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Diagonal direct limits
of finite symmetric and alternating groups
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ABSTRACT. Diagonal direct limits of permutation groups
are studied using their representations by homeomorphisms of the
boundary of rooted trees.

We describe a new method of classification of such permutation
groups, and use this method to find a complete classification of
diagonal direct limits of symmetric and alternating groups up to
isomorphisms.

Introduction

Classification of simple countable locally finite groups is one of the central
problems of the theory of locally finite groups. Big progress in this direction
is made in the works of U. Meierfrankenfeld and S. Delcroix [Mei95, DMO02].
It is shown there that every simple countable locally finite group belongs
to one of four classes. The first class is the class of finitary groups. The
other three are defined using the properties of Kegel covers of the groups.
One of these three classes is the class of the so-called groups of 1-type. An
important part of the study of this class is classification of locally finite
groups which are unions of an ascending chain of finite alternating groups
(see |Har95|). Classification of such unions is also closely related to the
study of group rings with “small” lattices of ideals and asymptotic theory
of characters. A. E. Zalesski has considered in [Zal91] a class of inductive
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limits of finite symmetric and alternating groups that are defined by the
so-called diagonal embeddings. He proved that the lattice of ideals of the
group rings of such groups is a chain, and has formulated several problems
for further investigation (see also [Zal98|, [HZ97]). In particular, a natural
question on classification of such groups was posed.

Note that inductive limits of finite-dimensional C*-algebras (so-called
AF-algebras) is already a classical part of the theory of C*-algebras,
and its classification was accomplished by G. Glimm [Gli60] for a par-
tial case of the so-called UHF-algebras, and by J. Dixmier [Dix67| and
G. A. Elliott [ElNl76] in more general situations.

Inductive limits of finite-dimensional Lie algebras with diagonal em-
beddings were classified in the work of A. A. Baranov and A. G. Zhilin-
skii [BZ99].

In the work of N. V. Kroshko and V. I. Sushchansky [KS98| a complete
classification of the inductive limits of finite symmetric and alternating
groups with strictly diagonal embeddings was given. The classification is
formulated in the same terms as the classification of the UHF-algebras
by Glimm. The study of such inductive limits of groups was continued
in [LS03]. In particular, it was shown that the inductive limits of finite
symmetric groups with strictly diagonal embeddings appear naturally in
the study of hierarchomorphisms of spherically homogeneous rooted trees.

In [LNO7] the first and the second named authors gave a complete
classification of the inductive limits of direct products of finite alternating
groups that are simple. It was shown that two such groups are isomorphic
if and only if the corresponding (i.e., having the same Bratteli diagram)
AF-algebras are isomorphic.

Our paper develops classification techniques based on different ideas.
We use topological properties of the boundaries of rooted trees and proper-
ties of Berhoulli measures on them. Using these techniques, we classify the
inductive limits of finite symmetric and alternating groups with respect to
arbitrary diagonal embeddings without using theory of C*-algebras and
K-theory. We think that the developed methods are of independent inter-
est. It may be useful in solving classification problems in other categories
with inductive limits.

1. Rooted trees

We will study diagonal direct limits of finite symmetric or alternating
groups using a representation of these groups by homeomorphisms of the
boundaries of rooted trees. We start with introduction of all the notions
needed for definition of such representations.
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Let T be a locally finite rooted tree with the root vertex vg. Let us
denote by V(T') the set of vertices of T', and by E(T) its set of edges. For
every two vertices u, v of the tree T define the distance between u and v,
denoted d(u,v), to be equal to the length of the shortest path connecting
them.

For a rooted tree T" with the root vy and an integer n > 0, define the
level number n (the sphere of radius n) to be the set

Vo(T) ={v € V(T) : d(vo,v) = n}.

We say that a vertex v of the tree T lies under a vertex w, if the path
connecting the vertex v and the root contains the vertex w. Let us denote
by T, the subtree consisting of all vertices that lie under the vertex v with
the root v.

An end of a rooted tree is an infinite path without repetitions which
starts in the root. Let us denote by 0T the boundary of T, i.e., the set of
all the ends of the tree T'. For V' C V(T put

aV) = U Ty,

veV

where 0T, is the boundary of the subtree T, i.e., the set of ends passing
through v.

For z € 0T, denote by z(m) the vertex from the level V,,,(T) such
that x goes through xz(m). Let us introduce a natural ultrametric on 9T
putting

p(r1,72) = 1/(n+ 1),

where n is the length of the longest common part of the paths v and ~s.
The topology introduced by the metric p is compact, totally disconnected,
and has a base of open sets {07}, },cv /(). Note that 9T, is a ball of radius
1/(n+ 1), where n is such that v € V,,(T).

If degree of a vertex v € V,(T) depends only on n, then the tree
T is called spherically homogeneous. Spherical indexr of a spherically
homogeneous tree 7' is the sequence

0= ((Ig,al, .. .),

where ag is degree of the root and a, + 1 are degrees of any vertex of the
nth level (i.e., a, is the number of “childs” of a vertex of nth level). We
assume throughout the paper that a,, > 2 for all n.

Let T be a spherically homogeneous rooted tree with root vy and
the spherical index ©. The tree T is isomorphic to the tree To whose
set of vertices is the set of all finite sequences (ig,41,...,in-1), n > 1,
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such that iy € {1,2,...,ax}. We include also the empty sequence @&
corresponding to n = 0. Two vertices are adjacent if and only if they are
of the form (ig,...,in—1), (0, ..,in—1,%n). We order the vertices of every
level lexicographically.

Then every end x € 07 is identified with an infinite sequence (ig, i1, . . .),
where 1 < i < ap for all £ > 0. Namely, such a sequence is identified
with the end

g, (io), (io, il), (io, 11, ig), e

It is easy to see that this identification is a homeomorphism between
OT and the direct product [[;~¢{1,2,...,ax} of discrete sets.

Let us denote by Homeo T the group of all homeomorphisms of 97
For n > 0, denote by S(9T,n) the group of all homeomorphisms of the
boundary 9T which permute the balls T),, for v € V,,(T) in a rigid manner,
i.e., which change at most the first n coordinates of an end (ig, 1, ...). The
group S(9T,n) is naturally isomorphic to the symmetric group Sym (V},),
where a permutation 7 € Sym (V},) acts on the ends by the rule

(10591, - )" = ((G05 01, -+ -y in—1)" s in, bnt1s---) -

It is easy to see that S(0T,n) < S(9T, k) for n < k. Let us define the
subgroup S(9T) of Homeo 0T as the union of the subgroups S(97,n),
n € N.

Let A(0T,n) < S(0T,n) be the subgroup coinciding with the alter-
nating group Alt (V;,). Clearly, A(0T,n) < A(9T,k) for n < k. Let us
define the subgroup A(9T) < Homeo 0T as the union of the subgroups
A(9T,n) for n € N.

For the groups A(0Tg) and S(07e), let us define characteristics as the
supernatural (Steinitz) number Q(0) = [[;2 a;, where © = (ag, a1, ...)
is the spherically index of the spherically homogeneous tree Tg.

We will use the following results.

Theorem 1.1 (|LS03] Proposition 10, [LS05] Theorem 2). Let T be a
spherically homogeneous tree. Every automorphism of the group S(0Tg)
18 locally inner and

Aut A(0Te) ~ Aut S(0Te).

Theorem 1.2 ([Rub89| Corollary 3.13c). Let X; be locally compact Haus-
dorff spaces without isolated points, let G; be subgroups of Homeo X; and
for every open set D C X;, x € D and i = 1,2 the set {g(z) | g €
G; and restriction of g on X;\D is identity} be nonempty and somewhere
dense. If ¢ : G1 — G is an isomorphism then there is a homeomorphism
h: X1 — Xo such that for every g € G1 the equality ¢(g) = hgh~" holds.
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The space 0T is a compact Hausdorff space, since it is a direct product
of compact Hausdorff spaces. Let D be an open subset of 07 and let
x € D. There exists v € V(T') such that € 0T, C D. The subgroup
A(0T,) < A(9T) is the maximal subgroup acting trivially outside 9T,.
Every orbit of the action of A(9T,) on 9T, is dense, hence we get the
following result.

Lemma 1.3. Let T be a spherically homogeneous tree. The space OT is
a compact Hausdorff space without isolated points, and the groups S(OT)
and A(OT) satisfy conditions of Theorem 1.2.

2. Diagonal embeddings

Definition 1 ([Zal91]). An embedding d of a transitive permutation group
(G, X) into a permutation group (H,Y) is called diagonal if the restriction
of d(G) onto every G-orbit of length more than 1 is isomorphic to (G, X)
as a permutation group.

A diagonal embedding is called strictly diagonal if the length of every
orbit of the image d(G) on the set Y is greater than 1.

We say that the group G is a (strictly)diagonal direct limit of groups
if G is the union of an ascending chain of permutation groups G; (i € N)
where all inclusions G; C G4 are (strictly) diagonal. It is shown in [LS03]
that for a spherically homogeneous tree T' the groups S(97") and A(9T)
are strictly diagonal direct limits of symmetric and alternating groups
respectively. Namely, the inclusions S(0T,n) < S(9T,n + 1) are strictly
diagonal with respect to the natural action of these groups on V,, and
Vit1.

Now we construct certain word trees such that (not necessary strictly)
diagonal direct limits of finite symmetric groups act on them naturally.
Let {X; ={1,...,n}}, {Yic1 ={1,...,ki—1}} be two infinite sequences
of an alphabets (i > 1). We take also a symbol “$” not contained in any
of these alphabets.

Consider the tree whose set of vertices is the set

$8..811=00u |J $8...$VXiaXio.. Xipm,
l 1>20,m>0 l
where $$...$ YiXi1Xivo. o Xigm = {$$ R $ylxl+1xl+2 e Tlm ’ Yy €

l l
Y}, xp € Xi}. We may have Y; empty, then the corresponding sets

l
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&

11 = = [l = = L] kol = = .konl $1 [l

Figure 1:

will be also empty for all m.

The empty word is the root of the tree. Two words are connected by
an edge if and only if one is obtained from the other by appending one
letter to the right. Let us introduce the lexicographic order on the words.
The symbols in each alphabet are ordered in the natural way and

N <To<...<yYyp<yp <...<89,

for all ; € X, yi1 € Vi1, i € N
Let
X = ((1, ko), (n1, k1), (n2, k2),...).

Let us denote the constructed tree T (see Figure 1).

For every i > 1 and v € V;(Ty) the degree of v is equal to n; + 1 if
v # (i) (i.e. v ¢ 0) and is equal to k41 + 2 if v = (i), see Figure 1.
For arbitrary v € V;(Ty) such that v # §(i) the tree T, is spherically
homogeneous with spherical index (n;, n;y1,...).

An end x € 9T), of the tree T, is encoded by a sequence

$$ N $yla:l+1xl+2 ey
l

where [ > 0, y; € Y; and x; € X;, or x is the end
d=19%%....

Let S(x,n) be the group of homeomorphisms of the 97}, which rigidly
permute the balls 0T, v € V,,(Ty) \ {d(n)}. In other words, it is the group
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of homeomorphisms, which act trivially on the ball 975,y and act outside
of it by homeomorphism of the form

($$...Syxppr . xppyr . )" = (88 Sy o)

where 7 is a permutation of the set V,,(Ty) \ {6(n)}. The permutation 7
determines the homeomorphism uniquely and thus S(y,n) is isomorphic
to the symmetric group Sym (V;,(Ty) \ {6(n)}). It is also obvious that
S(x,n) < S(x, k) for n < k. Let us define a subgroup S, < Homeo 9T}
as the union of the subgroups S(x,n) for all n € N.

The group A, is defined in the same way as S, but using the alter-
nating groups A(x,n) acting by even permutations of the nth level of the
tree.

Let S be the set of all infinite sequences

(1, ko), (n1, k1), (n2, k2),...)

such that kg > 0, k; > 0, n; > 1 for all ¢ > 1. Let S; be the subset of §
such that kg > 2 and n; > 2 for all i € N. We assume also that ng = kg
for our convenience.

Lemma 2.1. Let x = ((1, ko), (n1, k1), (n2, k2),...) € S. If ki =0 for all
i > 1, then Sy ~ S(0Tg) and A, ~ A(0Te), where Tg is the homogeneous
tree of spherical index © = (ko,n1,n2,ns,...). Moreover, for all n we have

S(x,n) ~ S(0Te,n) and A(x,n) ~ A(0Te,n).

Proof. The trees T, and Tg differ only by an additional infinite path ¢
in T,. But the path 0 is a fixed point of S, hence we have the necessary
isomorphisms. O

Let us define for x = ((1, ko), (n1, k1), (n2, k2),...) €S
() = Vil (D)l = 1= kjnjp...ni.
=0

Let us also define the characteristics Q(x) for Sy, and A, as the supernat-
ural number

char(Sy) = char(Ay) = Q(x) = Hm‘,
i=1

and the characteristic series

M= 0

”’L .-.n
=0 1 v
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A partial sum M;(x) (j > 0) of the series M (x) is equal to

M) =Y - L) )

J
n .« .. n .
=0 1 J

-1

We also consider v;(x) := M;(x)~ " and

v = lim M;(x) .
1— 00

Since 0 < M;(x) < M;+1(x), the number v is well-defined. The number ~
is called the density indez, following Baranov and Zhilinskii [BZ99].

Now we give a topological interpretation of the density index. In the
next two statements the symbol H is either A or S.

Proposition 2.2. Ifm is an Hy-invariant Borel measure on 0T, such that
m(0T,) =1, wherev € Vi\{0(1)} and m({d}) = 0, then m(9Ty) = M(x).

Proof. Let m be an H,-invariant Borel measure on 97, and let m(9T,) =
1, where v € V1 \ {6(1)}. Then

m U 8Tv = ]{0 = Mo(x),

veVi\{6(1)}
k1
m U orT, :k0+a:M2(X)7
veVa\{4(2)}
B k1 ki
m U oT, _k0+n1 + +n1---nl_1 = M;(x).

veVi\{s(D)}

Taking into account o-additivity and

8TX:{5}UG U onn U ar, | .

I=1 \veVi\{s()} veVi_ \{6(-1)}
we get m(9Ty) = M(x). O

Corollary 2.3. The space 0T carries a finite H, -invariant measure m
if and only if the density index is strictly positive, i.e.,

v=M(x)"">0.

In this case, if m(0Ty) =1 and m({d}) =0, then
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1. v =m(9T,), where v € V1 \ {0(1)}.
2. m(0Ts5q)) = 1 —yM(x) — 0 for | — oo.

Proof. If v > 0, then existance of an H,-invariant probability measure
is an immediate corollary of Proposition 2.2. Let v = 0, and suppose
there exists an H,-invariant probability measure m. Then Proposition 2.2
implies that m(9T,) = 0. Since m is Hy-invariant, m(97y) = 0. We get a
contradiction finishing our proof. O

Definition 2. Let x1, x2 be sequences from S. Let u,v be some positive
integers. We call the sequences x1,x2 (u,v)-commensurable if

1. uQx1) = vQ(x2);

2. the characteristic series M (x1), M (x2) are convergent or divergent
simultaneously;

3. if M(x1) and M(x2) are convergent, then vM (x1) = uM (x2);

4. sequences x1 and xo have finitely or infinitely many nonzero members
k; simultaneously.

We call the sequences x1, x2 commensurable if there exist positive integers
u,v such that x1,x2 are (u,v)-commensurable.

We can change the first three conditions of the definition to equivalent
two conditions without mentioning v and v, namely:

1. Q(x1)/Q(x2) is a rational number;

2. if one of the series M (x1) and M (x2) is convergent, then the other
is convergent too, and

Q)M (x1) = Q(x2) M (x2)-

Lemma 2.4. Let x € Si. Then 0Ty \ {0} is a locally compact Hausdorff
space without isolated points, and the actions of the groups Sy and A, on
it satisfy the conditions of Theorem 1.2.

Proof. Consider the set
Us(iy = 9T53) \ 0T5(i41)-

It is a compact Hausdorff space, since it is a union of boundaries of a finite
number of spherically homogeneous trees. But 97y \ {6} = ;>0 Us(s)
hence 0T \ {6} is a locally compact Hausdorff space. The group A,
contains the subgroup A(97T)) for every v € V(7)) \ {0}, hence A, satisfies
the conditions of Theorem 1.2. 0
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Let V' be a subset of Vj(T}) for i > 0, and let H be one of the symbols
S or A. Consider the subgroup of all homeomorphisms of 97, which act
trivially outside O(V') = (U, ey 075 Let us denote this subgroup H(9(V)).
We also consider the rooted tree Ty, obtained by taking all the subtrees T,
of T\, for v € V, and connecting them together by a root, so that the first
level of the tree Ty is Vi(Ty) = V. The group H(907Tv) acting naturally
on 9T, coincides with H(9(V)).

If§(i) ¢ V then H(O(V)) is a strictly diagonal direct limit of symmetric
(resp. alternating) groups. In this case, if the tree T}, is constructed using
the sequence

X = ((l,ko), (nl,kl), (ng,kg), .. > €S,

then the characteristics of H(9(V)) is |[V|- [[7Z; ny.

Let us define the standard diagonal embedding u(r,s) : Sym(A) —
Sym(B), where A ={1,2,...,n}, B={1,2,3,...,nr+s}, forn,r,s € N,
as follows.

For a € Sym(A), we set

(ri — k)" (@) — i@ _Rif0<k<r—1,i>1,

and
)@ — i ifmr 4+ 1 < < nr+s.

It is easy to verify that the map u(r,s) : a — u(r,s)(«) is a diagonal
embedding of Sym(A) into Sym(B).

Note that the natural embedding of the subgroup S(x,i) into the
subgroup S(x, j) of Sy, for j > i, is an example of a standard diagonal
embedding, if we number the sets V;(Ty) and V;(Ty) lexicographically.

Lemma 2.5. Denote My = {1,...,m1}, My = {1,...,ma}, and M3 =
{1,...,m3}, where mg = miny + 1, ms = mang + ro for some integers
n; > 0,1, >0,1=1,2.

Let

u(ni,r1) : Sym(M;) — Sym(Ms),
u(ng,re) : Sym(Ms) — Sym(Ms),
u(ning, naory + ra) : Sym(My) — Sym(Ms)

be the standard diagonal embeddings.
Then

u(ny, ri)u(ng, ra) = u(ning, nory + ra).
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Proof. Let us consider the sequence
X = <(17 m1)> (nla Tl)? (7%2, T2)7 (27 0)7 (Za O)a .- > € S1-

The bijections My — Vi(Ty) \ {6(1)}, My — Va(Ty) \ {6(2)}, and M3 —
V3(Ty) \ {6(3)} induce isomorphisms Sym(M;) — S(x,1), Sym(Mz) —
S(x,2), and Sym(Ms) — S(x,3) respectively.

The embedding of S(x,4) into S(x, 7+ 1) coincides with the standard
diagonal embedding u(n;,r;) (i = 1,2), and the embedding of S(x, 1)
in S(x,3) coincides with u(ning, nar; + r2). Hence u(ny,ri)u(ne,ry) =
u(ning, naory + ra). O

Lemma 2.6 ([KS98|). Let T1,T> be spherically homogeneous rooted trees
such that
char(S(0T1)) = char(S(0T%)).

Then the groups S(0T1) and S(9T3) (resp., A(0T1) and A(0T2)) are
isomorphic.

Proof. Let us construct an isomorphism ¢ : S(971) — S(91%). Since
characteristics of S(971) and S(9T3) are equal, for every i > 1 there is [;
such that |V;(T1)] is a factor of |V}, (1%)|. We can assume that sequence
{li,i| € N} is increasing.

Let ¢; = u (%, 0) be the standard strictly diagonal embedding
of S(@Tl,i) into S(@TQ,li), 1> 1.

The next diagram is commutative for all 1 < ¢ < j by Lemma 2.5

s@m,i) 29 som, j)
@l ldy
ST, 1) 29 g1, 1)

where 1(7,7) and a(l;,1;) are the diagonal embeddings induced by
inclusions of corresponding groups into S(977) and S(9T3), respectively.
Consequently, there is an isomorphism ¢ : | J; S(0T1,1) — U, ¢:(S(0T1,1)),
which is equal to the inductive limit lim_, ¢;.

Since |J; S(9T1,4) = S(0T1), we need to prove that (J; ¢;(S(911,14)) =
S(0T3). The characteristics of S(917) and S(91%) are equal, therefore for
every k > 0 there is ¢ > 0 such that |V (T2)| is a divisor of |V;(T})|. Then
#(S(0T1,1)) > S(0T3, k) by Lemma 2.5. Hence, ¢ is an isomorphism of
S(0Ty1) and S(0T%). O

Let us call the above constructed isomorphism ¢ : S(917) — S(91%)
canonical.
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Lemma 2.7. Let 11,15 be spherically homogeneous rooted trees such that
S(0Ty) ~ S(0Ts). We assume that vertices of every level of Ty and Ty are
numbered in the lexicographic order. Let Vi be the subset of the first iy,
vertices of Vi, (T1), let Vo be the subset of the first ji vertices of Vi(Tv),
and suppose that S(0(V1)) ~ S(0(Va)). Let ¢ = S(0T1) — S(9T2) be
the canonical isomorphism. Then restriction of ¢ onto S(0(V1)) is an

isomorphism of S(O(V1)) with S(0(V2)).
Proof. 1t follows from construction of canonical isomorphism. O

Since the canonical isomorphism has the properties required for Lemma 2.7,
we can prove the following lemma by restricting the isomorphism onto
the subgroups A(9T1) < S(9T1) and A(0Tz) < S(9T3).

Lemma 2.8. Let 11,15 be spherically homogeneous rooted trees such that
A(0Th) ~ A(9Ty). We assume that the vertices of every level of Th and
T5 are numbered in the lexicographic order. Let Vi be the set of the first
in vertices of Vi,(T1), let Vo be the set of the first jy. vertices of Vi(Ts),
and suppose that A(O(V1)) ~ A(O(Va)). Then there is an isomorphism
v A(0Ty) — A(9Ts) such that its restriction onto A(O(V7)) is an iso-
morphism of A(O(V1)) with A(0(V3)).

The following is straightforward.

Lemma 2.9. 1. Let f(r,s) be a diagonal embedding of Sym(n) into
Sym(nr+ s) with s fized points. Then the subgroups f(r,s)(Sym(n))
and u(r, s)(Sym(n)) are conjugate in Sym(nr + s).

2. Let h(r,s) be a diagonal embedding of Alt(n) into Alt(nr+ s) with s
fized points. Then the subgroups h(r,s)(Alt(n)) and u(r, s)(Alt(n))
are conjugate in Sym(nr + s).

Every diagonal direct limit H = lim((G;, X;), ¢;) of symmetric (alter-
nating) groups has a sequence from S naturally corresponding to it. Let
us set n; to be equal to the number of the natural orbits of (G;, X;) on
Xit1, and k; to be the number of the trivial orbits of the action of (G;, X;)
on X; 1. We put kg = ng = | Xq|.

Proposition 2.10. Every diagonal direct limit H of symmetric (alternat-
ing) groups is isomorphic to the standard diagonal limit Sy (resp. Ay ),
where x is corresponding sequence.

Proof. 1t follows from Lemma 2.3 of [Bur68| and Lemma 2.9 of our paper.
O
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3. Classification

Theorem 3.1. Let x € S. Then
1. S, = Ay if and only if Q(x) is divisible by 2°°;
2. if Q(x) is not divisible by 2°°, then [S) : Ay] =2;
3. A, is the commutator subgroup S, ;
4. Ay is a simple group.

Proof. 1. If Q(x) is divisible by 2°°, then for every n > 1 there is k > n
such that A(x, k) > S(x,n), thus S, = A,.

If () is not divisible by 2°°, then there is n > 1 such that for every
k > n the group A(y,k) does not contain any odd permutations from
S(x,n). So, Sy # Ay.

2. For every n the group A(x,n) is an index 2 subgroup of S(x,n).
Since x is odd, we have S, # A,, and [S, : A,] = 2.

Statement (3) is a corollary of a standard statement on verbal sub-
groups of locally finite groups. Statement (4) is a corollary of Theorem 4.1
in [KW73], p. 112. 0

Theorem 3.2. Let x1,x2 € S. The direct limits of finite symmetric (al-
ternating) groups corresponding to the sequences x1 and xo are isomorphic
if and only if the sequences x1 and xs are commensurable.

Note that this theorem is completely analogous to the J. Dixmier’s
classifications [Dix67] of diagonal direct limits of C*-algebras.
We need some auxiliary statements.

Proposition 3.3. Let x = ((1, ko), (n1, k1), (ne, k2),...) € S. The direct
limit of finite symmetric (alternating) groups with corresponding sequence

X 1S
1. isomorphic to Sy (resp., Ay/) for some X' € S1 commensurable with

X, if and only if n; > 2 for infinitely many i € N;

2. finite symmetric (alternating) group if and only if n; <2 and k; =0
for all but a finite number of indices i € N;

3. finitary symmetric (alternating) group if and only if n; < 2 for all
but a finite number of indices i, and k; > 1 for infinitely many i € N.
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Proof. 1f n; > 2 for infinitely many ¢, then we can consider a subsequence
S(x,1;) (or of A(x,[;)) such that the correspondent subsequence x’ belongs
to S1.

Obviously, then S, ~ S, and A, ~ A,,. It is sufficient to use the
formula (2) for partial sums of M(x1) and M (x2) in order to prove
commensurability of x and x’.

It is straightforward that if we have n; > 2 only for finitely many
indices 4, then conditions (2) or (3) hold, accordingly to the number of
indices for which k; < 0. ]

Lemma 3.4. If x € S1, then the groups S, and A, are isomorphic neither
to the finitary symmetric, nor to the finitary alternating groups.

Proof. One can find elements g € A, whose centralizers Ca, (g) contain
direct products of index at most 2 of two infinite subgroups. Centralizers
of elements of the finitary alternating group does not have this property.
Thus, A, and the finitary alternating group are not isomorphic. The
symmetric groups are treated similarly. O

The following notation is used in statements 3.5-3.10. The symbol H
denotes either A or S (the alternating and symmetric group, respectively).
The sequences x1, x2 € S1 are such that 97, and 97}, are homeomorphic,
and the homeomorphism h : 0T,, — 0T,, induces an isomorphism
¢ Hy, — Hy,, ie., ¢(g) = hgh™! for every g € H,,. Let m; be an H,,-
invariant Borel measure on 07}, and m;({d;}) = 0. To avoid ambiguity,
let us denote the subtree of T, with the root at v by 7T7.

Lemma 3.5. For every ball 0T} (v € V(T,) \ {61}) there exist | and
k such that the set h(9Ty) is a disjoint union of the balls OT7 for

{o1, ok} V() N 0D}

Proof. Since H,, fixes §; and does not fix any other end, the set h(9T})
does not contain any ball T2 such that w € d,. Since 9T} is compact
set, the number k is finite. O

Lemma 3.6. If the measures m; are Hy,-invariant and such that m;(0T}) =
1 for v € Vi, and m;(0) = 0, for i = 1,2, then the homeomorphism h
preserves the measures mj, i.e., the push forward measure h,(my) is equal
to ms.

Proof. 1t is easy to prove that m; are uniquely defined by the conditions
of the lemma (see the proof of Proposition 2.2). But h,(m1) is also such a
measure on 07),, hence hy(m1) = ma, and h is measure-preserving. [J
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Corollary 3.7. Ifm1(9T},) and mo(9T?2) (for any v € V(T},)) are finite,
then mo(0Ty,) is finite too.

Theorem 3.8 ([KS98|). Let x; € S1 be such that Ty, \{d;} are spherically
homogeneous trees (i = 1,2). Then Hy, and H,, are isomorphic if and
only if
char(Hy,) = char(H,,).

Proof. Let ¢ : H,, — H,, be an isomorphism. The spaces 0T}, and 0Ty,
are homeomorphic. Then by Theorem 1.2, Lemmata 1.3 and 2.1 there
exists a homeomorphism h : 9T, — 0Ty, such that ¢(g) = hgh™! for
every g € H,,. Let m; be the probabilistic H,,-invariant measure on 97T,

for i« = 1,2. Such measures exist by Lemma 2.3.
Let

h(OT}) = U ot

where {v1,..., v} € Vi(Ty,)\{02())}, v € Vi(Ty,)\{d1(s)}. By Lemma 3.6,
we have my(9T)) = ma (Ui:l oT, 1)21) Taking into account transitivity of

the action of Hy, on Vs(Ty,)\{d1(s)}, we get that kg 1111 - - - ns—1,1 divides
koaniz2---ny_12. Since s is arbitrary, we have proved that char( H,,)
divides char(H,,). It is easy to see that char(H,,) also divides char(Hy, ).
Hence,

char(Hy,) = char(Hy,).

Implication in the other direction was proved in Lemma 2.6. OJ
Lemma 3.9. Let
hOT)) = U ot

where {vr,.... v} € VilTy) \ {511}, v € Vi(Tyy) \ {81(1)}. Then

k

Qx1) = ———Q(xa2).
(x1) P T1s (x2)

Proof. The subgroup Hy = H(0T,) < H,, is the largest subgroup acting
trivially outside of OT.. Therefore, the largest subgroup acting trivially
outside of Uf LOT2 e, Hy = H(8{v; | i = 1,...,k}), coincides with
¢(Hy, ). Since the groups Hy, and H,, are isomorphic, we have, by Theo-
rem 3.8,

char(Hy,) = char(Hy,).

Taking into account
Q(x1) = char(Hy,)
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and

we get

O

Lemma 3.10. Suppose that v; < M;(x;)~' for all natural numbers | and
i =1,2 and for all vy > 0, vo > 0. Suppose also that h(IT}) = U,]le orz,
where {v1,...,vp} € Vi(Ty,), v € Vi(Ty,) \ {01(1)}. Then

5 N2 N—12
1 = -
k

Proof. We may assume that m; (9T, ) = ma(9T)y,) = 1. By Lemma 3.6,

k
Y1 = ml((?TQ}) = m2 (U 8TU21> =k mg(aTi)
i=1
We also have v, = mg(ani)nLQ ---my_1,2, hence
ni2:--"Ni—1,2
]

Lemma 3.11. Let u be a positive integer. Let x1,x2 € S1 be (u,1)-
commensurable sequences. Then Sy, ~ S, and A\, ~ A,,.

Proof. Let us show that there is an increasing sequence {l;} such that for
every j > 0 the number

t, = r(x1,J)ni2 - ny2(uniy - nj1)""

is an integer and less than or equal to [V}, (T,) \ {02(1;)}| = r(x2, ;)
Since u€2(x1) = Q(x2) there is a positive integer [, such that for

arbitrary lp > [{; the number u is a factor of ni2 - nyy2. We can choose

lo > Iy such that ur(x2,lo) > n12-- -1y, 2ko1, because for any partial sum

of M (x1) there is a greater or equal partial sum of uM (x2). Hence

Vio(Tx2) \ {82(10)}| = r(x2,l0) = m2 -~ myg pu” ko1

Let j > 1. Since u2(x1) = Q(x2) there is an integer [; > ;1 such that
for arbitrary [; > l; the product ny1---njiu is a factor of nyo---ny; 9.
We can choose [; > l;- such that

ur(xe: ) o r(x1,7)
Nni2- N2 N1l Nyl

Y
g
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because for an arbitrary partial sum of M (x1) there is a greater or equal
partial sum of uM (x2). Then

’V ( xz)\{52( ) = T(X2,l ) > b, = T(Xb])nm : "nlj,z(um,l : "nj,1)71~

Let V]( Ty,) = {vl . vtl } be the set of the first #;, vertices of the

level number [ of T),. Let us denote the sets O(V;(Ty,) \ {01(j)}) and
8(V§ (Ty,)) by UJ1 and Ulj, respectively. Since

char(H(U})) = 00 D0) | _0800) g2

J nl,l e nj,]. n172 e nlj72

by definition of ¢;;, the groups H(Ujl) and H(Ulzj)
j > 0. Let ¢; be the canonical isomorphism of H(
We have

are isomorphic for all

U}) with H(UZ_).

by 2>t niy 41,20y 2,
since by the definition of #;, this inequality is equivalent to r(x1,j) >
r(x1,J — 1)nj, which is always true. Hence, the inclusion

Up, CU?

J 1 —
holds, and therefore
2 2
H(Uljfl) S H(Ul])

It follows from Lemma 2.7 that the restriction of ¢; onto H (U ]-1_1) coincides
with qu,l .
Consequently, we have the following commutative diagram

H{U}) —— H({U)) —— H({U}) —— ...
l¢1 l@ l¢3
HU}) —— H{UZ) —— HUZ) — ...
and we get in the limit an isomorphism
o: | JHU) - |JHU).
>0 50

We have

U H Ul Xla
7>0

therefore, it remains to prove that

Jaw?) =

J20
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It is sufficient to show that for every ¢ € N there is j € N such that
t, > (X2, )nit1,2 Ny, 2, (3)
since it will imply

P(H(9(V;(Ty,)))) = H(O(Vi(Ty,)))-

For an arbitrary partial sum of uM (y2) there is a greater or equal
partial sum of M (x1). That is, for all i € N there is j € N such that the
inequality

rg) o wrbel)
ni1ccng1 o N2y

5:2

holds, which implies, by the definition of #;;, the inequality (3). O

Proof of Theorem 3.2. We will prove the theorem for the case of symmetric
groups. The proof for the alternating groups is similar.

By Proposition 2.10 it is sufficient to prove the theorem for the groups
of the form S,, and S,,. The group S, is finite if and only if Q(x;) € N,
and M (x;) is convergent.

In this case we have

Syi = Sym(Qxi)M (xi)), (i=1,2).

Putting u = Q(x2) and v = Q(x1), we obtain the necessity condition.
Sufficiency follows from the equality

Qx1)M(x1) = Q(x2)M(x2),

which we get by multiplying u€2(x1) = vQ(x2) and vM (x1) = uM (x2).
The group S(x;) is infinite for a sequence x; € S\ S if and only if
exactly one of the following conditions holds

1. Q(x;) € Nand M (y;) is divergent (i = 1,2);

2. Q(xi) ¢ N.

In the first case the group S, is isomorphic to the finitary symmetric
group on the set N. According to Proposition 3.3, if x; € S is such that
Q(x1) € N, M(x1) is divergent, and the groups Sy, and Sy, are isomorphic,
then y2 € S has the same properties.

In the second case, according to Proposition 3.3, without loss of gen-
erality, we can assume that x1, x2 € S1.

Let us prove the “if” direction of the theorem, i.e., that S,, ~ S,
implies commensurability of the sequences 1 and xas.
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If the series M (x1) and M(x2) are divergent, then the members k;
of x1 are positive for infinitely many 4, and the same is true for ys. The
converse statements are also true. Hence, if the series M (x1) and M (x2)
are not convergent, then commensurability of y; and xs follows from
Lemma 3.9.

Suppose that one of the series, for instance M (1), is convergent. Let
WOTY) = UL, T2, where {v1, ..., v} € Vi(Ty,), v € Vi(Ty,) \ {61(1)}.

By Lemma 3.9, we have

ni2 - ni-1,2Q(x1) = kQx2).
Then the following cases are possible

(1) 7 < My(x;)~" for all natural [ and i = 1,2, and
a) y1 > 0 and y2 > 0, or
b) 71 > 0 and v, = 0;

(2) 7 = M;(x;)~" for both i = 1,2, and for some [;
(3) 71 is such as in the first case, and 75 is such as in the second case.

Let us consider at first case (1). If 41 > 0 and 2 > 0, then we may
assume that m(X;) = ma(X32) = 1. By Lemma 3.10, we have then

kyi =n12---ni—1272-

If v1 > 0 and 2 = 0, then by Corollary 3.7, the groups Sy, and S,
are not isomorphic.

In the case (2) both groups are inductive limits with strictly diagonal
embeddings, and by Theorem 3.8, we have

T(Xl? l) T(X27 l)
Doy = X2 g0y
nyyccng ba) ny2- N2 Or2)

Since M(x1) = rbal) - apq M(x2) = 0l e have that x1 and Yo

n1,1ng 1 n1,2:N 2
are (u,v)-commensurable for

uw=r(xi,)nig---n2, v=r(xel)ni-ng.

In case (3) the spaces are not homeomorphic, since one is compact and
the other is not. Then, by Theorem 1.2, the groups are not isomorphic.

We have shown that in all three cases the isomorphism of the groups
Sy, and S, implies commensurability of x; and x».

Let us prove the “only if” implication of the theorem. Suppose that
X1, X2 € S1 are (u,v)-commensurable.
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Let us define y3 € S; such that x; and x3 are (1, v)-commensurable.
Let m be such that v is a divisor of [\, ni1. Let n1 3 = v [, niq
and n; 3 = Np4i—1,1 for ¢ > 1. Then vQ(x3) = Q(x1). Let ko3 = vko1,

m m

P Eiq

1,3 —an’,l E E——
L - — Ny N
=1 =1

kis = kmyi—11 for @ > 1. Then M;(x3) = vMp+i—1(x1) for i > 0.
Therefore x; and x3 are (1,v)-commensurable. Then xo and x3 are (1, u)-
commensurable.

By the Lemma 3.11 we have that the pairs of groups S,,, S,, and
Sy., Sy; are isomorphic. So, the groups Sy, and S, are isomorphic. [J
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