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ABSTRACT. Let p, ¢ > 2 be relatively prime integers and
let H, 4 be the generalized Hecke group associated to p and g. The
generalized Hecke group H,, , is generated by X (z) = —(2 — \,) !
and Y(z) = —(z + Ay) "' where )\, = 2cos T and Ay = 2cos 7.
In this paper, for positive integer m, we study the commutator

subgroups (H,",)" of the power subgroups H,", of generalized Hecke

groups H, ;. We give an application related with the derived series
for all triangle groups of the form (0;p, g, n), for distinct primes p,
q and for positive integer n.

1. Introduction

In [12]|, Hecke introduced the groups H(\) generated by two linear
fractional transformations
b
z2+ N
where A € R. Hecke showed that H(\) is discrete if and only if A = A\, =
2008(2), q = 3 integer, or A > 2. We consider the former case ¢ > 3
integer and we denote it by H, = H(),). Hecke group H, is isomorphic
to the free product of two finite cyclic groups of orders 2 and g, i.e.,

T(z) = —% and S(z)=—

Hy=(T,S:T*=81=1)2Cy%C,.
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The first few Hecke groups H, are H3 =I' = PSL(2,7Z) (the modular

group), Hy = H(\/2), Hs = H(H'Q‘/g)7 and Hg = H(+/3). It is clear from
the above that H, C PSL(2,Z[),]) unlike in the modular group case (the
case ¢ = 3), the inclusion is strict and the index |[PSL(2,7Z[)\;]) : Hyl is
infinite as H, is discrete whereas PSL(2,7Z[),]) is not for ¢ > 4.

Lehner and Newman studied in [20] more general class H) , of Hecke
groups H,, by taking

1 1
and Y = —

X =-
z2—=Ap z+ Ag

Y

where p and ¢ are integers such that 2 < p < ¢, p+ ¢ > 4. The groups
H,, have the presentation,

Hyy= (XY : XP = Y9 =1)>C,C,. (1.1)

We call these groups generalized Hecke groups Hp ,. Generalized Hecke
groups admit representations as triangle Fuchsian groups with one cusp
at infinity. More precisely, a triangle group with signature (0;p, g, c0)
is isomorphic to Hp, 4. There is a relationship to Veech groups, see [13]
and [37].

We know from [19| that Hs ; = Hy, |Hy : Hyq| = 2, and there is no
group Hs . Also, all Hecke groups H,, are included in generalized Hecke
groups H) 4. Generalized Hecke groups H) 4 and (p, ¢, co)—triangle groups
have been also studied by many authors, in [3], [7], [8], [10], [11], [14], [16],
[21], [22], [26], [36] and [38].

On the other hand, if m is a positive integer, then the power subgroup
H}, is generated by the m™ powers of all elements of Hyq. As Hp, are
fully invariant subgroups, they are normal in H),,.

If m and n are positive integers, then from the definition one can easily
deduce that

Hyly' < Hyy (1.2)

and that
Hyld < (Hpg)™

The last two inequalities imply that

HIT‘] ) Hgﬂl - ngz,n).

We know from [16] and [34] that
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a) If (m,p) =d and (m,q) = 1, then

= (V)% (XY XY s (XTLy X @Dy (X9,
Hm = Zg * --*Zq*Zp/d,
d times
and the signature of H}, is (0; D, p/d, o).
b) If (m,p) =1 and (m, q) = d, then

= (X) % (YXY D s (YELXY (D) 5 (v,
pq = Ly x - *Zp*Zq/d,
d times

and the signature of H} is (0; P9, q/d, o).
c) ‘prq : Hz’)’q‘ = pq and H), , is a free group of rank (p — 1)(¢ — 1)
with basis

(X,Y], [X,Y%, ..., [X,Y?!,
(X2Y], [XAY?], .., [XP Y0
XLyl [XPLY?L o, XLy

and of signature (WM; oo®a)).
d) If (p,q) = 1, then

A
H,,=H} NH],. (1.3)

e) If (p,q) = 1 and if m = pgn, n € Z™, then the subgroups H), are
free groups.

The power subgroups Hy" of the Hecke groups H; and their commutator
subgroups (H,")" have been studied by many authors in [1], [2], [5], [6],
[9], [15], [17], [18], |24], [29], [30], [31], [32], [33] and [35].

Also, in [31], Sahin and Koruoglu gave an application related with the
derived series for all triangle groups of the form (0;2, ¢, n), where ¢ is a
odd prime and n is a positive integer. Using some results given in [39]
and [31], they showed that there is a nice connection between the derived
series for all triangle groups of the form (0;2,¢,n) and the signatures of
the power subgroups H;" of the Hecke groups H; and their commutator
subgroups.
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In this paper, our aim is to generalize some results given in [31] and [32]
for the Hecke groups Hy, to generalized Hecke groups H,, , where p, ¢ > 2
are relatively prime integers. Firstly, we obtain the group structures and the
signatures of commutator subgroups (H;’?q)’ of the power subgroups H,,
of the Hecke groups H), ;. We achieve this by applying standard techniques
of combinatorial group theory (the Reidemeister-Schreier method and the
permutation method). Also, we make some numerical examples for the
case p < q. Finally, for positive integer n, we give an application related
with the derived series for all triangle groups of the form (0;p, ¢, n), for
distinct primes p and gq.

2. Commutator subgroups of the power subgroups
of generalized Hecke groups H) ,

Theorem 1. Let p, ¢ > 2 be relatively prime integers and let m be
a positive integer. If m 1s coprime to one of the them, say q, and let
d = (m,p), then

i) |Hy  (Hy)'| = a5,

ii) The group (H},)" is a free group of rank 1+ ¢ (pg—p—q),

iii) The group (H%,) is of index ¢~ in H} .

Proof. i) From (1.1),let ky =Y, ky = XY X!, ... kg = X4 ly x—(d-1)
kgr1 = X?. Then the quotient group Hy' /(H]',) is obtained by adding
the relation k;k; = kjk; to the relations of H), for i # j and i,j €
{1,2,--- ,d+ 1}. Thus we have

HYJ(HY ) =Ly X Ly X - -+ X Zq % Lp/a-

d times

Therefore, we find the index |H}" : (H™)'| = ¢®.5.

ii) Now we choose a Schreier transversal ¥ for (H,)",)’. Here, ¥ consists
of identity element I; (ff) X (¢—1) elements of the form k¢ where 1 <i < d
and 1 < a < g—1; (§—1) elements of the form &%, |, where 1 <t < 5 —1;

(g) X (q — 1)2 elements of the form k;‘k;’ where 1 < i < j < d and

1<a,b<qg—1; (Cll) x (¢ — 1) x (§ — 1) elements of the form Ak},

Wherelgigd,lgagq—landlétég—l; (g)x (g —1)3 elements

of the form k*kbkS where 1 < i < j < s < dand 1 < a,bc < q— 1;

5 Vilvs
(g) x (g—1)* % (5 —1) elements of the form kfk:?kflﬂ where 1 <7 < j <d,
1<a,b<g—land1<t<E—1;-- ;5 (¢—1)%x (5 —1) elements of the

f01r1rnk:i”k:gz--~k§“ll<:fl+1 where 1 <i<d,1<a; <g—land1<t<E-1
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Using the Reidemeister-Schreier method and after some calculations,
we have the generators of (H)" as the followings.

There are 1 x (d) x (g — 1)? generators of the form [k%, k:;’] where
1<i<j<d, 1<a,b< —1;and1><(‘1i)x(q—l)x(%—l)generators
of the form [k¢, kd+1] where 1 <i<d,1<a<g—land1<t<E -1

There are 2 x (g) x (g — 1)® generators of the form [k kbk‘c] or

17 °77)s
, or the difference, please see the place of the comma) where

[k{k, k] (for the diff 1 he pl f th ) wh
1<i<j<s<dandl<abc<qg—1; and2><(2) (g —1)2 (7—1)
generators of the form [kf,k?kéﬂ] [kfkj,k:dH] where 1 < i < j <d,
1<a,b<g—1and 1< 7—1

If we continue similarly, then we find that there are (d — 1) x (g) X
(g — 1)¢ generators of the form [k{*, k52 - - - k%] or [k{'kS?, - k5%] or - -
or [k{*ky? -+ k'] where 1 < i < d, 1< a <g¢—1;and (d—1) x
(dil) x (¢ —1)4"HE - 1) generators of the form [k, k52 - k7 kG ] or
kS RS2, kG kG Jor - or [k kg2 - - ke kG, ] where 1 < i < d—1,
1<a; <g—land1 <t < %—1. Finally,there are dx( ) (g—1)4 x(5-1)
generators of the form [k{*, k52 - - - kKl ] or [K{P K52, - K57k ] or
or [k ky? -+ kg? k] where 1 <i<d,1<a; <g—land1<t<§ Y

In fact, there are totally generators

d

Z(i—l)<d) q—1) +Z ()q—l (g—l)—lJrqd Y(pg—p—q).

=2

Notice that the number of the generators can be also seen from [25].
iii) We know that
| Hpg = Hyy| = d, [Hpg

H;D,q' =pq and ‘Hp,q : (H;:Lq)/{ = ¢‘p.

Then we have

[Hyq (Hy)'| = a7

1+ (pg—p—q—1)q? ",

Finally, we find the signature of (Hg‘q)’ as ( ; : oo(qdfl)). ]

Here we give some examples.

Example 1. 1) Let p=2,g=3and m=2. Asd=2,k; =Y, ky =
XY X! Then we get ‘H223 H22 3 ‘ = 9. Here, a Schreier transversal 3
consist of 9 elements. These are 1dent1ty element I; 4 elements of the form
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k1, ko, k2, k3; 4 elements of the form kiks, k1k3, k?ko, k?k3 for (H2273)’.
As (5 —1) = 0, the number of the generators of (H3 ) is

2

Z(i—1)<?>2i:1-1-22:4.

1=2

According to the Reidemeister-Schreier method, we have the generators
of (H2273)’ as the following. There are 4 generators of the form

[kh k2]7 [k% k2]7 [klv k%] and [k;i k%]

Therefore, the group (H2273)’ is a free group of rank 4 and of signature
(1; 00(®)).

Notice that these results coincide with the results given in [24] for the
modular group.

2) Let p = 6, ¢ = 7 and m = 10. As d = 2, we have k1 = Y,
ko = XY X! k3= X?and ‘Hé% : (Hﬁlg)" = 147. We choose a Schreier
transversal ¥ = { I, 12 elements of the form & where 1 < i < 2 and
1 < a < 6; 2 elements of the form k:é, where 1 < t < 2; 36 elements of
the form k¢kS where 1 < a,b < 6; 24 elements of the form kZk} where
1<i<2,1<a<6and 1l <t <2; 72 elements of the form k:%k:gk:gﬂ
where 1 < a,b < 6 and 1 < ¢t < 2} for (Hé%)’. The number of the
generators of (H{%) is

o0 () Si(()e
i—1)( . )6+ il )62
S ) >
=1-1-6°+1-2:6-2+2-1-6%-2=204.

Using the Reidemeister-Schreier method, we get 204 generators of (HéO?)’
as the following. There are 36 generators of the form,

k¢, k5],  where 1 < a,b <6,
24 generators of the form
(k¢ kL), where 1 <i<2,1<a<6and1<t<2,
144 generators of the form,

(k% kSEL] or  [k§kS, kL], where 1 <a,b<6and1<t<2.
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Thus, the group (Hé%)’ is a free g roup of rank 204 and of signature
(99; 00(M).

3) Let p = 2, ¢ = 3 and m = 3. Since d = 3, we get k1 = X,
ks = YXY ™', k3 = Y2XY 2 Then we have |Hj, : (HJ;)| = 8. We
choose a Schreier transversal ¥ = { I, k1, ko, k3, k1ka, k1ks, koks, ki1koks}.
As (4 —1) = 0, the number of the generators of (H )" is

3

3 .
Z(i—l)(,)l’:1-3-12+2-1-12:5.
2

=2
According to the Reidemeister-Schreier method and after some calculations,
we have the generators of (Hj 3)’ as the followings

k1, ko], [ki, k3], [ko, k3], [ki,koks] and [kiko, ks].

Also the signature of (H§’73)’ is (1; co).
Notice that these results coincide with the result given in [24] for the
modular group.

Now we can give the following result.
Corollary 1. Let p, q = 2 be relatively prime integers. We have
H::J,q - (ng)/(Hg,q)/'

Proof. For the proof, we will use the results in [24] and [31]. We know
that
/ !/ !/ !
(Hpg) S Hpq and (Hp,) < Hyg

Then we have the chains
(Hy,) € (Hy,) (Hy,)' € Hy, and (Hp,) < (HL,) (H},) € Hy,
From the first chain that
. —1
| Hy g 2 (Hp ) (H )| a7
and the second chain that
‘Hzlo,q : (Hg,q),(ng)/} ‘pq_l'
As p and q are relatively primes, we find that (¢°~!,p9=!) =1 and
|H1/7,q : (Hg,q)l(Hg,q)/’ =1

Therefore we have
HIIMI - (Hg,q),(Hg,q)/' D
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As a consequence, we have

Corollary 2. Let p and q be distinct primes and let m be a positive
integer. Then

i) If (m,p) = 1 and (m,q) = 1, then H}J, = H, 4 and so (H}') =
H,, .. In this case, the series of the signatures of Hy 4, H)' and (H)"),
respectively, is

H

pg—p—q+1
(059, q,00) D (HI ) (2112 00).

5 : (2.1)

ii) If m is coprime to one of p and q, say q, and if p = (m,p), then
Hy = Hp, and so (H}')" = (Hp,)'. In this case, the series of the

signatures of Hy, 4, H)', and (H},)', respectively, is

Hp,q(();pv q, OO) 2 H;?q(o’ q(p)’ OO)

g — p—1 B
(pg —p 2q g ol ).

>\ (H;’}q)’(l +

If (m,p) = p and (m,q) = ¢, then the factor group H,,/H,", is an
infinite group. In this case, we can not say much about H, apart from
the fact that they are all free normal subgroups.

Notice that some cases of the results are previously known, due partly
to the relation between generalized Hecke groups and torus knot groups
(e.g. the Theorem 1.1 in the case (m,p) = (m,q) = 1, as well as Corollary
1.3. 1) in a more general case, where p, ¢ are not necessarily assumed both
prime as here, but only assumed coprime). The statements, for m coprime
to both p, ¢ (i.e. case d = 1 in the Theorem 1.1), there is a coincidence
(Hy,) = H,, free group of rank (p —1)(¢ — 1), and an isomorphism
H}, = Hp 4, including some of generating systems, are known, and can
be found in [36]. Also, see [23] for the freeness of H), , and [4] for the
commutator subgroups of knot groups.

3. An application to the triangle groups (0;p, g, n)

Now we give an application to triangle groups of the form (0;p, g,n)
where p and ¢ are distinct primes, and n is a positive integer.

We use a Fuchsian group I' with signature (0; p, ¢, n). It is well known
that I" is isomorphic to one relator quotient group Hy, ,/R(X,Y) of the
generalized Hecke group Hp 4. , Here, H, ,/R(X,Y’) is obtained by adding
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one extra relator R(X,Y) = (XY)" = I to the standard presentation of
Hp 4. Thus I' has the following presentation

I (X,Y | XP=Y?=(XY)" =1).

Then, the quotient group I'/T” is the group obtained by adding the
relation XY =Y X to the relations of I'. Then I'/T” has a presentation

/T2 (X,)Y | XP=Y9=(XY)"=1, XY =YX)

Let £(T') denote the drive length of D and T'> IV > TV > -+ > TR > ...
is its derived series. From [39], we know that if I' is any non-perfect co-
compact Fuchsian group, then the drived length ¢(T") of T" is bounded by
4. Now we give the following example:

Example 2. i) If (n,p) = 1 and (n,q) = 1, then we get X =Y =1
from the relations (XY)" = (XY)P? = I. Then I' = I'" and therefore
F=0I"=T"=...=T% = ... Consequently, we have £(I")=oc.

ii) If n is coprime to one of p and ¢, say ¢, and if (n,p) = p, then we
have Y = I, since Y" = Y7 = I. Hence we get I'/T" = Z,. Using the
Reidemeister-Schreier method, the permutation method and the Riemann-
Hurwitz formula, we have the derived series of I' as

L(0;p,q,pr) 2T7(0;q,q,- - ,q,7)
—_—

p times

(p—2)q" D —pg®»? +2

3T Ty 7T)

2 ——
¢P=1) times

((pq —p— q)gPDpt" T gDV 2) 4 g
2

2 F//(

D) 1—1///

;=)

where r € ZT. Here, the quotient groups I'/T”, TV/T" and T""/T" are
isomorphic to Z,,, Zy X Zg X -+ X Lg and Zy X Ly X --- X Ly, respectively.

(p—1) times qP=1)—1 times

Indeed, there are infinitely many automorphism groups covered by I' which
are residually soluble (I and all the terms following I' in the series).
Therefore we find ¢(I")=4.

iii) If (n,p) = p and (n, q) = ¢, then we get XP = Y% = I. Since p and
q are distinct primes, we have I'/T" = Z,,,. Using the Reidemeister-Schreier
method and the permutation method, I'” is a Fuchsian group generated
by z = (XY)P, [X,Y], [X,Y?], ..., [X,Y91] [X2Y], [X2,Y?], ...,
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(X2, vl oo xrrly), (Xl v?), L, [XPTL Y91 Here the only
element of finite order is z = (XY)P? and its order is n/(pq). Using the
permutation method and the Riemann-Hurwitz formula, I has signature
(Pa=2=0tL. ) for r € Z+. Then the second derived group I" is of infinite
index in I'. Therefore we can find the following series:

o 1
w;ﬂ ST > ..., (3.1)

L(0:p,q,pqr) D T =T(

Here I" is a free product of a finite cyclic group and (p — 1)(¢ — 1) infinite

cyclic groups and I'” is a free group. Also the corresponding quotient groups

I'/T" and I"/T" are Zpy and Z X Z X - - - X Z, respectively. Therefore, we
—_—————

(p—1)(g—1) times
find £(T")=3.

Remark 1. 1) There are similar results between the derived series for all
triangle groups I" of the form (0;p, ¢, n) and the series of the signatures
of the power subgroups of the generalized Hecke groups H), , and their
commutator subgroups. There are similarities between (1.1), (1.2) and
(2.3), (2.1), respectively. Of course, there are some differences in these
signatures, since (XY)" =7in I and (XY)>* =1 in H,,.

2) In the previous example, if we take p = 2, ¢ > 3 prime, then our
results coincide with the results given in [31] and if we take p = 3 and ¢ > 5
prime, then we obtain the derived series of the triangle group (0;3,q,n).
These triangle groups are studied by many authors (for example, please
see, [38] and [8]).
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