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Preradicals and characteristic submodules:
connections and operations

A. 1. Kashu

ABSTRACT. Foran arbitrary module M € R-Mod the relation
between the lattice L"(, M) of characteristic (fully invariant) sub-
modules of M and big lattice R-pr of preradicals of R-Mod is studied.
Some isomorphic images of L" (rM) in R-pr are constructed. Using
the product and coproduct in R-pr four operations in the lattice
L (rM) are defined. Some properties of these operations are shown
and their relations with the lattice operations in L"(,M) are in-
vestigated. As application the case p M = zR is mentioned, when
L"(4R) is the lattice of two-sided ideals of ring R.

Introduction

Let R be a ring with unity and R-Mod denote the category of unitary left
R-modules. We denote by R-pr the class of all preradicals of the category
R-Mod. The ordinary operations of meet and join of preradicals transform
R-pr into a big lattice, which was studied in a series of works (see, for
example, [1]-[4]).

For an arbitrary module zM € R-Mod, in the lattice L(zM) of all
submodules of M we distinguish the sublattice L"(z M) of characteristic
(fully invariant) submodules with the order relation ,, C” (inclusion) and
the lattice operations ,,N” (intersection) and ,, +” (sum).

The aim of this work is to clarify connection between the lattice
L (M) of characteristic submodules of an arbitrary module ;M and
the big lattice R-pr of preradicals of R-Mod, as well as the application of
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obtained results to introducing four operations in L"(,M). For that the
following mappings are used:

oM L(yM) — R-pr, N — al,
WM LM(uM) — R-pr, N — WY,

where alf and w} are the preradicals of R-pr defined by the rules:

M RX Z f M RX m f

fTM—X f:X—>M

for every module X € R-Mod (see: |1, 4, 5]).
The mappings o™ and w* define the bijections:

ch aM o ch
LM (M) 2= AM = {a | N € L (M)},

h w h
LM (M) == 2™ = {w) | N € L (s M)},

which can be transformed in the lattice isomorphisms. Moreover, the
equivalence relation 2,, defined in R-pr by the rule

r=y s<sr(M)=s(M)

determines the factor-lattice R—pr/ &~,,= I" which is isomorphic to
the lattice L"(,M) and consists of the equivalence classes of the form
IM = [, w¥], where N € L"(,M) and [a}, w] is the interval in R-pr
containing all preradicals between o) and wy . So we have:

LM(,M) = AM = Q" =" (=R-pr/=, ) (Proposition 2.3).

It is proved that the join of preradicals in the lattice A coincides
with their join in R-pr, and the meet of preradicals in 2" coincides with
their meet in R-pr (Propositions 2.4, 2.5).

Using the relations between LCh( rM) and R-pr (the mappings o™
and w"), as well as the product and coproduct in R-pr, four operations
in L (M) are defined:

1) a-product: K- N = a¥ay(M);
2) w-product: K& N = wlwl(M);
3) a-coproduct: (N:K) = (a¥:ad)(M);
4) w-coproduct: (N ® K) = (wi: wK)(M),

for every characteristic submodules K, N € L*(,M).
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Properties of these operations are studied and some relations between
them and lattice operations of L"(zM) are shown. For example, it is
proved that a-product is left distributive with respect to sum, w-product
is left distributive with respect to intersection, a-coproduct is right dis-
tributive with respect to sum, and w-coproduct is right distributive with
respect to intersection (Propositions 3.3, 3.4, 4.3, 4.4).

The case kM = R is studied, i.e. when L (,R) is the lattice of
two-sided ideals of the ring R: the mappings a* and w” are specified, as
well as the respective operations (two of them coincide with the ordinary
product and sum of ideals).

1. Preliminary notions and results

In this auxiliary section we remind some notions and results necessary for
the basic material.

Let R be an arbitrary ring with unity and R-Mod is the category
of unitary left R-modules. A preradical r of the category R-Mod is a
subfunctor of identity functor, i.e. r is a function which associates to every
module M € R-Mod a submodule (M) C M such that f (r(M)) C r(M')
for every R-morphism f : M — M’. We denote by R-pr the class of all
preradicals of the category R-Mod. The order relation ,, <” in R-pr is
defined as follows:

r<s&er(M)Cs(M)

for every M € R-Mod.
The operations ,, A” (meet) and ,, V" (join) in R-pr are defined by the
rules:

(A ra)M) = (Vra(M),  (\ ra) (M) = ra(M)

ael ae ael ae

for every family {ro|a € A} C R-pr and M € R-Mod.

Then R-pr (A,V) has the ordinary properties of lattices with the
difference that R-pr is not necessarily a set, and so it is called a big lattice.
This lattice was studied from different points of view in a series of works,
for example in [1]-[4].

Besides the lattice operations in R-pr an important role is played by
the following two operations r - s and (r : s) (product and coproduct of
preradicals), which are defined by the rules:

(res)(M)=r(s(M)),  [(r:s)(M)]/r(M)=s(M [r(M)),

for every r,s € R-pr and M € R-Mod. Some properties and applications
of these operations can be found in [1], [4], etc. In particular, is true
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Lemma 1.1 ([1], p.36; [4], Theorem 8). For every preradicals of R-pr the
following relations hold:

(a) ( A ra)-sz A (ra-s);

ac acd

(@ (r:(V sa)) =V (r:sa). O

Every preradical r € R-pr defines the following two classes of modules:
R(r) ={M € R-Mod|r(M) = M} is the class of r-torsion modules,

P(r) = {M € R-Mod|r(M) = 0} is the class of r-torsionfree modules.
For some types of preradicals these classes restore the preradical r

([1-13D)-

A preradical r € R-pr is called:

- idempotent if r(r(M)) = r(M) for every M € R-Mod;

- radical if r(M /r(M)) = 0 for every M € R-Mod;

- hereditary if r(N) =N N r(M) for every N C M € R-Mod,

- cohereditary if r(M / N) = (r(M)+ N) / N for every N C M € R-
Mod.

Now we remind some standard methods of the construction of some
preradicals by a module M € R-Mod or by an ideal I of the ring R.

For a fixed module M € R-Mod we can define an idempotent preradical
r™ by the rule:

MX)= Y Imf

fiM X

for every module X € R-Mod (i.e. 7" (X) is the trace of M in X). This
idempotent preradical is defined by the class of modules generated by
module M:

R(r") = Gen(gM) =

— {X € R-Mod|3epi 3> My — X — 0, My =M} ([1]-[3).
ac

Dually, the module M € R-Mod defines a radical r,; by the rule:

ru(X) = ﬂ Ker f,

fiX oM
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for every module X € R-Mod (i.e. 7, (X) is the reject of M in X). It is
determined by the class of modules cogenerated by M:

P(ry) = Cog(gkM) =

={X € R-Mod|3mono 0 - X — [[ M, My = M}.
ael

Further, if an ideal I of ring R is fixed, then some associated preradicals
are known, in particular:

- idempotent radical v*, determined by the class

R(r') ={aX | IX = X};
- torsion (hereditary radical) r; such that

Plrr) ={xX |Iz =0= 2z =0}
- pretorsion (hereditary preradical) r(; such that

R (ray) = {rX ‘ IX =0} ierp(X)={reX | Iz =0}
- cohereditary radical r" with

Pr) = {pX|IX =0}, ie. rD(X) = IX (see: [1, 3, 7]).

Let M be an arbitrary R-module and L(zM) be the lattice of its
submodules. A submodule N € L(zM) is called characteristic (or fully
invariant) in M if f(N) C N for every R-endomorphism f: M — zM.
This means that N is an R-S-subbimodule of bimodule M, where
S = End(zM). We denote by L (,M) the set of all characteristic
submodules of ;M (0, M € L"(;M)). It is clear that the intersection and
the sum of characteristic submodules are submodules of the same type,
so LMz M) (C, N, +) is a complete sublatice of L(zM).

The following well known fact shows the relation between the charac-
teristic submodules of z M and preradicals of R-pr (see: [1, 4], etc.).

Lemma 1.2. A submodule N € L(zM) is characteristic in xM if and
only if N = r(M) for some preradical r € R-pr. O

For a characteristic submodule N € L (M) many preradicals r € R-
pr with NV = r(M) can exist. To describe all preradicals with this property
we use the preradicals o)/ and wl', defined by the rules:

af(X)= Y FN), W)= (] )

fiM— X XM

for every X € R-Mod (see: [4]-[6]; in [1] these preradicals are defined for
every N € L(zM) and are denoted by tyca) and tV<M)| respectively).

For every N € L"(;M) the relation o < w is true. Moreover, the
following fact is proved (see |1, 4], etc.).
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Lemma 1.3. Let ;M be a fited module and N € L"(,M). A preradical
r € R-pr has the property r(M) = N if and only if r belongs to the
interval IN = [ad], W] of R-pr. O

So aif is the least among the preradicals r of R-pr with (M) = N
and w)' is the greatest among such preradicals.

We remark that the similar results as in Lemmas 1.2 and 1.3 for special
types of preradicals (pretorsions, torsions, etc.) were obtained in [1, 8.

2. The relation between the lattices L (M) and R-pr

We fix an arbitrary module M € R-Mod and consider the lattice L (M)
of characteristic submodules of M. Using the indicated above construc-
tions, we obtain the mappings:

oM L(yM) — R-pr, N = ay,

WM LN(uM) — R-pr, N — wi.

We denote the images of these mappings as follows:
AM =Im(a™) = {ad | N € L (M)},

M = Im (w") = {w) | N € L"(,M)}.
From the definitions of preradicals ay/ and wy immediately follows

Lemma 2.1. The mappings o™ and w™ are isotone, i.e. they preserve
the order relation:

NCK=ay <ay, wy<wlO

We denote by 0 and 1 the trivial preradicals of R-pr, i.e. 0(X) =0
and 1(X) = X, for every X € R-Mod. From the definitions it follows that
if N =0, then ayy = o' = 0 and wy = wy’ = ry, where 7, is the radical
defined by ry(X) = ﬂ Ker f (see Section 1).

f:X—>M
In the other extreme case when N = M we have:

a) aht = r™ where " is the idempotent preradical defined by
r™(X)= Y. Imf (see Section 1);

fiM—X
b) wif = 1.
So we obtain
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Lemma 2.2. For every module M € R-Mod the following relations hold:

M __ M __ .M.
1) o =0,0; =r";

\V]

) wy =ra,wh =1,
) AM C 0, rM] C R-pr;
) 2V Cruy, 1] € R-pr. O

w

4

From the deﬁnitions it is clear that if N, K € L**(zM) and N # K,
then ay # ayf, therefore we have the bijection

LM (M) — AM, N — o,

Since N C K if and only if o) < o, the set A (<) can be
transformed in a lattice such that for elements o, oY € A™ the meet is
ann and the join is oy, . Hence the indicated bijection becomes the
lattice isomorphism: L (M) =2 AM.

Similarly, the mapping w" determined a bijection from L(,M)
into .QM and the set 2" can be transformed in a lattice such that for
WM WM e M the meet will be wy~x and the join will be wy x . So we
have the lattice isomorphism: L (M) = 2.

From the foregoing it follows that there exists one more possibility
to obtain in R-pr a lattice isomorphic to L"(xM). For the fixed module
M € R-Mod we define in R-pr the equivalence relation =,, as follows:

r =y s<:>’I"(M) :S(M)a

where r, s € R-pr. Then the lattice R-pr is divided into equivalence classes,
which by Lemma 1.3 have the form of intervals J3. We denote:

= Rpr/ 2= {IN¥ = [a¥, w)]| N € L(.M)}.
On this set the order relation is defined by the rule:
IN<THe o <al e wY <wle NCK,

where N, K € L"(zM). In particular, the least elements of I is the
interval [0, 7] of R-pr, and the greatest element is the interval [, 1]
(see Lemma 2.2).

By the definitions it follows that the set I (<) can be transformed
into a lattice by the operations:

jl\/I /\ jM _ j]\l jILI \/ JIVI _ jM

NNK>» N+K *

Thus the mapping N — J} defines a bijection which becomes the lattice
isomorphism: L (,M) = I,
Totalizing the previous considerations we have
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Proposition 2.3. For every module M € R-Mod the following lattices
are isomorphic:

LM(,M), AM, QY I = Rpr/=, .0

We remark that for elements of A and 2" besides the lattice opera-
tions defined above, we have the operations ,, A” and ,,V” in the lattice
R-pr, the results of which not necessarily belong to A" or 2. Now we
will compare these operations between them.

For the lattice A" we have

Proposition 2.4. Let M be an arbitrary R-module. For every character-
istic submodules N, K € L"(xM) we have the relation:

M — M M
Ay = Oy V Qe
i.e. the join in AM coincides with the join in R-pr. Furthermore, aX . <
M M M M M
oy Nay and ay Aoyl € Ty k.

Proof. For submodules N, K € L"(;M) by definitions we have:
(o Vayr) (M) =ay(M)+al (M) =N+ K,
hence o) V off € TN, = [aN o, Wi, k] and so ) V apf > a), ..
On the other hand, since the mapping o is isotone, we have alf Vv
ay < ay., and so we obtain ay V aj = ay, .. Also by the fact
that o™ is isotone it follows aX .. < a¥ A a} . Since (ay A al) (M) =
ax (M) N ay (M) = N N K, we obtain that ayy A aif € I . O

Now we study the same question for the lattice £2*.

Proposition 2.5. For every characteristic submodules N, K € L (M)

1s true the relation:

M M M
wNF‘IK - O')N N wK ’
i.e. the meet in 2™ coincides with the meet in R-pr. Furthermore, wy, ,, >

M M M M M
wy Vwy and wy V wy € Iy, ..

Proof. Since (wif Awpl) (M) = wy (M) Nwi (M) = NN K, we have

Wi A wi e TN = [aNAks Whagls therefore wy o > wi' A wyf. The
inverse inclusion follows from isotony of w®, which implies also the last
statement of proposition. O

Example. If ;M is ch-simple, i.e. L"(,M) = {0, M}, then I =
{357, 935}, where J§" = [0, ry], 37 = [r™, 1], and R-pr = J)" U 73,
AM = {0, rM}, QM = {rM 1},
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3. Operations in LCh(RM) defined by the product in R-pr

The relation between the lattices L"( M) and R-pr, indicated in Section 2,
will be utilized to define some operations in LCh( rM) with the help of
product and coproduct in R-pr. In this section we consider the operations
in L"(z M) which are obtained by the product in R-pr.

Since we fix the module M € R-mod, in the rest of this paper for
simplicity we will omit the index M in the notations a/, w¥, etc. As was
mentioned above (Section 1) the product in R-pr is defined by (r-s)(M) =
r(s(M)) and among the properties we remind that 7-s <r A's and are
true the relations:

( A Ta) 5= N (ra-s), ( V 7"&> cs= \ (rqo-s) (Lemma 1.1).
ac ac ac acl
Definition 1. For every characteristic submodules K, N € L"(x M) we
define:
ie. K-N= 5 f(K). The submodule K - N will be called cc-product
f:M—N

of submodules K and N in L (M).

Definition 2. For every characteristic submodules K, N € L*(x M) we

define:
cfine KON =wgwy(M) = we(N),

ie. KON = [\ f YN). The submodule K ® N will be called w-

FiN—M

product of submodules K and N in L"(zM).

From the definitions it is obvious that K - N and K ® N are charac-
teristic submodules in zM. For every K € LCh(RM) we have ax < wyg,
therefore ax(N) C wi(N), i.e. K- N C K ® N. Since the mapping w™ is
isotone, from N C M it follows:

KON =wg(N) Cwxg(M) =K,
and by Definition 2 K ® N = wg(N) C N. So we obtain:
K- NCKONCKNN
for every submodules K, N € L"(,M).
Now we consider some particular cases.
a) If KN N =0 (for example, if K =0 or N =0), then
K- N=KoN=0.
b) If K = M, then since a), = r™ and w,; = 1 (Lemma 2.2) we have:
M- N =ay(N)=r"(N)= > f(M);

f:M—>N
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M ®N =wy(N)=1(N) =N,
for every N € L (,M).
c) If N = M, then:
K- -M=ar(M)=K,
KoOM=wc(M)=K,
for every K € L"(,M).
Totalizing these observations we have

Lemma 3.1. 1) For every submodules K, N € L"(,M) the following

relations are true:
K-NCKoeNCKNN;

2)K-N=KGoN=0,if K=0or N=0;
3) K-M=K®M =K for every K € L"(,M);
4) M-N=r™(N),M®N =N for every N € L(,M). O

From Definitions 1 and 2 and since the mappings o™ and w™ are
isotone (Lemma 2.1) we obtain

Lemma 3.2. The operations ,,-” and ,,® ” of Definitions 1 and 2 are
monotone in both variables:

KiCKy=Ki-NCKy-N, KGN C Ky©®N;
NiCNy=K N CK-Nyy K©Ny CK® Ns. O

Remark. In the paper [5] the product K - N is used for the study of
prime modules and prime preradicals.

In continuation we will investigate the concordance of introduced
operations ,,-” and ,, ®” in L"(, M) with the lattice operations , N” and
,,+ 7 in this lattice.

For the operation ,,-” of L"(zM) we have

Proposition 3.3. For every submodules K1, Ko, N € L*(,M) the fol-
lowing relation is true:

(K1+K2)N:(K1N)+(K2N),

i.e. the a-product is left distributive with respect to the sum of characteristic
submodules.

Proof. By Proposition 2.4 oy, 4x, = ag, V ag,, therefore
(Kl + KQ) N = aK1+K2(N) = (aK1 v aKz)(N) =
:aKl(N)+OéK2(N) = (Kl-N)—l- (KQN)
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A similar result takes place for the operation ,, ®” of L (;M).

Proposition 3.4. For every submodules K1, Ko, N € L*(,M) the fol-
lowing relation s true:

(KlﬂKg)QN:(K1®N)ﬁ(K2®N),

i.e. the w-product is left distributive with respect to the intersection of
characteristic submodules.

Proof. From Proposition 2.5 it follows wx,nx, = Wk, A wk,, hence
(K1 NK2) ON = wg,nr, (V) = (Wi, Awi,) (V) =
= wi, (V) Nwg, (N) = (K1 © N) N (K2 © N). O
As to the other possible relations of such types, from Lemma 3.2 follows

Proposition 3.5. In the lattice L"(,M) the following inclusions are
true:

1) K-(Ni+N2) 2 (K-Np)+ (K- Ny

2) KO(N1+N2) 2 (KON)+ (KN,

3) K-(NiNNy)  C (K-Ny)n (K- Na);

4) KO (NiNNz) C (KON)N(KONy);

5 (KinkKz)-N C (Ki-N)N(Kz-N);

6) (Ki+K2)ON 2 (KiON)+(K20N). U

4. Operations in L (,M) defined by the coproduct in R-pr

By analogy with the previous case now we will use the coproduct in R-pr
to define two operations in L (;M). As we mentioned in Section 1, the
coproduct (r: s) in R-pr is defined by [(r: s)(X)] /r(X) =5 (X /r(X))
for every X € R-Mod. It is known that (r : s) > r + s and the following
relations hold:

(r:( /\ sa>>: /\(r:sa), (r:( \/ sa)>: \/ (r:sq) (Lemma 1.1).

ac? acd ac ac

As before we fix the module M and consider the lattice L"(,M) of
characteristic submodules of M.

Definition 3. For every submodules N, K € L"(,M) we define:
(N:K)=(ay:ag)(M),
iie. (N:K)/N=ax(M/N)= Y  f(K), or
f:M— M/N

(N : K) = 7' (ax(M /N)), where m : M — M /N is the natural
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epimorphism. The submodule (N : K) will be called a-coproduct of
submodules N and K in L"(zxM).
Definition 4. For every submodules N, K € L"(,M) we define:

(N O K) = (wy : wk) (M),

ie.(N®O K)/N=wx(M/N)= [ [ K), or

f:M/N—M
(NO K) =7 (wg(M /N)), where 7 : M — M /N is the natural
epimorphism. The submodule (N ® K) will be called w-coproduct of
submodules N and K in L"(zM).

Obviously (N : K), (N ® K) € L(xM) and since oy < wy we
have ax(M /N) C wx(M /N),so (N : K) C (N ® K). Moreover,
from Definition 3 it follows that if we distinguish among all R-morphism
f:M—->M / N the natural epimorphism 7 : M — M / N, then we have:

ax(M/N)= ¥ f(K)2m(K)=(K+N)/N,

fiM = M/N
therefore (N @ K)=n""(ax(M /N)) O K + N. So we have:
N+KC(N:K)C(NO K)
for every N, K € L"(xM).

We consider the defined operations for some extremal cases.

a) If N+ K = M (for example, N = M or K = M), then
(N:K)=(N® K)= M. So we have:

(M:K)=M,(M® K)=M, (N:M)=M,(N® M) =M for
every K, N € L"(xM).

b) If N = 0, then
(0:K) =71 (ax(M /0)) = ax(M) = K;

00 K)=n"(wg(M/0)) =wx(M) =K.

c) If K =0, then since ap = 0 and wp = 7, (Lemma 2.2) we obtain:
(N:0)=7m"1(ag(M /N))=n"1(0(M /N)) =a"10) = N;
(NOO0)=a'(w(M/N))=a"1(ru(M/N)), ie.
(N®0)/N=ry(M/N).

Unifying these remarks we have
Lemma 4.1. 1) For every N, K € L"(xM) the following relations hold:
N+KC(N:K)C (N O K);
) (N:K)=(N® K)=M, if N=M or K = M;

3) (0: K)= (00 K) =K for every K € L°"(,M);
4) (N ® 0)/N =ry(M /N) for every N € L (o M). O
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From Definitions 3 and 4 follows

Lemma 4.2. The operations ,,:” and 7 in L°"(x M) are monotone in
both variables:

N1§N2:>(N1:K)§(N2:K), (Nl@K)Q(NQ@K),

K1§K2:>(N:K1)Q(N:K2), (N@Kl)g(N@Kg) O

Remark. In the paper [6] the submodule (N ® K) is used for the defi-
nition of coprime submodule and for the study of coprime preradicals.

Similarly to Propositions 3.3 and 3.4 for the a-coproduct and w-
coproduct some properties of distributivity can be shown.

Proposition 4.3. For every submodules N, K1, Ko € L"(,M) the fol-
lowing relation hold:

(N : (Kl + KQ)) = (N : K1) + (N : Kg),
i.e. the a-coproduct is right distributive with respect to the sum of charac-
teristic submodules.

Proof. By Proposition 2.4 we have a1 x, = ok, V ag, and from Lemma
1.1 it follows:

(aN (o, V ozKZ)) = (an :0g,) V (an @ ag,).
Therefore:

(N : (K14 K3)) = (on : ayimy) (M) = (ay ¢ (0 Vag,)) (M) =
= [(an ag,) V(ay tag,) (M) = (ay : ag ) (M) + (ay = ag,) (M) =
= (N:K))+ (N : Ko). -

Proposition 4.4. For every submodules N, Ky, Ko € L"(,M) the fol-
lowing relation holds:

(N ® (Kl ﬂKQ)) = (N ©) Kl) N (N ® KQ),
1.e. the w-coproduct is right distributive with respect to the intersection of
characteristic submodules.

Proof. Applying Proposition 2.5 we have wy,~x, = wg, N wg, and by
Lemma 1.1 (wN (wr, /\wK2)) = (wn Wi, ) A (Wy : wg,). Consequently

(N (K1NK2)) = (Wn : Wryniy) (M) = [wy : (Wi, Awi,)|(M) =
= [(wy 1 wry) A (Wi 2 wiy)](M) = (Wi 2 wiey ) (M) N (wy 2 wiy) (M) =

=(N O Ki)N(N ® Ka). O
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In the other possible cases we obtain only inclusions, which follows
from Lemma 4.2.

Proposition 4.5. In the lattice L" (M) the following relations hold:
1) (N: (KlﬂKg)) (N:Kl)ﬂ(NZKQ);

N

2)(N O (Ki+Ks)) 2 (NGO Ki)+ (NGO Ky);

3)((N1NNy): K) C (Ni:K)Nn(N2: K);
4((NMNN2) @ K) S (N1 @ K)N(N2 ©@ K);

5)((N1 +N3): K) 2 (N1:K)+(Ny: K);

6) (N1 +N2) ® K) 2 (N1 @ K)+ (N2 © K). O

Remark. The Propositions 3.3, 3.4, 4.3, 4.4 are true for arbitrary inter-

sections [ K, and sums )Y K, of characteristic submodules.
aell acl

We complete this section by some remarks on the arrangement (recip-
rocal position) of some preradicals in R-pr, related by the defined above
operations in L (,M).

1) If N, K € L"(xM) then we have ay ay € R-pr, the submodule
K - N = agay(M) and corresponding preradical ax.y € R-pr.
From definition a .y < ax ay and these preradicals belong to the
equivalence class Jx. 5 . From the relations K- N C KON CNNK
if follows ap.n < ageon < annx and since o™ is isotone we have
Onnr < Oy A ag.

2) Submodules N, K € L (M) define the submodule K ® N =
wg wy (M) and the preradical wi oy € R-pr. We have wyx wy, wxon €
Jkon, SO Wrkon = Wk wy. From the same relations K- N C K ©®
N C KN N if follows wx.ny < wroy < wiany = wy A wg (by
Proposition 2.5).

3) Similarly, if N, K € L*(,M) we have (N : K) = (ay : ax)(M)
and preradical o y.x) € R-pr. Since an.xy, (ay : ag) € Jinuxy, We
obtain an.x) < (ay : ag). Using the relations N + K C (N : K) C
(N ® K) and Proposition 2.4, we have ay Vag = anix < qvigy <
AN O K)-

4) Finally, submodules N, K € L"(,M) define the submodule (N @ K) =
(wy : wg) (M) and preradical w y g ) € R-pr. We have wy g x) >
(wy * wk) € I v k). From the same relations N + K C (N :
K) C (N ® K) if follows wyix < wivk) < Wi k) and since w™
is isotone we have wy V wr < Wy k-
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5. The case ;M =R

Now we specify briefly the situation when M =R, i.e. when LCh( rR) is

the lattice of two-sided ideals of the ring R. We show the relation between

LCh( rR) and R-pr, as well as the operations introduced above by the
mappings o™ and w™ | using the product and coproduct in R-pr.

For ideal I = 0 we have oy = 0 and wg = 713, where 17z(X) =

(| Kerf for every X € R-Mod, i.e. r; is the radical cogenerated

f:X—>R
by the module xR (i.e. P(rz) = Cog (rR)).

In the other extreme case when I = R we have ay = r® = 1, since
rR is a generator of R-Mod:

R(rf) = Gen(zrR) = R-Mod.

From the other hand, wy = 1 and so wr = ap, therefore in the lattice
I" = R-pr/ =, the least element is the interval [0, ;] and the greatest
element is the degenerated interval Jz, consisting of one preradical: ay =
wr = 1.

Every ideal I € L"(,R) determines in the lattice I™ = R-pr/ =,
the equivalence class J; = [ay, w;]. We concretize these preradicals. By
definition a;(X) = > f(I) for every X € R-Mod. The isomorphism

fiR—X
Hompg(zR, zX) =5 X show that every R-morphism f: R — ;X has
the form f, : gkR — zX, where x € X and f,(r) = rx for every r € R,
so fz(I) = Ix. Thus we obtain:

w(X)= ¥ fI)= X Iz =IX.

:R—X TEX
In such way «; coincides Witfh the cohereditary radical v, defined by the
class of modules
P(r) ={X € R-Mod|IX =0} (see Section 1).
From the other hand, the preradical w; by definition acts as follows:
w(X)= (1 [0 ={reX|f(@) € IV[: xX - R}

fiIX—R
for every X € R-Mod.

Now we show what the defined above four operations represent in the
case of the lattice L"(,R).

a) The a-product in L"(zR).

If J, I € L"(xR) then by definition J - I = a,(I) = 3. f(J) for all
R-morphisms f: R — gI. We apply again the canonical isomorphism
rl = Hompg(R,I), representing every f : zR — xI in the form f; :
xR — gI, where i € I and f;(r) = ri for every r € R, so f;(J) = Ji.
Therefore

JoI=Y fi(J)= X Ji=JI,
i€l i€l
where JI is the ordinary product of ideals in R. So we have the following
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conclusion: a-product in L"(zR) coincides with the ordinary product of
ideals in R.

b) The w-product in L (zR).

By the definition of operation ,, ®” for ideals J, I € L*"(zR) we have:

Jol=w,xI)= N fYJ) :{iEI‘f(z') eJVf: gl — R}

f:I—R

By previous results it follows that JI =J -1 CJ®I C JNI and from
Proposition 3.4 we have: (J1NJy) © 1 = (J; ©I)N (Jo @ I). Since the
mapping w’ is isotone we obtain the inclusions similar to relations of
Proposition 3.5.

¢) The a-coproduct in L (zR).

For ideals I, J € L (zR) by definition we have (I : J) = (a; :
a,)(rR),ie. (I:J)/I=a,R/I)=3 f(J)forall f: zR— z(R/I).
By the isomorphism Hompg(R, R / I) we can represent every R-morphism
f: rR— R(R/I) in the form f,,;: grR — R(R/I),Where z+1 € R/I
and f,,;(r) = r(z + I) for every r € R. Since f,;(J) = J(x + 1), we
obtain:

D)1= S fould)= © Ja+1)=
z+IER/I z+IER/I
=J(R/I)=UJR+I)/I=(J+1)/1,
therefore (I :.J) = I 4 J. So the a-coproduct in L"(xR) coincides with
the sum of ideals of R.
d) The w-coproduct in L"(zR).
If I, J € L"(xR) then by definition we have:
10 )= w)R == N W),
f:R/I—>R
where f: z(R/I) — RR are R-morphism and 7 : zR — (R /1) is
the natural epimorphism. In other form:
(IQ®J)={reR|f(r+I)eJVf: x(R/I) — R}
From general results we have I +J = (1 : J) C (I ® J) and
(I ® (Jl N Jg)) = (I ® Jl) N (I ® JQ).

So in the case ykM = R R two operations coincide with product and
sum of ideals, having two new operations which can present interest for
further investigations.
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