] = I, then I is a closed ideal.

Let R be a partial a-rigid ring. Then R is reduced and we have that R
has a Martindale ring of right quotients () constructed as before. Following
[21] the partial action v can be extended to a partial action o* of G on @,
where the ideals S} are the extension of [S;] to Q. The ideal S for every
i € Z is generated by a central idempotent 17. Let @* be the Martindale’s
right symmetric ring of quotients of R, i.e, according (|31], Proposition
5.14.7) we have that Q°* ={q¢ € Q:¢J C Rand Jqg C R for some J €
E}. Now, let (I*)* ={qe @ :qJUJq C I for some J € £} and using
similar methods of (|21], Proposition 2.2) we have that Q(I)® ~ (I*)%,
where Q(I)® is the Martindale’s right symmetric ring of quotients of I.
Moreover, if I* is generated by a central idempotent, then we have that
(I*)* =I"NQ*(R) and we denote (I*)% = I**.

By ([31], Proposition 5.14.17) we have that 1} € Z(Q) = Z(Q®) and
1¥ € (I*)®, for every ¢ € Z. Thus S}* = Q°1}, for every i € Z. Now, using
similar methods of ([21], Proposition 2.3 and Theorem 3.1), we can extend
the partial action « to a partial action o = {a}* : S™ — S¥* : i € Z} of
G on Q° and o = aj|g+=, for every i € Z. Moreover, by ([15], Theorem
4.5) we have that (Q®, &™) has an enveloping action (7”,0"), where o”
is an automorphism of 7. We use these facts in the next result.

Proposition 4. R is partial a-rigid if an only if Q° is partial o™ -rigid.

Proof. Suppose that R is partial a-rigid. Let ¢ € S;* such that o™ (¢)q =
0. Since g € S* C S, then there exists an essential ideal L of R such
that ¢L C S,,. Thus, for every | € L we have that o™ (q)ql = 0. By (|31],
Exercise 14.4) Q* is reduced, since R is reduced. Hence, gla’* (q) = 0,
which implies that 0 = gla™**, (q)a™, (11},) = qla™, (ql). Since o = a*| g+,
then by (|21], Theorem 3.1) we have that o* ,, restricted to S_,, is a_,, and
we obtain that o restricted to S, is ay. So, 0 = gla™,(ql) = qla_,(ql)
and by assumption we have that gl = 0, for every [ € L. Consequently,
qL = 0. Therefore, q=0.

The converse is trivial. 0

In the next result we show that partial a-rigid rings are partial skew
Armendariz rings and it generalizes ([27], Corollary 4).
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Theorem 2. If R is partial a-rigid, then R is partial skew Armendariz.

Proof. By Proposition 4, Q¢ is partial a**-rigid and by Proposition 3, Q°
is partial skew Armendariz. Since R is a subring of Q® and a*|g, = a,
we have that R is partial skew Armendariz. O

Remark 3. By Example 4.5 the converse of the Theorem 3.9 is not true.

In the next two results we give examples of partial skew Armendariz
rings. The next result generalizes ([27], Proposition 10) with similar proof.

Proposition 5. Let D be a domain and « a partial action of an infinite
cyclic group G on D. Then D is partial skew Armendariz.

One may ask if there exits a partial action of a group G on a domain
S. The next example shows that such partial action exists.

Example. Assume that D is a domain, that is not a division ring,
with identity element, o is an automorphism of D such that o' # idp,
for any i # 0 and I a two-sided ideal of D. For any integer ¢ we define
S;=INao'(I)and o; : S_; — S; as the restriction of 0= to S_;. Then it
is easy to see that o = {a; | i € Z} is a partial action of the infinite cyclic
group G =< o > on [.

Let M be a (R, R)-bimodule. Then the trivial extension of R by M is
the ring T(R, M) = R®M with usual sum and the following multiplication:
(r,m)(s,n) = (rs,rn + ms). This ring is isomorphic to the ring of all

matrices [ g T ] , where r € R and m € M with usual matrix sum and

multiplication.

Let o = {o; : S—; — S;} be a partial action of an infinite cyclic group
G on R and T'(R, R) the trivial extension of R. Then we can extend the
partial action a to T(R, R) as follows: S; = T/(S;,S;) and &; : S_; — S;
with &;(a,b) = (a;(a), a;(b)), for every i € Z. Since T'(R,0) is isomorphic
to R, we can identify the restriction of @; to T'(R,0) with «;, for every
1 € Z. The next proposition provides examples of partial skew Armendariz
rings that are not semi-prime rings and it generalizes ([27]|, Proposition
15).
Proposition 6. If R is a partial a-rigid ring, then T(R, R) is a partial
skew Armendariz ring.
Proof. Let f(z) =31 (a;, b))z’ and g(z) = > ol dj)z’ be elements
in T(R, R)[x; o] such that f(z)g(z) = 0. We easily have that f(z) =

(p0>p1)) g(IE) :' (%a‘h) and 0 : f(.fU)g(IL‘) = (pOQO»poih +p1QO)7 Wher?
Po = Yo', pr = Yo bixt, go = D25 _oci@? and 1 = YU, djal.
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Note that gopop = 0 and using similar ideas of ([27] Proposition 15)
we obtain that ppgi = pigo = 0. Hence, by Theorem 2, a_;(a;)c; =
a_i(a;))d; = a_i(bj)c; = 0, for every 0 < i < nand 0 < j < n. So,
(a—i(as),a—i(b;))(cj,d;) = (0,0), forevery 0 <i<nand 0 < j<n. O

A right annihilator of a non-empty subset X of a not necessarily
associative ring S’ is defined by rg/(X) = {a € S : Xa = 0}. Since S’ is
not necessarily associative, then rg/(X) is not necessarily a right ideal. If
we have an associative ring S contained in S, then for every non-empty
subset Y of S; we have 75, (Y) = r5(Y) N S;. We put rAnng(28) =
{rr(U) : U C R} and for a not necessarily associative ring S’ we put
analogously rAnng (25") = {rg/(U) : U C S'}.

Lemma 2. Let U be a non-empty subset of R. Then
TR[z;a](U) = TR(U)R[:E; Oé].

Proof. Let f(z) = Y.I' jaix® € R[z;a] such that Uf(z) = 0. Then
Ua; = 0 for every 0 < i < n and it follows that a; € rg(U) for every
0 <i<n. Thus, f(z) = Yi"aiz’ € rr(U)R[z; o). Hence, rp,.q(U) C
rr(U)R[z;a] and we easily have that rr(U)R[r;a] C 7R (U). So,
TRlz:a)(U) = rr(U) R[z; a]. O

From Lemma 2 we have the maps
¢ : rAnng(2F) — rAnnR[x;a](QR[‘”;o‘])
defined by ¢(I) = IR[x;q], for every I € rAnng(2F) and
U rAnnR[m;a](QR[x;o‘]) — rAnng(2%)

defined by ¥(J) = JN R, for every J € rAnnR[x;a}(QR[x;o‘]). Obviously, ¢
is injective and W is surjective. Clearly ¢ is surjective if and only if ¥ is
injective, and in this case ¢ and ¥ are the inverses of each other.

The following result generalizes ([11], Proposition 3.2).

Lemma 3. The following conditions are equivalent:
(i) R is a partial skew Armendariz ring.
(ii) ¢ : T Annp(2%) — rAnnR[x;a](QR[xia]) is bijective.

Proof. Suppose that R is a partial skew Armendariz ring. It is only
necessary to show that ¢ is surjective. For every f(z) = >_1", a;x’ €
R[z;a] we define Cy(,) = {a—i(a;), 0 < i < n} and for a subset S of
R[z; ] we denote the set f(acL)JeSCf(x) by Cgs. We claim that 7 gy, (f(7)) =
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T'Riza] (Cra))- In fact, let g(z) = Y7 bia’ € rRp.q)(f(2)). Then, we have
that f(x)g(z) = 0. By assumption, we have that a_;(a;)b; = 0, for every
0<i<mnand0<j<m. Thus, g(z) € rgpa)(Cs))-

On the other hand, let h(z) = >_?_, ;2" be an element in R[x; a] such
that Cryh(x) = 0. Then we have that a;(a;)cg = 0, for every 0 <i <n
and 0 < k < p, which implies that f(z)h(z) = 0.

Since R is partial skew Armendariz, then rgi;.q(S) =

rR[x;a}(f(L)J SC’f(x)) and by Lemma 2 we have that 7pgp.a)(Cre)) =
€

7R(C¢(2)) R[z; a]. Hence,

rR[z;a](S) = f(QeSTR[r;a}(f(x)) = f(xr;eSTR[z;a](Cf(x)) =

= (f(wr;esrR(Cf(x)))R[x;a] = rr(Cs)R[z;a.
So, ¢ is surjective.

Conversely, let f(z) = I ax' and g(z) = Y1 bz’ be ele-
ments in R[z; o] such that f(x)g(x) = 0. Then, by assumption, g(z) €
TRlz,a] (f (7)) = BR[z; a], for some right ideal B of R. Thus, we have that,
bi € B C TR[z;q)(f()), for every 0 < i < m. Hence, a—;(a;)b; = 0, for
every 0 < i <mnand 0 < j <m. So, R is a partial skew Armendariz
ring. O

The next lemma generalizes (|27], Corollary 19) and the proof is similar.

Lemma 4. Let R be a partial skew Armendariz ring and e =Y} et €
R[z;a). If €? = e, then e = e.

The following definition appears in [26].

Definition 3. A ring R is called a Baer ring, if the left annihilator of
each subset of R is generated by an idempotent.

Remark 4. Note that the definition of a Baer ring is left-right symmetric.

The notion of right ideals in non-associative rings is the same as in
associative rings. Moreover, if S’ is not necessarily associative, we have
for each a € S’ the set a5’ : {as: s € S’}. We use these facts in the next
results.

The proofs of the next four theorems are similar with ([11], Theorem
3.6), (|11], Theorem 3.8), (|11], Proposition 3.9) and (|12], Theorem 2.8)
respectively, and we put their proofs here for the reader’s convenience.

The next theorem generalizes ([11], Theorem 3.6).
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Theorem 3. Suppose that R is a partial skew Armendariz ring. Then the
following conditions are equivalent:

(i) R is a Baer ring.

(#7) R[z;a] satisfies the following property: for every non-empty subset
U of Rlr;a] we have that g (U) = eR[z;a], for some idempotent
e € R.

Proof. Suppose that R is a Baer ring. Let @ # U be a subset of R[z; o] and
flx) =Y gaix’ € U. We define Cp,y = {a—i(a;), for every 0 <i <

n}, and Cy = f(L)J UCf(x). By assumption, we have that rr(Cy) = eR,
x)e

with e? = e. It is easy to see that eR[z;a] C rg.q(U). By Lemma 3, we
have

T'R[2;0] (U) = TR(CU)R[x; Oé] = SR[:L'; Oé].

Conversely, let @ # A be a subset of R. Then, by assumption we

2

have that 7pg(,.q(A) = eR[z; a], where e = e. By Lemma 4, e = ¢ is a

constant polynomial. Thus,
TRlz;a](A) = eR[z; o] = egR[z; .
Hence, 7 g0 (A) N R = egR[z;0] N R = egR. So, R is a Baer ring. [J

Definition 4. A ring R is called left (right) p.p if the left (right) anni-
hilator of every element is generated by an idempotent as a left (right)
1deal.

The next theorem generalizes ([11], Theorem 3.8).

Theorem 4. Suppose that R is a partial skew Armendariz ring. Then the
following conditions are equivalent:

(i) R is a right p.p-ring.

(ii) R[z; ] satisfies the following property: for every polynomial f(x)
of R[x;a] we have rgiy.q(f(7)) = eR[x;a], for some idempotent e € R.

We recall that a ring S satisfies the ascending chain condition on
right annihilator ideals if for any chain r¢(Y1) C rg(Y2) C ..., there exists
i > 1 such that rg(Y;) = rg(Yj1p), for all p > 0, where Y; are non-empty
subsets of S for every j > 0. Moreover, for a not necessarily associative
rings S’ satisfies the ascending chain conditions on right annihilators if
rsr(Y]) C rs(Yy) C ..., there exists i > 1 such that r5/(Y]) = re(Y/,,),
for all p > 0, where Yj’ are non-empty subsets of S’ for every j > 0. In the
next proposition, we suppose that R is a partial skew Armendariz ring
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to study the transfer of ascending chain condition on right annihilators
property between R and R|x;«] and this generalizes (|11], Proposition
3.9).

Theorem 5. Suppose that R is a partial skew Armendariz ring. Then the
following conditions are equivalent:
(i) R satisfies ascending chain condition on right annihilator ideals.
(i) R[z; | satisfies the ascending chain condition on right annihilators.

Proof. Suppose that R|x;«| satisfies the ascending chain condition on
right annihilators. We consider the chain, rr(Uy) C rg(Uz2) C .., where
Ui C R, for every i > 1. We claim that 7pgya)(Ui) C 7Rlz;a](Uit1)- In fact,
let g(z) = Y1 ¢z’ be an element of R[z;al, such that U;g(z) = (0).
Then, Ujc; = (0), and we obtain that U;11¢; = (0). Hence, by assumption
there exists [ > 1 such that rgp.q)(U1) = 7R[z3a)(U4p), for every p € N .
So,

TR(Ul) = TR[ac;a](Ul) NR= TR[Z‘;OC](UH-;D) NR= TR(UI-HD)’

for every p € N.
Conversely, suppose that TR[x;a](Vﬂ C T‘R[x;a](VQ) C .... By Lemma 3,
T‘R[x,oz}( ) TR( \4) [iL‘ a] where Cy;, ey )
Ch) = {a—i(ai), for every 0 <i<m}

and f(z) = Y7 a;x’. We claim that rg(Cy,) C rg(Cy,,,). In fact,
let y € rr(Cy;). Then we have that Cy,y = 0. Thus, f(z)y = 0, for
every f(x) € V;. Hence, Cy, ,y = 0 and by assumption, there exists
n > 1 such that rg(Cy, ) = rr(Cy,,, ), for every k € N. So, 7gy.q](Va) =
T Rwsa) Vatk), for every k € N. O

In [18], Faith called a ring R right zip if the right annihilator rz(U)
of a non-empty subset U of R is zero implies that rr(Y) = 0 for every
non-empty finite subset Y C U. Equivalently, for a left ideal L of R with
rr(L) = 0, there exists a finitely generated left ideal L; C L such that
rr(L1) = 0. R is zip if it is right and left zip. The concept of zip rings
was initiated by Zelmanowitz [39] and appeared in various papers [3], [6],
[7], 18], [18] [19], and references therein. Zelmanowitz stated that any ring
satisfying the descending chain condition on right annihilators ideals is
a right zip ring (although not so-called at that time), but the converse
does not hold. Extensions of zip rings were studied by several authors.
Beachy and Blair [3| showed that if R is a commutative zip ring, then
the polynomial ring R[x] over R is zip. The authors in |25] proved the
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following result: suppose that R is Armendariz ring. Then R is a right
(left) zip ring if and only if R[z| is a right (left) zip ring. The next result
generalizes ([12], Theorem 2.8).

Theorem 6. Suppose that R is a partial skew Armendariz ring. Then the
following conditions are equivalent:

(i) R is a right zip ring.

(11) R[z; o] satisfies the following property: for every non-empty subset
U of R[z; a] such that rgy.q)(U) = 0, we have that 7 gy (Y) = 0 for any
non-empty finite subset Y of X.

Proof. Suppose that R is a right zip ring. Let U be a non-empty subset
of R[z;a] such that 7. (U) = 0. Then, by Lemma 3, rgy.q)(U) =
T’R(CU)R[.T; a], where CU = Uf(x)GUCf(x) and Cf(x) = {a_i(ai) :0 S 7 S
n} with f(z) = Y1 ja;a’ € U. Thus, rg(Cy) = 0 and by assumption for
any non-empty finite subset W = {a_;, (a;, ), ..., «—;, (ai, ) } of Cy we have
that rg(W) = 0. For every a;,(a;;) € W there exists Gas, (x) € U such
that some of the coeflicients of Gas, (z) are a;;, for every 1 < j < n. Let
Uy be a minimal subset of U such that Gai, (z) € Uy, for every 1 < j < n.
Then Up is non-empty finite subset of U. We denote Wo = U (2)et, (Cp(a))
and note that W C Wy. Hence, rg(Wy) C rr(W) = 0 and, by Lemma 3,
rR[:v;a](UO) = TR(WO)R[x; a]' So, rR[a;;a}(UO) =0.

Conversely, let Y be a non-empty subset of R such that rz(Y) =0
and f(z) = > I ja;z’ € TRlz:a](Y). Then we have that a; € rr(Y) =0
and it follows that f(z) = 0. Thus, by assumption for any non-empty
finite subset Y1 = {yo, ..., yn} of Y we have that g, (Y1) = 0. Hence,
TR()/l) :TR[x;a](Yl)mR: (0) ]

4. Examples

In this section, we give an example to show that the partial skew Laurent
polynomial rings and the partial skew polynomial rings are not necessarily
associative rings if the base ring satisfy either Baer or quasi-Baer or p.q.
Baer or p.p. Moreover, for a ring R with a partial action a of a group
G with enveloping action (7, f) we study the transfer of Baer property,
quasi-Baer property, p.q. Baer property and p.p property between R
and T
We begin with the following proposition.

Proposition 7. Let a be a partial action of an infinite cyclic group G on
R and (T, o) its enveloping action, where o is an automorphism of T If
T s o-rigid, then R s partial a-rigid.
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Proof. Let a € S,, such that a_,(a)a = 0. Then ¢ "(a)a = 0, which
implies that ac™(a) = 0. Thus, by ([28], Lemma 4) we have that a? = 0.
So, a = 0, since T is reduced. O

The next example shows that the converse of the proposition above is
not true.

Example 1. Let K be a field and T' = @;ezKe;, where {e;,i € Z} are
orthogonal central idempotents. We define an action of an infinite cyclic
group G generated by o as follows: 0| = idx and o(e;) = e;+1. Assume
that R = Kep and we have a partial action « of G on R. Note that R
is partial a-rigid, but T" is not o-rigid, because eso(e2) = eges = 0 and
€9 75 0.

Let T" be a ring and ¢’ an endomorphism of 7. The skew polyno-
mial ring of endomorphism type 7”[x;0’] is the set of all finite formal
sums Y i, a;z" with usual sum and the multiplication rule is az’bz? =
ac(b)x™7. Next, we recall the definition that appears in ([27], Definition).

Definition 5. Let T be a ring and o’ an endomorphism of T'. The ring
T’ is said to be skew Armendariz ring if given f(x) = Y& a;z’ and
g(x) = Y bzt in T[z;0'] such that f(z)g(z) = 0, then a;o'(b;) = 0,
for every0 <i<mn and 0 <j <m.

When a partial action o of G on R has an enveloping action (T, o)
one may ask if R were a partial skew Armendariz ring, then 7" would be
a skew Armendariz ring, but the next example shows that this is not true
in general.

Example 2. Let K, T, 0, R and « as in the Example 1. We clearly have
that R is a partial skew Armendariz ring, but 7" is not skew Armendariz
since for f =e_1+e_1x and g = —e_o + e_jx in T'[x; 0] we obtain that

fg=0and e_1e_1 # 0.

The next example shows that the partial skew Armendariz property
does not imply the associativity of the partial skew polynomial rings and
partial skew Laurent polynomial rings. Moreover, the next example shows
that the converse of Theorem 3.9 is not true.

Example 3. Let R = K[X,Y]/(X?,Y?), where K is a field. Then R =
K1+ Kz + Ky + Kuxy, where  and y represent the classes of X and Y
in R. Note that R is a four dimensional K-vector space. Let G =< o >
be an infinite cyclic group generated by ¢ and we define the partial action
a of G on R as follows: let | = Ko + Kay, S; = I and «; : S_; — 5;
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defined by «;(z) = xy, ai(zy) = x and «;|g = idg, for every i € Z \ {0}
(by definition Sy = R and ag = idgr). We claim that R is a partial skew
Armendariz ring. In fact, let f(2) = (vo+712+720+732Y) + (apx +bozy)z
and g(z) = (6p+012+02y+03xy)+ (a1 z+byxy)z be polynomials of degree
1 in R[z;a] such that f(2)g(z) = 0. Then (yo + v12 + Y2y + v32y) (00 +
012 + 02y + O32y) = 0, which implies v90p = 0. Thus, we have the followin
g cases:

Case 1: If 79 = 0 and 6y # 0, then we have that f(z) = 0.

Case 2: If 79 # 0 and 0y = 0, then we have that g(z) = 0.

Case 3: If 79 = 0y = 0, then we have that (102 + v261)zy = 0 and
Yoa1x = boboxy = 0. Thus, yoa1 + bpfa = 0, v2a1 = 0 and bgfs = 0, which
implies either v = 0 or a; = 0 and either by = 0 or 3 = 0. Hence, we
have the following cases:

Case 3.1: If 9 = 0, a1 # 0, bg = 0 and 0y # 0, then we have that
[(mz + y32y) + (aoz)2][(61z + b2y + O32y) + (@12 + bray)z] = 0. Thus,
(712 + y32y) (012 + Oy + O3zy) = 0, aq(a—1(apx) (012 + Oy + O3zy)) =
a1((apzy) (012 + O2y + O32y)) = 0 and a;(a—1(apx)(a1x + bizy)) = 0.

Case 3.2: If 9 = 0, a1 # 0, by # 0, 05 = 0, then we have that
[(v1z + y32y) + (aox + boxy)z][(O12 + O3xy) + (a1 + bixy)z] = 0. Thus,
aq(a—1((apr + bozy))(b1z + O32y)) = a1 ((apzy + box) (b1 + O3zy)) =
0, (max + yszy)(a1z + bizy) = 0, (m1z + y32y) (012 + O32y) = 0 and
a1 (a—1((aox + boxy))(arz + bizy)) = 0.

Case 3.3: If 79 #£ 0, a1 = 0, 6o = 0, bg # 0, then we have that
(M1 + Y2y + v32y) + (aow)2][(612 + b2y + O37y) + (brzy)z] = 0. Thus,
ar(a—1(apz)(brz + by + O32y)) = ai(aozy(brx + O2y + Osxy)) = O,
ai(a—1(aor)(bizy)) = 0, (12 + 2y +y37y)(b1ry) = 0 and (y17 + Y2y +
y32y)(0hz + Ooy + O37y) = 0.

Case 3.4: If v9 # 0, a1 = 0,605 # 0, by = 0, then we have
that [(yiz + Y2y + v3xy) + apzz][(b1x + Oy + O3zy) + (bizy)z] =
0. Thus, ai(a—1(apz)(01z + O32y)) = ai((apxy)(O1x + O32y)) = O,
o1 (a—1(aoz)(bizy)) = 0, (mz + Y2y + y32y)(brzy) = 0 and (nz + 2y +
v3xy) (b1 + O32y) = 0.

Case 3.5: If 79 =0, a1 =0, 02 # 0, by = 0, then we have that [(y1z +
v3zy) + (aox)z|[(612 + 02+ O32y) + (b1zy) 2] = 0. Thus, oy (a—1(agz) (012 +
b2y +0szy)) = ar((aozy) (012 +02y+032y)) = 0, ar(a—1(agz)(brzy)) = 0,
(mz + y32y)(hizy) = 0 and (n1z + y3zy) (612 + O32y) = 0.

Case 3.6: If 9 = 0, a1 = 0, 65 = 0, bg # 0, then we have that
[(mz + v3zy) + (aoz + bozy)z][(r1z + O3zy) + (brzy)z] = 0. Thus,
ar(a—1(aoz + bozy)(01x + Oszy)) = ou((aozy + box) (01 + Oswy)) = 0,
o1 (a—1(aoz + bozy)(bizy)) = 0, (1z + yszy)(bizy) = 0 and (n1z +
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y3xy)(bhx + O3zy) = 0.

Case 3.7: If 79 =0, a1 # 0, 63 =0, by = 0, then we have that [(y1z +
v3xy)+(aox)z][(f1x+032y)+ (a1 +b12y) 2] = 0. Thus, aq (a—1(aox)(b1z+
Oszy)) = an((aozy)(b1z + O3zy)) = 0, au(a—1(aoz)(mz + biay)) = 0,
(71 + y32y)(ar1x 4+ biry) = 0 and (y12 + y3zy) (012 + Os32y) = 0.

Case 3.8: If 79 # 0, a1 =0, 02 = 0, by = 0, then we have that [(y1x +
Yoy+y3xy)+ (aoz)z][(O12+032y)+ (b12y) 2] = 0. Thus, a1 (a—1(apx)(O12+
Oszy)) = a1((aozy)(brz + O3zy)) = 0, o1 (a—1(aoz)(br1zy)) = 0, (M2 +
Y2y +v32y)(bizy) = 0 and (v12 + Y2y + y32y) (12 + O32y) = 0.

Case 3.9: If 79 =0, a1 =0, 62 = 0, by = 0, then we have that [(y1z +
v3xy) + (apzx)z][(b1z + O3zy) + (bizy)z] = 0. Thus, a1 (a—1(aox) (012 +
Oszy)) = a1((apzy) (012 + O32y)) = 0, aq(a—1(apz)(bizy)) = 0, (m1z +
v3zy)(bizy) = 0 and (y12 + y3zy) (012 + O32y) = 0.

So, the result follows for polynomials of degree 1.

Next, let f(z) = D1 a;2" and g(z) = >_i,biz" be polynomials of
degree n in R[z;a] such that f(z)g(z) = 0. Then agby = 0. Since 1% = 0,
we have that o;(a—;(a;)bj) = 0, for every 1 < i < nand 1 < j < n.
Thus, we have that 0 = f(2)g(z) = aobo + (a0 + a1 (a—1(a1)bo))z + (apbs +
as(a_o(az)bg)z? + ...+ (agbn + an(a_p(an)bg))2". Now, we can apply the
methods used to prove the result for polynomials of degree 1 to the degree
0 and 1, degree 0 and 2, and so on. So, R is partial skew Armendariz.
Moreover, the ring R|z; @] is not associative, because ((y)(zyz))y = 0 and

W) ((zy2)y) = (y)(x2) = zyz # 0.
The following definition appears in [26] and [5].

Definition 6. (i) A ring R is called a left (right) quasi-Baer ring, if
the left (right) annihilator of any left (right) ideal is generated by an
idempotent as a left (right) ideal.

(i) A ring R is called a left (right) p.q.-Baer ring if the left (right)
annihilator of any principal left (right) ideal is generated by an idempotent
as a left (right) ideal.

Remark 5. It is well-known that Baer rings = left (right) quasi-Baer
rings = left (right) p.q-Baer rings and that Baer rings = left (right)
p.p-rings. In the articles [5], [27], [28] and the literature quoted therein we
can find examples where the converse of each arrow is not true in general.

In [23] (|35]), the author defined u.p. semigroups (groups) i.e, a semi-
group (group) G’ is an u.p semigroup (group) if for any non-empty subsets
A and B of G, there exists at least one y € G’ that has an unique repre-
sentation of the form y = ab with a € A and b € B. It is not difficult to
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show that any cyclic group is an u.p group. The author in [23]| used u.p.
groups to study groups rings that are Baer and p.p rings. It is convenient
to remark that this concept is used to the characterization of zero divisors
in group rings and semigroups rings.

One may ask if Baer, quasi-Baer, p.q-Baer and p.p-rings would imply
the associativity of the partial skew Laurent polynomial ring, but the next
example shows that this is false in general and part of the example below
is contained in ([32], Proposition 2.1).

We denote the Jacobson radical of a ring Sy by J(S7).

Example 4. Let H be a cyclic group of order 5 and F' a field of characteris-
tic 5. Then, by ([23], Theorem 2) we have that that F'H is a Baer ring. Since
H is cyclic it follows that J(FH)? has dimension 2 over F' and we have
that J(FH) 2 J(FH)3. Note that {1, (y — 1), (y — 2)%, (y — 1), (y — 1)*}
is an F-basis of FH. It is easy to see that J(FH)3 = FH(y — 1)3 is the
subspace generated by (y — 1)% and (y — 1)*. Let G be an infinite cyclic
group generated by o, I = J(FH)? and « the partial action of G on FH
defined as follows: S; = S_; =1 forevery 0 #i € Z and o; : S_; — S;
given by a;((y —1)?) = (y — 1)* and oy ((y — 1)*) = (y — 1)? (by definition
So = FH and ag is the identity automorphism of F'H). In this case
FHx*x,G=FH < x;a >. We claim that I'H < x;a > is not associative.
In fact, let a = (y— 1)+ (y —1)3x (note that (y—1) € J(FH) C FH = S
and (y—1) ¢ J(FH)? = I). Then we obtain that a.a = (y—1)?+(y—1)*z.
Thus, we have that (aa)a = (y — 1)3 + (y — 1)3z while a(aa) = (y — 1)3.
So, (FH) < x; v > is not associative and consequently (F'H)|x; ] is not
associative by the same reasons.

Let G be a group and « a partial action of G on R. Suppose that
(R, «) has enveloping action (7, 3). One may ask if R is either Baer or
quasi-Baer or p.q-Baer or p.p. implies that T is either Baer or quasi-Baer
or p.g-Baer or p.p, respectively. The next example shows this is not true
in general.

Example 5. Consider 7', R, ¢ and « as in the Example 1. We clearly
have that R is Baer but 7' is not Baer, quasi-Baer , right (left) p.q.Baer
and right (left) p.p. In fact, let y = e;. Then r7(e1) = ®jez, i1 Ke; that
is not generated by an idempotent.

The proof of the following lemma is standard an so we omit it here.

Lemma 5. Let S be a ring and I an ideal of S generated by a central
idempotent. Then the following statements hold:
(i) If S is Baer, then I is Baer.
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(ii) If S is quasi-Baer, then I is quasi-Baer.
(1ii) If S is right (left) p.q.-Baer, then I is right (left) p.q.-Baer.
() If S is right (left) p.p, then I is right (left) p.p.

By (|20], Proposition 1.2) a partial action « of a group G on R with
enveloping action (7', ) is of finite type if there exists g1, ..., gn € G such
that T =Y.' | B4, (R). Moreover, T has a unit 17.

In the next result we suppose that the partial action « of G on R with
enveloping action (7', ) is of finite type.

Theorem 7. (i) R is Baer if and only if T is Baer.
(ii) R is quasi-Baer if and only if T is quasi-Baer.
(i1i) R is right (left) p.q.-Baer if and only if T is right (left) p.q-Baer.
(iv) R is right (left) p.p if and only if T is right (left) p.p.

Proof. We only need to prove (i) because the other ones use similar ideas.
Suppose that R is Baer and let ) # Y be any subset of 7. Then by (][20],
Proposition 1.10 and Remark 1.11) we have that T=R® A1 @ ... ® A,
and 17 = 1g+ f1+ fo+ ... + fpn, where 1g, f1, ..., f are orthogonal central
idempotents with f; € A; for every 1 < i < n. Thus, for any y € Y we have
that y = ylp+yfi+...+yfn € YIp®Y f1B...®Y f,. Hence, for every a €
rr(Y) and y € Y, we have that ya = ylgalg +yfiafi + ... +yfnafn =0,
which implies ylgalg = yfiafi = ... = yfnaf, = 0. So, alg € rr(Y1R),
afi € ra,(Y f;) for every 1 <i < n and since a = alr + afi + ... + afy,
we obtain that a € rr(Y1g) @ ra, (Y f1)® ... ®ra, (Y frn).

On the other hand, for every z € rr(Y1gr)®7ra, (Y f1)®...®ra, (Y frn)
we have that yz = 0 for every y € Y. Thus, rp(Y) = rr(Y1lg) ®
r4,(Yf1)®...®&ra, (Y fn). By the fact that the Baer property is preserved
by isomorphisms and using Lemma 5, we obtain that rgr(Y1g) = eR,
ra,(Yfi) =eid;, for 1 <i<n.Hence, r7(Y) =eR®e141 @ ... D e, Ap.
So, r7(Y) = (e+e1+ ...+ e,)T and we easily have that e+e; +... + ¢, is
an idempotent since ee; = ejep, = 0, for every 1 <4, j,k < n with j # k.

By Lemma 5 the converse follows. O

One may ask if a partial action « of an infinite cyclic group G on R
with enveloping action (7', 0) such that « is of finite type we would have:
R is partial a-rigid < T is o-rigid and R is partial skew Armendariz <
T is skew Armendariz. The next example shows that these facts are not
true in general.

Example 6. Assume that K is a field and T' = ke; & Kes & Keg, where
{e1, ea,e3} are orthogonal central idempotents. We define an action of
an infinite cyclic group G generated by o as follows: ol = idx and
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o(e;) = eiy1. Let R = Kej. We easily have a partial action « of G on R.
Note that (7', o) is the enveloping action of (R, a), « is of finite type, R is
partial a-rigid and partial skew Armendariz, but 71" is not o-rigid because
es0(ez) =0 and eg # 0. We claim that T is not skew Armendariz. In fact,
let f(z) = e1 +e1x and g(x) = —e3 + e1z be polynomials in T'[x; o]. Then,
we have that f(x)g(z) =0 and eje; # 0. So, T is not a skew Armendariz
ring.
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