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ABSTRACT. In this paper, exact sequences of graphs are
defined and investigated. Considering some functors on the category
of graphs, we study some conditions to determine exactness of
functors.

Introduction

In 6], we have introduced the torsion-unitary Cayley graph of modules
and study the exact sequence of Cayley graphs. In this paper, we define
an exact sequence of graphs in the category of graphs. Inspired by some
homological algebra, we introduce some homological graph theory.

The null graph is the unique graph having no vertices and the com-
plete graph on n vertices is denoted by K. In particular, let Ky and K
be the null graph and the singleton graph with a loop, respectively. In
section 1, considering the quasi — kernel and un faith ful sets of graph
homomorphisms, we introduce an exact sequence of graphs and graph

homomorphisms in the form Ky — I'y LN I i) I's — Kj. In order to
extend these notions to more general cases, we introduce two other exact
sequences as the first and the second kind which the first kind exact
sequences could be used in the category of sets. We state a version of the
Short Five Lemma in the category of graphs (see Theorem 2). Moreover,
by studying special diagrams of graphs and homomorphisms regarding
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short exact sequences, we determine properties of I's in view of I'1 and I'g
(see Theorem 3 and 4).

In section 2, using the notions of Cartesian product, direct product
and map graph, we consider some induced functors and some conditions
to determine exactness of them.

Throughout the paper, all graphs are undirected and do not have
multiple edges, but may have loops, also they may be infinite. Let I’
be a graph with the vertex set V(I') and edge set E(I"). Two (induced)
subgraphs I'y and I's of I' are said to be disjoint if I'1 and I's have no
common vertices and no vertex of I'y is adjacent (in I') to any vertex of
Ty. Let [z,2'] € E(T'), then x and 2’ are adjacent, denoted by x ~ 2/, also
if they are not adjacent, denoted by z ~ 2.

Let I' and T be graphs. A function ¢ : V(I') = V(Y) is a homomor-
phism from T to T if it preserves edges, that is, if for any edge [z, 2'] of
T, [¢(x),p(x')] is an edge of T. A homomorphism ¢ : I' — T is called
faithful if (T') is an induced subgraph of T. A homomorphism will be
called strong whenever [z,2'] € E(T) if and only if [¢(z), ¢(z)] € E(Y).
A surjective homomorphism (on vertices) is often called an epimorphism,
an injective one (on vertices) is called a monomorphism and a bijective
homomorphism is sometimes called a bimorphism. In other words, a ho-
momorphism ¢ : I' — T is faithful when there is an edge between any two
pre-images ¢~ !(u) and ¢~!(u’) such that [u,u/] is an edge of Y. When
a faithful homomorphism ¢ is bijective, it is strong since each ¢! (u) is
a singleton, and so [¢~!(u), ¢~ (u')] is an edge in I if and only if [u, u/]
is an edge of T. Thus a faithful bimorphism is an isomorphism and in
this case we write I' = Y. Note that unlike in group theory, the inverse of
a bimorphism of graph need not be a homomorphism. For example, any
bimorphism from the complement of X, to K,,. For more information on
graph homomorphisms, we refer the reader to [2].

Let P = {Vi,...,Vi} be a partition of the vertex set of I into non-
empty classes. The quotient I'/P of I' by P is the graph whose vertices are
the sets Vi, ..., Vj, and whose edges are the pairs [V}, V;] such that there are
u; € Vi, u; € V; with [u;, u;] € E(T'). The mapping 7p : V(I') — V(I'/P)
defined by 7p(u) = V; such that u € V;, is the natural map for P. Quotients
often provide a way of deriving the structure of an object from the structure
of a larger one. Observe that mp is a homomorphism and it is automatically
faithful. A graph I' is called bipartite if its vertex set can be represented
as the union of two disjoint sets V7 and Vs, such that every edge of I'
connects a vertex of V] to one of V5. In these circumstances, we call Vi,
V5 a bipartition of V/(I').
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The empty graph T is a graph with E(I") = @. The coproduct or sum
of two graphs I'y and I'9, denoted I'y +1'9, is a disjoint union with the vertex
set V(I'1) U V(') and the edge set E(I'1) U E(I'2). The inclusion maps
11 : 'y = I'1 + T2 and 73 : 'y — I'y + I'y are strong monomorphisms. Let
1 be a homomorphism from I'; to I and let 2 be a homomorphism from
I's to I', then the homomorphism @1 +po : 'y +1'9 — ' maps vertices of I'y
by o1 and vertices of I's by ¢9. On the other hand, every homomorphism
¢ : I'1 + Ty — T is a natural sum of homomorphisms ¢; = ¢|p, and

k

w2 = ¢|r,. Also, > IT'is denoted by kI'. If I'y, I'y, - - - ,I', are graphs, then
their Cartesian zjrl()duct is the graph, denoted by I''OI'sO - - - OI'y, with
vertex set {(x1,z2, -, xg)|x; € V(I';)} which two vertices (x1, z2, -+, xf)
and (z7,x, -+ ,z}) are adjacent whenever [z;, z;] € E(I';) for exactly one
index 1 <4 <k, and z; = x; for each index j # i. The direct product
of I' and T is a graph, denoted by I' x T, with vertex set V(I') x V(7T),
such that vertices (z,y) and (2/,1') are adjacent precisely if [z,2'] €
E(T) and [y,y'] € E(T). Other names for the direct product that have
appeared in the literature are tensor product, Kronecker product or
categorical product. We know that the Cartesian product and direct
product are commutative and associative up to isomorphism.

The map (exponential) graph I'T has the set of functions from V(Y) to
V(T) as its vertices; two such functions f and ¢ are adjacent in T'' if and
only if whenever v and y are adjacent in Y, the vertices f(u) and g(y) are
adjacent in T'. A vertex in I'T has a loop if and only if the corresponding
function is a homomorphism. Suppose that ¢ is a homomorphism from
I'y to I'y. If f is a function from V(T) to V(I'1), then the composition
@f is a function from V(Y) to V(I'2). Hence ¢ determines a map from
the vertices of I'1 ¥ to I's T which is denoted by ¢. Also, if ¢ is a function
from V(I'z) to V(7T), then the composition g is a function from V' (I';) to
V(). Hence ¢ determines a map from the vertices of YI'2 to YTt which
is denoted by ¢. For more information on the map graph and the other
graph constructions, we refer the reader to [1] and [3-5].

Two distinct elements z,y € V(I') is denoted by = # y. Consider
a graph homomorphism ¢ : I' — Y. Let IV and Y’ be graphs where
V() =V ({) and V(Y) = V(Y’). Our mean of ¢' : I — Y’ is a graph
homomorphism such that ¢(z) = ¢/(z) for all x € V(T') = V(IV). Let
A C V(T), then 4I' is a subgraph of I' induced by V(I")\ A and a subgraph
of T induced by V(T) \ Im(¢) is denoted by 4 Y. Let I'; be a subgraph of
', then ¢|pr, will denote the restriction of ¢ to I'y. The neighborhood of
A, denoted by N(A), is the set of all vertices outside of A adjacent to at
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least one member of A. Moreover, let T'; be a subgraph of ', then N(I'y)
denotes the subgraph induced by N(V(I'1)). The natural monomorphism
from I'; to I' is denoted by j. If I'; is an induced subgraph, then j is an
inclusion map. In these circumstances, we denote j by 1.

1. Exact sequences of graphs

In this section, we define an exact sequence of graphs and we obtain
some of its properties. Before the original definition, we need to define
some sets.

Definition 1. Let X and Y be a pair of sets and f : X — Y be a function.
Quasi-kernel of f, denoted by K(f), is defined as K(f) = U{f*(y) |
W) > 2 fory € V).

Definition 2. Let " be a graph, A C V(I') and let A = {A,{z),},
{zx,}, -} as a partition of V(') for all z), € V(I') \ A with \; € A.
In the following manner the quotient I'/A is a graph induced by A. We
contract A as a vertex of I'/ A with a loop. In particular, if ¢ : T' — Y
is a graph homomorphism, then the partition {Im(¢), {ux, },{ur,}, -}
of T is denoted by Z, for all uy, € V() \ Im(¢) with A\; € A. This
partition induces a quotient graph Y/Zj;. The induced vertex of Im(¢) in
the quotient is denoted by 3;’5.

Definition 3. Suppose that A C V(I') and the vertex induced by A as
a vertex of I'/A is denoted by °. If 2° is not isolated vertex of I'/A,
then T'|T"4 is defined to be the graph with vertex set V(I') and edge set
E(I') U E(N) where N is a complete bipartite graph constructed with A
and N(A) as a bipartition. Otherwise, graph I'|T'y = T.

Remark 1. (a) Let I" and Y be a pair of graphs and let ¢ : I' — T be a
graph homomorphism.
(i) The homomorphism ¢ is injective if and only if K(¢) = &. Anyway,
[K ()] # 1.
(ii) The restriction of ¢ to k(g I" is @ monomorphism and there is an
induced monomorphism ¢ : I'/Ky — Y /Zy), .
(b) Let A C V(T'), then j : I' = I'/T"4 is a monomorphism where j is
the inclusion map from V(I') to V(T'|T"4). If the subgraph induced by A
is complete, then epimorphism 7/, : T'|T'y — I'/ A is strong.

Definition 4. Let ¢ : I' — T be a graph homomorphism. Unfaithful
set of ¢, denoted by F(¢), is defined as F(¢) = {x € V(') | & = 2/, if
() ~ ¢(a') for some x’' € V(T')}.
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Definition 5. Let ¢ : I' — T be a graph homomorphism. A full graph of
I" induced by ¢ , denoted by I'|F,, is defined to be the graph with vertex
set V(T') and = ~ 2’ in T, if and only if ¢(x) ~ ¢(z') in T,

Remark 2. Let ¢ : I' = T be a graph homomorphism.

(a) The homomorphism ¢ is strong if and only if F'(¢) = &. Moreover,
K(¢)U F(¢) = @ if and only if ¢ is a strong monomorphism of graphs.
Moreover, if |K(¢) U F'(¢)| = 1, then ¢ is a monomorphism and there
is a unique vertex without loop in I' which maps to a vertex with loop.
Hereinafter, the set K(¢) U F(¢) is denoted by Q(¢).

(b) The restriction of ¢ to g(g)I" is a strong monomorphism. In partic-
ular, if ¢ is an epimorphism, then I'/Qy = T/Zy .. Moreover, if z = y in
I’ where = ¢ F(¢) and y € F(¢), then ¢(x) = ¢(y) (if p(x) ~ ¢(y), then
x € F(¢), a contradiction).

(¢) According to Definitions 4 and 5, the definition of full graph
[|g, is equivalent to that z ~ 2’ in T'|p, whenever ¢(x) ~ ¢(2') for
z,x' € F(¢). Therefore, ¢ : I'|r, — T is a strong homomorphism
and Q(¢r) = K(¢r) = K(¢). Moreover, let j : I' = T'|g,, then j is a
monomorphism and Q(j) = F(j) = F(¢).

Now by the above preliminaries, we are ready to define the exact
sequence of graph.

Definition 6. Suppose that {I';} is a family of graphs and {¢;} is a
family of graph homomorphisms, where ¢ € Z. A sequence of graphs and
homomorphisms

—>F171E>F1ﬂ>1“1+1—>, (1)
is called exact whenever |Im(p;—1)| = 1, then either Q(¢;) = @ or
Im(pi—1) = Q(¢;), otherwise Im(p;—1) = Q(y;) for all i € Z. In par-
ticular, the short exact sequence of graphs is an exact sequence in the

form
K0—>F1£>F2£>F3—>K‘f. (2)

where Ky and K denote the null graph and a graph which has one vertex
with loop, respectively.

Definition 7. The sequence (1) is called semi-ezact if Q(v;) C Im(p;—1)
and it is called a complez if Im(p;—1) € Q(¢;) for all i € Z. Also, the
sequence (1) is called exact of the first kind whenever |Im(p;—1)| = 1,
then K(¢;) = @ (i.e., ¢; is injective), otherwise Im(p;—1) = K(¢;) and
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it is called ezact of the second kind if Im(p;—1) = F(y;) for all i € Z.
In particular, the short exact sequence of the second kind is an exact

sequence of the second kind in the form Ko — 'y = T'y ﬂ I's, where v is
an epimorphism.

It is necessary to observe that the concept of exact sequence of the
first kind could be expressed in the category of sets which we overlook it.
Let X and Y be a pair of sets and let f: X — Y be a function. Suppose
that A C X, then according to Definition 2, we can define X/ A, Y/I;
and J f-

Remark 3. (a) Let sequence (1) be exact. Suppose that I'; = K{; then
@i—1 is an epimorphism, but the converse is not true in general. Also,
consider the following exact sequence:

Ko—)F1£>F2£>F31>F4

where 1 is an epimorphism. Then it can be converted to a short exact
sequence by replacing {mp,,K]} instead of {7,I'y} with the partition
Py = {V(y)}.

(b) In the short exact sequence (2), ¢ is a strong monomorphism
by Remark 2(a). Moreover, I'y/Z, = I'3/Z,, by Remark 2(b). Also, if
K(w) = &, then F2|F¢ =~ Is.

(c) Suppose that the sequence Ky — T' g T — K] is exact. It is easy
to see that ¢ is an isornorphism by parts (a ) and (b).

(d) Let I 25Ty 25 Ty and 'y 25 Ty 25 15 be exact sequences of
graphs and homomorphisms. Obviously, the following statements hold:

(i) The sequence I'y ZL Dy B2 1y s exact, if 3 is a strong monomor-
phism.
(ii) The sequence [y 2222 1y 24 Ty is exact, if o is an epimorphism.

Example 1. (a) Consider the sequence Ko — 2K; i, 2K L Ko — K3,
then this sequence is exact of the second kind where id is an isomorphism
and j is a bimorphism. Moreover, it is exact too.

(b) Let G be a subgraph of I', then Ky — G <, rG -9, I'/G —Kjisa

short exact sequence. Also, the short sequence Kg — G N NS /G — Kj
is exact of the first kind.
(c) Let ¢ : ' — T be a graph homomorphism.
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(i) The sequences

Ko — Q¢ i> F’Q¢ 2 F/Q¢ — Ktl),
Ko — Im¢ ‘—Z> T‘ Im¢ ﬂ——I> T/Id, — KT

are short exact and the sequences

K0—>Q¢<1>F£>T|Im¢ﬂ—I>T/I¢—>Ki’,
Ky — Ky <5 Dlg, 25 T[Ty 5 T /Ty — K

are exact.
(ii) The sequences

Ko—)K(b‘—i)FW—K}F/IC(z,—)K(f,

K0—>Im¢‘—i>Tﬂ—I>T/I¢—>KC1>

are short exact of the first kind and the sentence Ko — Ky 4T g
T ™ Y /T, — K is exact of the first kind.

(ili) The sequence Ko — Fy N R ['|g, is short exact of the second
kind. Also, F(¢) = Q(j) by Remark 2(c). Therefore, Ky — Fy <

r ['|r, — K7 is a short exact sequence.
(d) By considering the short exact sequence (2), the sequence

Ko — Fl i} F2| Im¢ w—) F3| Imqu — Kcl)
is short exact.

Theorem 1. Let T'1 25 Ty 22 T3 25 Ty be an ezact sequence of graphs
and let Ty # @. If |Q(¢3)| = 0 or 1, then 1 is an epimorphism.

Proof. Suppose that |Q(¢3)| = 1, then |Im(p2)| = 1. If [V(I'2)| = 1, it
is clear that ¢ is an epimorphism since I'y # &. Suppose not; V(I'y) =
K(¢2) = Im(p1) and so ¢; is an epimorphism. Let Q(y3) = &; then
| Im(¢2)| = 0 or 1 by the Definition 6. Let |Im(p2)| = 1; then ¢y is an
epimorphism, by the previous proof. If Im(ps) = @, then I';y =T's =K
and so ¢ is an epimorphism. O
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Definition 8. A homomorphism of short exact sequences (of the first
kind) is a triple 11, 12, n3 of graph homomorphisms such that the following
diagram with exact (of the first kind) rows commutes:

Ko Iy L Iy id I3 Ki
Ko [/ /A K

The homomorphism is an isomorphism of short exact sequences (of the
first kind) if 11, 72,73 are all isomorphisms.

Example 2. Consider the short exact sequence (2). Then the following
diagram with exact rows commutes:

. T,
Ko Im, — I'y| Im,, FTy/T, 9

-

Kg Fl ? Fg‘ Ich Fg/I@[,W

TZ,

Ky

By Remark (3)(b), the induced homomorphism ¢ is an isomorphism.
Therefore, this is an isomorphism of short exact sequences.

Theorem 2. Let

@
Ko I A

I

be a commutative diagram of graphs with semi-exact rows.
(1) If m and ns are monomorphism, then so is na.
(2) If m and n3 are strong homomorphism, then so is ;.
(3) If ;. and ns are epimorphism, then so is ns.
(4) If ;m and ns are isomorphism, then so is n;.

Proof. (1) Let n2(x2) = ma(y2) where xo # yo in T'y. Then ¢'ng(xg) =
Y'n2(y2) and so n3h(xe) = n3th(y2). Since 13 is monomorphism, ¥ (xg)
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¥ (y2). Hence, x9,y2 € K (1) C Im(p) since xo # yo and the rows are semi-
exact. Then there are x; # y; in I'1 where ¢(z1) = 9 and ¢(y1) = yo.
Hence, ¢'ni(x1) # ¢'m(y1) since n; and ¢’ are monomorphisms. It is
contradiction to nap(x1) = n2(x2) = N2(y2) = n2¢(y1). Therefore, 1y is a
monomorphism.

(2) Let no(z2) ~ n2(y2) where xo « yo in I'y. Then ¢0'na(x2) ~ ¥'na(y2)
and so N3 (x2) ~ n3(y2). Since 73 is a strong homomorphism, ¥(z2) ~
¥ (y2). Hence, x2,y2 € F(¢0) C Im(p) since x2 ~ y and the rows are semi-
exact. Then there are 21 ~ y; in I'1, where p(z1) = 22 and p(y1) = yo.
Hence, ¢'ni(x1) » ¢'n(y1) since 1 and ¢’ are strong homomorphisms.
It is contradiction to nap(x1) = n2(x2) ~ n2(y2) = n2¢(y1). Therefore, 1y
is a strong homomorphism.

(3) Let af, € V(I'y). Then there is zo € V(I'2), where ¢/ (24) = n31p(x2)
since n3 and 1 are epimorphisms. If 2, = na(z2), then 2, € Im(ns).
Suppose not; then a4, € K(¢') C Im(y’) since ¢ (xh) = ¢'na(z2) and the
rows are semi-exact. Hence, there is 1 € V(I'1), where ¢'ni(z1) = 2,
since 71 is an epimorphism. So nap(z1) = ¢'m(z1) = 24 and 24 € Im(ny).
Therefore, 19 is an epimorphism.

(4) By parts (1), (2) and (3), If n; and 73 are isomorphisms, then 7,
is an isomorphism. ]

In the following theorem, part of the impact of side graphs on I'y is
expressed in the short exact sequence (2).

Theorem 3. Consider the short exact sequence (2). Suppose that I'1 and
vol's are empty graphs. Then I'y is bipartite, where V(I'1) and V (y,0'3)
is as a bipartition of V(I's). If I'1 and I's are finite graphs, then so is I'y,
where |V(Ta)| = [V(T1)| + V(o Ts)]-

Proof. Suppose that I'y is an empty graph. Then I'1 = Im,, = Q) is empty
graph since ¢ is a strong monomorphism. Also, the restriction 1| r, is a
strong monomorphism. Hence, ,I's = ¢_1(¢¢F3), where w_l(wgpfg) is an
empty graph. Therefore, I's is bipartite where I'y and '3 is a bipartition
of V/(I'). Since the restriction 1| r, is a monomorphism, one has V(I'y) =
() U~ (V(Ts) \ Tm(tp)). Therefore, V()| = [V(T'1)] + [V (4T's)
since 1 is an epimorphism and Im(e) Ny~ (V(T3) \ Im(vp)) = @. O

Lemma 1. Consider the short exact sequence (2). Then the following
sequence is short exact:

Ko — I'1 + N(Im¢<p) "—l> Iy Fp I's M} I's — Kcl).
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Proof. 1t is clear that the inclusion map ¢ is a strong monomorphism.
Since V(I'3) = Im(¢¢) UV (y,I'3), the homomorphism ¢ +1 is surjective.
Since Im(¢pp) NV (yo'3) = @, one has K (1p + i) = K(1p). Also, since
I'y and 4,I'3 are disjoint and every vertex of Imy,, is adjacent to some
vertex of N(Imy,), F(vYp +1i) = F(vp) U N(Im(ipp)). Hence, Q1o +
i) = Q) U N(Im(¢pg)). Let x; € I'y; then ¢(z1) € K () (or F(v)).
Hence, there is ¢(y1) € Q(1), where p(z1) # (1) (p(z1) » P())
and Yp(z1) = Yo(y1) (Ye(z1) ~ Yp(y1)). Since ¢ is a homomorphism,
z1 # y1 (@1 o~ y1). Thus, 1 € Q(y). Therefore, T'y = Qyy, and Q (Y +
i) = V(T'1) U N(Im(pp)). 0

Theorem 4. Consider the short exact sequence (2). The following condi-
tions are equivalent:

(1) 3¢, is an isolated vertex of I's/Z,,

(2) T3, is an isolated vertex of I's /Ly, and I's = Imyp +yel's,

(3) The short exact sequences Ko — I'y N +yol3 LN Imy, +yol'3 —
KS and (2) are isomorphic.

Proof. (1) = (2) By Remark (3)(b), Jj,, is an isolated vertex of I's/Zy,.
Hence graphs 4,I'3 and Imy,, are disjoint and I's = Imyy, +4,1's.

(2) = (3) We define the function ny : I'y — I't 44, I's, which na(z2) =
¢~ 1 (x2) if 13 € Im(y); otherwise, 172(x2) = 1 (x2). By the fact that the
graphs y,I's and Im,, are disjoint, one has x3 » yo, where x5 € Im(yp)
and y2 € V(,I'2). So, the map 7, is a homomorphism. By Lemma 1, the
following diagram with exact rows commutes:

P

Ko I ? Iy I's KT
Jidrl ‘TIQ idp,
: +id
Ko I ! I Ty I'3 vet Imd,@ +WF3 Ki)

Thus, 72 is an isomorphism by Theorem 2. Therefore, this diagram repre-
sents an isomorphism of short exact sequences.

(3) = (1) Let m1,m2 and 13 be isomorphisms and the following diagram
with exact rows commutes:

Ko I ul Iy ! I's Ky
Jnl an J]n?
: +id
Ko Iy ! Iy Ty I's ldax Imw@ +w¢F3 K(l)
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Suppose that there are xo € Im(y) and yo € V(,I'2), where zo ~ o
and ¢(r1) = w2 (ie, Jg is not an isolated vertex of I's/Z,). Hence,
n2p(w1) ~ m2(y2), where na(y2) ¢ V(I'1). Therefore, mi(z1) ~ n2(y2),
where 71 (x1) € V(I'1). It is a contradiction since the subgraphs I'y and
wpl'3 of 'y +y, I's are disjoint. O

A homomorphism f from G to f(G) C H is called a retraction if there
exists a monomorphism g from f(G) to G such that fg =idf). In this
circumstance, f(G) is called a retract of G, and G is called a coretract of
f(G) while g is called a coretraction.

Theorem 5. Let ¢ : I' — Y be an epimorphism of graph. The restriction
¢|F¢ 1s retraction if and only if ¢ is a retraction. In particular, let the
sequence (2) be short exact. The epimorphism 1 is a retraction if and only
if the subgraph Imy,, is a retract of Im,.

Proof. Let ¢|, is retraction with ¢} it’s coretraction. Since the restriction
of ¢ to p(gI" is a strong homomorphism and ¢ is an epimorphism, there
is a coretraction ¢ : y¥ — pgl', where U = Im(¢|F,). Define the
homomorphism ¢ : T — I" which ¢'(u) = ¢ (u) if u € Im(#|F, ); otherwise,
@' (u) = ¢h(u). Suppose that z = y, where 2z € V(') \ F(¢) and y € F(¢).
Then ¢(z) = ¢(y). Therefore, ¢¢’ = idy and ¢ is a retraction. Conversely,
it is clear. The “in particular” statement is clear since F'(¢)) C Im(p). O

Lemma 2. Let ¢ : ' — T be a homomorphism of graph and let © be a
subgraph of T induced by Im(¢p) U N(Im(¢)). Then Y is a retract of T + T
and the following sequence is short exact:

Ko T+0 5T +71 289 vk

Proof. 1t is clear that ¢ and ¢+idy are strong monomorphism and epimor-
phism, respectively. Obviously, Ksiay = (¢ + idy) "} (Img) = ' + Imy.
Let y € N(Im(¢)), where N(Imy) is a subgraph of Y. Then there is
¢(x1) € Im(¢) such that ¢(z1) ~y in T and z1 ~ y in I' + Y. Therefore,
Qp+idy = [+ © since Imy, and ()Y are disjoint. O

2. Graph functors

In this section, we introduce some functors induced by operations on
graphs with an observation to exactness of them.
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Definition 9. Let I' be a graph. For every graph I'1 define the Cartesian
product functor vr(I'y) = I'1OI" which is a covariant endofunctor. It is
easily verified that if ¢ : I'y — 'y is a homomorphism, then Vp(¢) = ¢ xidp
given by Vr(p)(z1,2) = (¢(x1),z) is a homomorphism.

Let C' and D be categories. A functor F' : C' — D preserves a property
P of a morphism f in C' if F(f) in D also has the property . We say
that F reflects a property B if f has P in C' whenever F(f) has P in D.
Analogous definitions can be made with respect to properties of objects.
It is clear that every functor preserves commutative diagrams. According
to the definition of the functor V, we have the following corollary.

Corollary 1. The functor V preserves and reflects injective mappings,
surjective mappings, retractions and coretractions.

Note that in general, the functor V does not preserve strong homo-
morphisms. In the next theorem, it will be determined that the functor v
is exact.

Theorem 6. Let I' be a graph. The sequence (2) is exact if and only if
the sequence

Ko — [yor 24 pygp WM, poap ke (3)

18 exact.

Proof. By Corollary 1, (¢,idr) is a monomorphism and (1,idr) is an
epimorphism. Suppose that (¢(z1),2) ~ (¢(y1),y) in Ta0l. If o(x;) =
©(y1) and = ~ y, then (z1,2) ~ (y1,y) since ¢ is a monomorphism. If
o(x1) ~ ¢(y1) and & = y, then (x1,x) ~ (y1,y) since the homomorphism
¢ is strong. Therefore, (¢,idr) is a strong homomorphism. Now, let
(p(x1),z) € Im(exidr), then p(z1) € Q(v) since Im(p) = Q(¢). Suppose
that ¢(x1) € K(v); there is yo € K(v) where y2 # p(z1) and ¢ (y2) =
(x1). Hence (p(z1),x), (y2,2) € K(¢» x idr). Suppose that ¢(z1) €
F(v). By the same way with replacing “=" by “~", one has (Yp(x1),x) ~
(¥ (y2),z) in I's0l and so, (p(z1),z) € F (¢ x idr). Therefore, Im(¢ X
idr) € Q(¢ x idr). Let (z2,2) € K(¢ x idr), then there is (y2,y) €
K (v x idr), where (y2,y) # (z2,z) and ¢ X idp(y2,y) = ¥ X idp(xe, x).
Hence, x = y and ¢(x2) = 9(y2), where x2 # ya. So, 2 € K (1)) and there
is 1 € I'1, where p(z1) = x2 since Im(p) = Q(¢). Therefore, (z2,x) €
Im(¢ x idp). If (z9,z) € F (¢ x idr), then there is (y2,y) € F(¢ x idr),
where (y2,y) » (z2,2) in I'y0I and ¥ X idp(y2,y) ~ ¢ X idr(x2,z) in
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['sal’. Thus either y = x and ¥ (z2) ~ ¥ (y2) or y ~ x and P (xz2) = ¥(y2).
Suppose that y = x; then xg ~ y since (ya2,y) » (x2,x). Since ¥ (x2) ~
Y(y2), 2 € F(¢) and there is 1 € I'; where ¢(z1) = 2. Therefore,
(p(x1),x) € Im(p xidr). Now, suppose that ¢(x2) = ¥(y2). Then x9 # yo
since y ~ x and (y2,y) » (v2,z) in I'e0Ol". Hence, x2 € K(1) and so
there is 1 € T'y where p(z1) = zo. Thus (¢(z1),2) € Im(p x idp) and
Q¢ x idr) € Im(p x idr). Therefore, Q(¢ x idr) = Im(¢ X idr) and the
sequence (3) is short exact.

Conversely, let the sequence (3) be exact for some I'. Since ¢ x idr is
a strong monomorphism and ¥ X idr is an epimorphism, ¢ is a strong
monomorphism and v is an epimorphism in the sequence (2). Let 2o €
Im(p), where p(x1) = x2. Then (¢(z1),x) € Im(p x idr). Since Im(p X
idr) = Qv x idr), (p(z1),z) € Q¢ x idr). By the same way in the
previous part (Concerning Q(¢) x idp) C Im(p x idr)), It is easy to show
that ¢(x1) = x2 € Q(¢) and so Im(p) C Q(v). Let xo € Q(v)). By the
same way in the previous part (Concerning Im(y x idr) € Q(¢ x idr)),
It is easy to show that zo € Im(p). Therefore, the sequence (2) is short
exact. O

Definition 10. Let I" be a graph. For every graph I'y define the direct
product functor Ap(I'y) = I'; x I which is a covariant endofunctor. It is
easily verified that if ¢ : I'y — 'y is a homomorphism, then Ar(¢) = pxidp
given by Ar(y)(z1,x) = (p(z1), ) is a homomorphism.

Let (¢(x1),2) ~ (¢(y1),y); then (x1) ~ ¢(y1) and = ~ y. If the ho-
momorphism ¢ is strong, then A(p) is a strong homomorphism. Moreover,
according to the definition of the functor A the following corollary holds.

Corollary 2. The direct product functor A\ preserves and reflects injective
mappings, surjective mappings, strong homomorphisms, retractions and
coretractions.

In the next theorem, it will be determined that the functor A is exact
if I' is a graph of minimum degree k > 1.

Theorem 7. Consider the short exact sequence (2). Let T be a graph of
minimum degree k > 1, then

id id
Ko — [y x T P9 posop @0 pos e (4)

1s a short exact sequence of graphs. In particular, if I' is a connected graph,
then the functor N\ is exact.
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Proof. By Corollary 2, (¢,idr) is a strong monomorphism and (1), idr) is
an epimorphism. Let (p(z1),2) € Im(¢ x idr); then ¢(x1) € Q(¢) since
Im(p) = Q(¢). Suppose that p(z1) € K (). By the similar way as the
proof of Theorem 6, (p(z1),x) € K (¢ xidr). Suppose that p(x1) € F(1),
then there is yo € F(¢) where ya » ¢(x1) and ¥(y2) ~ e(x1). Since
deg(xz) > 1, it has an adjacent y € I" where (¢¥(y2),y) ~ (Yp(x1),z) in
I's x I'. Therefore, (¢(z1),z) € F(¢ x idr) since (p(x1),x) » (y2,y) in
'y x T'. Let (x2,2) € K(¢ x idr). By the same reason in the proof of
Theorem 6, (z2,2) € Im(y) x idp). Now, if (z9,2) € F(¢ x idr), then
there is (y2,y) € F(¢ x idr), where (y2,y) = (z2,2) in 'y x I' and
¥ xidp(y2,y) ~ ¥ xidr(zg, x) in I's x I'. Hence,  ~ y and 1 (z2) ~ 1 (y2).
It is clear from (y2,y) » (x2,x), that x9 » yo and so z9 € F (). Hence,
there is 21 € I'y where p(x1) = z2. Thus (22, z) € Im(¢ x idr). Therefore,
Q (¢ x idr) = Im(¢ x idr) and the sequence (4) is short exact. The “in
particular” statement is clear. ]

Theorem 8. Let I' be a non-empty graph. If the sequence (4) is exact,
then the sequence (2) is exact.

Proof. By Corollary 2, ¢ and ¢ are strong monomorphism and epimor-
phism, respectively. By the same way as in the proof of Theorem 7 (Con-
cerning Q(v¢ x idr) C Im(p x idr)), It is easy to see that if zo € Im(yp),
then zo € Q(v). By the similar way as in the proof of Theorem 7 (Con-
cerning Im(p x idp) € Q(¢ x idr)), It is easy to see that if 2o € K(v),
then zo € Im(p). Let xo € F(10), then there is yo € F(¢)) where ya » x2
and ¥ (y2) ~ ¥(z2). Since E(I') # &, there are x,y € I" where z ~ y.
Hence (z2,2) » (y2,y) in I'y x T where ¥ X idr(y2,y) ~ ¢ x idp(xe, x)
in I's x I'. Thus (x2,x) € F (¢ x idr) and so (z2,z) € Im(¢ x idr) since
F(¢ x idr) = Im(p x idr). Hence 3 € Im(¢) and F(¢)) C Im(p). There-
fore, the sequence (2) is short exact. O

Remark 4. (a) Let I' = I';0I'20 - - - OI', then the inclusion map uy; :
I'; — I' with respect to Y; given by

Ti (y17' L Yi—1, Ty Yig1s 7y]€)7

is a monomorphism where Y; = (y1, *,¥i-1,Yi+1, " ,Yk—1) €
Vtho---ol,— 0040 --0lg—1). Further, let T =71 x To x -+ x Y.
By simple rewording of the definitions, each projection p; : T — T;
is a homomorphism. Furthermore, given a graph 7" and a collection of
homomorphisms 7; : T — T, for 1 < ¢ < k, observe that the map
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72— (11(x), 72(x), -+, 7k(x)) is a homomorphism 7" — Y. From the
two facts just mentioned, we see that every homomorphism 7 : 7T — T
has the form 7 : x — (71(x),m2(z), - ,7%(z)), for homomorphisms
7 T — Y;, where 7; = p;7. Clearly 7 is uniquely determined by p;
and 7.

(b) Consider the short exact sequence (2). By Theorem 6 and part (a),
the following diagram with exact rows determines a homomorphism of
short exact sequences:

P

Ko Iy I'y v I3 KC1>

idp Pxid

Ko Ty 0P 2 pp P e e

where ¢, : I'; = I';0I" with 1 <4 < 3 for some y € V(I').

(c) Let T be a graph with E(T') # @ and let the sequence (4) be
exact. By Theorem 8 and part (a), the following diagram with exact rows
determines a homomorphism of short exact sequences:

<p><id1" ’L/)Xidr*

Kop—— =Ty x T —22 o Py x T Py x T KO

Ko Iy I'y I's K(f

where p; : I'; x I' = I'; for 1 <4 < 3.

Lemma 3. Let Y be a graph and ¢ is a homomorphism from I'1 to I's.
(1) ¢ is a homomorphism from T1 ¥ to TyY.
(2) ¢ is a homomorphism from Y''2 to YT,

Proof. (1) Suppose that f and g; are adjacent vertices of I';*. Then
f1(u) ~ g1(y) where u,y € V(T) and u ~ y. Hence ¢ f1(u) ~ ¢g1(y)
for every u ~ y. Therefore, ¢(f1) ~ ¢(g1).

(2) It follows from [1, Theorem 6.4.1].

Based on the above lemma, we define a map functor as follows.

Definition 11. Let I' be a graph. For every graph I'y define the map
functor Map(I',T'y) = I'," which is a covariant endofunctor. Let p:I'1 —
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Ty be a homomorphism, then
Map(I', ) = ¢ : Map(I',I'1) — Map(I', I'y)

given by f1 — ¢ f1 is a homomorphism. Also, the map functor Map(—,T") =
I'™ is defined as a contravariant endofunctor and

Map(p,T') = ¢ : Map(I'y, I') — Map(I';, T')
given by fo +— faop is a homomorphism.

By the above definition, it is easy to check that the following corollary
holds.

Corollary 3. The map functor Map(I', —) preserves and reflects retrac-
tions and coretractions. Moreover, the map functor Map(—,I") maps re-
traction and coretraction to coretraction and retraction, respectively.

In the next theorem, it will be determined the map functor Map(T", —)
preserves and reflects injective mappings, surjective mappings and strong
homomorphisms. Further, it preserves the complexes if ¢(F) is a clique
of I's and it reflects the semi-exact sequences.

Theorem 9. Let I',T'1,T'y and I's be graphs where E(I'") # &.

(1) Let the sequence Ty L S N I's be a complex. Suppose that (Fy,)
is a clique (with loop) of I's, then the following sequence is a comple:

ISR JRANRG W (5)

Moreover, if ¢ is a strong monomorphism, then ¢ is a strong monomor-
phism. If 1 is an epimorphism, then so is 1.
(2) Let the following sequence is semi-exact

Ko — FIF £> FQF & Fgr — Kcl), (6)

then the sequence (2) is semi-exact. In particular, if the sequence (6) is
exact for every I', then the sequence (2) is ezact.

Proof. (1) Let fo € Tm(¢), then there is f; € V(I'1Y) where fo = of).
Since Im(¢) € Q(¢), Im(f2) C Q(). Suppose that fa(y) € K(1)) for some
y € V(I'), then there is xo € I'y where 2 # fa(y) and ¥ (z2) = ¥ fa(y).
Define g9 : I' — T'y with g2(y) = z2 and go(x) = fa(x) for all elements
x other than y. Hence g2 # fo and 1 fo = 1go. Therefore, ﬁ(fg) = 1[)(92)
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and fo € K(¢). Let fa(z) € F(¢) for all x € V(I'). Since E(I") # &,
there are y, z € V(I') where y ~ z. On the other hand, there is xg € I'o,
where w9 » fo(y) and ¥ (x2) ~ ¥ fa(y). Define go(x) = x4 for all x € V().
Since y ~ z and fa(y) = ga(2), we have fa = go. By the fact that ¢|F,

is a complete graph, one has 1 fa(x) ~ 1ga(z). Hence, @(fg) ~ @Z;(gg)
where fo = gy and so fy € F(1)). Therefore, Im(¢) € Q(¢)) and the
sequence (5) is a complex. Moreover, suppose that ¢(f1) = ¢(g1), then
©f1 = pg1. Hence, fi = g1 since ¢ is a monomorphism. If $(f1) ~ ¢(g1),
then ¢ f1(y) ~ wgi1(z) for every y ~ z in I'. Hence, f1(y) ~ g1(z) for every
y ~ zin I since the homomorphism ¢ is strong. Therefore, fi ~ g1 and ¢ is
a strong homomorphism. Now let f3 € V(I's"). Since ¢ is an epimorphism,
function fo can be defined fo(z) = 29 for some xo € 1~ 1(f3(z)). Hence,
Y fa(z) = f3(x). Therefore, 12)(f2) = f3 and so 1) is an epimorphism.

(2) First it is shown that ¢ and 1 are monomorphism and epimorphism,
respectively. Let ¢(z1) = ¢(y1), then there are f1,g91 € V(T';1) where
fi(z) = 21 and g1(x) = y; for all x € V(I') since I' # Kq. Hence ¢(f1) =
$(g1). Since ¢ is a monomorphism, fi(x) =x1 = y1 = g1(x) and so ¢ is a
monomorphism. Let 23 € V(T'3), then thereis f3 € V(I's!) where f3(z0) =
x3 for some xp € V(I"). Since ¢ is an epimorphism, there is fo € V(Toh)
where ¢ fo(x) = f3(x) for every z € V(I'). Hence ¢(z2) = f3(z0) = 23
where, fo(zp) = 22 and so 1 is an epimorphism. Now let 25 € Q(¢)), then
there is yo € Q(v)) where either yo # z9 and 1 (z2) = 1(y2) or Yy » x5 and
() ~ P(y2). Define fo(x) = g and ga(x) = ya where fa, g2 € V/(I'g").
Hence, either fa # g2 and 9¥(f2) = ¥(g2) or f2 = g2 and ¥(f2) ~ 1 (g2)
since E(I") # @ and 1(x2) ~ ¥(y2). So fo € Q(v) C Im(¢p) since the
sequence (6) is semi-exact. Thus there is f; € V/(I'1") where ¢(f1) = fo.
Hence, ¢ f1(x) = fa(z) = z2 and so za € Im(yp). Therefore, Q(¢)) C Im(yp)
and the sequence (2) is semi-exact. For the “in particular” statement, it is
sufficient to set I' = K§. O

Lemma 4. Let ¢ : 'y — I's be a homomorphism of graphs. Consider the
homomorphism ¢ : TY2 — Tt where |V (T)] > 2.
(1) ¢ is not surjective if and only if Ky = Qg = RN
(2) If ¢ is an epimorphism, then @ is a strong monomorphism. If ¢ is
a monomorphism, then ¢ is an eptmorphism.
(3) ¢ is injective if and only if ¢ is an epimorphism.

Proof. (1) Let fo € V(I'"2). Obviously, there is g2 € V(I''2) where go # fo
and ga = fap since Im(p) # V(T'2) and |[V(I')| > 2. Therefore, fo € K ().
Conversely, Let fo € V(I''2) = K(¢). Hence there is go € V(I''?) where



18 EXACT SEQUENCES OF GRAPHS

g2 # f2 and gap = fap. Now if ¢ is an epimorphism, then fo = g9, a
contradiction. Therefore, the homomorphism ¢ is not surjective.

(2) Let 3(f2) = 3(g2), then fap(w1) = gap(yn) for all @y = gy in Ty,
By the fact that ¢ is an epimorphism, fo = go for all 1 = y; in ['; and
so ¢ is a monomorphism. By the same way with replacing “=" by “~”,
the homomorphism ¢ is strong. By part (1), if the homomorphism ¢ is
not surjective, then I''? = Kz # @. Therefore, the homomorphism ¢ is
not injective.

(3) Let f1 € V(I''1). Obviously, there is fo € V(I''2) where fi(z1) =
fap(x1) for every x; € V(I'1). So, ¢(f2) = f1 and ¢ is an epimorphism.
Since |V (T)| > 2, there is f; € V/(I''1) such that fi(z1) # f1(y1). Suppose
that the homomorphism ¢ is not injective, then there are x1 # y; in I'y
where ¢(z1) = ¢(y1). Since ¢ is an epimorphism, there is fo € V(T'?)
where ¢(f2) = f1. It is a contradiction to fop(z1) = fi(z1) # fi(y1) =
fap(y1) since p(x1) = ¢(y1). Therefore, ¢ must be a monomorphism. [

Theorem 10. Consider the sequence (2) where, I's # Ko and let |V (I')| > 2.
The following conditions are equivalent:
(1) The map functor Map(—,T") is exact.

(2) The homomorphism ¢ is not surjective and v is a monomorphism.
(3) Imy, =T"2 = K.

Proof. (1) = (2) Suppose that ¢ is an epimorphism, then ¢ is a strong
monomorphism by Lemma 4(2). Hence Q(¢) = @ and so | Im(¢))| = 0 or
1 since the map functor Map(—,T") is exact. Hence |I''8| = 0 or 1 since ¢
is a strong monomorphism. It is contradiction to |V (I')| > 2 and I's # Ko.
Hence the homomorphism ¢ is not surjective and so Ky = Q; = '’ by
Lemma 4(1). Since the map functor Map(—,I') is exact, Im; = Qg =
I'™ and so 4 is an epimorphism. Therefore, ¢ is a monomorphism by
Lemma 4(3).

(2) = (3) By Lemma 4(1)(2), K3 = Q3 = I''? and 1) is an epimor-
phism. Hence Imd; =Qp = IRER

(3) = (1) Since ® is an epimorphism and ¢ is a strong monomorphism,
¥ and ¢ are strong monomorphism and epimorphism by Lemma 4(2)(3),

respectively. Therefore, the map functor Map(—,I") is exact. ]
Let I';’s be graphs with 1 < ¢ < k. Then I'y + I's + -+ + 'y, and
k k
'y x Ty x -+ x 'y, are denoted by > I'; and X T, respectively.
i=1 i=1

Theorem 11. Let I';’s be graphs with 1 < i < k and let I' be a finite
graph. The following statements hold:
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(b) Map(T', X I';) = X Map(T, T).
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(3) Map( X I';,T') = Map(I'y, Map( X I';,I")).
=1 =1

Proof. Part (1) follows from [5, Theorem 4.5.3], and part (2),(3) follow
from [3, Chapter 9.4]. O

So for the direct product functor and the map functor, here is a behavior
similar to the tensor product functor and Hom functor in algebra.
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