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Abstract. A metric basis S of a graph G is the subset

of vertices of minimum cardinality such that all other vertices are

uniquely determined by their distances to the vertices in S. The

metric dimension of a graph G is the cardinality of the subset S.

A unicyclic graph is a graph containing exactly one cycle. The

construction of a knitting unicyclic graph is introduced. Using this

construction all unicyclic graphs with two main vertices and metric

dimensions 2 are characterized.

Introduction

The notion of a metric basis was introduced by L. Blumenthal in [1]

for semimetric spaces. F. Harary and R. Melter considered the concepts of

a metric basis and metric dimension for simple, connected graphs in [2]. In

general case the problem to find a metric basis of a graph is NP-hard [3].

There are three main ways to study metric dimension of graphs. The

first way is a characterization of metric dimension of some families of

graphs. For example, in [4] metric dimension of trees was considered, in [5]

metric dimension of wheels was determined, in [6] for metric dimension of

unicyclic graphs some bounds were given. The second is a characterization

of metric dimension of constructions of graphs (e.g. [7], [8]). The third

way is a description of graphs having a fixed value of metric dimensions.

For instance, in [9] it was proved that a graph G has metric dimension 1
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if and only if G is a chain, the metric dimension of G equals to n − 1 if

and only if G is the complete graph on n vertices and all graphs on n

vertices with metric dimension n − 2 were characterized.

In this paper we characterize all unicyclic graphs with two main

vertices such that their metric dimension equals 2.

1. Metric dimension of unicyclic graphs

We consider only simple, finite, undirected, connected and nontrivial

graphs. Let G = (V, E) be a graph with set of vertices V and set of

edges E. The degree degG(v) of a vertex v in G is the number of edges

that incident to v in G. The path between v1 and v2 in graph G is a

sequence of vertices and edges v1, e1, v2, e2, . . . , vn, such that any edge ei

is incident to vertices vi and vi + 1, 1 6 i 6 n − 1. A unicyclic graph is a

graph containing exactly one cycle.

The distance between two vertices v1 and v2 is denoted by dG(v1, v2)

and it equals to the length of the shortest path between v1 and v2. We

denote by Cn and Ln the cycle and the path on n vertices correspondingly.

For unspecified notions in graph theory we refer to [10].

A vertex u of a graph G is said to resolve two vertices v1 and v2 of

graph G if the following inequality holds:

dG(u, v1) 6= dG(u, v2).

An ordered vertex set S of G is a resolving set of G if every two distinct

vertices of G are resolved by some vertex of S. A resolving set also is called

a metric generator. A metric basis of G is a resolving set of minimum

cardinality. The metric dimension of G is the cardinality of its basis. We

denote metric dimension of G by the symbol dimG.

Let Ĝ = (V̂ , Ê) be a subgraph of the unicyclic graph G = (V, E),

which is a simple cycle. In other words, Ĝ is isomorphic to Cm for some

positive integer m.

Proposition 1. Let G = (V, E) be a unicyclic graph. If metric dimension

of G equals 2 then for any v ∈ V \ V̂ the inequality degG(v) 6 3 holds.

Proof. Assume that w is a vertex of G such that degG(w) > 4. Then

there are 4 vertices u1, u2, u3, u4 such that the distance from any of these

vertices to w equals 1 (see Figure 1). Then all pairs of vertices ui, uj ,
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1 6 i < j 6 4 are resolved by some set S of vertices that consists of more

than three vertices. Therefore, dim(G) > 2.

In this paper we consider only graphs G = (V, E) such that the

inequality degG(v) 6 3 holds for all v ∈ V .
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Figure 1. Graph G.

A vertex u ∈ V \ V̂ of the graph G is said to be projected in the vertex

w ∈ V̂ if for any vertex q ∈ V̂ the inequality

dG(u, w) < dG(u, q)

holds. A vertex with degree 3 from Ĝ, in which the vertices that have

degree 3 and are located outside the cycle are projected, is called a main

vertex. For example, the graph G on Figure 1 has a unique main vertex w.

We need the following lemma from [11].

Lemma 1 ([11]). Let G = (V, E) be a unicyclic graph and dim(G) = 2.

Then there exist at most two main vertices in the graph G.

A vertex of degree at least 3 in a graph G will be called an exterior

vertex of G. Any end-vertex u of G is said to be a terminal vertex of

an exterior vertex v of the graph G if for every other exterior vertex

w of G the inequality dG(u, v) < dG(u, w) holds. An exterior vertex v

will be called two-leaf if there exist two different terminal vertices of the

vertex v. An exterior vertex v will be called one-leaf if there exist exactly

one terminal vertex of the vertex v. For example, the vertex z1 is two-leaf

and the vertex w is one-leaf on Figure 3.

Lemma 2. Let G = (V, E) be a unicyclic graph and dim(G) = 2. A

vertex v ∈ V̂ with degree 3 is a main vertex of the graph G if an only if v

is not a one-leaf vertex.
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Proof. Let v ∈ V̂ with degree 3 be a main vertex. Then there is an

exterior vertex w ∈ V \ V̂ that is projected in v. Moreover, v is a vertex

of a cycle G1. Hence, v is not a one-leaf vertex. Note, that v is not a

two-leaf vertex also.

Assume now, that u ∈ V̂ is an one-leaf vertex. Then there is one

terminal end-vertex z ∈ V \ V̂ of the vertex v projected in v. Hence there

is no vertices with degree 3 projected in u. Therefore, the vertex u is not

a main vertex of graph G.

Lemma 3. Let G = (V, E) be a unicyclic graph and dim(G) = 2. Then

for any main vertex v of G there exists exactly one two-leaf vertex that

projected in v.

The proof of this lemma directly follows from the proof of Lemma 1

in [11].

2. Metric dimension of knitting of unicyclic graphs

Let G1 = (V1, E1) and G2 = (V2, E2) be graphs. Fix vertices v1 ∈ V1

and v2 ∈ V2. A graph G is built from G1 and G2 by gluing along the

vertices v1 and v2 if G = (V, E) has the set of vertices V = V1 ∪ (V2 \ v2)

and the set of edges E = E1 ∪ E2 (a vertex v2 is replaced by v1 for all

edges of G2). Roughly speaking, we identify vertices v1 and v2 of graphs

G1 and G2 (see Figure 2).
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Figure 2. Gluing of two graphs.

Definition 1. A unicyclic graph G is said to be a basic graph if following

conditions hold:

(A) for any vertex v from G degG(v) 6 3;

(B) for any main vertex v of G there exists exactly one two-leaf vertex

projected in v;
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(C) G has exactly two main vertices;

(D) Ĝ has only main vertices with degree more than two.

Definition 2. Let now G1 be a basic graph. Denote the main vertices

of G1 by u and v. A unicyclic graph G is called a knitting of the graph

G1 by chains L1, . . . , Lr if G is obtained from the graph G1 by gluing

vertices with degree 2 of its cycle and beginings of the chains L1, . . . , Lr

such that each vertex with degree 2 of the cycle is glued to the end of

exactly one chain and for any one-leaf vertex w and any adjacent to w

vertex a the following inequality holds (see Figure 3):

dG(u, v) + dG(v, w) + 1 6= dG(u, a). (1)
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Figure 3. Knitting condition does not hold.

A unicyclic graph G is even, if |V̂ | = 2k for some positive integer k.

A unicyclic graph G is odd, if |V̂ | = 2k + 1 for some positive integer k.

Proposition 2. Let G = (V, E) be an even unicyclic graph with two

main vertices u and v, |V̂ | = 2k. If dimG = 2, then d(u, v) 6= k.

Proof. Assume that dimG = 2 and d(u, v) = k. Since u and v are main

vertices of graph G, a resolving set of G contains two end-vertices z and l

projected in u and v respectively. Let a and b be vertices from the cycle Ĝ

adjacent to u. Hence, dG(a, u) = dG(b, u) = 1 and dG(a, v) = dG(b, v) =

k − 1. Therefore, the set {z, l} is not a resolving set and dimG > 2.

Theorem 1. An odd unicyclic graph G = (V, E) with two main vertices

has metric dimension 2 if and only if one of the following conditions hold:
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1) G is a basic graph;

2) G is a knitting of some basic graph G1 .

An even unicyclic graph G = (V, E) with two main vertices u and v,

|V̂ | = 2k, has metric dimension 2 if and only if one of the conditions 1)

or 2) holds and d(u, v) 6= k.

Proof. 1. Assume, that G = (V, E) is an odd basic graph. Then if some

vertex u from Ĝ has degree 3 then u is a main vertex of G. Let u and v

be main vertices of the graph G, z and l be end-vertices projected in u

and v respectively. It is not hard to verify that the set {z, l} is a resolving

set of the graph G. Since vertices of a cycle are resolved of two vertices

the set {z, l} is a metric basic and then dimG = 2. If G is a knitting of

some basic graph G1 then from the construction of knitting it follows

that a metric basis of G1 is a metric basis of G.

2. Let now G = (V, E) be an odd unicyclic graph with two main

vertices and metric dimension 2. It follows from Proposition 1, Lemma 3

and Lemma 1 that for the graph G conditions (A) − (C) of Definition 1

hold. If Ĝ has only main vertices with degree more than two then G is

a basic graph. Assume that Ĝ has not only main vertices with degree 3.

From Lemma 2 it follows that all of these vertices are one-leaf ones. Then

the graph G can be considered as a knitting of some basic graph.

References

[1] Leonard M. Blumenthal, Theory and applications of distance geometry, Oxford:

At the Clarendon Press (Geoffrey Cumberlege), XI, 1953.

[2] Frank Harary, Robert A. Melter, On the metric dimension of a graph, Ars Comb.,

N.2, 1976, pp. 191–195.

[3] Michael R. Garey, David S. Johnson, Computers and intractability. A guide to the

theory of NP-completeness, San Francisco: W. H. Freeman and Company, 1979.

[4] P. J. Slater, Leaves of trees, Proc. 6th southeast. Conf. Comb., Graph Theor.,

Comput.; Boca Raton, 1975, pp. 549–559.

[5] B. Shanmukha, B. Sooryanarayana and K. S. Harinath. Metric dimension of

wheels, Far East J. Appl. Math., V.8, N.3, 2002, pp. 217—229.

[6] C. Poisson, P. Zhang, The metric dimension of unicyclic graphs, J. Combin. Math.

Combin. Comput., V. 40, 2002, pp. 17–32.

[7] I. G. Yero and J. A. Rodriguez-Velazquez, A note on the partition dimension of

Cartesian product graphs, Applied Mathematics and Computation, V. 217, N. 7,

2010, pp. 3571–3574.

[8] Linda Eroh, Paul Feit, Cong X. Kang, Eunjeong Yi, The effect of vertex or

edge deletion on the metric dimension of graphs, J. Comb., V. 6, N. 4, 2015, pp.

433–444.



222 On unicyclic graphs of metric dimension 2

[9] Gary Chartrand, Linda Eroh, Mark A. Johnson, Ortrud R. Oellermann, Resol-

vability in graphs and the metric dimension of a graph, Discrete Appl. Math., V.

105, N. 1–3, 2000, pp. 99–113.

[10] Reinhard Diestel, Graph Theory (3rd ed.), Berlin, New York: Springer-Verlag,

2005.

[11] Marharita Dudenko, Unicyclic graphs with metric dimension 2, Nauk. Zapysky

NaUKMA, V. 165, 2015, pp. 7–10.

Contact information

M. Dudenko,

B. Oliynyk

Department of Mathematics, National Univer-

sity of Kyiv-Mohyla Academy, Skovorody St. 2,

Kyiv, 04070, Ukraine

E-Mail(s): rita.dudenko@gmail.com,

oliynyk@ukma.edu.ua

Received by the editors: 08.06.2017

and in final form 10.06.2017.


