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ABsTRrRACT. It is shown that for groups G and H that act
faithfully by finite state automorphisms on regular rooted trees
their free product G * H admits a faithful action by finite state
automorphisms on some regular rooted tree.

The class of groups that act faithfully on regular rooted trees by
finite state automorphisms (equivalently, groups defined by finite initial
automata over finite alphabets) constitute a remarkable family among
residually finite groups. It is rich of many interesting and important groups
with a solid influence on different branches of mathematics. One can easily
show that this class is closed under finite direct products. The Kaloujnine-
Krasner theorem implies that it is closed under finite extensions as well.
The purpose of this short note is to show that this class is closed under
finite free products. Thus, we positively solve the following problem from
Kourovka Notebook (see [1, Problem 16.85]).

Suppose that groups G, H act faithfully on a regular rooted tree by
finite state automorphisms. Can their free product G« H act faithfully on
a regular rooted tree by finite state automorphisms?

In fact, to obtain the affirmative solution it is sufficient to prove the
following

Theorem 1. The free product FAut T, «x FAutT, is isomorphic to a
subgroup of FAutTs,, n > 2.
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All notions and notations we use are standard for groups defined
by finite automata and can be found in [2] and [3]. In particular, by
FAut T,,, m > 2 we denote the group of all finite state automorphisms of
m-regular rooted tree.

The idea of the main construction used in the proof is influenced by
the paper [4].

Proof of Theorem 1. We start with three disjoint alphabets X, Y and Z,
each of cardinality n. We assume that their elements are enumerated, i.e.
let

X={xoy.. . Zn-1}, Y =Av0,---syn—1} and Z={zp,...,2n-1}.

Consider two isomorphic copies G and H of the group FAut T,, as groups
whose elements are defined by finite initial automata over alphabets X
and Y correspondingly. The elements of the group FAut T3, will be defined
by finite initial automata over the alphabet X UY U Z. We will construct
isomorphic embeddings ¥ and ¥4 of the groups G and H correspondingly
into the group FAut T3, and show that the subgroup generated by their
images splits into the free product ¥;(G) % Wy(H). The proof is divided
into three parts.

Step 1. Construction of Wy, V.

We describe the map ¥y : G — FAutT3,. The map W5 is defined
analogously replacing X by Y and vice versa in the constructions below.

For each element g € G fix a finite initial automaton

Ag — (Q7 X) )‘7 M? QQ)

such that g is defined by A,. Here ) denotes the set of inner states of
Ay, X and p its transition and output functions respectively, g4 the initial
state.

The definition of Wy consists of two stages.

At the first stage we define another automaton B, by adding to the
set @ of states of A, two states sy, d,. The functions A,y are extended
by the equalities

A(sg,w0) = qg,  A(sg,x) = dg, © € X\{zo}, Aldg,2) = dy,  €X,
p(sq,x) = p(dg,z) =z, z € X

Then
Bg = (Q U {597 dg}7x’ )‘a 2 59)'
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Denote by 1 (g) the element of the group G defined by the automaton Bi.
Then the rule

g 1(g)

defines an isomorphic embedding of GG into G. Indeed, the definition of
the automaton By implies that for arbitrary x € X,w € X* the following
equality holds

() 1) — zw?, if x = xg,
TW otherwise.

Hence, 9 is injective and preserves multiplication.
Note, that the map 1/ is nothing but the identification of G with the
first term in the direct product

GO x. .. xGg" b Gh~Go<i<n—1.

This direct product is a natural subgroup of G as soon as we look at the
action of G on X*.

Let us proceed to the second stage of the definition. We construct a
finite initial automaton Cy over the alphabet X UY U Z. Its set of inner
states is Q U {sq,dg} UQ x Z.

The transition function A is extended by the following rules:

Adg,y) =dg, yeY, Ndg,z) =84, z€Z,
Ma,y) =sg, ¢€QU{sgtUQ X Z, yeY,
A(sg,2) =sg, z€LZ, Mg, 2)=1(q,2), q€Q, z€Z,
A(q,2),t) =84, q€Q, z€Z, teYULZ,

A(q, 2),x) = N(sg, ), q€Q, z€Z, zeX

The output function p is extended on new states by the rule:

u((q,z),x) :/’L(ngx)v quv ZEZ, .%'EX.

Let us define the action of the output function i in new states on letters
from Y. For arbitrary ¢ € Q,4,j € {0,...,n—1} the value u(q, Z(j—i) mod n)
is a well-defined letter x € X. Then x = zj, for some k € {0,...,n — 1}
and we define

1((q, ), y;) = Y(k+i) mod n-

In other words, the permutation 7wy on the alphabet Y defined in the state
(g, z;) “mimics” the permutation mx on X defined in the state q. More
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precisely, if we denote by ¢ the one-to-one correspondence between X and Y
given by the rule x; — Y1) mod n, 0 < j < n—1, then my = o(mx(c™h)).
None of the rest of the states change letters from Y. Finally, none of
the states change letters from Z.
Then the automaton

Cy=(QU{sg,dy} UQ x Z,XUY UZ X, i, 55)

is well-defined.

Denote by ¥;(g) the element of the group FAut T3, defined by the
automaton Cj.

Step 2. Wy, Wy are isomorphic embeddings.

As above, we consider ¥y only. The proof for Wy is completely analo-
gous.

Let g € G, w € (XUY UZ)*. We examine the word w?1(9) to show
that Wy preserve multiplication in G. The main idea is to split w into
sub-words such that under the action of Wy (g) each image coincides with
the one obtained by the action of g. Under the action of ¥;(g) in w letters
from X,Y, Z are transformed into the letters of the same alphabet. The
letters from Z are preserved under the action of ¥;(g).

For w € X* the definition of the automaton Cj directly implies the
equality

w¥1(9) — y¥1(9)

In particular, the mapping ¥; is injective.

Let the first letter of w belongs to X and differs from zq. If w contain
no letters from Z then w is a fixed point under ¥;(g). In other case
w = zw;zws for some wy € (XUY)*, z € Z, we € (XUY UZ)*. Then

w¥19) = (wwlzwg)qll(g) = xwlzw;yl(g).

Assume that w € (XUY U Z)* \ X* and the first letter of w either
belongs to Y U Z or equals zg. Then w can be uniquely written in the
form

W = wiuiwauy,

where wy,wy € X*, up € (YUZ)", ug € (XUY UZ)* and the word w;
either empty or its first letter equals xg. In the former case from the
definition of C,; we obtain the following equality:

(w1u1w2u2)‘1’1(9) = WUl ('LUZUQ)\I’I(Q).
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In the latter case if the first letter of u; belongs to Y or the length
of uy is greater than 1 and the first and the second letters of u; belong
to Z the definition of C; implies

(wiurwaus) " = wy g (waup) 1),

It is left to consider two cases.

Case I. Let w1 = zgws for some wg € X*, uy = z for some z € Z
and the word ws is non-empty. In this case w = xqwszrwsus for some
r € X,wy € X* and we obtain

(:L"owgzxw4u2)‘1’1(9) - xowgz(:nw4u2)‘1’1(g).

Case II. Let wi = xgws for some w3 € X* and u; = zyug for some z €
Z,yeY,uz € (YUZ)* Theny = yj,z = z for some i,j € {0,...,n—1},
w = Tow3z;yjuzwauz and we obtain

(x0w3ziyju3w2u2)%(g) = ($0w3ziyj)%(g)ug(wqu)%(g).

Further we obtain

(rowsziy;) Y19 = (20w3)" 9 21y (i1 k) mod ns

where number k is uniquely determined by the equality
($Ow3x(j—i) mod n)qjl(g) = xongk‘

The last equality means that ¥;(g) acts on words of the form zgwsz;y;
as g acts on words W3 (;_j) mod n i-€. corresponding permutation groups
are isomorphic.

Step 3. (V1(Q), Vo(H)) splits as V1 (G) * Uo(H).

It is required to prove that for arbitrary positive integer m and non-
identity elements ¢1,...,9m € G, h1,...,hy € H the product

Wi(g1)Wa(h) ... Vi(gm)P2(hm)

defines a non-trivial permutation on the set (XU Y U Z)*. Denote by
ai,bi, ..., am, by, the elements

Ui(g1), Wilg)Pa(h), ..., Wilg1)¥a(ha)... Vi(gm)P2(hm)
correspondingly. We will find words

ULy ooy Uy U1 € X5 and  v1,..., 0, € YT
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and letters
tyeostm, 81y -y Sm €L

such that the word w of the form
W = U1t1U181 - . - UmntmVUm SmUm—+1

is not a fixed point under the action of the element b,,.

For any non-trivial element g € G there exist a non-empty word from
X* that is not a fixed point under the action of g. In each non-fixed word
of the shortest possible length the last letter does not coincide with the
last letter of its image under g. Note, that all other letters are preserved
under the action of g. Hence, there exist a word w(g) € X* and numbers
i(9),k(g) € {0,...,n — 1} such that i(g) # k(g) and

(w(g)Ti(g))? = w(9)Tp(g)-

Denote j(g) = (i(g9) — k(g)) mod n. Then j(g) # 0. In the same way for
any non-trivial element h € H one can choose a word w(h) € Y* and
numbers i(h), k(h) € {0,...,n — 1} such that i(h) # k(h) and

(w(h)yicn)" = w(h)Yk(n)-

Denote j(h) = (i(h) — k(h)) mod n. Then j(h) # 0.
Now define

up = xow(g1), Ur = Tjh,_Hw(gr), 2< T <M, Uni1 = Tj(h,,),
Vr = Yj(gW(he), T<r <m, and  t. = 2y, Sr = Zg(n,), L <7 < m.
Hence, we put
w = 0w (91)2(g1)Yj(91) W (1) Zk(h) Tj(hy) - - -
T (R )W (Gm) 29 Y (g 0 o) Zh () T ()

The definition of ¥ and Ws implies that under the action of mappings
ai,bi, ..., bm_1, m, by in the word w letters

Yilgr)s Ti(ha)s -+ Lj(hm-1)2 Yji(gm)> Li(hm)

one by one become

Yo, Zo, .- -5 L0, Y0, L0O-
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More precisely, one can verify by induction the following 2m equalities

w™ = (ul)altlyow(hl)sl’UQ R umtmvamUmHa

by

w” = (ultlvl)blslxow(gg) e U b U S U1,

W™ = (urt1v181 « - Up) LYo (Gm ) SmUm+1,
whm = (urtqv18y ... umtmvm)bmsmxo.

In particular, w’™ # w. The proof is complete. [
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