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ABSTRACT. In this paper, we construct two binary linear
codes associated with multi-dimensional and m—multiple power
Kloosterman sums (for any fixed m) over the finite field F,. Here
q is a power of two. The former codes are dual to a subcode of
the binary hyper-Kloosterman code. Then we obtain two recursive
formulas for the power moments of multi-dimensional Kloosterman
sums and for the m-multiple power moments of Kloosterman sums
in terms of the frequencies of weights in the respective codes. This
is done via Pless power moment identity and yields, in the case
of power moments of multi-dimensional Kloosterman sums, much
simpler recursive formulas than those associated with finite special
linear groups obtained previously.

1. Introduction and Notations

Let v be a nontrivial additive character of the finite field F, with
q = p" elements (p a prime), and let m be a positive integer. Then the
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m-~dimensional Kloosterman sum K,,(¢; a)([10]) is defined by

Kn(a)= Y lar+-+am+aa - aopt) (a€F).

i, am€F;
For this, we have the Deligne bound
Ko (150)] < (m+1)q% . (1.1)

In particular, if m = 1, then K;(¢;a) is simply denoted by K (¢;a),
and is called the Kloosterman sum. The Kloosterman sum was introduced
in 1926 [8] to give an estimate for the Fourier coefficients of modular
forms. It has also been studied to solve various problems in coding theory
and cryptography over finite fields of characteristic two.

For each nonnegative integer h, we denote by MK,,(1))" the h-th
moment of the m-dimensional Kloosterman sum K,,(v;a), i.e.,

ME, ()" = Y Knu(ia),

acky

If 1) = ) is the canonical additive character of F,, then MK,,(\)"
will be simply denoted by M K" . If futher m = 1, for brevity MK} will
be indicated by M K". The power moments of Kloosterman sums can be
used, for example, to give an estimate for the Kloosterman sums.

Explicit computations on power moments of Kloosterman sums were
initiated in the paper [17] of Salié in 1931, where it is shown that for any
odd prime g,

MEK" =@My, — (g — D" +2(=1)"1 (h>1).

Here My = 0, and, for h € Z~,,
h h
M), = H(alv e aah) € (FZ)h| Zai =1= Za;1}|
Jj=1 Jj=1

For ¢ = p an odd prime, Salié obtained MK, MK? MK3 MK*
in that same paper by determining M, Ms, M3. On the other hand,
MK? can be expressed in terms of the p-th eigenvalue for a weight 3
newform on I'g(15) (cf. [11], [16]). M K5 can be expressed in terms of the
p-th eigenvalue for a weight 4 newform on I'g(6) (cf.[4]). Also, based on
numerical evidence, in [3] Evans was led to propose a conjecture which
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expresses M K7 in terms of Hecke eigenvalues for a weight 3 newform on
I'p(525) with quartic nebentypus of conductor 105.

From now on, let us assume that ¢ = 27. Carlitz [1] evaluated M K"
for h < 4. Recently, Moisio was able to find explicit expressions of M K",
for h < 10 (cf. [13]). This was done, via Pless power moment identity, by
connecting moments of Kloosterman sums and the frequencies of weights
in the binary Zetterberg code of length ¢ + 1, which were known by the
work of Schoof and Vlugt in [18].

Also, Moisio considered binary hyper-Kloosterman codes C'(r, m) and
determined the weight distributions of C(r,m) and C*(r,m), for r = 2
and all m > 2, and for all 7 > 2 and m = 3 (cf. [14]). In [15], these results
were further extended to the case of r = 3,4 and all m > 2.

In this paper, we construct two binary linear codes C),_1 and D,,,
respectively connected with multi-dimensional and m-multiple power
Kloosterman sums (for any fixed m) over the finite field F,. Here ¢ is
a power of two. The code C;- ; is a subcode of the hyper—Kloosterman
code C(r,n), which is mentioned above. Then we obtain two recursive
formulas for the power moments of multi-dimensional Kloosterman sums
and the m-multiple power moments of Kloosterman sums in terms of
the frequencies of weights in the respective codes. This is done via Pless
power moment identity and yields, in the case of power moments of multi-
dimensional Kloosterman sums, much simpler recursive formulas than
those obtained previously in [5]. As for the case of ¢ a power of three,
in [6] two infinite families of ternary linear codes associated with double
cosets in the symplectic group Sp(2n,q) were constructed in order to
generate infinite families of recursive formulas for the power moments
of Kloosterman sums with square arguments and for the even power
moments of those in terms of the frequencies of weights in those codes.

Theorem 1.1. (1) Letn=2%¢q=2". Forr >3, and h=1,2,--- ,

h—1
h
MKr}Llfl _ Z(_l)h+l+1 <l> (q o 1)(n71)(h7l)MKTlLil
-0 (1.2)

min{(¢—1)""", h} ) h (q _ 1)n—1 —j
+q Y (1)MC, Zt!S(h,t)th<(q . )

j=0 t=j =t

Here S(h,t) indicates the Stirling number of the second kind given by

1 t
;g (;) i (1.3)
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_1\n—1
In addition, {C’n_l,j}ngol) denotes the weight distribution of the binary
linear code Cp_1, given by

n 1, — Z H ( 1 %6))7 (14)

BeF,

where the sum runs over all the sets of integers {vg}ger, (0 < vg <
6(n —1,q;8)) satisfying

vg=4, > vB=0 (1.5)

BeF, B€F,
and 0(n—1,q;8) = [{(o1,--+ ,an—1) € ()"
ap+ -t tartant = B
_{q‘l{(q—l)”‘1+1}7 if =0,
Knoo(NB ) +q H{(g—1)" 1 +1}, ifBEeF;

Here we understand that Ko(X\; 371) = A(B71).
(2) Let g =2". Forr >3, and m,h =1,2,-- -,

h—1
MKmh _ Z(_l)h+l+l (?) (q o 1)m(h7l)MKml
=0

min{(g—1)",h} ) h (q _ 1)m _ ]
+q > (=D)"Dy; Y t1S(h, )2 <( Iym t).
g—1)m—

J=0 t=j

(1.6)

Here {Dm]} (@ D™ s the weight distribution of the binary linear code Dy,
given by

Dmj=> 11 ( m;’ )>, (1.7)
BeF,

where the sum runs over all the sets of integers {vg}ser, (0 < vg <
o(m,q; B)) satisfying (1.5), and

o(m,q; ) = H(ay,- - am) € (Fy)"™|
gt tay, tart oot =8 (1.8)

=D Mag -+ ay) +a g - D)™+ (=)™,

with the sum running over all an,: - -, anpy, €Y, satisfying aflJr- ol =8.
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(1) and (2) of the following are respectively n = 2 and n = 4 cases
of Theorem 1.1 (1) (cf. (3.3), (3.4)), and (3) and (4) are equivalent and
n = 2 case of Theorem 1.1 (2) ((cf. (5.4), (5.8)).

Corollary 1.2. (1) Let g =2". Forr >3, and h=1,2,--

)

h—1

h

MKh _ § :<_1)h+l+1 <l> (q . 1)h7lMKl
=0

min{(g—1),h} -1 _]
+q Y. (=1)"Hay, Zt'Sht2h t( )

=0 t=j -1t

(1.9)

where {Cl,j}?;é is the weight distribution of the binary linear code C1,
with

01,3-:2(”10) (H) (2> (=0, . \1).
=0

tr(B—1 V8

Here the sum is over all the sets of nonnegative integers {vo H KV }r(5-1)=0

satisfying vo + Y g-1y=o Vg = J and Xy g-1)=o B = 0.
(2) Let q=2". Forr >3, and h=1,2,---,

h—1

h -

MK} =Y :(—1)h+l+1<l>(q — 13D Ar K
=0

min{(q—1)*.h} . (q—17—j
+q Y (—1)h+76’37j2t!5(h,t)2ht<
.

J=0 t=j

_1\3
where {Cg,j}ngol) is the weight distribution of the binary linear code Cs,

with
s (2)

lt]<2/q K(A\5—1 o
t=—1(4)

Here the sum runs over all the sets of nonnegative integers {vg}ger,
satisfying (1.5),

mo = q*> — 3¢ + 3,
and

my =1>+¢* —4q + 3,
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for every integer t satisfying |t| < 2,/q and t = —1(4).
(3) Let q=2". Forr >3, and h=1,2,---,

h—1

MKQh _ Z(_l)h+l+1 <}ll’) (q o 1)2(h—l)MK2[
=0

min{(q—1)2,h} (111)

h+j - het[(@=1)7% =
+q Z (—1) ]DQJ‘ Zt!S(h,t)Q ( B 1)2 —t)’

j=0 t=j (a

where { Do ; }5-(1:_01)2 1s the weight distribution of the binary linear code Do,

with
Dy~ (2(1 - 3) 1 (K(/\; B +a- 3)

12 feFe Vg

Y0 ) t<2yg K(np-1)= Ve 7
qa K(Np1)=t
t=—1(4)

with the sum running over all the sets of nonnegative integers {vg}ger,
satisfying (1.5).
(4) Let q=2". Forr >3, and h=1,2,--- |

h—1

h _

MKy = (1) (z) (¢* =3¢+ 1) DMK}
=0

min{(q—1)2,h} (113)

h+j - et ((a—1)2 =3
+q Y ()" Doy t18(h, )2 s

=0 t=j (q - 1) —t
where Do ;(0 < j < (¢ —1)?)’s are just as in (1.12).

The next two theorems will be of use later.

Theorem 1.3 ([9]). Let g = 2", with r > 2. Then the range R of K(\;a),

as a varies over Iy, is given by

R={teZ]||t| <2yq, t=—1(mod4)}.

In addition, each value t € R is attained exactly H(t*> — q) times,
where H(d) is the Kronecker class number of d.
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Theorem 1.4 ([2]). For the canonical additive character A of F,, and
a€Fy,
Ko(A\ja) = K(\a)? —q. (1.14)

Before we proceed further, we will fix the notations that will be used
throughout this paper:

q=2" (r € Z=),
F, = the finite field with q elements,
tr(z) = o+ 2%+ + 22" the trace function F; — Fo,
Mz) = (=1)"@) the canonical additive character of F,.

Note that any nontrivial additive character ¢ of Fy is given by ¢ (z) =
A(ax), for a unique a € Fy.

2. Construction of codes associated
with multi-dimensional Kloosterman sums

We will construct binary linear codes Cy,_1 of length Ny = (g —1)"*

connected with the (n — 1)-dimensional Kloosterman sums. Here n = 2%,

)

Let
where oy, ay, -+, a;,_; Tun respectively over all elements of ;. Here we

do not specify the ordering of the components of v,_1, but we assume
that some ordering is fixed.

Proposition 2.1 ([5], Proposition 11). For each § € Fy, let
= H(ay, - vap_q) € (F)" Moy +-- ey + a7t oty = B

(Note that 6(n — 1, q; B) is the number of components with those equal to
B in the vector v,_1(cf.(2.1))). Then

0(n—1,¢;0) =q {(g—1)"" +1},
and, for B € Iy,
S(n—1,¢;8) = Kna (N 871 +¢ (g = )" + 1},
where Ko(X\; B71) = A(B™Y) by convention.
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Corollary 2.2.
2, if w(B™) =0,

(1) 6(L,¢;8) =11, if B=0, (2.2)
0, if tr(B~1) =1.
q2_3q+37 7'f/BZO’
2) 6(3,q;8) = 2.3
2) 03.4:5) {K(A;,@’_l)2+q2—4q+3, if BEF, (cf.(1.14)). (2:3)
The binary linear code C),_1 is defined as
Cro1 = {ueFY'u v, =0}, (2.4)

where the dot denotes the usual inner product in Fév L.
The following Delsarte’s theorem is well-known.

Theorem 2.3 ([12]). Let B be a linear code over F,. Then
(Blr,)" = tr(B™).

In view of this theorem, the dual C;- ; of C,,_; is given by

Coy={cla)=(--- ,tr(alor+-+on_1+a; o L)), -+ )|a € Fg}.
(2.5)

Lemma 2.4. (¢ — 1) ! > ng"T for allm = 2% (s € Zsp), and q =
2" > 8.
Proof. This can be proved, for example, by induction on s. ]

Proposition 2.5. For q = 2", with r > 3, the map F, — Ci-_;(a + c(a))
is an Fo-linear isomorphism.

Proof. The map is clearly Fo-linear and onto. Let a be in the kernel
of the map. Then tr(a(ay + --- + o,y + a7t --a;))) = 0, for all

n—1

ay, a1 € Fy. Suppose that a # 0. Then, on the one hand,

S (mnylalerteta, tertial)) (g 1)l = Ny (2.6)

e *
ay, ,an_lequ

On the other hand, (2.6) is equal to K,,—1(A;a) (cf. proof of Proposition 11
in [5]), and so from Deligne’s estimate in (1.1) we get

n—1

(@=1)"'<ng 2.

But this is impossible for ¢ > 8, in view of Lemma 2.4. [
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3. Recursive formulas for power moments
of multi-dimensional Kloostermann sums

We are now ready to derive, via Pless power moment identity, a recur-
sive formula for the power moments of multi-dimensional Kloosterman
sums in terms of the frequencies of weights in C),_;.

Theorem 3.1 (Pless power moment identity, [12]). Let B be an g-ary
[n, k] code, and let B; (resp. B;-) denote the number of codewords of weight
i in B(resp. in B+). Then, for h=0,1,2,---

min{n,h}

znj "Bi= > (—1)1'Bf§hjt!5‘(h, t)g" (g — 1)1 (” B Z) (3.1)

i=0 i=0 t=i n—t

where S(h,t) is the Stirling number of the second kind defined in(1.3).
For the following lemma, observe that (n,q — 1) = 1.

Lemma 3.2. The map a + a" : Fy — Fy is a bijection.

Lemma 3.3. For a € Fy, the Hamming weight w(c(a))(cf. (2.5)) of c(a)
can be expressed as follows:

Ny 1 _ _
wlela) = 5 — SKaa(ha), with Ny =(g- 1" (32)
Proof.
. .
wle@) =5 Y (1= (et
oy, €
1 - _
=M= X Malont g tartrag)))
oy, €l
Ny 1 _ _
=55 X Matooda, g tdaral)
oy, €F
Ny 1 _ _
~— 9 T 9 Z Mot 4+ +ap_q ta"a;" o)

N 1
— 71 T2 Yo AMleg+ota, g taayt gl
Qg ’an—leFZ
N 1
=S5 X AMertta, g taar! gl
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([10], Theorem 2.23(v))
Ny 1

=5 73 n-1(A;a). O
Denote for the moment Up—1 in (2.1) by vp—1 = (91,92, - ,gn, ). Let
u = (ug, - ,un,) € IF ', with vg 1’s in the coordinate places where

g1 = B, for each § € F,. Then we see from the definition of the code C), 1

(cf. (2.4)) that u is a codeword with weight j if and only if > gcp, v5 = j
and 3 gep, vgB = 0 (an identity in Fy). As there are []gep, (5(";3"1;@)
(cf. Proposition 2.1) many such codewords with weight j, we obtain the

following result.

Proposition 3.4. Let {C),_ 13} 2y be the weight distribution of Cy_1,
where Cp_1j denotes the frequency of the codewords with weight j in
Cr—_1. Then

=S 10 ( 1q,/3)>’

BeF,

where the sum runs over all the sets of integers {vg}per, (0 < vg <
6(n—1,q;B)) satisfying

Zugzj, and Zuf;ﬁ:O.

BEF, B€F,

Corollary 3.5. (1) Let {017]'}3;5 be the weight distribution of Cy. Then

Cl,]—z<ylo> (H <2> (3:0,,(]—1), (33>

tr(8—1)=0 Vs
where the sum is over all the sets of nonnegative integers {o} Uit er(5-1)=0
satisfying vy + Ztr —ovp =J and Yy g-1y=o VB =0 (cf.(2. 2))
(2) Let {Cs;},= q_ ) be the weight dzstmbutwn of C3. Then

cu=x () I I () 5.0

It <2y/a K (M8 Vs
t=—1(4)

where the sum runs over all the sets of integers {vg}ger, satisfying

Zygzj, and ZVﬁﬂZO,

BGIFq ﬁGFq
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mo = q* — 3¢ +3,
and
my =12+ ¢* — 4q + 3,
for every integert satisfying [t| <2./q andt=—1(4) (cf.Theorem1.3,(2.3)).

Remark 3.6. This shows that the weight distribution of C is the same
as that of C'(SO*(2,q)) (cf. [7]).

From now on, we will assume that » > 3, and hence every codeword
in C;-_; can be written as c(a), for a unique a € F; (cf. Proposition 2.5).

We now apply the Pless power moment identity in (3.1) to C;-_,, in
order to obtain the result in Theorem 1.1 (1) about a recursive formula.
Then the left hand side of that identity in (3.1) is equal to

> w(e(a)”, (3.5)

acky

with w(c(a)) given by (3.2). So (3.5) is

> w(c( hZ 1= Kna(Xa))

aGIF; aGIF*
=h 3 Z < )N?IKnl(A;a)l (3.6)
acky =0

1 h
- Z(—w(l)zvf-lml
=0

On the other hand, noting that dimp,Cy,—1 = r (cf. Proposition 2.5)
the right hand side of the Pless moment identity(cf. (3.1)) becomes

min{Ny,h} . h Ny —
S <—1>Jcn_1,j2t!5<h,t>2t(Nl_t) (3.7)
J=0 t=j

Our result in (1.2) follows now by equating (3.6) and (3.7).

Remark 3.7. A recursive formula for the power moments of multi-
dimensional Kloosterman sums was obtained in [5] by constructing binary
linear codes C(SL(n,q)) and utilizing explicit expressions of Gauss sums
for the finite special linear group SL(n,q). However, our result in (1.2) is
better than that in (1) of [5]. Because our formula here is much simpler
than the one there. Indeed, the length of the code C),,_1 here is N; =
(¢ — 1)1, whereas that of C(SL(n,q)) there is N = q( ) IT5= 5(¢7 — 1),
both of which appear in their respective expressions of recursive formulas.
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4. Construction of codes associated
with powers of Kloosterman sums

We will construct binary linear codes D,, of length Ny = (¢ — 1)™,
connected with the m-th powers of (the ordinary) Kloosterman sums.
Here m € Z~g.

Let

W = (- yoq + o Fay, a4+ agt ), (4.1)

where ay, ag, -+, ay,, run respectively over all elements of Fy. Here we do
not specify the ordering of the components of w,,, but we assume that
some ordering is fixed.

Theorem 4.1 ([7]). Let X be the canonical additive character of F,, and
let p € Fy. Then

s
S AN5—) =K\ - L (4.2)
ack, 01y ¢ T
Proposition 4.2. For each 3 € Fy, let
a(m,q; 8) = [{(a1,- - sam) € (F) a1+ Fam+ay + - +a, =5}

(Note that o(m,q; 5) is the number of components with those equal to [
in the vector wy, (cf. (4.1)). Then

(1) om,¢;8) =D AMar+-+am)+q {(g=1)"+(=1)"""}, (4.3)

where the sum in (4.3) runs over all ay,- -,y € [y, satisfying al_l +

) . (4.4)
KB +q=3, if B#0.

(2) 0(2,¢8) = {

Proof. (1) can be proved just as Proposition 2.1(cf. [5], Proposition 11).
The details are left to the reader.
(2) If m = 2, from (4.3)

0(27Q; /6) = Z)‘(al + 042) +q—2, (45)

where a; and ag run over all elements in Fy, satisfying afl + ay L—p.
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If 8 =0, then the result is clear. Assume now that § # 0. Then the sum
in (4.5) is

> MagF(ar'+8)7

0416]Fq—{0,ﬂ_1}
= > Mo+ (o +8)7Y) (a1 arh)

alqu_{ov/B}
_ s
= alquX_j{O’l}A(a% n O41) (1 = Boy)
=K\ B =1 (cf.(4.2). O

The binary linear code D,, is defined as
Dy, = {u € FY?|u - w,, = 0},

where the dot denotes the usual inner product in Fév2.
Remark 4.3. Clearly, the binary linear codes C and D; coincide.

In view of Theorem 2.3, the dual D;: of D,, is given by

D ={d(a)=(- - tr(a(lar+- - Famtar +---+a ), - )acF,}.
(4.6)

Lemma 4.4. (q—1)™ > 27¢% | for all m € Zso and q = 2" > 8.

Proof. This can be shown, for example, by induction on m. ]

Proposition 4.5. For ¢ = 2", with r > 3, the map F, — D;.(a — d(a))
is an Fo-linear isomorphism.

Proof. The map is clearly Fo-linear and onto. Let a be in the kernel
of the map. Then tr(a(ay + - 4+ a,, +a7' +--- + ;1)) = 0, for all
at, -+, o, € Fy. Suppose that a # 0. Then, on the one hand,

Z (_1)tr(a(a1+~~+am+a1_1+-"+ar_nl)) = (¢g—1)" = No. (4.7)

ay o, €FF

On the other hand, (4.7) is equal to K (\; )™, and so from Weil’s estimate
(i.e. (1.1) with m = 1) we get

m
2

(¢q—1)" <2™Mq

But this is impossible for ¢ > 8, in view of Lemma 4.4. [
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5. Recursive formulas for m-multiple power moments
of Kloostermann sums

We are now ready to derive, via Pless power moment identity, a
recursive formula for the m-multiple power moments of Kloosterman
sums in terms of the frequencies of weights in D,,.

Lemma 5.1. Fora € F}, the Hamming weight w(d(a)) of d(a) (cf. (4.6))

can be expressed as follows:
N 1
w(d(a)) = 72 — 3K a)™, with Ny = (q = 1), (5.1)

Proof. This can be shown exactly as the proof of Lemma 3.3. O
Corollary 5.2. For m = 2,
1
w(d(a)) = §(q2 -3¢+ 1—Ks(X;a)) (cf.(1.14)). (5.2)
The same argument leading to Proposition 3.4 shows the next propo-
sition.

Proposition 5.3. Let {Dm7j}§V:20 be the weight distribution of Dy, where
D, ; denotes the frequency of the codewords with weight j in D,,. Then

J—ZH< s ) (5.3)

BeF,

where the sum runs over all the sets of integers {vg}per, (0 < vg <
a(m,q; ), satisfying

Zuﬁzj, and Z%B:O.

Bqu ﬁEFq

Corollary 5.4. Let {ng}(q U be the weight distribution of Do, and let
q=2", with r > 2. Then, in view of Theorem 1.3 and (4.4), we have

o 2q — 3 K\ B ) +q-3
DQ,J _Z< 1V )51;;( vg >

-3 <2QV; 3) 0 10 (t +q- 3)7 (5.4)

lt]<2,/q K(\B-1)=t o
t=—1(4)



D. S. Kim 227

where the sum runs over all the sets of nonnegative integers {vg}per,
satisfying

Zuﬂzj and Zuﬁﬁzo.

ﬁqu ,BE]Fq

From now on, we will assume that r > 3, and hence every codeword
in D;- can be written as d(a), for a unique a € Fy(cf. Proposition 4.5).

We now apply the Pless power moment identity in (3.1) to D, in
order to obtain the result in Theorem 1.1 (1) about a recursive formula.
Then the left hand side of that identity in (3.1) is equal to

> w(d(a)", (5.5)

aeF;

with w(d(a)) given by (5.1). So (5.5) is seen to be equal to

> w( = ih zh: ( )NQ’HMKT”Z. (5.6)
=0

acky

On the other hand, noting that dimg, D,, = r(cf. Proposition 4.5) the
right hand side of the Pless moment identity(cf. (3.1)) becomes

nﬁn{h@,h}

J
a > (- mJZtSht <N2t> (5.7)

=0
Our result in (1.6) follows now by equating (5.6) and (5.7).

Remark 5.5. If m = 2, from the alternative expression of w(d(a)) in (5.2)
we see that (5.5) can also be given as

h
> w( ihz ( ) ¢ =3¢+ )" MKL (5.8)
=0

acky
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