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The groups whose cyclic subgroups
are either ascendant or almost self-normalizing
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ABSTRACT. The main result of this paper shows a description
of locally finite groups, whose cyclic subgroups are either almost self-
normalizing or ascendant. Also, we obtained some natural corollaries
of the above situation.

Introduction

The subgroups of a group G are connected with some natural families
of subgroups. One of them is the following. Let H be a subgroup of a
group G. We construct an ascending series

(1) =Hy<H <...Hy <Hop1 <...H, <G,

where Hy = H, Hy = Ng(H1) = Ng(H), Hy+1 = Ng(H,,) for every ordi-

nal o <, Hy = U H, for every limit ordinal A\ < v, and Ng(H,) = H,.
n<A

This chain is called the upper normalized chain of H in G. Here the two
natural types of subgroups appear. If H, = G, then a subgroup H is
called ascendant in G. If Hy = H (that is Ng(H) = H), then a subgroup
H is called self-normalizing in G. Thus, every subgroup of a group is
naturally connected with the two types of subgroups: an ascendant and a
self-normalizing subgroups. The presence of a large family of ascendant
subgroups has a strong influence on the group structure. For example, if
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every subgroup of a group G is ascendant, then G is locally nilpotent [16].
Moreover, if every cyclic subgroup of a group G is ascendant, then G is
locally nilpotent [6, Theorem 2]. More precisely, the subgroup Gru(G)
of an arbitrary group G, generated by all ascendant cyclic subgroups
of GG, is locally nilpotent. This subgroup is called the Gruenberg radical
of G. Every finitely generated subgroup of Gru(G) is ascendant in G and
nilpotent [6, Theorem 2]. A group G is said to be a Gruenberg group, if
G = Gru(G).

L.A. Kurdachenko and H. Smith [13] have considered the groups,
whose subgroups are either subnormal or self-normalizing. A natural
generalization of this paper was an article [12]. In [12] L.A. Kurdachenko
et al. considered the groups, whose finitely generated subgroups are
either ascendant or self-normalizing. From their results it follows that
locally finite groups, whose cyclic subgroups are either ascendant or self-
normalizing, have the same structure. Here we discuss a more general
situation.

We remark that the groups, in which some family of subgroups divides
into two types of subgroups, which often have the opposite properties,
considered by other authors (see, for example, [15], [17]).

Let H be a subgroup of a group G. Then H is called almost self-
normalizing in G, if H has finite index in Ng(H).

In this paper we consider the groups whose cyclic subgroups are either
almost self-normalizing or ascendant. The main result is the following

Theorem A. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or ascendant. Suppose that
G # Gru(G). Then the following assertions hold:
(i) a factor-group G/Gru(QG) is finite;
(ii) G = QX R, where Q is a normal Sylow o'-subgroup of G, R is a
Sylow o-subgroup of G, o = II(G/Gru(G));
(iii) R is a C’hermkov subgroup;
(iv) Gru(G) = Cr(Q) x Q;
(v) if g € Gru(G), then Cg(g) is finite;
(vi) Gru(G) is nilpotent-by-finite.

We obtained the following additional information about the structure
of a factor-group G/Gru(G).

Corollary Al. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or ascendant. Let G # Gru(G),
F = G/Gru(G) and o = TI(F). Suppose that the Sylow o’ -subgroup of G
is infinite. Then
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(i) if p € o and p # 2, then Sylow p-subgroup of F is cyclic;
(ii) Sylow 2-subgroup of F' is cyclic or a generalized quaternion group;
(iii) every subgroup of order pq of F', p,q € o, is cyclic.

Let G be a Chernikov group and D be the divisible part of G. Put
Sp(G) = I1I(D).

Corollary A2. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or ascendant. Let G # Gru(G),
F = G/Gru(G) and o = II(F). Suppose that the Sylow o’-subgroup of G
is finite and Sp(G) = {p} for some prime p € o. Then
(i) if q is a prime and q & {2,p}, then Sylow q-subgroup of F is cyclic;
(ii) if p # 2, then Sylow 2-subgroup of F' is cyclic or generalized quater-
Nnion group.

Corollary A3. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or ascendant. Let G # Gru(G),
F =G/Gru(G) and o =1I(F). Suppose that the Sylow o’-subgroup of G
is finite and |Sp(G)| = 2. Then
(i) if ¢ € o is a prime and q # 2, then Sylow q-subgroup of F' is cyclic;
(ii) if 2 € o, then Sylow 2-subgroup of F' is cyclic or generalized quater-
nion group.

An important special case of the ascendant subgroups are the subnor-
mal subgroups. A subnormal subgroup is exactly an ascendant subgroup
having finite upper normalized chain. From Theorem A we can obtain
the description of locally finite groups whose cyclic subgroups are either
almost self-normalizing or subnormal.

The subgroup B(G), generated by all cyclic subnormal subgroups of G,
is called the Baer radical of G. Every finitely generated subgroup of B(G)
is subnormal in G and nilpotent (see, for example, [14, Theorem 2.5.1]),
so that a subgroup B(G) is locally nilpotent. A group G is said to be a
Baer group, if G = B(G).

Let G be a group and A be an abelian normal subgroup of G. Then
A is said to be G-quasifinite if A is infinite, but every proper G-invariant
subgroup of A is finite.

Theorem B. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or subnormal. Suppose that
G # B(G). Then the following assertions hold:

(i) a factor-group G/B(G) is finite;
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(i) G = Q@ X R, where Q is a normal Sylow o'-subgroup of G, R is a
Sylow o-subgroup of G, o = II(G/B(G));

(iii) R is a Chernikov subgroup;

(iv) B(G) = Cr(Q) x Q;

(v) if g € B(G), then Cq(g) is finite;

(vi) B(G) includes a finite G-invariant o-subgroup K such that

B(G)/K = QK/K x Uj/K x ... x Uy/K,

where U;/K is a G-quasifinite divisible Chernikov pj-subgroup,
pj €0, 1<j<k;
(vii) B(G) is nilpotent.

Trivially, every normal subgroup is a special case of subnormal sub-
group, and we come to

Corollary B1. Let G be an infinite locally finite group whose cyclic
subgroups are either almost self-normalizing or normal. Suppose that G
is a not Dedekind group. Then the following assertions hold:
(i) a factor-group G/B(QG) is finite cyclic;
(i) if g € B(Q), then Cg(g) is finite;
(iii) every subgroup of B(G) is G-invariant, in particular, B(G) is a
Dedekind group;
(iv) Sylow 2-subgroup of B(G) is Chernikov, moreover, if this Sylow 2-
subgroup 1is infinite, then B(G) is abelian and G/B(G) has order 2.

1. Preliminaries and lemmas

Lemma 1. Let G be a group whose cyclic subgroups are either almost
self-normalizing or ascendant (respectively, subnormal). If H is a subgroup
of G, then every cyclic subgroup of H is either almost self-normalizing or
ascendant (respectively, subnormal).

Proof. Let C' be a cyclic subgroup of H and suppose that C' is not
ascendant (respectively, subnormal) in H. Then C' can not be ascendant
(respectively, subnormal) in G. It follows that the index |[Ng(C) : C| is
finite. An inclusion Ny (C) < Ng(C) shows that the index [Ny (C) : C|
is finite. 0

Lemma 2. Let G be a group whose cyclic subgroups are either almost
self-normalizing or ascendant (respectively, subnormal). If A is an infinite
periodic abelian subgroup of G, then the Gruenberg radical (respectively,
Baer radical) of G includes A.
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Proof. Indeed, for each element x € A we have A < Cg(x), which follows
that the index |Ng((x)) : (x)| is infinite. Thus, x € Gru(G) (respectively,
x € B(G)). Hence A < Gru(G) (respectively, A < B(G)). O

Lemma 3. Let L be a locally nilpotent periodic subgroup of G. If L is
not Chernikov, then the centralizer of every element of L is infinite.

Proof. Suppose first that the set II(L) is infinite. Let g be an arbitrary
element of L and |g| = p]fl -...-p¥ where py,...,ps are primes, p; # pp,
whenever j # m. Since II(L) is infinite, the set 7 =II(L) \ {p1,...,ps} is
infinite. Then the Sylow w-subgroup L, of L is infinite. The fact, that L
is locally nilpotent, implies the inclusion L, < Cg(g), which follows that
Cc(g) is infinite.

Suppose now that the set II(L) is finite. Since L is not Chernikov,
there exists a prime p such that the Sylow p-subgroup P of L is not
Chernikov. Let x be an arbitrary element of L. If = is a p’-element, then
P < Cg(x), which follows again that Cg(z) is infinite. Assume that z € P.
Since P is not Chernikov, P includes an (z)-invariant abelian subgroup A4,
which is not Chernikov [21]. Then its lower layer H = €;(A) is an infinite
elementary abelian subgroup. Clearly H is an (z)-invariant subgroup.
Let 1 # b € H. Put Ky = (b)), then K is a finite (z)-invariant
subgroup. Since H is elementary abelian, H includes a subgroup B such
that H = K; x By. We note that the index |H : By| is finite. Then the
index |H : BY| is also finite for every element y € (z). Since an element
z has finite order, a family {B{|y € (z)} is finite. Then the intersection

Cy = () B{ has finite index in H. In particular, C is infinite. By
ye(z)
such choice C is (z)-invariant and K; N Cy = (1). Let 1 # by € C and

Ko = (b)), then Kj also is a finite (x)-invariant subgroup such that
KN Ky = (1). Since H is elementary abelian, H includes a subgroup Bs
such that H = K1 Ky X By. Using the similar arguments and ordinary
induction, we construct the family {K,|n € N} of finite (x)-invariant
subgroups such that K -...- K, N K, 41 = (1) for every m € N. It follows
that (K,|n € N) = DrjenK,,.

Since (z, K,) is a finite p-subgroup, it is nilpotent. Since K, is its
normal subgroup, K,,N¢((z, K,,)) # (1). Let 1 # z, € K,,N¢((z, K,,)) and
put Z = (zp|n € N). An equality (K,|n € N) = Dr,,cnyK,, implies that Z
is an infinite elementary abelian subgroup. By its choice Z < Cq/((z)). Tt
follows that C(z) is infinite. O



116 THE GROUPS WITH TWO TYPES OF SUBGROUPS

Corollary 1. Let L be an infinite periodic nilpotent subgroup of G. Then
the centralizer of every element of L is infinite.

Proof. If L is a not Chernikov subgroup, then result follows from Lemma 3.
Therefore, suppose that L is a Chernikov subgroup. Since L is nilpotent,
every subgroup of L is subnormal. In particular, L is a Baer group. Then
L is central-by-finite [8, Corollary 1 to Lemma 4]. In particular, Cp(x) is
infinite for each element x € L. O

Corollary 2. Let G be a group whose cyclic subgroups are either almost
self-normalizing or ascendant (respectively, subnormal). Suppose that L
is a locally nilpotent periodic subgroup of G. If L is not Chernikov, then
the Gruenberg radical (respectively, Baer radical) of G includes L.

Proof. In fact, by Lemma 3 C(g) is infinite for each element g € L, which
follows that the index |[Ng({g)) : (g)| is infinite and hence g € Gru(G)
(respectively, g € B(G)). O

Corollary 3. Let G be a group whose cyclic subgroups are either almost
self-normalizing or ascendant (respectively, subnormal). Suppose that p is
a prime such that the Sylow p-subgroup P of G is not Chernikov. Then
the Gruenberg radical (respectively, Baer radical) of G includes P. In
particular, P is normal in G.

Corollary 4. Let G be a group whose cyclic subgroups are either almost
self-normalizing or ascendant (respectively, subnormal). Suppose that L is
an infinite periodic nilpotent subgroup of G. Then the Gruenberg radical
(respectively, Baer radical) of G includes L.

Proof. In fact, by Corollary 1 Cg(g) is infinite for each element g € L,
which follows that the index | N¢((g)): (g)| is infinite and hence g € Gru(G)
(respectively, g € B(G)). O

Let G be a Chernikov group. Denote by D(G) the maximal normal
divisible abelian subgroup of G. A subgroup D(G) is called a divisible
part of G.

Lemma 4. Let G be an infinite locally finite group whose cyclic sub-
groups are either almost self-normalizing or ascendant. Then Sylow p-
subgroup of G/Gru(QG) is finite for every prime p. Moreover, for every
p € II(G/Gru(Q)) every Sylow p-subgroup of G is Chernikov.
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Proof. Put B = Gru(G). Let p € II(G/B) and let P/B be the Sylow
p-subgroup of G/B. Let B # B € P/B. Without loss of generality we
can assume that x is an p-element. Let B, be the Sylow p-subgroup of B.
Since B is locally nilpotent, B, is G-invariant. Then a product (x)B, is
a p-subgroup. Suppose that B, is not Chernikov. Let C' be the Sylow p-
subgroup of G, including (x) B,,. Then C'is a not Chernikov subgroup, and
Corollary 3 proves that C' < B. In this case x € B, what contradicts to
the choice of element x. This contradiction shows that B, is a Chernikov
subgroup.

Suppose now that P/B is not Chernikov. Then P/B includes an
infinite elementary abelian subgroup A/B [2, Theorem 8]. Without loss
of generality we can assume that A/B is countable. Then A/B has an
ascending series of finite subgroups

A/B<Ay/B<...<A,/B<

such that A/B = U Ay /B. Since A;/B is finite, A; includes a finite sub-

group K such that A1 K1 B. Choose in Ky Sylow p-subgroup S;. Since
K is finite, S1(B N K;)/(B N K1) is a Sylow p-subgroup of K3 /(BN K1).
On the other hand, K, /(B N K;) = K;1B/B is a p-group. It follows that
Sl(BﬁKl)/(BﬂKl) Kl/(BﬂKl) or Sl(BﬁKl) K. In turn out
it follows that A; = S1B. Choose in As a finite subgroup K5 such that
K1 < Ky and Ay = KoB. Let Sy be the Sylow p-subgroup of Ks, includ-
ing S1. Using the above arguments, we can prove that As = Sy B. Using
similarly arguments and ordinary induction, we construct an ascending

series
S1 <S5 <...<5,<...

of finite p-subgroups such that A = ( U Sn)B. Put S = U Sn, then

neN neN
S is a p-subgroup and isomorphism S/(S N B) = SB/B = A/B shows
that S is not Chernikov. Since B), is a normal p-subgroup, then SB,, is
a p-subgroup. Let D be the Sylow p-subgroup of G, including SB,,. The
fact that S is not Chernikov, implies that D is not Chernikov. Corollary 3
proves that D < B. In this case S < B and therefore SB = A < B, what
contradicts to the choice of A. This contradiction shows that P/B is a
Chernikov subgroup.

Let @ be the Sylow p-subgroup of B, then B = B), x Q. Since B), and
P/B are Chernikov, P/Q likewise is a Chernikov group. In particular,
it is countable. Then P includes a p-subgroup R such that P = QR
(see, for example, [3, Theorem 2.4.5]). Denote by W the divisible part
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of R. Since W is abelian and infinite, Lemma 2 shows that W < B. An
inclusion @ < B implies that WQ < B. In turn out, it follows that P/B
is finite. [

Let G be a group. Recall that a subgroup H of a group G is called
abnormal in G if g € (H, HY) for each element g of G.

Lemma 5. Let G be an infinite locally finite group whose cyclic subgroups
are either almost self-normalizing or ascendant. Then the factor-group
G/Gru(G) is finite. Moreover, if m = II(G) \ II(G/Gru(G)) then G =
QNR, where Q is a Sylow w-subgroup of G and R is a Chernikov subgroup.

Proof. Put B = Gru(G). Suppose that G//B is infinite. Then G/B in-
cludes an infinite abelian subgroup A/B [10]. Since the Sylow p-subgroups
of G/B are finite for each prime p by Lemma 4, the set II(A/B) is infinite.
Let p € II(A/B) and let P/B be the Sylow p-subgroup of A/B. By this
choice P/B is non-identity, i.e. B does not include P. Lemma 4 shows
that P/B is finite. Being almost locally nilpotent, P has a Carter sub-
group C, that is maximal locally nilpotent self-normalizing subgroup. We
remark also that all Carter subgroup of P are conjugate and abnormal
[20, Theorem 2.1 and Corollary 2.2]. Since C' is abnormal in P, C'B is also
abnormal. Then C'B/B is abnormal in P/B. On the other hand, P/B is
abelian, which follows that CB/B = P/B.

Let a be an arbitrary element of A. Then C'* is maximal locally nilpo-
tent self-normalizing subgroup of P. As we noted above, the subgroups
C and C“ are conjugate in P, that is there exists an element = of P such
that C% = C. It follows that az~! € N4(C), which follows the equality
A = PN4(C). Take into account an equality P = C'B, we obtain that
A = BN4(C). If we suppose that a subgroup C' is not Chernikov, then
the fact that C' is locally nilpotent together with Corollary 1 imply the in-
clusion C' < B. But this contradicts to the choice of P. This contradiction
shows that C' is a Chernikov subgroup. The isomorphism

A/B = BNA(C)/B = Na(C)/(BNNa(C))

shows that N4(C)/(B N NA(C)) has infinite set II(N4(C)/(B N N4(C)))
and is abelian. Since C' is abnormal in P, Np(C) = C'. It follows that

BN N4(C)=BNPNN4(C)=BnNNp(C)=BnC.

Together with C/(BNC) = CB/B = P/B and the fact, that P/B
is finite, it follows that N4(C)/C is an abelian group with infinite set
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II(NA(C)/C). Put Ng(C) = K. Since K/Ck(C) is a Chernikov group
(see, for example, [3, Theorem 1.5.16]), Cx(C)C/C' is an abelian group
with infinite set II(Ck (C)C/C). Let S/C be the Sylow ¢’-subgroup of
Ck(C)C/C,where o =II(C). Clearly S/C is countable, so that S = CX\U
(see, for example, [3, Theorem 2.4.5]), where U is a Sylow ¢’-subgroup
of S. An inclusion C < Ck(C) implies that S = C x U. The fact that U
is an infinite abelian subgroup implies that a subgroup Cg(y) is infinite
for every element y € C. In turn out, it implies that a cyclic subgroup
(y) is ascendant in G. Hence y € B. In other words, C' < B. But in this
case the equality P = C'B implies that P = B, which contradicts to the
choice of P. This contradiction proves that G/B is finite.

In particular, a set 7 is finite. Let @ be a Sylow 7’-subgroup of G. The
choice of 7 shows that () < B, so that @ is normal in GG. Using Lemma 4
we obtain that for each prime p € 7w every Sylow p-subgroup of G is
Chernikov. It follows that B/Q is countable. Take in account that G/B
is finite, we obtain that G/Q is countable. Then G = Q X\ R, where R is
a Sylow m-subgroup of G (see, for example, [3, Theorem 2.4.5]). Clearly
R is a Chernikov subgroup. [

Lemma 6. Let G be a group and P be a normal Chernikov divisible
p-subgroup of G such that G/Cq(P) is finite. Then P includes a finite
G-invariant subgroup F' such that P/F = Uy /F x ... xUy/F, where U;j/F

is a G-quasifinite subgroup, 1 < j < k.
Proof. Let
9 ={Q| Q is an infinite G-invariant subgroup of P}.

Since P is Chernikov, it satisfies the minimal condition on subgroups, and
therefore 1 has a minimal element, say V. Clearly V; is G-quasifinite.
Then Vi must be divisible and hence Vi has a direct complement in
P (see, for example, [4, Theorem 21.2]). It follows that P includes a
G-invariant subgroup R; such that P = Vj Ry and the intersection V; N
R; is finite (see, for example, [11, Corollary 5.11]). Put F} = Vi N Ry,
then P/Fy = V1 /Fy x Ry/F;. Clearly Vi /F; is G-quasifinite. Now we
choose in Ry /F; a G-invariant G-quasifinite subgroup V,/F}. Using the
above arguments, we have found a G-invariant subgroup Rs/F} such that
Ry /Fy = (Va/F1)(Rg/F1) and the intersection Va/Fy N Ry/Fy = Fy/F) is
finite. By such choice we have

P/F2 = (VlFQ/FQ) X V2/F2 X R2/F2.
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The both factors V1 Fy/Fy and Va/Fy are G-quasifinite. Using the similar
arguments, after finitely many steps we prove the required result. ]

Lemma 7. Let G be a locally finite group whose cyclic subgroups are
either almost self-normalizing or ascendant. Suppose that G = Q N F,
where Q = Gru(G), I(Q)NII(F) = @ and F is a finite subgroup. If Q
is infinite, then

(i) @ is nilpotent-by-finite;

(i) Cr(Q) = (1);

(iii) if g € Q, then Cq(g) is finite;
(iv) if p € II(F) and p # 2, then Sylow p-subgroup of F is cyclic;
(v) Sylow 2-subgroup of F' is cyclic or generalized quaternion group;
(vi) every subgroup of order pq of F, p,q € II(F), is cyclic.

Proof. Choose an arbitrary element g ¢ @ and suppose that Cg(g) is
infinite. Since g has finite order, the index |Cg(g) : (g)] is infinite. In turn
out, it implies (g) has infinite index in its normalizer, which show that
(g) is ascendant in G. This contradiction shows that Cx(g) is finite.
Let y € Cr(Q), then Q < Cg(y), in particular, Cg(y) is infinite. As
we have seen above in this case y € Gru(G) = Q, i.e. y€e QN F = (1).
Let p € TI(F) and g be an element of F', having order p. By above
proved Cg(g) is finite. Then () is nilpotent-by-finite [19, Theorem 1.2].
Suppose first that @) is not Chernikov. Then @) includes an F-invariant
abelian subgroup A, which is not Chernikov [21]. Let y be an arbitrary
element of F. The equality II(Q) NII(F') = @ implies that A = Ca(y) x
[A,y] [1, Proposition 2.12]. By above proved C4(y) is finite, so that [A, y]
has finite index in A. It is valid for every element y € F'. Therefore, the
finiteness of F' implies that a subgroup C' = () [A, y] has finite index in A.
yeFr

By its choice Cc(y) = (1) for every element y € F. Put E = () CY, then
eF

E has finite index in A (in particular, F is infinite), E is F —iflvariant and
Cg(y) = (1) for every element y € F. Since F is finite, we can choose in
FE minimal F-invariant subgroup V. Then Cy (y) = (1) for every element
y € F. Therefore, F satisfies the conditions (iv)-(vi) by [9, Satz V.8.15].

Suppose now that ) is a Chernikov subgroup. Denote by D the
divisible part of Q). The equality II(Q) N II(F) = & implies again that
D = Cp(y) x [D,y] [1, Proposition 2.12] for every element y € F. If
we suppose that Cp(y) # (1), then Cp(y) must be infinite, and we
obtain a contradiction with condition (iii). This contradiction shows that
Cp(y) = (1) for every element y € F. Again choose in D a minimal
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F-invariant subgroup W. Then Cy (y) = (1) for every element y € F.
Therefore, F' satisfies the conditions (iv)-(vi) by [9, Satz V.8.15]. O

Lemma 8. Let G be a Chernikov group and P be a divisible part of G.
Suppose that P is a p-subgroup and Cg(g) is finite for each p'-element g.
Then the following assertions hold:
(i) if q is a prime and q & {2,p}, then Sylow q-subgroup of G/Gru(G)
1s cyclic;
(ii) if p # 2, then Sylow 2-subgroup of G /Gru(QG) is cyclic or generalized
quaternion group.

Proof. Put C = O,(G). Our conditions yields that Gru(G) = C. Let ¢
be a prime, ¢ # p, and Q/C be a Sylow g-subgroup of G/C. Since C' is
a p-subgroup, @ = C' X R, where R is a Sylow g-subgroup of @ (see, for

example, [3, Theorem 2.4.5]). Choose in R an arbitrary abelian subgroup
A. Let

S = {S| S is an infinite A-invariant subgroup of P}.

Since P is Chernikov, it satisfies the minimal condition on subgroups, and
therefore & has a minimal element, say V. Clearly V' is A-quasifinite. In
particular, it follows that V' is a divisible abelian subgroup. Since A is a
p/-subgroup, V = Cy (y) x [V,y] for each element y € A [1, Proposition
2.12]. The fact, that A is abelian, implies that the subgroups C(y) and
[V,y] are A-invariant. Therefore, if we assume that Cx(y) # (1), then
C'A(y) must be infinite, and we obtain a contradiction. This contradiction
shows that C'4(y) = (1) for each element y € A. Using Lemma 3.1 of
paper [7] we obtain that a subgroup A is cyclic. In particular, ((R) is
cyclic. Let (d) = Q1(¢(R)). Suppose that = is an element of R, having
order ¢. If (d,z) # (d), then (d,z) is an elementary abelian subgroup of
order ¢2. But in this case it is not cyclic, and we obtain a contradiction
with above proved. This contradiction shows that (d,z) = (d). In other
words, R has only one subgroup of order q. Then R (and hence Q/C)
is cyclic, whenever ¢ # 2, and Q/C' is cyclic or generalized quaternion
group, whenever ¢ = 2 (see, for example, [9, Satz I11.8.2]). O]

Lemma 9. Let G be an infinite periodic group whose cyclic subgroups are
either almost self-normalizing or ascendant. If g ¢ Gru(G), then Cg(g)
is finite.

Proof. Choose an arbitrary element g ¢ Gru(G) and suppose that C(g)
is infinite. Since g has finite order, the index |Cg(g) : (g)| is infinite. In
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turn out, it implies that (g) has infinite index in its normalizer, which
show that (g) is ascendant in G. This contradiction shows that Cg(g) is
finite. 0

Lemma 10. Let G be an infinite periodic group whose cyclic subgroups
are either almost self-normalizing or ascendant. If K is a finite normal
subgroup of G, then every cyclic subgroup of G/K tis either almost self-
normalizing or ascendant. More precisely, for each element g ¢ Gru(G)
the centralizer Cq/x (gK) is finite.

Proof. At once we note that K < Gru(G). In fact, since K is finite, every
element g of K has only finitely many conjugates in G. Then Cg(g) has
finite index in G, in particular, Cg(g) is infinite. As we have seen above,
in this case the index |N¢g({g)) : (g)| is infinite, which show that (g) is
ascendant in G.

Let g be an arbitrary element of G \ Gru(G) and suppose that the
index |Ng/k ((9K)) : (gK)| is infinite. Put V/K = Ng/i({(gK)) and X =
(g9, K). By its choice X is a normal subgroup of infinite subgroup V. Since
g has finite order, a subgroup X is finite. It follows that Cy (X ) has finite
index in V, in particular, it is infinite. An inclusion Cy (X) < Cy(g) shows
that C(g) is infinite and we obtain a contradiction. This contradiction
shows that a cyclic subgroup (¢gK) has finite index in its normalizer. It
follows that Ng, i ((gK)) is finite and hence Cg /g (g/K) is finite.

If g € Gru(G), then a cyclic subgroup (g) is ascendant in G. Therefore,
(gK) is ascendant in G/K. In other words, every cyclic subgroup of G/ K
is either almost self-normalizing or ascendant. [

Now we can describe the general structure of locally finite groups,
whose cyclic subgroups are either almost self-normalizing or ascendant.

2. The proofs of the main results

Proof of Theorem A. Put B = Gru(G) and let @ be a Sylow m-subgroup
of G, m =1I(G) \ 0. Lemma 5 shows that G/B is finite and a group G has
a semidirect decomposition: G = Q N R, where R is a Chernikov Sylow
o-subgroup of G.

(v) follows from Lemma 9.

Let y € Cr(Q), then Q < Cg(y), in particular, Cg(y) is infinite. As
we have seen above in this case y € Gru(G).

Suppose that @ is infinite and consider a factor-group G/C, where
C = Cgr(Q) is a Sylow o-subgroup of B. We have G/C = QC/C N R/C.
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Every cyclic subgroup of QC/C' is ascendant in G/C'. Let zC' ¢ QC'/C and
suppose that Cg/c(2C) is infinite. Then Cyc/c(2C) = Z/C is infinite.
We have Z = D x C', where D is a Sylow m-subgroup of Z. The fact, that
Z/C' is infinite, implies that D is infinite. For every element d € D we
have [z,d] € C. On the other hand, D < @ and @ is a normal subgroup
of G, therefore [z,d] € Q, that is [z,d] € C' N Q = (1). This shows that
D < Cg(z), in particular Cg(z) is infinite. However it contradicts to
(v). This contradiction shows that Cg /¢ (2C) is finite for every element
2C ¢ QC/C. It is not hard to prove that in this case a subgroup (zC') has
finite index in its normalizer. In other words, every cyclic subgroup of G/C
is ascendant or almost self-normalizing. Furthermore, QC/C = Gru(G/C)
and we can use Lemma 7. By Lemma 7 QC//C" and hence @ is nilpotent-
by-finite.

If @ is finite, then Gru(G) is a Chernikov subgroup, in particular, it
is abelian-by-finite. O

Now we can obtain some additional information about the structure
of factor-group G/Gru(G).

Proof of Corollary Al. Put B = Gru(G), then B = P x R, where P is
a Sylow p-subgroup of B and R is a Sylow p/-subgroup of B. We have
G = QX R, where R is a Chernikov Sylow m-subgroup of G, 7 = II(G) \ o.
Consider a factor-group G/C, where C'= Cr(Q) = RN B is a Sylow o-
subgroup of B. We have G/C' = QC/C X\ R/C. As in a proof of Theorem
A we can show that every cyclic subgroup of QC/C' is ascendant in G/C
and every cyclic subgroup of G/C, which does not lie in QC'/C, is almost
self-normalizing. Furthermore, QC/C = Gru(G/C), hence we can apply
Lemma 7 and prove this result. O

Proof of Corollary A2. Put B = Gru(G). Then B = P x R, where P
is a Sylow p-subgroup of B and R is a Sylow p’-subgroup of B. By our
conditions R is finite. Consider a factor-group G/R. Suppose that the
Sylow p’-subgroup S/R of Gru(G/R) is non-identity. Let R # =R € S/R.
Since Sylow p-subgroup of Gru(G/R) includes BR/R, x ¢ B. Lemma 10
shows that Cg/r(zR) is finite. On the other hand, since Gru(G/R) is
locally nilpotent, PR/R < Cg/p(7R) and we obtain a contradiction. This
contradiction shows that Gru(G/R) is a p-subgroup. If zR ¢ Gru(G/R)
and zR is a p/-element, then © ¢ B and Cg(z) is finite by Lemma 9.
Using Lemma 10 we obtain that Cg/p(xR) is finite. The application of
Lemma 8 yields that Sylow g-subgroup of (G/R)/Gru(G/R) is cyclic
whenever g € {2, p}, and Sylow 2-subgroup of (G/R)/Gru(G/R) is cyclic
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or generalized quaternion group, if p # 2. Remain to note that the Sylow ¢-
subgroups of F' are isomorphic to Sylow g-subgroups of (G/R)/Gru(G/R),
because Gru(G/R) is a p-subgroup. O

Proof of Corollary A3. Let p,r € Sp(G), B = Gru(G). Then B = P x
R x S, where P is a Sylow p-subgroup of B, R is a Sylow r-subgroup of B,
S is a Sylow {p, r}'-subgroup of B. Consider a factor-group G/D, where
D =R x S. Let D # D and assume that xD is a p’-element. In this
case D ¢ PD/D = B/D. Let Z/D = Cg;p(zD). We have Z = C x D,
where C' is a Sylow p-subgroup of Z. By choice of C' we have [z,C] < D.
On the other hand, C' < P and since P is G-invariant, then [z, C] < P.
Thus [z,C] < DN P = (1), which shows that Cp,p(xD) = Cp(x)D/D.
The fact that « € B together with Lemma 9 shows that Cg(x) is finite, so
that Cg/p(zD) is finite. Since G/ B is finite, C;/p(zD) is likewise finite.

If we suppose now that Gru(G/D) is a not p-subgroup, then it con-
tains some p’-element yD. Since Gru(G/D) is locally nilpotent, B/D <
Cg/p(xD), in particular, C/p(xD) is infinite, which contradicts to above
proved. This contradiction proves that Gru(G/D) is a p-subgroup.

The application of Lemma 8 yields that the Sylow g-subgroup of
the factor-group (G/D)/Gru(G/D) is cyclic whenever ¢ € {2, p}, and
Sylow 2-subgroup of (G/D)/Gru(G/D) is cyclic or generalized quaternion
group, if p # 2. Since Gru(G/D) is a p-subgroup, the Sylow g-subgroups
of F' are isomorphic to Sylow g-subgroups of (G/D)/Gru(G/D).

Consider now a factor-group G/PS. Using the above arguments, we
obtain that the Sylow p-subgroup of F'is cyclic whenever p # 2, and Sylow
p-subgroup of F'is cyclic or generalized quaternion group, if p =2. [

Proof of Theorem B. Put B = B(G). Repeating almost word to word the
proof of Theorem A, we will prove assertions (i)-(v). If @ is infinite, then
using arguments of a proof of Lemma 7, we obtain that @) is nilpotent-by-
finite. Let W be a nilpotent normal subgroup of @), having finite index.
Then @Q = WH for some finite subgroup H. An inclusion H < B(G)
implies that H is subnormal in G. Then W H is a nilpotent subgroup
[8, Lemma 4]. A subgroup RN B is Chernikov, and being a Baer group,
it is central-by-finite [8, Corollary 1 to Lemma 4]. In particular, R N B is
nilpotent. Moreover, let D be a divisible part of RNB. Then D < ((RNB).
Let T be a finite subgroup such that RN B = T'D. Clearly T is normal
in RN B, and hence in B. Since G/B is finite, T¢ = U is also finite.
Then (RN B)/U = UD/U is divisible. Therefore, using Lemma 6 we
obtain (vi). O
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Proof of Corollary B1. Let L be a locally nilpotent radical of G. Since
B(G) < L, G/L is finite by Theorem B. In particular, L is infinite.

Suppose first that L is not Chernikov. Then C(g) is infinite by
Lemma 3. It follows that every cyclic subgroup of L is G-invariant. Then
every subgroup of L is G-invariant. In particular, L = B(G). Furthermore,
L is a Dedekind group. Then either L is abelian, or L = Q) X E X R, where
Q@ is a quaternion group, £ is elementary abelian 2-subgroup and R is
an abelian 2'-subgroup (see, for example, [14, Theorem 6.1.1]). We note
here, that E must be finite. In fact, every non-identity cyclic subgroup
of E is G-invariant, and being a subgroup of order 2, lies in the center
of G. Hence if we suppose that E is infinite, then ((G) is infinite. But
in this case C(g) is infinite for each element g € G, so that every cyclic
subgroup of GG is normal in G, and G must be Dedekind.

Let H be an infinite subgroup of L. If x € Cg(H), then H < Cg(z),
so that Cg(x) is infinite and x € B(G). Hence Cq(H) < L, in particular,
Ca(L) < L. The fact, that every subgroup of L is G-invariant, implies
that G/Cq(L) is abelian (see, for example, [18, Theorem 1.5.1]).

If Sylow 2-subgroup D of L is infinite, then by above proved L is abelian.
If we suppose that Q;(D) is infinite, then using the above arguments,
we obtain that G is a Dedekind group. This implies that Q4 (D) is finite.
Then D is a Chernikov group. Being infinite, D includes a quasicyclic
2-subgroup W. As we have seen above, W is G-invariant and C(W) < L.
Furthermore, G/Cg(W) is isomorphic to a periodic subgroup of Aut(W).
We recall that Aut(W) is isomorphic to the multiplicative group of a ring
of integer 2-adic numbers (see, for example, [5, Section 113, Example 3]).
Recall also, that a periodic subgroup of the multiplicative group of a ring
of integer 2-adic numbers has order 2 (see, for example, [5, Section 128,
Example 2]). Thus in this case the factor-group G/L has order 2.

Suppose now that there exists an odd prime p such that Sylow p-
subgroup P of L is infinite. By above proved P is abelian. Assume that
Q4 (P) is infinite. Then again we have an inclusion C(21(P)) < L. Since
every subgroup of ;(P) is G-invariant, G/Cq(21(P)) is a cyclic group,
whose order divides p—1. Hence G/ L is a cyclic group, whose order divides
p — 1. Suppose now that Q;(P) is finite. Then P is a Chernikov group.
In this case the orders of elements of P are not bounded. Since every
subgroup of P is G-invariant, G/ P is isomorphic to a periodic subgroup
of the multiplicative group of a ring of integer p-adic numbers (see, for
example, [18, Theorem 1.5.6]). We recall that a periodic subgroup of the
multiplicative group of a ring of integer p-adic numbers is cyclic and its
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order divides p — 1 (see, for example, [5, Section 128, Example 2]). Thus
in this case the factor-group G/L is cyclic and its order divides p — 1.

Suppose now that the Sylow p-subgroups of L are finite for all primes p.
Since L is not Chernikov subgroup, II(L) is infinite. Let o = II(G/L), then
o is finite by Theorem B. It follows that Sylow o-subgroup K of L is finite.
Theorem B shows that C(g) is finite for each g ¢ L. Lemma 10 implies
that C i (gK) is finite for each g ¢ L. Obviously L/K is normal Sylow
o’-subgroup of G/K, so that G/K = L/K X\ S/K, where S/K is a finite
Sylow o-subgroup of G/K. Since II(L/K) is infinite, we can find in L/K
a finite o’-subgroup R/K such that R/K N Cq/k(9K) = (1) for every
element gK € S/K (recall that every subgroup of L/K is G-invariant).
Taking into account the fact, that S/K is abelian (S/K = G/L) and
Satz V.8.15 of a book [9], we obtain that every Sylow subgroup of S/K
is cyclic, and therefore S/K is cyclic.

Consider now the case when L is a Chernikov subgroup. By Theorem B
the Baer radical B(G) is nilpotent. Corollary 1 shows that every element
of B(G) has infinite centralizers. Then every cyclic subgroup of B(G)
is G-invariant, and therefore every subgroup of B(G) is G-invariant. As
above we can shows that B(G) includes a centralizer of each its infinite
subgroup. Since G/B(G) is finite, B(G) is infinite. Being Chernikov,
B(G) includes a quasicyclic p-subgroup for some prime p. Using the above
arguments, we obtain that G/B(G) is cyclic and its order divides p — 1.
Furthermore, if p = 2, then B(G) is abelian and G/B(G) has order 2. [
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