Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 28 (2019). Number 1, pp. 94-106

© Journal “Algebra and Discrete Mathematics”

Additivity of elementary maps
on alternative rings

B. L. M. Ferreira

Communicated by I. P. Shestakov

ABSTRACT. Let 2R and R be alternative rings. In this arti-
cle we investigate the additivity of surjective elementary maps of
R x M. As a main theorem, we prove that if R contains a non-trivial
idempotent satisfying some conditions, these maps are additive.

1. Alternative rings and elementary maps

Let R be a ring not necessarily associative or commutative and consider
the following convention for its multiplication operation: xy - z = (xy)z
and x - yz = x(yz) for z,y,z € R, in order to reduce the number of
parentheses. We denote the associator of R by (z,y,2) =ay-z —z-yz
for x,y,z € R.

Let X = {z;}ien be an arbitrary set of variables. A non-associative
monomial of degree 1 is any element of X. Given a natural number n > 1,
a non-associative monomial of degree n is an expression of the form (u)(v),
where u is a non-associative monomial of some degree ¢ and v is a non-
associative monomial of degree n —i. A non-associative polynomial f over
a ring MR is any formal linear combination of non-associative monomials
with coefficients in JR. If f includes no variables except x1, x2, ..., 2, and
ai,as,...,a, is a set of elements of R, then f(ay,aq,...,a,) is an element
of M\ which results by applying the sequence of operations forming f to
ai,as,...,a, in place of 1, s, ..., Ty,.
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Let R and R’ be two rings and let M : R — R’ and M* : R — R
be two maps. We call the ordered pair (M, M*) an elementary map of
R x R if for all non-associative monomial f = f(x1,z2,x3) of degree 3

M(f(a, M*(2),b)) = f(M(a),z, M(b)),
M*(f (x, M(a),y)) = f(M*(x),a, M*(y))

for all a,b € R and z,y € K.

We say that the elementary map (M, M*) of R x R’ is additive (resp.,
injective, surjective, bijective) if both maps M and M™* are additive (resp.,
injective, surjective, bijective).

A ring fR is said to be alternative if (z,z,y) = 0 = (y,x,x) for all
x,y € R. It is easily seen that any associative ring is an alternative ring.

An alternative ring R is called k-torsion free if kx = 0 implies x = 0,
for any = € R, where k € Z, k > 0, and prime if A5 £ 0 for any two
nonzero ideals 2,8 C fR.

Let us consider R an alternative ring and fix a non-trivial idempotent
el € R, ie, e% =eq, e1 # 0 and e; is not a unity element. Let eo: R — R
and e} : | — R be linear operators given by es(a) = a — eja and €5(a) =
a—aey. Clearly €3 = eg, (e5)? = e}, and we note that if 9 has a unity, then
we can consider ea = 1 — e; € R. Let us denote ez(a) by eza and e} (a)
by aes. It is easy to see that e;a - ej = e; - ae; (4,5 = 1,2) for all a € R.
Then R has a Peirce decomposition R = Ri1 D Rz P Ro1 P Rao, where
Rij = eRe; (4,5 = 1,2), (see |3]) satisfying the multiplicative relations:

(1) MR € Ry (4,51 =1,2);

(11) %ijﬂf{ij - %ﬂ- (’L,j = 1,2);

(ili) RyjRm =0, if j # k and (4, 75) # (k, 1), (4,7, k,1 =1,2);

(iv) x?j =0, for all z;; € Ry; (4,5 =1,2; © # j).
According to [4], “The first surprising result on how the multiplicative
structure of a ring determines its additive structure is due to Martindale 111
(1969). In Martindale III (1969, [5] Theorem), he established a condition
on a ring R such that every multiplicative bijective map on R is additive."
Li and Lu [4] also considered this question in the context of associative
rings containing a non-trivial idempotent. They proved the following
theorem.

Theorem 1. [/, Li and Lu/ Let R and R’ be two associative rings. Sup-
pose that R is a 2-torsion free ring containing a family {es|a € A} of
idempotents which satisfies:

(i) If z € R is such that 2R = 0, then x = 0;
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(il) If x € R is such that e,Rx = 0 for all « € A, then x = 0 (and
hence Rx = 0 implies © =0);
(iii) For each o € A and x € R, if eqre,R(1 — eq) = 0 then eqxe, = 0.
Then every surjective elementary map (M, M*) of R x R’ is additive.

The hypotheses in Li and Lu’s Theorem [4] allowed the author to
make its proof based on calculus using Peirce decomposition notion for
associative rings.

The notion of Peirce decomposition for alternative rings is similar
to that one for associative rings. However, this similarity is restricted
to its written form, not including its theoretical structure since Peirce
decomposition for alternative rings is a generalization of that classical
one for associative rings. Taking this fact into account, in the present
paper we generalize the main Li and Lu’s Theorem [4] to the class of
alternative rings. For this purpose, we adopt and follow the same structure
of the proof proposed by [4], in order to preserve the author’s ideas and
to highlight the generalization of associative results to the alternative
results. Therefore, our lemmas and the main theorem, which seem to
be equal in written form to those presented in lemmas and the theorem
proposed in Li and Lu [4], are distinguished by a fundamental item: the
use of the non-associative multiplications. The symbol “-” as defined
in the introduction section of this article, is essential to elucidate how
the non-associative multiplication should be done, and also the symbol
“” is used to simplify the notation. Therefore, the symbol “-” is crucial
to the logic, characterization and generalization of associative results to
alternative results.

2. The main result
Our main result reads as follows.

Theorem 2. Let R and R’ be two alternative rings. Suppose that R is a
2-torsion free ring containing a family {eq|a € A} of idempotents which
satisfies:

(i) If x € R is such that 2R = 0, then x = 0;

(ii) If = € R is such that e,R - x =0 (or eq - Rr = 0) for all o € A,

then © =0 (and hence Rx = 0 implies v = 0);

(iii) Foreacha € A andx € R, if (eqreq) -R(1—ey) = 0 then eqreq = 0.

Then every surjective elementary map (M, M*) of R x R’ is additive.
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For proving Theorem 2 some preparatory material is needed, following
same steps as [4]. Firstly, we consider the case when the monomial is of
type f = f(x1,x2,x3). We begin with the following lemma.

Lemma 1. M(0) =0 and M*(0) = 0.

Proof. M(0) = M (0M*(0)-0) = M(0)0- M (0) = 0. Similarly, we have
M*(0) = 0. O
Lemma 2. M and M™ are bijective.

Proof. 1t suffices to prove that M and M* are injective. We first show that
M is injective. Let x1 and x2 be in R and suppose that M (z1) = M(z2).
Since M*(uM (z;) - v) = M*(uw)x; - M*(v) (i = 1,2) for all u,v € K,
it follows that M*(u)zy - M*(v) = M*(u)xy - M*(v). Hence from the
surjectivity of M* and conditions (i) and (ii) we conclude that x; = xs.
Now we turn to proving the injectivity of M*. Let u; and us be in R’ and
suppose M*(u1) = M*(ug). Since
= M (M ()M
= M*M (z)M~(u;) - M*
for all z,y € AR, it follows that
M*M ()M~ (uy) - M*M(y) = M*M (2) M~ (ug) - M*M(y).

Noting that M*M is also surjective, we see that M ~1(u1) = M~1(uz), by
conditions (i) and (ii). Consequently u; = us. O
Lemma 3. The pair (M*_l, MY is an elementary map of | x R, that
is, the maps M* ™1 : R — R and M~ : R — R satisfy

M aM M z) - b) = M* N a)z - M*TH(b),

M~ (aM* " Ha) - y) = M~ (z)a- M~ (y)

for all a,b € R and x,y € R'.

Proof. The first equality can be obtained from

M*(M*Na)z - M*7H (b)) = M*(M* " (a)M M~ (z) - M*~ (b))
—aMYx) b

and the second one follows in a similar way. O
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Lemma 4. Let s,a,b € R such that M(s) = M(a) + M(b). Then

(i) M(sx-y) = M(ax-y)+ M(bx -y) for z,y € R;
(ii) M(xy-s) = M(xy-a)+ M(xzy-b) for z,y € R;
(iii) M**l(xs y) = M*~ 1(:m y)+M*71(xb-y) forx,y € R forx,y € R;
(iv) M(s-xy) = M(a-xy)+ M(b-xy) for x,y € R;
v) M(x-ys) = M(x-ya)+ M(x-yb) for x,y € R;
(vi) M*_l(az sy) = M*~ 1(:U ay)+M*_1($'by) forz,y € R forx,y € R.

Proof. (i) Let z,y € R. Then

M(sx - y) M(sM*M* 1 y)
= M(s)M* " (x ) M (y)
(M(a) + M (b)) M*~ () - M(y)
= M(a)M*~}(z) - M(y) + M(b)M* ™" (z) - M(y)
= M(ax -y) + M(bx - y).

(ii) Let =,y € R. Then

M(zy-s)=M(xM*M*~ Y(y) - s)

() M* ™ (y) - M(s)

(@) M* " (y) - (M(a) + M(b))

() M* ™ (y) - M(a) + M(x)M* ™ (y) - M(b)
(zy - a) + M(zy - b).

M
M
M
M

(iii) Let z,y € R. By Lemma 2.3

M Has - y) = M (@M~ M(s) - y)
= M} (2)M () M (y)
= M () (M) + M(b)) - M
= M""}(2)M(a ) M*~Hy) + M*~ 1( )M(b) - M (y)
= M* Naa-y)+ M Hab-y).

Similarly, we prove (iv), (v) and (vi), which finishes the proof. O

Lemma 5. The following statements are true:
(i) M(a11 + ai2) = M(ai1) + M(ai2);
(ii) M*fl(all +ag) = M*fl(an) + M*fl(alg).
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Proof. By surjectivity of M, there exists s € QR such that M(s) = M (a11)+
M (ai2). Now,

M(ejey - s) = M(ere1 - ar1) + M(ejey - aro) = M(s).
It follows that eje; - s = s which implies s91 = s99 = 0. Also
M(S . 6161) = M(CLH . 6161) -+ M(a12 . 6161) = M(au).

From this equality we get s - eje; = aj1 and therefore s11 = aq1.
For an arbitrary bio € R12, we obtain

M (sbiz - e1) = M(anbiz - e1) + M(aizbi2 - e1) = M(a12bi2 - €1),

which implies sbia - €1 = a12b12 - €1, or still (s12 — a12)bi2 = 0. In a similar
way, for an arbitrary bs; € fRay, we have

M (sbay - €1) = M(a11ba1 - €1) + M(ai2boy - €1) = M (ai2b21 - €1).

Hence 8521 el = a12b21 - el and thus (812 — a12)b21 = 0. Finally, for
b2 € Nao,

M*"Yers - bao) = M*erarn - bao) + M* " (e1a12 - bao)
= M*fl(elalg . bgg).
As a consequence, €15 - by = e1a12 - bag which implies (s12 — a12)bee = 0.

From these considerations, (s12 — aj2)9 = 0. According to (i), s12 = ajo.
OJ

Similarly, we prove the lemma below.

Lemma 6. The following statements are true:
(i) M(a11+ az) = M(ai1)+ M(az);
(ii) M*il(all + a21) = M*fl(all) + M*il(agl).

Lemma 7. The following statements are true:
(i) M(a11 + a1z + ag1 + az) = M(ai1) + M(a12) + M(az1) + M(ag);
(i) M* (a1 +aia+a+az) = M* ap)+M* " (a12)+M* " (ag1)+
M*fl(agg).

Proof. By surjectivity of M, there exists s € R such that M (s) = M (a11)+
M(a12) + M(a21) + M(age). Now,

M(eiey - s) = M(ere1 - ar1) + M(ejey - a12) = M(a11 + a2).
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It follows from this equality that e1e1-s = a11+a12 which implies s11 = a11
and s12 = s19. Also

M(S . 6161) = M(a11 . 6161) + M(a21 . 6161) = M(all + agl),

from where we get s-e1e1 = aq1 + ao1, or still so1 = ao;.
For arbitrary bgs, coo € JRag, we have

M* Hbags - ¢29) = M* ™ bogar - ea2) + M* H(bagays - c2)
+ M*_1(522a21 c99) + M*_l(bggagg - 22)
= M* Y (byags - ca2).

Hence b228 +Co9 = b22a22 + C292 which implies b22(822 — CZQQ) +Coo = 0. NOW,
for an arbitrary co; € Ra1, we have

M* Hbags - ca1) = M*Hbogary - ea1) + M* H(bagays - 1)
+ M*_1(1722CL21 c91) F M*_l(bgzagg - c21)

x—1
= M*" " (bagaz; - c21 + ba2aga - c21).

Thus 5228-621 = b22a21'c21 —1-1722&22-021 and therefore b22(322—a22)-021 =0.
As a consequence it follows that bea(so2 — age) - R = 0 which implies
baa(s22 — age) = 0. Finally, for an arbitrary bjy € Ri2, we have

M(ey - bigs) = M(ey - bizair) + M (e - bizai2)
+ M (eq - bi2az1) + M (eq - bi2age)
= M(eq - bi2ag + e1 - bi2ags).

Hence (AN blgs =e1 - b12a21 +e1 - b12a22 which implies 612(822 — a22) =0.

Consequently 2R (s92 — az2) = 0. By condition (i), we have s92 = ags.
The proof of (ii) is similar, since the pair (M*~1; M~1) is also an

elementary map of R x R/ O

Lemma 8. The following statements are true:

(i) M(ai2 + baica1) = M(a12) + M (baica1);
(11) M(a 12 + blgagg) M(alz) M(bmdgg)
(111) M(a11 + a12a21) M(an) + M((Ilgazl),
(iv) M(a21 + abai) = M(az1) + M(a2b21)
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Proof. (i) Observing that ajs + bajca1 = €1 - (€1 + ba1)(a12 + ¢21), we get
M (a12 + ba1car) = M (e1 - (e1 + bar)(ar2 + c21))

= M(eq) - M*il(el + ba1) M (a12 + c21)

= M(ey) - (M*71(€1) + M*fl(bm))( (a12) + M(ca1))

= M(er) - M*"(e1)M(ar2) + M(er) - M* " (e1) M (ca)

+ M(er) - M* " (bo1) M (a12) + M(er) - M* " (ba1) M (c21)

= M(e1 - era12) + M(e1 - erco1) + M(e1 - bararz) + M (eq - barazy)

= M(a12) + M (b21a21).
(ii) From Lemma 7(i) and (ii) we have

M (a12 + bizage) = M(e1 - (e1 + bi2)(a12 + as2))

= M(e1) - M* " (e1 + bi2) M (a12 + az)

= M(er) - (M* " (er) + M* ! (b12)) (M (a12) + M (az))

= M(e1) - M* " (e1)M(ar2) + M(er) - M*~"(e1) M (az2)

+ M(ey) - M* 7 (bi2) M (ar2) + M(e1) - M* " (bi2) M (az2)

= M(ey - eraiz) + M(e1 - eragz) + M(ey - bizaiz) + M(eq - bigass)

= M (a12) + M (bi2az2).
So (ii) follows. Observing that a1 + aj2a21 = (a11 + a12)(e1 + a21) - €1
and ag) + ageba1 = (a21 + agz)(e1 + bay) - €1, then (iii) and (iv) can be
proved similarly. O
Lemma 9. M (agiais + assbes) = M(azia12) + M(asbas).

P?"OOf. We first claim that M(a21a12 99 + a99b9g - 022) = M(a21a12 . 022) +
M (ag9bag - c22) holds for all coy € Rag. Indeed, from Lemma 7(i) and (ii),
we obtain

M (ag1a12 - ca2 + agabas - c22) = M ((a21 + ag2)(a12 + ba2) - c22)

= M (a1 + az)M* " (a12 + baz) - M(c22)

= (M(a21) + M(az)) (M* " (ar2) + M* " (b)) - M(ca2)

= M(a21)M* " (a12) - M(caa) + M (ao1)M* ™" (ba2) - M(c22)
+ M(asz)M*(a12) - M(c2) + M(a)M* " (bas) - M (ca2)

= M(az1a12 - c22) + M (a21ba2 - c22) + M (azea12 - c22)
+ M (az2ba - c22)

= M (az1a12 - ca2) + M (a2bz2 - c22),
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as desired. Now let s € R such that M(s) = M(ag1a12) + M (agebas),
which existence is ensured by surjectivity. Then

M(6161 . S) = M(€1€1 . (a21a12)) + M(€1€1 . (a22522)) = 0.

Hence ejeq - s = 0, or still s;1 = s12 = 0. Similarly, we prove so; = 0.
For an arbitrary element x9; € fRay, it follows from Lemma 4-(iv) that

M (sz91) = M(s - xza1e1) = M ((ag1a12) - za1e1) + M ((ag2ba2) - z21€1)
= M(az1a12 - 21 + abss - T21),

from where we get

(s — (ag1a12 + ag2bs))za1 = 0. (1)

As a next step we prove that

(s — (a21a12 + azbzz))a2e = 0 (2)
holds for every o9 € Rag. First, for ys1, by Lemma 4-(i)

M (sxaz - y21) = M ((a21a12)x22 - y21) + M ((ag2baz) w22 - yo1)
= M ((ag1a12)w22 - yo1 + (as2ba) o - Y1),

which implies that sz22-y21 = (a21a12)x22-y21 + (a22beg )22 - y21. Therefore
(s — (ag1a12 + a2ba2)) w22 - yo1 = 0.
Similarly, for yss € Moo, using Lemma 4(i)

M (sx22 - y22) = M( ag1a12)T22 - Y22) + M ((azzbaz)xas - Y22)
M ((ag1a12)m22 - y22) + M ((a2zbaz) a2 - y22)
M (ag1(a12222) - y22) + M ((a22ba2) w22 - y22)
M (az1(a12222) - y22 + (a22ba2) 22 - Y22)
M ((

a21012)T22 - Y22 + (a22b22)T22 - y22)

— T~

yielding that szoo - Y22 = (ag1a12 + asebaz)xos - yo2. Thus (s — (azia12 +
aggbgg))I'Qz - 129 = 0 and therefore we obtain that

(s — (ag1a12 + a22ba))z22 - R = 0. (3)

Equation 3 follows from Theorem 2(i).
From Equation 1 and 2, we get that (s — (ag1a12 + aggbgg))iﬁ = 0.
Hence s = as1ai2 + ageboo due to Theorem 2(i). O
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Taking Lemma 3 into account, we point out that Lemma 9 can still
be obtained when M is replaced by M*~1, as states the following lemma.

Lemma 10. The following are true:

(i) M* Y aiz + bioass) = M* " (a12) + M*(bi2asz).

(ii) M* 1(6111 + arzazr) = M* ar) + M* arzam).
(ili) M (a21 + agobar) = M* Hagr) + M*~Hagabar).
(iv) M*(agiaiz + agebaz) = M* " (agia19) + M*(agbas).

Lemma 11. M(aj2 + b12) = M(a12) + M (b12).

Proof. Let s € R be such that M (s) = M(a12) + M (b12). Then M (eqe; -
s) = M(ejey - ar2) + M(ejey - bia) = M(s) and M (s - eje1) = M(aa -
ere1) + M(biz - ere1) = 0 which implies eje; - s = s and s - eje; = 0,
respectively. It follows that sso1 + s90 = 0 and s11 + s21 = 0, respectively.
Thus S11 = 821 = S92 = 0.

For x91 € MRoa1, applying Lemma 4-(iv),

M (sz21) = M(s - xo1€1) = M (a2 - x21€1) + M (bi2 - x21€1)
= M(ai2x21) + M (bi2x21) = M (a12221 + biaxar).

These above equations show that sze; = (a12 + bi2)x2;. Hence
(8 — (a12 -+ blg))xgl =0. (4)
For all x99 € Roo

M* swop) = M*(eg - swaa) = M* ey - ajoman) + M* ey - browag)
= M Harows) + M* " (biowas) = M~ (1022 + biowao)

which implies that
(S — (a12 + 512))1'22 =0. (5)

We now want to prove that (3 — (a12 + 612))1‘12 = 0, for all z12 € Rqs.
Indeed, by Lemma 4-(vi), for y12 € Ris

M* (y1a - s712) = M* (412 - aro212) + M* (y12 - baz1o)
= M* Y (y12 - aroz19 + Y12 - braz1a).

We then get that yi2 - sz12 = y12 - (a12212 + b1aw12) which implies yjo -
(5 — (a12 + b12)) w12 = 0.
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For yo1 € Moy, from Lemma 4-(vi)

M* Y (ya1 - sz12) = M*(ya1 - aram1a) + M* " (ya1 - biax12)
= M*_l(ym - a12712 + Y21 - b12T12).
As a consequence o1 - ST12 = Yo1 - A12T12 + Y21 - biox1s which implies
yo1 - (s — (@12 + br2)) w12 = 0.
Now, for y9o € Ry, from Lemma 4-(vi)
M*(yag - s12) = M* " (y22 - aram12) + M* " (y22 - biaz12)
= M* ypg - aroz1 + Y22 - b1at12).
From this, y22 - sT12 = Y22 - a12T12 + Y22 - b1ox12 Which implies yoo - (s —

(a12 + br2)) w12 = 0.
Hence R - (s — (a12 + bm))l‘lg =0, and therefore

(s — (a12 + b12))z12 = 0, (6)

according to Theorem 2(ii). Moreover, from Equations 4, 5 and 6, we get
that (s—(a12+b12))9{ = 0. Due to Theorem 2(i) we have s = ajo+b12. O

Lemma 12. M(ay; + b11) = M(a11) + M (b11).

Proof. Choose s = s11 + S12 + S21 + S22 € R such that M(s) = M(a11) +
M (b11). Using Lemma 4-(ii) and (iv) we have M(eje; - s) = M(s) and
M(s - eje1) = M(s), which implies s91 + S22 = 0 and s12 + s22 = 0,
respectively. Hence s1o0 = s91 = s90 = 0.

These equations show that s = s17 and so s — (a11 + b11) € Ri1. Next
let 215 € M2 arbitrarily chosen. Applying Lemma 4-(iv) we get that

M(leg) = M(S . 615612) = M(a11 . 61I12) + M(bll . 61$12)
= M (a1 - e1xi2 + b1 - e1z12) = M(ai1z12 + biiz12)

which yields sz12 = (a11 + b11)z12. Therefore (8 — (a11 + bn))mm =0
or still (s — (a1 + bu)) -R(1 —e1) = 0. Since s — (a11 + b11) € Ry, it
follows from Theorem 2(iii) that s = aj1 + b11. O

Lemma 13. M is additive on e1R = Ry1 + Ria.

Proof. The proof is the same as that of Martindale III (1969, Lemma 5)
and is included for the sake of completeness. Indeed, let aq1,b11 € Ry
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and a2, b1 € Ri2. According to Lemmas 7, 11 and 12

M ((a11 + a12) + (bi1 + bi2)) = M ((a11 + b11) + (a12 + b12))

M (
(@11 + b11) + M(ai2 + b12)
(
(

air) + M(bi1) + M(ai2) + M(b12)
a1 + ai2) + M (b1 + bi2),

M
M
M

as desired. O

Proof of Theorem 2. Suppose that a,b € R and choose s € R such that
M(s) = M(a)+ M(b). For all « € A, M is additive on e, due to
Lemma 13. Thus, for every r € R, we have

M(eq -18) = M(eq) - M* N (r)M(s) = M(eq) - M* ™' (r) (M (a) + M(b))
(ea) - M*H(r)M(a) + M(eq) - M* " (r)M(b)

(eq - Ta) + M(eq - 1b) = M(eq - ra + eq - rb)
(

eq - r(a+D)),

M
M
M

and therefore e, - s = eq - 7(a + b). Hence e, - R(s — (a + b)) = 0, for
every o € A. We then conclude that s = a 4+ b from Theorem 2(ii). This
shows that M is additive on R.

In order to prove the additivity of M*, let x,y € R’. For a,b € R, by
using the additivity of M, we have

M (a(M*(z) + M*(y)) - b) = M (aM*(z) - b) + M (aM*(y) - b)
(a)z - M(b) + M(a)y - M(b)
(a)

(

(a? +y) - M(b)
aM*(z +y)-b).

M
M(a
M

It follows that a(M*(z)+M*(y)—M*(z+y))-b =0, for all a,b € R, which
forces M*(x 4+ y) = M*(x) + M*(y) according to Theorem 2, completing
the proof. O

Corollary 1. Let R be a 2 and 3-torsion free prime alternative ring con-
taining a non-trivial idempotent (R need not have an identity element), and
let R’ be an arbitrary alternative ring. Then every surjective elementary

map (M, M*) of R x R’ is additive.

Proof. The result follows directly from Theorem 2 and |2, Theorem 2.2].
]
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Corollary 2. Let A be a prime non-degenerate alternative algebra on
a field of characteristic # 2 containing a idempotent (A need not have
an identity element), and let A’ be an arbitrary alternative algebra. Then
every surjective elementary map (M, M*) of A x A is additive.

Proof. The result follows directly from Theorem 2 and [1, Theorem 1|. [
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