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Abstract. The scalar automata as a special class of groups

of linear automata over modules are introduced. The groups of

scalar automata are classified.

1. The concept of a linear transformation of the infinite direct power of a
module, defined by an automaton, was introduces by Ahil Nerode in [1].
He considered the notion of a linear automaton in much wider context
than, for example, Samuel Eilenberg in [2, Chapter XVI]. In [3] linear
automata over finite fields and groups of such automata were considered.

The paper is organized as follows. Firstly we recall main definitions
concerning linear automata over modules. In this account we follow [2].
Then we introduce a special class of linear automata, so-called scalar
automata. In such automata the module of inner states is equal to the
module of letters and transition and output functions are the sums of
multiplications by elements of the layer ring. We classify in Theorem 1 the
groups of scalar automata. The proof is based on the technique presented in
[3, Proposition 4.1] and developed in [4, Theorem 4.1] and [5, Proposition
1], where, in fact, groups of some scalar automata were calculated. As
a corollary, we describe in Theorem 2 groups of linear automata over a
finite field whose space of states is equal to this field. These results may
be regarded as a contribution to the theory of self-similar groups ([6]).

2. Let R be a commutative ring with unit, R∗ its group of invertible
elements and M a nonzero module over R. Denote by Mn the direct
sum M ⊕ . . .⊕M

︸ ︷︷ ︸

n times

, n ≥ 1. Let M0 denotes the zero module. One have
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an isomorphic embedding of the module Mn into Mn+1 via w 7→ (w, 0),
w ∈Mn. Then we obtain the direct system

M0 →֒M1 →֒M2 →֒ . . . .

Its limit module will be denoted by M∗. Then M∗ =
⋃

∞

n=0M
n. The

module M∗ is naturally identified with R[t]-module M [t]:

M∗ ∋ (m0, . . . ,mn) 7→ m0 + . . .mnt
n ∈M [t], n ≥ 0.

Denote by Mi an isomorphic copy of module M , i ≥ 1. The direct product
∏

∞

i=1Mi will be denoted by M∞. This module is identified with R[[t]]-
module M [[t]] by the rule

M∞ ∋ (m0,m1,m2, . . .) 7→

∞∑

i=0

mit
i ∈M [[t]].

Then M∗ is a submodule of M∞ as an R[t]-module.

Definition 1. A linear automaton (a linear sequential machine as in [2,
p.408]) over M is a tuple

A = 〈Q,M,ϕ, ψ〉,

where Q is an R-module (module of states of A) and ϕ : Q ⊕M → Q,
ψ : Q⊕M →M are homomorphisms of R-modules (transition and output
functions of A).

The transition and output functions of the linear automaton A can
be extended inductively to the module Q⊕M∗ as follows

ϕ(q, 0) = q, ϕ(q, (w,m)) = ϕ(ϕ(q, w),m)

ψ(q, 0) = 0, ψ(q, (w,m)) = ψ(ϕ(q, w),m),

where q ∈ Q, w ∈ Q ⊕ X∗ and m ∈ M . Such extended functions are
homomorphisms of R-modules as well. A state p ∈ Q is called accessible
from a state q ∈ Q if there exist n ≥ 0 and w ∈Mn such that ϕ(q, w) = p.

Every state q ∈ Q defines an endomorphism fq of the R-module M∞

by the rule

fq((m0,m1,m2, . . .)) = (ψ(q,m0), ψ(q, (m0,m1)), ψ(q, (m0,m1,m2)), . . .).

The modules M∗ and Mn, n ≥ 0, are invariant under fq.
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Proposition 1. The endomorphism fq :M
∞ →M∞ is an automorphism

if and only if for each state p ∈ Q, accessible from q, the endomorphism
λq : M → M , defined by the rule λq(m) = ψ(q,m),m ∈ M , is an
automorphism.

Proof. It is a straightforward verification.

An endomorphism (automorphism) f :M∞ →M∞ is called linear au-
tomaton endomorphism (automorphism) if there exist a linear automaton
A and its state q such that f = fq. Using Proposition 1 one can show that
the automorphism inverse to linear automaton endomorphism is linear
automaton automorphism as well. Denote the set of all linear automaton
endomorphisms (automorphisms) of M∞ by EndLA(M

∞) (AutLA(M
∞)).

For two linear automata over M

A1 = 〈Q1,M, ϕ1, ψ1〉 and A2 = 〈Q2,M, ϕ2, ψ2〉

define their product A1 · A2 as a tuple

A1 · A2 = 〈Q1 ⊕Q2,M, ϕ, ψ〉,

where mappings ϕ : Q1 ⊕ Q2 ⊕M → Q1 ⊕ Q2, ψ : Q1 ⊕ Q2 ⊕M → M

are defined by the rules

ϕ((q1, q2),m) = (ϕ1(q1,m), ϕ2(q2, ψ(q1,m)))

ψ((q1, q2),m) = ψ2(q2, ψ(q1,m)).

These functions are indeed homomorphisms of R-modules. Hence, a prod-
uct of linear automata over M is a linear automaton over M as well. One
can directly verify that for arbitrary states q1 ∈ Q1 and q2 ∈ Q2 the
equality fq2(fq1) = f(q1,q2) holds. This equality immediately imply that
the set EndLA(M

∞) is closed under superposition. Moreover, one can
show that EndLA(M

∞) is closed under addition ([2, Proposition 6.1]).
This means that the following proposition holds.

Proposition 2. The set EndLA(M
∞) form a subring in the ring of

endomorphisms of M∞. The set AutLA(M
∞) form a group of units of

EndLA(M
∞).

A linear automaton A = 〈Q,M,ϕ, ψ〉 is called permutational if for
each state q ∈ Q the mapping fq is an automorphism. The group G(A)
of an invertible automaton A is the subgroup of AutLA(M

∞), generated
by the set {fq : q ∈ Q}.



100 Groups of linear automata

3. Let us fix a module M over a commutative ring with unit R. A linear
automaton A = 〈Q,M,ϕ, ψ〉 will be called scalar if Q = M and there
exist α1, α2, β1, β2 ∈ R such that

ϕ(q,m) = α1q + α2m, ψ(q,m) = β1q + β2m (1)

for arbitrary q ∈ Q,m ∈M . It is easy to see that this scalar automaton
is permutational if and only if the element β2 is invertible in R.

For an element r ∈ R let us denote by rM the image of the module
M under the scalar endomorphism r · id of M . For an invertible r ∈ R we
will use notation 〈r〉 for the cyclic subgroup of R∗ generated by r.

Theorem 1. Let A = 〈Q,M,ϕ, ψ〉 be a permutational scalar automa-
ton over M whose transition and output functions are given by (1) for
α1, α2, β1 ∈ R, β2 ∈ R∗. Then the group G(A) is isomorphic to:

1. the group 〈β2〉 provided β1 = 0;

2. the wreath product 〈β2〉 ≀ (β1M,+) provided β1 6= 0, α2 = 0 and the
order of β2 in R∗ is finite;

3. the restricted wreath product Z ≀̄ (β1M,+) provided β1 6= 0 whereas
α2 6= 0 or the order of β2 in R∗ is infinite.

Proof. Let us fix a series m(t) ∈M [[t]],m(t) =
∑

∞

i=0mit
i. First of all for

arbitrary q ∈ Q we calculate the image m(t)fq . From the definition of
output function we have the equality

m(t)fq = β1mq(t) + β2m(t),

for mq(t) ∈M [[t]],mq(t) =
∑

∞

i=0 qit
i such that

q0 = q, qi+1 = ϕ(qi,mi) = α1qi + α2mi, i ≥ 0.

Then by induction on i we obtain the equality

qi+1 = αi+1
1 q + α2

i∑

j=0

α
i−j
1 mj , i ≥ 0.

Therefore

m(t)fq = β1q + β1

∞∑

i=0



αi+1
1 q + α2

i∑

j=0

α
i−j
1 mj



 ti+1 + β2m(t) =
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β1q

∞∑

i=0

αi
1t

i + β1α2t

∞∑

i=0





i∑

j=0

α
i−j
1 mj



 ti + β2m(t) =

β1q(1− α1t)
−1 + β1α2t

∞∑

i=0





i∑

j=0

α
i−j
1 ti−jmjt

j



+ β2m(t) =

β1q(1− α1t)
−1 + β1α2t(1− α1t)

−1m(t) + β2m(t) =

m(t)
(
β2 + β1α2t(1− α1t)

−1
)
+ β1q(1− α1t)

−1.

Since β2 ∈ R∗ the series P (t) = β2 + β1α2t(1 − α1t)
−1 is invertible in

M [[t]].
Let now β1 = 0. Then m(t)fq = m(t)β2, q ∈ Q, and the group G(A)

is isomorphic to the cyclic group generated by the scalar endomorphism
β2 · id of M . Since β2 ∈ R∗ and M 6= 0 the latter group is isomorphic to
the subgroup 〈β2〉 of M∗ and we obtain the first statement of the theorem.

Assume in the sequel that β1 6= 0. Then

m(t)fq = m(t)P (t) + β1q(1− α1t)
−1, q ∈ Q.

This implies

m(t)f
−1
q = m(t)P (t)−1 − β1P (t)

−1q(1− α1t)
−1, q ∈ Q.

In particular, m(t)f0 = m(t)P (t) and m(t)f
−1

0 = m(t)P (t)−1.
For each q ∈ Q, denote by hq the product f−1

0 fq. This product act as
follows

m(t)hq = m(t) + β1q(1− α1t)
−1.

Then the set H = {hq : q ∈ Q} form a subgroup of G(A). This subgroup
is isomorphic to the additive group (β1M,+) of the R-module β1M . The
group G(A) is generated by H and f0. Denote by Hi, i ≥ 1, the isomorphic
copy of H.

For arbitrary k ∈ Z we have

m(t)f
−k
0

hqf
k
0 =

(

m(t)P (t)−k
)hqf

k
0

=

(

m(t)P (t)−k + β1q(1− α1t)
−1

)fk
0

=

m(t) + β1q(1− α1t)
−1P (t)k, q ∈ Q.

Denote by W the normal closure in G(A) of the set {f−k
0 hqf

k
0 : k ∈ Z, q ∈

Q}. We will show, that depending on the order of the series P (t) in M [[t]]∗,
the group W is finite or infinite direct sum of H.
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Let α2 = 0. Then P (t) = β2. Assume that β2 has finite order equal to
k in R∗. Then the orders of P (t) in M [[t]]∗ and the subgroup C = 〈f0〉
are k as well. The subgroup W in this case consists of the transformations
w acting by the rule

m(t)w = m(t) + β1(1− α1t)
−1

k−1∑

i=0

qiβ
i
2,

where qi ∈ Q, 0 ≤ i ≤ k − 1. This means that the intersection of W and
C is trivial and

W =
k−1⊕

i=0

Hi.

The subgroup C acts on W via conjugation, cyclically permuting compo-
nents of each their element:

m(t)f
−1

0
wf0 = m(t) + β1(1− α1t)

−1
k−1∑

i=0

qiβ
(i+1) mod k
2 , w ∈W.

Hence, the group G(A) splits into the semidirect product W ⋊ C which
isomorphic to the wreath product 〈β2〉 ≀ (β1M,+).

Let α2 6= 0 or the order of β2 in R∗ is infinite. In both cases the
orders of P (t) in M [[t]]∗ and the subgroup C are infinite as well. Each
transformation w ∈W has the form

m(t)w = m(t) + β1(1− α1t)
−1

+∞∑

i=−∞

qiβ
i
2, qi ∈ Q, i ∈ Z,

where all but finite number of qi’s equals 0. This implies that the intersec-
tion of W and C is trivial and

W =
+∞⊕

i=−∞

Hi.

The subgroup C acts by translations on W via conjugation:

m(t)f
−1

0
wf0 = m(t) + β1(1− α1t)

−1
+∞∑

i=−∞

qiβ
(i+1)
2 , w ∈W.

Hence, the group G(A) again splits into the semidirect product W ⋊ C

which isomorphic to the restricted wreath product Z ≀̄ (β1M,+). The
proof is complete.
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Let now Fq be a finite field, q = pn, p — prime, n ≥ 1. Consider Fq as
a regular module over itself.

Theorem 2. Let A be a linear automaton over Fq such that its module
of states is equal to Fq. Then the group G(A) is isomorphic to one of the
following groups:

1. the cyclic group Zm, where m|(q − 1);

2. the wreath product Zm ≀ Zq, m|(q − 1), m 6= 1;

3. the lamplighter group Z ≀̄ Zq.

Proof. Note, that linear automata mentioned in the theorem are indeed
scalar automata. The result now implies from Theorem 1 and cyclicity of
the group F

∗

q .
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