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Biserial minor degenerations of matrix algebras
over a field

Anna Wlodarska

ABSTRACT. Letn > 2 be a positive integer, K an arbitrary
field, and ¢ = [¢M]...[|¢"™)] an n-block matrix of n x n square
matrices ¢V, ..., ¢ with coefficients in K satisfying the condi-
tions (C1) and (C2) listed in the introduction. We study minor
degenerations MY (K) of the full matrix algebra M, (K) in the sense
of Fujita-Sakai-Simson [7]. A characterisation of all block matrices
q=[qM]...|¢"™)] such that the algebra M4 (K) is basic and right
biserial is given in the paper. We also prove that a basic algebra
M4 (K) is right biserial if and only if MZ (K) is right special biserial.
It is also shown that the K-dimensions of the left socle of MY (K)
and of the right socle of M (K) coincide, in case M2 (K) is basic
and biserial.

Introduction

Throughout this paper, n > 2 is an integer and K an arbitrary field. We
denote by M, (K) the K-algebra of all square n x n matrices with coefficients
in K. Following [7], by a minor constant structure matrix of size n x n?
with coefficients in K we mean any n-block matrix ¢ = [¢(V|¢?]...|¢"™], where
¢V = [qg)], e, g™ = [qZ(J")] € M, (K) are n xn matrices satisfying the following
two conditions:

(C1) qfa;) =1 and qj(:,) =1, forall j,re{1,...,n}.

(C2) qg)qg) = qg)qﬁi), for all 4,5,7,s € {1,...,n}.

We call ¢ basic if, in addition, the following condition is satisfied:
(C3) q](g) =0,forr=1,...,nand all j € {1,...,n} such that j # r.
The set of all minor constant structure matrices g of size n x n?, with

coefficients in K is denoted by ST,,(K) C M, x,2(K). A matrix ¢ in ST,,(K) is
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called (0, 1)-matrix, if each entry q@

;; is either 0 or 1. Throughout this paper,

any matrix ¢ in ST,,(K) will be simply called a structure matrix.
Given ¢q € ST,,(K), a minor g-degeneration M%(K) of the full matrix K-
algebra M, (K) is defined in [7] to be the K-vector space M, (K) equipped with

the multiplication

(1) q ¢ M, (K) ®x Mn(K)HMn(K)

given by the formula X -, X" = [\;;], where \;; = Z A )/\’S’J,

{1,...,n} and X = [N;], N = [N}] € M, (K). It is easy to see that -, defines a
K-algebra structure on M, (K) and the unity matrix F is the identity element of
the algebra M4 (K). If n > 2 and ¢ is basic then the global homological dimension
of the algebra MY (K) is infinite.

We recall that a class of algebras of type M (K') were studied by Fujita in
[5] (called full matrix algebras with structure systems) as a framework for a
study of factor algebras of tiled R-orders A, in relation with the results of the
papers [4], [11], [14] (see also [6] and [8]), where R is a discrete valuation domain.
The results in [7] show that one can treat the algebras MY (K) by an elementary
algebraic geometry technique and study them in a deformation theory context.
Note also that the authors in [7] follow an old idea of the skew matrix ring
construction by Kupisch in [12], see also Oshiro and Rim [13].

The minor degenerations M (K) of the algebra M,,(K) and their modules
are investigated in [7] by means of the properties of the coefficients of the matrix
q and by applying quivers with relations. In particular, the Gabriel quiver of
M4 (K) is described and conditions for ¢ to be M4 (K) a Frobenius algebra are
given.

In the present paper we give necessary and sufficient conditions for coefficients
of ¢ € ST, (K) to be MY (K) a right biserial algebra or a right special biserial
algebra, see [9], [18] and Sections 2 and 3 for definitions. One of the main results
of the paper is the following theorem.

isli; for 7,5 €

Theorem 1. Assume that K is a field, n > 2, ¢ = [¢V]...|¢"™] € ST, (K) is
a basic structure matriz and, given j,l € {1,...,n}, we set
(2) My ={pe{l....nkd) # 0} and men = Mgl

The following four conditions are equivalent.
(a) The algebra M2 (K) is right biserial (see Section 2).
(b) The algebra M2(K) is right special biserial (see Section 3).
(¢) For each i€ {1,...,n}, at least one of the following two conditions is
satisfied.
(c1) There exists a permutation 7; : {1,...,n} = {1,...,n} such that

(m:(D)

the equalzty Tip = 0 implies the equality q(T‘(j)) =0, forl < j and each

pefl,....n}.

(02) There are two indices s; < r; such that the sets M; 5,y and M ;)
have the following properties:

(ca1) My UM(irpyl =n =1,

(ca2) the set M; 5,y N M,y is empty or has precisely one element,
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(C23) there exist two bijections
T(iysi) - {1 <My, sl)} — M (i,s:) and T(ir) * {1 ,m(i,m)} — M(i,r,;) such

(T(l))

that, given 7 € {T(;s,), Tir)}s the equality q;, = 0 implies the equality

ql(;m =0, forl <jand allp € {l,...,n}.
(d) For any i€ {1,...,n}, each of the following two conditions is satisfied.
(dy) There is one or two indices r; € {1,...,n} such that r; # i and

qz(ﬁ) =0, forallt & {i,r;}.
(d2) For any s # i such that q(z,) =0, for all t' & {i, s}, there is at

K2

most one index l(; 5y € {1,...,n} such that l; 5 # s, qgls() #0 and qg() =0,
for all p" & {5,135}

The equivalence of (a) and (c) is proved in Section 2, and the equivalence
of the statements (a), (b), and (d) is proved in Section 3, where we also collect
basic facts on the algebras M (K') that are special biserial. In Corollary 3 we
show that dimgsoc(4, Aq) = dimgsoc(a,4y), for any biserial and basic algebra
Ay, =M (K). Moreover, we give an example of a non-biserial algebra A, such
that dimKsoc(Aqu) # dimgsoc(a, Ag).

Throughout this paper we use the standard terminology and notation in-
troduced in [1], [2], [3], [15], [L7]. Given a ring R with an identity element, we
denote by J(R) the Jacobson radical of R, and by mod(R) the category of finitely
generated right R-modules, and by pr(R) the full subcategory of mod(R) of
right projective R-modules. For any homomorphism h : M — N in mod(R),
we denote by Im h the image of h. Given n > 1, we denote by e;; the matrix
unit in M, (K) with 1 on the (¢, j) entry, end zeros elsewhere. We fix n > 2 and
we set

(3) Ay =MI(K)=e1A; & ... B e Ay,

for ¢ € ST,,(K). Obviously, e; = €11, ..., €, = ey, is a complete set of pairwise
orthogonal primitive idempotents of A,. We recall that A, is said to be basic, if
e;Ag # ejAgy, for i # j. The paper contains part of author’s doctoral disserta-
tion written in Department of Algebra and Geometry of Nicolaus Copernicus
University.

1. Preliminaries

Throughout, we use the notation M;;y and m;;y as defined in (2) and, given
A, N e ME(K), we often write simply A\ instead of A -4 .
Note that, in view of the definition (1) of -4, we have

X g { B e
J 0, otherwise,
Recall that a right module M over a ring R is called serial (or uniserial), if
M has a unique composition series, see [1].
The following lemma collects elementary properties of the algebra A, =
M4 (K) which we frequently use in the paper.
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Lemma 1. Assume thatn > 2, ¢ = [q 1)| |q"™] € ST,.(K) is a basic structure
matriz, Ay, = M4(K) and i,7,s € {1,...,n}.
(a) ersdg= > enK.
leEM(r o

(b) eirAy C eisAy if and only if qi(:) # 0. Moreover, e;y Ay # €544, for
r#£s.

(¢) If L is a right submodule of e;Aq, then L = e;;, Ag + ... + ey, Aq, for
some i1,...,1s € {1,...,n}. If, in addition, L is serial, then L = e;Aq, for
somet e {l,...,n}.

(d) A right ideal S of Ay is simple if and only if S has the form S = e, K
where e,s is a matriz unit such that r # s and qS =0, for alll # s.

(e) The Jacobson radical J(Ay) of Aq consists of all matrices X = [\;;] €
M, (K) such that A\y1 = ... = App = 0.

(f) Assume that q € ST, (K) is an arbitrary structure matriz. The algebra
A, is basic if and only if the matriz q satisfies the condition (S3).

Proof. (a) If X\ = Z)\jlejl € Ay, where \j; € K, then (4) implies

€rs 'q A= Z/\jlers q €jl = Z)‘slqu €rl = Z Aslqu €rl

lEM(T s)
and we get e,sA, Q > e K. The inverse inclusion holds, because the
ZEM(T’S)
equality (4) yields e,; = %ers ‘g €st, for all I € M, 5.

(b) By (a) and (4), we get q 7é 0 if and only if e;, A4 C e;5A,. This proves
the first part of (b). To prove the second part assume, to the contrary, that
r # s and e;Ag = ejsAg. Then, in view of (a), we have M(; ;) = M, ), and

consequently, we get the contradiction 0 # q1(7)q1(:) = ql(: ) (r) = 0, because of

(C2) and (C3). This finishes the proof of (b).
(c ) Assume that L is a right submodule of e;A,. If A € L, then A =

Z(Z ,u” e”) Ap, for some m > 1, p;; @) ¢ K and Ap [Ai’/’l),] € A,. Then,
p=1 j=
according to (4), we get

m n
= Z(Z Mgf)eij p g el = Z ZMEP))\jl qz([])ezla

p=1 j=1 p=1j=1

for any I € {1,...,n}. Hence, given [ such that A -, e; # 0, the element

€il = (ZZ (p))\jl qzl )\ "q €l

p=17=1
belongs to L, and consequently L = e;;, Ag + ... + €5, Ag, for some iy,...,is €
{1,...,n}. Hence, if L is serial, then the right modules
€iiy Ag, - .. yei, Ay form a chain and there is an index ¢ € {i1,...,is} such that

L= eitAq.
For the proof of (d), (e), and (f) we refer to [7]. O
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Recall from [1] that to any basic and connected finite dimensional K-algebra

A, with a complete set of primitive orthogonal idempotents {e1,ea, ..., e,}, we
associate the Gabriel quiver Q4 = (Qf', Q%) as follows, see [10]. The set
Q¢ = {1,...,n} is the set of points of Qa, which elements are in bijective
correspondence with the idempotents ey, es, ..., e,. Given two points 7, j € Q()“,

the arrows 3 : 4 — j in Qf' are in bijective correspondence with the vectors
in a fixed basis of the K-vector space e;[J(A)/J(A)?]e;j. The following simple
observation was made in [7, Corolary 2.20].

Lemma 2. Assume thatn > 2, ¢ = [¢M]...|¢"™] € ST, (K) is a basic structure
matriz and let Ay = MZ(K).
A

(a) Qy* ={1,...,n}.

(b) Giventi,j € QE)A", there exists an arrow i — j in Qf“ if and only if i # j
and ql(;) =0, for all v & {i,j}. In this case, there is a unique arrow B;; : i — j
that corresponds to the coset Ge;; € e;[J(Aq)/J(Ag)%lej of the matriz unit e;;.

(c) The quiver Qa, is connected and has no loops.

2. When A, = M{(K) is a biserial algebra?

One of the aims of this section is to give a characterisation of the right biserial
algebras M? (K) in terms of the coefficients of the structure matrix q.

Now, we describe serial submodules of the projective A,-modules e; A4, in
terms of the coefficients of ¢.

Lemma 3. Assume that K is a field, n > 2, ¢ = [¢V]...|¢"™)] € ST,.(K) is a
basic structure matriz, given i, € {1,...,n}. Let M(; ) be the set (2).

(a) A right Ag-module e;, Ay is serial if and only if there exists a bijection
T {L...,m .} = My such that the equality qg(l))

qg(j)) =0, forl <j and each p € {1,...,n}.

(b) A right Ag-module e; Ay is serial if and only if there exists a permutation

= 0 implies the equality

7:{1,...,n} = {1,...,n} such that the equality qg(l)) = 0 implies the equality
qg(j)) =0, forl <j and each p € {1,...,n}.

Proof. (a) Fixi,7 € {1,...,n}. Note that, by Lemma 1(a),(b), the module e;, 4,
is serial if and only if the submodules e;; A, of e;. Ay, with t € M, ), form a
chain, or equivalently (by Lemma 1(a)) if and only if there exists a bijection
T {_1, ooy Mi )} — My such that the equality qg(l))
ql(;(m =0, for [ < j and each p € {1,...,n}. Consequently, (a) follows.

(b) By applying (a) to e; = ey, we get e; A, = eyAy, mi ) = n and
My = {1,...,n}. Thus, by the arguments given above, e;A, is serial if
and only if there exists a permutation 7 : {1,...,n} — {1,...,n} such that
the equality qg(l)) = 0 implies the equality qg @) = 0, for I < j and each
pe{l,...,n}. O

= (0 implies the equality

In the following two lemmata we study the structure of the Jacobson radical
J(e;A,) of e; A, in terms of the coefficients of ¢.
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Lemma 4. Assume that K is a field, n > 2, ¢ = [¢]...|¢™)] € ST, (K) is a
basic structure matriz and i € {1,...,n}. Then the Jacobson radical J(e;A,) of
e;Aq is a direct sum of two serial proper submodules if and only if there are two
indices s < r such that the sets M; ), M(;ry (2) have the following properties:
o (Mg UMyl =n—1,
o the set M; o) N My is empty,
e there exist two bijections
T(i,s) ° {1,... ’m(i»s)} — M(i,s) and Tlir) {(1,(.[).). ,m(”)} — M(“«)

such that, given T € {7(i s, T(i.r)}, the equality q;,""" = 0 implies the equality

qi(;(])) =0, forl <j and each p € {1,...,n}.

Proof. Fix i € {1,...,n}. By Lemma 1(c), J(e;4,) is a direct sum of two
serial proper submodules if and only if there are two indices s < r such that
J(eiAy) = eisAq ® eir Ay and e;5 Ay, € A, are serial. According to Lemma 1(a),
eisAgNeiyr Ay = 0 if and only if the set M; o) VM, -y is empty. Moreover, by [1,
Proposition 4.5(c)| and Lemma 1(a),(e), we have J(e;A,) = e;sAq +eirAq if and
only if [M; sy UM(; ;)| = n—1. By Lemma 3(a), the right modules e;s A, €;r A4
are serial if and only if there exist two bijections 7(; ) : {1,... ,m(i’s)} — Mis
and 7, ¢ {1,...,m@m} — M,y such that, given 7 € {7(; 5,7} the
equality qg(l)) = 0 implies the equality ql(;(m =0, for I < j and each p €
{1,...,n}. Hence, the required equivalence follows. O

Lemma 5. Assume that K is a field, n > 2, g = [¢™V]...|¢"™] € ST,.(K) is a
basic structure matriz, given i € {1,...,n}. The Jacobson radical J(e;A,) of
eiA, is a sum of two serial submodules L' and L" such that L' N L" is a simple
module if and only if there are two indices s < r such that the sets M; g, M; )
(2) have the following properties:

o Moy UMiGpl=n—1,

o the set M; oy N Mi ) has precisely one element,

e there exist two bijections

T(i,s) + {17 s 7m(i,s)} - M(i,s) and T(ir) - {]-(a '(l')'),m(i,r)} - M(i,r)

such that, given T € {7(; ), T(s,m} the equality Lip = 0 implies the equality

qi(;(])) =0, forl <j and each p € {1,...,n}.

Proof. Fix i € {1,...,n}. By Lemma 1(c), there exist serial submodules L" and
L" of J(e;Ay) such that J(e;A,) = L' + L” and the module L' N L"” is simple
if and only if there exit two indices s < r such that J(e;Aq) = eisAq + €ir Ay,
the module e;sA, N e; A, is simple and e;5A4,, e;r A, are serial. According to
Lemma 1(a) and (d), the module e;s4, N e; A, is simple if and only the set
Mi,s) N Mg; ) has precisely one element. Hence the equivalence follows as in
the proof of Lemma 4. O

We recall from [9] that a finite dimensional K-algebra A is right (resp. left)
biserial if every indecomposable projective right (resp. left) A-module P is
serial, or the Jacobson radical J(P) of P is a sum of two serial submodules P;
and P, such that the module P; N P, is zero or simple. An algebra A is said to
be biserial, if it is both left and right biserial.
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The following corollary proves the equivalence of (a) and (c) in Theorem 1.

Corollary 1. Assume that K is a field, n > 2 and ¢ = [¢/V]...]¢"™)] € ST,,(K)
18 a basic structure matriz. Then the following conditions are equivalent.
(a) The algebra M2 (K) is right biserial.
(b) For each i€ {1,...,n}, at least one of the following two conditions is
satisfied:
(by) there exists a permutation ; : {1,...,n} = {1,...,n} such that

the equality ¢\"*®) gi(j)) =0, forl < j and each

pefl,....n}b,
(ba) there are two indices s; < r; such that the sets M 5.y, M,
have the following properties:
(b21) Mis) UMirpyl =n —1,
(bag) the set M; s,y M M,y is empty or has precisely one element,
(bas) there exist two bijections
T(iysi) - {1, . ,m(mi)} — M(Lsi) and (i) * {1, .. .,m(i,n)} — M(i,ﬁ:) such
(r(1)

ip

= 0 implies the equality q

that, given T € {T( s,): T(i,ry) }» the equality q

ql(;(j)) =0, forl <j and each p € {1,...,n}.

= 0 implies the equality

Proof. Apply |1, Corollary 5.17] and Lemmata 3, 4, and 5. O
As an immediate consequence of Corollary 1 we get the following corollary.

Corollary 2. Assume that ¢ € ST, (K) and G € ST, (K) is its (0,1)-limit in
the sense of [7]. The algebra A, is right biserial if and only if the algebra Ag is
right biserial.

3. Special biserial algebras M?(K)

In this section we study basic special biserial minor degenerations M4 (K) of
M., (K') and we prove that the algebra M4 (K) is right special biserial if and only
if the algebra M¢(K) is right biserial.

We recall from [18] (see also [16]) that a K-algebra of the form KQ/2, where
@ is an quiver and 2 is an admissible ideal of the path K-algebra K@ of @ is
called a right special biserial, if the following two conditions are satisfied:

(a) any vertex of @ is a starting point of at most two arrows, and

(b) given an arrow 8 : i — j in @, there is at most one arrow v : j — r in Q
such that Sy & €.

Lemma 6. Assume that K is a field, n > 2, ¢ = [¢V]...|¢™)] € ST, (K) is a
basic structure matriz and Ay = MZ(K). Let Q4, = (Q?“, Qf“) be the Gabriel
quiver of A, and i € {1,...,n} is viewed as a verter of Qa,.

(a) Ife;Ay is serial, then i is a starting point of precisely one arrow in Qa, -

(b) If J(e;Aq) = L'+ L", where L' # L" are serial proper submodules of
J(e;Aq) and the module L' N L" is simple or zero, then i is a starting point of
precisely two arrows in Qa, .

(c) If Aq is right biserial, then each vertex of Qa, is a starting point of at
most two arrows.
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Proof. Let Ay = M{(K) and let Qa, = (Qéﬂ@f“}. Fix 4,1 in Qg‘q such that
i # 1. Note that, by Lemma 1(e),(f), [1, Lemma I.4.2(a) | and [1, Appendix
3.5(b)], we have

(5) eiAger/e;J(Aq)?e; = Homy, (4, eiAq)/radir(Aq) (e1Aq,eiAy).

where radir( 4,) is the square of the Jacobson radical rady,(a,) of the category
pr(Ag). A homomorphism f : e;A; — e; A, is irreducible in the category pr(A4,) if
and only if f is a non-isomorphism and f ¢ radf)r( Aq)(elAq, e;Ag), or equivalently,
there is an arrow By :i — [ in Qa4,.

(a) Assume that the module e; A, is serial. Then J(e;A,) contains a unique
maximal submodule J(e;A,)’, the module J(e;A,)/J(e;Aq)" is simple and, hence,
the projective cover of J(e;A,) has the form b/ : e;A, — J(e;A,), for some
J # i. Moreover, the composite homomorphism h = (e; A4, N J(e;Aq) C eiAy) is
irreducible in pr(A,). To show it, assume to the contrary that h is not irreducible.
It follows that h € radf,r(Aq)(equ, e;A,). Hence, there are two non-zero non-
isomorphisms

equL>esAq—>eiAq,
for some s & {7, j}, such that " o f’ # 0. It follows that Im " C J(e; A,) and
there is g : e;Aq — €A, such that f” = ho g, that is, the diagram

h
ejAy —e; A,

N

esAyg,

is commutative. Hence, we get g o f’ # 0, because hogo f' = f” o f/ # 0. Since
0+# go f' € End(e;Ay) = K, then go f' = p - id, for some non-zero p € K. It
follows that f’ is an isomorphism and we get a contradiction. Consequently, A is
an irreducible homomorphism and there is an arrow 3;; : i — j in Qa4,.

Assume that there is an arrow f3;, : i — p in Q4, starting from i. Then
there is an irreducible homomorphism ¢’ : e, A, — ¢;A4, and, by the arguments
used earlier, there is a commutative diagram

h
ejA; —e;A,

S

epAyg,

It follows that w is an isomorphism and, hence, p = j and f3;, = 3;;. This finishes
the proof of (a).

(b) Assume that J(e;A,) = L' + L”, where L' # L" are serial proper
submodules of J(e;A4) and the module L' N L is simple or zero. One can show,
as in the proof of (a), that there are homomorphisms b’ : e; A, — J(e;A4) and
n' e Ag — J(eiAy), for some j # r (because dimg Hompg (e;A44,€,44) = 1),
such that the homomorphism (h', ") : ¢;A, ® e, Ag— L'+ L" = J(e;A,) is a
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projective cover of J(e;Aq) (because L' # L” are serial proper submodules of
J(e;A,)), and that the composite homomorphism

h=(e;A; ® e A, D = J(e;Aq) Ceidy)

is irreducible in pr(A4,). It follows that the composite homomorphisms o=
(ejA; — e;A; DerAy LN €idy), B = (e, Aq — e;A, ® e, A, i>eiAq) are irre-
ducible homomorphisms in pr(A,). Since j # r, then in view of the isomorphism
(5), the irreducible homomorphisms B and b correspond to two different arrows
Bij i — jand By 1 i — rin Q 4, starting from 7.

To finish the proof of (b), assume that there is an arrow Bj; : i — t in Qa,
starting from 7. Then there is an irreducible homomorphism ¢ : e, A, — €; 4,
and, by the arguments used earlier, there is a commutative diagram

ejA, ®erAy —t s eidy

Ny

etAq,

where v = (uj,u,) and u; : e, Ay — €jAq, up 2 e, Ay — e, A, Since g is irreducible
and 1/, b belong to the Jacobson radical of the category pr(A,), then one of the
maps u;, u, is an isomorphism, see [1, Appendix 3.5(b)|. If u; is an isomorphism,
then ¢t = j and B;; = Bi;. If w, is an isomorphism, then ¢ = r and B3 = B;,.. This
finishes the proof of (b).

Since (c) is a consequence of (a) and (b), the proof is complete. O

Now we describe the matrices ¢ € ST,,(K) such that the algebra MY (K) is
right special biserial.

Theorem 2. Assume that K is a field, n > 2 and ¢ = [¢V]...|¢™)] € ST, (K)
s a basic structure matrix. The following conditions are equivalent.
(a) The algebra M (K) is right biserial.
(b) The algebra MY (K) is right special biserial.
(¢) Foranyie€ {1,...,n}, each of the following two conditions is satisfied:
(c1) there is one or two indices r; € {1,...,n} such that r; # i and

qfiz =0, forallt & {i,r;},

(ca) for any s # i such that qg/) =0, for all t' & {i, s}, there is at
most one index l; sy € {1,...,n} such that l; 5 # s, ql(f()) #0 and qif(/i)vs) =0,
for all p" & {s,1(;,5)}

Proof. Let A = M4(K) and let Q4 = (Q4,Q4). By the proof of Gabriel’s
Theorem given in [1, Chapter III|, the map h : KQ 4 — A defined on arrows
Bij + i — j by the formula h(8;;) = e;; uniquely extends to a K-algebra surjective
homomorphism h : KQ4 — A, such that h(w) = qﬂiiqfffi e qx;l’l)eilil,
for any path w = Bi,i,0i4is - - - Bi,_,i,- Moreover, the ideal Q = Kerh is an
admissible and h induces a K-algebra isomorphism K@/ = A. Hence, in
view of the assumption that ¢ is the basic structure matrix, the ideal €2 contains
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the elements f;, Bi,s, - - - Bi,.i, for any cycle and the path 5;;5;r, if ql(lj/) =0,

for 4,4," € {1,...,n}. Throughout the proof, we view A as the bound quiver
algebra A = KQ, /9.

(a)=(b) Assume that A = M%(K) = KQ 4/ is right biserial. By Lemma
6(c), every vertex of @4 is a starting point of at most two arrows. It remains
to show that, for any arrow 3;; : ¢ — j in @4, there exists at most one arrow
Bjr +j — 7 in Q4 such that 3;;8;,. & €2, or equivalently, qw # 0.

If n = 2, then according to [7, Example 2.8] and Lemma 1(f), up to isomor-
phism, there exists precisely one basic algebra, namely the algebra A = KQ 4/,
given by the quiver

and the relations 120821 and [21812. Thus, in case n = 2, our claim follows.

If n = 3, then there are precisely five such algebras listed in 7, Theorem 4.1
|, up to isomorphism, and described by means of quivers with relations. A case
by case inspection shows that the implication (a)=(b) holds, for each of the five
algebras listed in [7, Theorem 4.1].

Assume that n > 4 and there exists an arrow §;; : 7 — j in Q4. Suppose, to
the contrary, that there exist two different arrows 8, : 7 — r and 3, : j = p
m QA such that BijBir & 2 and B;;B;p € Q. The arguments given above yield

qw # (0 and qZ 75 0. By our assumption and Lemma 2, q( P) _ ¢

jir = 4p =
we conclude that

aay) = aiy)asy) = 0 and ¢ a7 = qi g = 0,

= 0. Hence

because of (C2). Hence, in view of (C1), we get
(6) ¢ =q¢” =0and ¢} = ¢ =

It follows that there is no permutation 7; satisfying the condition (b;) of Corollary
1. Because A is a right biserial, for the algebra A the condition (by) of Corollary
1 is satisfied and we have two sets M ; ,), M ;) such that |M; s,y UM )
n — 1, for s; < r;. Hence we get j € M, ,,) or j € M(; ), because ¢ is basic.
Without loss of generality, we can assume that j € M, ,,). Thus by (2) and
Lemma 1(b), we have els A 2 e A D eWA and e;; A D e;pA. According to

Lemma 1(b), this implies q 75 0 and q 7é 0. Hence, in view of (6), the there
is no bijection 7(; s,y : {1,..., Mm@ s,)} — M(i,si) such that the condition (ba3) of
Corollary 1 is satisfied and we get a contradiction. Consequently, the algebra A,
with ¢ € ST,,(K) and n > 4 is right special biserial. This finishes the proof of
the implication (a)=(b).

The implication (b)=-(a) holds, for any basic algebra A, see [18, Lemma 1].

(b)<(c) Recall that A 2 KQ4/Q and fix i € {1,...,n}. By Lemma 2(b),
the condition (c¢p) is satisfied if and only if the vertex 7 in Q4 is a starting
point of at most two arrows in ) 4. Moreover, according to Lemma 2(b) and the
property Sii, Biyi, € 2, if q(zl =0, the condition (c3) is satisfied if and only if
for any arrow ;5 : ¢ — s in Q4 there is at most one arrow le(i)s) 28 = i
in Qa such that 8;sBq,, ., & Q2. Consequently, the equivalence of (b) and (c) is
proved and the proof is complete. O
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Note that, together with Corollary 1, Theorem 2 completes the proof of
Theorem 1. We recall from [18] that the implication (a)=(b) does not hold, for
arbitrary basic algebra.

Now we prove an interesting property of the socle of the algebras A, =
M4 (K). For this purpose, we recall from [7] that the transpose of ¢ € ST,,(K)
is defined to be the n-block matrix ¢*” = g = [¢V]. .. |g("™)], where gU) = [¢()]t
is the transpose of ¢U), for j =1,..., n.

Corollary 3. Assume that K is a field, n > 2 and the structure matrix q =
[qV]...|¢"™] € ST, (K) is basic. If the algebra A, = MY(K) is biserial, then
dimKsoc(Aqu) = dimgsoc(a,Aq)-

Proof. Assume that n > 2, ¢ = [¢V)]...|¢(™)] € ST,,(K) is basic and the algebra
A, =M, (K) is biserial. It follows from Lemma 1(d) that

(7) dimgsoc(ejA4,) € {1,2},

for any j € {1,...,n} Note that, according to [7, Lemma 2.15(a)], there is an
algebra isomorphism (A,)°? =2 Ager. It follows that the algebra Ag:- is biserial
and, by (7), we have

(8) dimgsoc(Aqe;) € {1, 2},

for any j € {1,...,n}.

Fix j € {1,...,n}. First, we prove that, dimg soc(Aqe;) = 1, if soc(e; A4) =
e;; I, for some i € {1,...,n}. Assume that soc(ejA,) = e;; K, for some i €
{1,...,n}. Then, by Lemma 1(b), we get qj(»f) #0, forall s € {1,...,n}. Moreover,
the definition of ¢! yields (q”)l(;) # 0, for each s € {1,...,n}.

The condition (C1) yields the equality (qtr)gz) =1, for each s € {1,...,n}.
Hence and from Lemma 1(d), we conclude that the equality (q”)%) =0, forp#j
holds only for j € {1,...,n}. Equivalently, by Lemma 1(d) and the isomorphism
(Ag)°P = Ager, we have dimgsoc(Age;) = dimgsoc(e;Agr) = 1.

In the sequel, we denote by 12 (resp. []') the number of indecomposable
projective right (resp. left) A,-modules of the form e;A, (resp. Age;) with
simple socle. Note that, if e;A, 2 e,y A, and the modules soc(e;Ay), soc(ey Aq)
are simple, then soc(e A,) % soc(ey A,), because the modules e;4,, e, A, are
injective. .

By the argument applied above and Lemma 1(f), we obtain I < [} and 2 <
l?”. Since, in view of the isomorphism (A4,)% = Ager, we have I} = 19" and
19 = lf”, then [} < 14, that is, [2 = []. Because Aqe; @ ... ® Age, = Ay =
1Ay ® ... D e, Ay and 19 = [}, then the formulae (7) and (8) yield the required
equality dimgsoc(a,4,) = dimKsoc(Aqu). O

We end the paper by an example of a non-biserial basic minor degeneration
Agq of M, (K) such that dimgsoc(a,Aq) # dimKsoc(Aqu).

Example 1. Assume that n = 4 and let A, = MJ(K) is given by the basic
structure matrix
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1111 0100 0010 0001
_ {1011 1111 0010 0001
9= 1000 0100 1111 0001
1000 0100 0010 1111

It follows from Lemma 1(d) that we have

soc(e1dy) = e1nK @ e1sK @ ey K,

soc(eady) = eas K @ ean K,

SOC(egAq) =e31K @ ez K @ ezs K, and

soc(esdy) = enn K @ eqo K ® eg3 KK
and hence dimKsoc(Aqu) = 11. Moreover, in view of (7), the algebra A, is
not biserial, because dimg soc(e; Aq) = 3. On the other hand, since the algebra
Agir 2 AP is given by the structure matrix

1111 0100 0010 0001
»  |1000 1111 0010 0001
7 = 11100 0100 1111 0001

1100 0100 0010 1111

we get

soc(eAgir) = 12K @ e13K @ e14 K,

soc(egAgir) = €1 K @ e K @ e K,

soc(ezAgir) = e30K @ e34 K,

soc(egAgir) = €10 K @ eg3K.
This shows that the dimension of the left socle of the algebra A, equals
dimgsoc(a,Aq) = dimKsoc(Aquq") = 10. Consequently, we have shown that

dimKsoc(Aqu) # dimgsoc(a, Aq).
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