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ABSTRACT. In this paper we describe the profinite closure
of the iterated monodromy groups arising from the arbitrary post-
critically finite quadratic polynomial.

Introduction

In this article we consider the iterated monodromy groups arising from
the post-critically finite (i.e. orbit of the critical point is finite) quadratic
polynomial 2?2 — ¢ and we denote such group as IMG(z? — ¢). Group
IMG (22 — ¢) could be represented as the automorphism group of the
rooted binary tree (see [1] or [6]). These groups were studied by Bartholdi
and Nekrashevych [1]. They show that properties of such group highly
depend on whether the orbit of the critical point of 22 — ¢ is periodic
(the orbit of the critical point contain critical point itself) or strictly
pre-periodic (the orbit of the critical point do not contain critical point).
Bartholdi and Nekrashevych [1] have proved that group IMG(2? — ¢) is
weakly branch on its commutator for the periodic case and also they have
proved that group IMG(z2 — ¢) is regular branch for the pre-periodic case
(except for the infinite dihedral group).
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One interesting example of the iterated monodromy group is Basilica
group [5] arising from the complex polynomial z? — 1. This group is gene-
rated by a three-state automaton. It is the first example of an amenable
group not belonging to the class of sub-exponentially amenable groups [3].

Closure of some iterated monodromy groups of post-critically finite
quadratic polynomials z? — ¢ was studied by Pink [7]. He studied the
Hausdorff dimension, the maximal abelian factor groups, and the norma-
lizers. Also he showed that the closure of IMG(z2 — ¢) don’t depend up to
conjugacy in AutT on words that define the automorphism group which
is associated with IMG(z2 — ¢) (we improve this result and we show that
in many cases for different words we get the same closure of IMG(z2 — ¢),
see Corollary 1 and Theorem 4).

In this article, we provide the description of the closure for the group
IMG (2% — ¢). We prove that for the pre-periodic case closure of the group
IMG (2% — ¢) is a self-similar group of finite type except for the infinite
dihedral group. We use another approach compare to Pink [7] that allow
us to improve some of his results.

1. Preliminaries

Denote by T a rooted binary tree. We can denote vertices of the tree
T as words on the alphabet {0, 1}. The empty word & corresponds to the
root of the tree T'; edges are (v,vz) for all v € T and = € {0, 1}. Words
1...1and 0...0 we denote by 1™ and 0" respectively. The set of all words
—— —

of?ength n vx:é call as n-th level of the tree T" and we denote this set by
T" n > 0. Let 07™ denote the set of all words of length n + 1 that starts
with 0 and let 17™ denote the set of all words of length n + 1 that starts
with 1.

The subtree of T of all vertices of the first n levels is denoted by T,
The group of all automorphisms of the tree T" we denote by AutT. We
denote trivial element in Aut 7' by the symbol 1. For an automorphism
g € AutT and a vertex v € T we denote by g(,) such action on the tree T'
that

glvw) = g(v)g()(w)
for all w e T.

A stabilizer of the n-th level of G < AutT, Stg(n) (or just St(n)) is
defined to be a set of all elements in G which fix all vertices of the level
n. Group G| is a restriction of the group G to the subtree 7" (i.e.
if g € G|y then g € Aut T1" and there exists such h € G that for all
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v € TI" equality g(v) = h(v) holds). For the element g € G we denote by
gl € G|pm the restriction of the element g to the subtree T, The
group

G ={g € AwtT | gu)lpm € F for every v € T}

called as self-similar group of finite type with depth n given by the pattern
group F' < Aut T, If self-similar group of finite type with depth n can’t
be given by any pattern group F < Aut T1"~1 then n is minimal pattern
depth.

We know [2] that

Aut T =82, Sym({0,1})

where Sym({0,1}) = {e, o} is a symmetric group on {0, 1}. Thus AutT
is a profinite group

AutT =l 2, Sym({0,1})
Also we know [2] that
Aut T2 Aut T2 Sym({0,1})

therefore every element g € Aut T we can write by the following wreath
recursion

9= (900, 91))7"
where i € {0,1}. Product of elements g = (g1, g2)o® and h = (hy, he)o? is
defined as follows

h— (91h1,g2h2)aj, if i =0,
(g1ha, goh1)o'=7,  otherwise.

To describe profinite closure of the group G it is enough to describe all
G|y for n > 1. In this article we describe G|y for n > 2 recursively i.e.
for go, g1 € G|pm-1 and i € {0,1} we determine necessary and sufficient
condition for g = (go, g1)0" € G|pm .

Let us fix some integer n > 1 and automorphism g = (go, g1)0'® €
Aut T, where iy € {0,1}. We define following functions

Ln(9) = 9(00...00) * 9(00...01) * + - - * G(Ojorju_1jn) " -+ " I(01...11)>
R, (g9) = 9(10...00) “ 9(10...01) " - -+~ 9(1ja...jn_14n) -+ "~ 9(11..11);
oy —Tno( ) =lo(g) =r0(9) = iz,

(9) =

(9)
Ini(9) = ln,i- 1( n(9)),for i >0,
Tn,i(9) = rni—1(Rn(g)),for i > 0.
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We can define functions l,,; and r,; for the element g € Aut T where
k > ni + 1 in the same way as above.

We use notation ¢ for h='gh where g and h are elements of a group.
For real number = denote by |z] the largest integer not greater than x
and denote by [z] the smallest integer not less than x.

2. Periodic case

We consider profinite closures of iterated monodromy groups associated
with quadratic polynomials with periodic critical points in this section.

Let us fix an integer ¢ > 1 and a word = = 1 ...z over the alphabet
{0,1}. We define elements ay, ...,a; € AutT by recursions

(at,1)o, if x; =0,
a1 =
! (1,a)o, otherwise.

and for 2 <k <t

(ak,l, 1), if T = O,
ap =
(1,ax_1), otherwise.

We will study the group Gy, = (a1,...,a;) and its profinite closure Gy .
We consider case x1 = 0 further without limiting the generality because
we can get Gy 1, from Gy, for some y by switch of the letters of the
alphabet {0,1}. Then

a; = (ag, 1).

Note that

and for 2 < k<t

Sl (a,;ll, 1), ifxx =0,
g (1,a;t;), otherwise.

Let u be a word in {aj,aq,...,a afl,agl, . ,a{l} that represents ele-
ment g € Gy ,. We denote by |ul; the exponent sum of aj in u. By the
proposition 3.3 from [1] it follows that this numbers does not depend on
word u representing element g € G ;. Thus we define |g| as the exponent
sum of a;, for the word wu.
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Lemma 1. For every integer n > 0 we have ai € St(nt + k — 1),
1<kt

Proof. We will prove this by induction on n. Statement for n = 0 follow
from the definition of elements ap, 1 < k < t. We assume that the
statement of the Lemma holds for n — 1 > 0. By the definition of a; we
have

n n—1

ai = (af)’

and we see that a?" € St(nt) by the inductive hypothesis. For 2 <
k < t the inclusion a} € St(nt + k — 1) follows from the equalities
a2' = (a2 |, 1) for 2, = 0, a?" = (1,a2" ) for xx = 1 and the inclusion
a2’ € St(nt +k — 2). O

_ (at?at)Qn—l _ (a?n—17a%n—1)7

Lemma 2. If g € G, then

g1 gl
> 9wl = PQW and Y gl = UQ‘J -
ve0Tt—1 velTt—1

Proof. We could represent element from Gy, as product over the set
-1 -1
{a1,...,ap,a7 ", ..., a7  }.

We prove the statement by induction on the length of the product. The
base is true as we have the trivial element in that case.
We suppose that the statement is true for h € G,

h = (hg,h1)o™@.

We will multiply element from the set {a1, ..., a, al_l, ...,a;'} on h. We
denote the result of multiplying by g. There are 2t possibilities for the
element g and we consider all that possibilities. Note that for any v € T*
we have (a;)(y) = 1 or (a;)(y) = a; and for any v € T* we have (a;l)(v) =1
or (a; ")) = a; -

i) Case g = a1h. Then |g|; = |h|1 + 1 and

arh = (athl, ho)o‘lfiz.

For the element (a1h) () we have the following sum

> @b wh =lah+ 3 |hw),

ve0Tt—1 velTt—1
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|21
2

o ][22

For the element (aih)(;) we have

> Hah)whi= Y |hwh = P};'l-‘ = “hh;lJ = Vg;J .

velTt—1 ve0Tt—1

Since the last sum is equal to 1 + { J by the inductive hypothesis then

we have

ii) Case g = a; 'h. Then |g|; = |h|; — 1 and
ay'h = (h1,a; ho)o' 7.

We have the following sum for the element (aflh)(o)

S lathhi= Y A

veQTt—1 vEl1Tt—1

.

JL0FY
2

- -1 -1

For the element (aflh)(l) we have

e 5 o]0 B - |2

ve0Tt—1

This number is equal to { J by the inductive hypothesis. So we have

> Jhw

velTt—1

iii) We consider all cases a;h and a; 1h, 2 <1 < t together as for them
we get the same exponent sum of ay: |a;h|; = |a; 'h|y = |h|; and
(ai_lho, hl)O'iZ, if ; = 0,
(ho,a;_1h1)o@, otherwise.
Th = {Ea;_ﬁho, m; o, i 4y =0,

o
0", otherwise.

‘ ho,a; ' hy
Therefore
Z [(aih) @)l = Z |(a; lh)(v)h = Z Ihw)h = [‘Jw ’
ve0Tt—1 veQTt—1 veQTt—1
- h
Z [(aih) @)l = Z (a; lh)(,u)h = Z Ihw)l = VQhJ -

velTt—1 velTt—1 velTt—1
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We prove that functions l; ; and 7 ; depend only on the exponent sum
of ai.

Lemma 3. For every element g € Gy, and for every not negative integer
1 the following equalities hold

lti(g) = Pgil-‘ mod 2 and 1y i(g) = “?;J mod 2.

Proof. We prove this Lemma by induction on ¢. In the case i = 0 we have
lt0(g) = rt,0(g) = |g/1 mod 2. Now we suppose that the lemma holds for
i — 1 where ¢ > 1. By the definition of /;; we have

lile) = i1 (Eat) = | 440 mod 2 = Fv@g‘z'gwﬂ mod 2.

We conclude by the Lemma 2 that

li(g) = Fgll_/lﬂ-‘ mod 2 = Pglf‘ mod 2.

Analogously, for the function r;; we have

rii(9) = rei-1(Ri(g)) = “%EE'IJ mod 2 = “’g’zl_/lzw mod 2

= VZLIJ mod 2. O

Theorem 1. For every g € G, and every not negative integer k the
following holds

k k
> hi(9)2 + ) rei(9)2' =0 mod 27 (1)
~ ot

Proof. 1t follows from the Lemma 3 that

St =3 ([ 4] )2

Zrm —i({‘gLJmon)T

This equalities are the 2—adic representations for —|g|; mod 2+ and
lgl1 mod 25*1 respectively. O
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Remark 1. Equality 1 also holds for every automorphism g € Gt z|pm)
where n > kt + 1. We can choose such element ¢ € Gy, that ¢'|m = g.
Equality 1 holds for ¢’ and so it holds for g.

Lemma 4. If for the automorphism g = (go,g1)0? € AutT where
90,91 € Giz, iz € {0,1} and for the integer k > 0 following congruence
relation holds

k K
D hi(9)2" + > rei(9)2' =0 mod 251,

then |g1|; +ig = |go|¢ mod 2F.

Proof. At first we make the following transformation

k k
D92+ D rii(9)2 —QZlm )24~ 1+22m )21 4 2i
1=0 i=0

=0 mod ok +1

Then we divide last congruence by 2 and we get

th7i+1 2+Z7”m+1 )28 +iz =0 mod 2~

By the definition of I; ;11 and r¢ ;11 we have

k—1 k—1 k—1 k—1
Z ltiv1(9)2" + Z riv1(9)2" = Z lti(Le(g))2" + Z i (Ri(g))2"
i=0 i=0 i=0 i=0

As go, 91 € Giz then g,y € Gy, for all non-empty v and we can use
Lemma 3 for the previous expression and we get

5[ s 52 )

- OZTlt N9 k-1 1% N9
ve - 3 IS - 3
= E SEEErE— mod 2| 2" + EO B TE— mod 2] 2°.
0 i=

From the definition of generators of G, we have

> 190wl =lgole and > [(g1) w1 = lgule-

veTt—1 veTt—1
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Now we have the condition

kzlqwo\t-‘ dz) 2Z+Z<{|glw m0d2) 2' +iy =0 mod 2".

1=0

Congruence above contains 2-adic representations for —|go|; mod 2* and
|g1]¢ mod 2F respectively which finally lead us to

~|golt + |g1lt + iz =0 mod 2". O

Theorem 2. We assume that g = (go,g1)0"? € Gizlpm and ¢ =
(90, 91)0"? where gy, g1 € Gig|rm, golrm-—1 = go and gi|pm-—1 = g1 for
n > 1. Then ¢ € Gy z|pimi1) if and only if the following congruence holds

for k=[]
k
> iy 2+Zm )28 =0 mod 2. (2)

Proof. Necessary condition follow from the Theorem 1.

Here we prove the sufficient condition. We can choose such elements
wo, w1 € Gy that wolpm = g( and wi|pm = g By the Lemma 4 there
exists such integer j that |wi|; + iz = |wol; + j2F. By the Lemma 1
we have afk € St(kt+t—1). Asn < kt +t — 1 then a%le[n] is trivial
and woa{2k|T[n] = gh. If iy = 0 then |wy|; = |wol; + j2F. Stabilizer St(1)
is generated by a? = (as,ar),a; “a;a]’ = (a;—1,1) and a’~ 1azai =
(1,@j—1) where 2 < i < t. So we have

k _ _
(woad™ ,wr) = (a}"'"" wn) (a7 ™", a7 1) (woaf™ o} 1) € St(1),
. k . k
If iz = 1 then we can generate element a; - (woag2 ,wi)o = (apwy, w0a§2 )
because of 1+ |wi | = |wo|; + j2F. O

Remark 2. The congruence 2 from Theorem 2 gives us a restriction only
in the case n = kt for some positive integer k. In other cases congruence 2
holds because kt < n therefore action of ¢’ on the level n + 1 not used for
the congruence 2.

Remark 3. We do not use order in products from definitions of L, (g)
and R, (g).
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Remark 4. We prove our formula for the case 1 = 0 only. But if
we switch letters in the alphabet {0,1} then by the previous Remark
we conclude that it is enough to switch functions /;; and r;; in the
congruence 2 of the Theorem 2 to get the criteria for Gy | for the case
x1 = 1. But then we get the same criteria as for the case z; = 0.

Pink [7] already showed that group G, depend only on t up to
conjugacy in Aut 1. The following corollary improves that result for the
periodic case.

Corollary 1. For all words x', 22 € {0,1} equality Gig1 = Gyg2 holds.

Proof. Any group G, is Sym{0, 1} on the first level. Congruence 2 do
not depend on z therefore G, do not depend on the word z. 0J

Remark 5. In general group G;, depend on a word z. For example
when ¢t = 3 groups corresponding to “Douady Rabbit” and “Airplane” [6]
are not isomorphic.

3. Strictly pre-periodic case

In this section, we consider profinite closures of iterated monodromy
groups associated with quadratic polynomials with pre-periodic critical
points.

Let us fix integers t > s > 1 and a word & = z1xy...2;_1 over the
alphabet {0,1}. We define elements a1, ...,a; € Aut T by recursions

a1 = (17 1)Ua

as,ar), if xg =0,
As+1 = {E t)

at,as), otherwise,
(ai-1,1), ifzi1 =0,
a; =
’ (1,a;—1), otherwise.

We will study group Gs . = (ai,...,a;) and its profinite closure G .
Almost all groups G, are self-similar groups of finite type, only one
exception is the case s = 1 and t = 2. We consider this exception later.

Lemma 5. (Proposition 4.2 from[1]) For all 1 < i <t equality a? = 1
holds. Abealinization Gy ./GY, . is (Z/(2Z))" generated by the images of
the a;.
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Let u be a word in {ay,as,...,a;} that represents element g € G .
We denote by |u|j the exponent sum of ay in u. By the Lemma 5 it follows
that number |u|r mod 2 does not depend on the word u representing
element g € G+ ,. Thus we define |g|; as |ul, mod 2.

Lemma 6. Element g € G4, belong to the commutator G, , iff [gl; = 0
forall 1 <1< t.

Proof. Statement follow from the Lemma 5. O
Lemma 7. If g € St(i) then |g|l; =0 for all 1 <i < t.

Proof. We prove this by induction on i. If g € St(1) then |g|; = 0. Let
g = (91,92). If g € St(7) then g1, g2 € St(i — 1) and by induction suppose
for g1 and g2 we have that numbers |g1|;—1 and |g2|;—1 are zeroes. Note
that equality |g|; = (|g1|i—1 + |g2]i—1) mod 2 holds therefore |g|; = 0. O
Lemma 8. If g € St(t) then g € G,

s,tx”

Proof. Statement follow from the Lemma 6 and the Lemma 7. 0J

Theorem 3. Suppose that s #= 1 and t # 2 simultaneously. Then group
Gstx 15 a self-similar group of finite type with the following minimal
depth
d_{5, ifs=2andt =3,
t+1, otherwise.

Proof. We use Sunic’s [8] criteria from the Theorem 3 for a self-similar
group of finite type. It is already proven that the group G, is regular
branch over some group H;, (Theorem 4.10 from [1]). It is only left
to show that H,;, contain a stabilizer of the level d. Let us to consider
following cases.

elfs>2andt>s+2orifs>3andt=s+1than Hyy, = G, ,
and statement follow from the Lemma 8.

elfs=1andt > 3 then Hs,t,x = <[ai,aj]2<i<j<t, [al,aj]1<j<t>GS»m.
Group G/S,t,w/Hs,t,x = 7o generated by [a, a;]. Therefore

Gipw = HstoU([a1,a¢]Hsp o).

By the Lemma 8 we have Stg, , . (t) < G ; ,. We prove that H,; , contain

s,t,x
a stabilizer of the level t in the following way: for any element g € G’&t’x

we prove that if g ¢ Hg ;. then g ¢ Sta,, ,(t).
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It is easy to see that for all h = (hy, he) € Hgy, we have |hifi—1 =
|halt—1 = 0. As [a1, as] = (ar—1, a¢—1) then for all g=(g1, g92) € (a1, at]Hs 1 »
we conclude that |g1];—1 and |g2|;—1 are ones; but by the Lemma 7 it
follow that g1, g2 ¢ Stq,,,(t —1). Therefore g ¢ Stq, , , (t).

e Case s = 2,t = 3. We consider case 1 = 0 only without limiting
the generality. In this case we have Hy 3, = ([a1, asag])23=. Also

b30 = H23. U (a1, a2]Ha3.) U ([az, a3 Ha3.:)
U ([a1, az]az, as]Ha 3 4).

Note that St(4) < G4 3 ,. We prove for any g € GY 5, that if g ¢ Ho3,
then g ¢ St(4) using GAP in the following way: we compute group
Hj 3 5| pa) and we check that e ¢ ([a1, a2]H23.5) | U ([a2, as|Ha 3 2)|pa U
(la1, azlaz, as|Ha3.2) |-

Minimality for all cases except s = 2 and ¢t = 3 follow from the fact
that G| = Aut(T?). For the case s = 2 and t = 3 it can be seen
using GAP. O

Group G4, barely depend on the word z. Pink [7] proved that for
all words z,y € {0,1}'7! there exists such w € AutT that Gy, =
wG s,nyw_l. The following theorem improves that result.

Theorem 4. Suppose that s # 1 and t # 2 simultaneously.
o Ifs>2andt>s+2orifs>3 andt = s+1. Then for all possible
words y = y1 ... yi—1 we have Gy o = Gy y.
o [fs=1andt > 3 then for all possible words y = y1 ...1y—1 where
Te—1 = Yr—1 we have Gsro = Gspy.
o [fs=2,t=23 then all 4 groups G 3, for this case are conjugate.

Proof. All groups in this theorem are self-similar groups of finite type
therefore it is enough to prove the statement for pattern groups.

For the case s = 2, t = 3 using GAP we can see that there are
4 different groups Ga3, as sets. Pink [7] already prove that all G2 3,
are conjugate. But we show some example of conjugator for G2 3 9o and

G23,01-
We find using GAP such elements f1, fo € Aut TP and g1, g2, 93, 94 €
G2,3,00/ 1) that

fi = (91 folra, g2 folpie)  and  fo = (g3f1|pw, 9afilpm),

1 1
G23,00l761 = f1Gaz01lpm fi - and  Gaz o0l = foGa30tlps fy
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Then we can choose such elements g1, g2, g3, g1 € G2,3,00 that gi| ) = gi.

Therefore we can define elements
fi=(q1f2;92f2) and  fo = (g3f1,91f1)-

For h = (hy, he)o' € Gaso1, i € {0,1} the following holds

- P N TS T
filhi,he)o'fi = (Gifohife givi b Gafehafe Gooi Vot
- P R S R
fa(hi,he)o'fa = (BAilifi Gri L Gufihafi  Gasi D)o

As G300 is self-similar group of finite type then it follows that

S P
f1Gazo1f1 = G2300 and  foGa301fo = G230

One possible choice for g; is

Sl 8= andd ~ 9 ~ 2
g1 =1, g2 =a2a3a1, g3 = azaz, g4 = A302030201.
We exclude case s = 2, t = 3 from further consideration.

Let us to fix the following elements

/ (a;, 04), if ys =0,
As+1 = o .
(a},al), otherwise.

a
(a;_l, 1), lf Yi—1 = 0,
!

a; = .
(1,a;_,), otherwise.

In our proof we use a notation for the Kronecker delta

_fo, ifi=j,
Y, ifd £

Then we have for 2 <17 < ¢
oz Jis+1y Ti—1
ai =a;"'(ai—1,a,""" )ay

=t )l

)

We define function ¢ on the set of all words in the alphabet {ai,...,a;—1}

a1 = A{ar, .o )"

6 {ar,..
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recursively as follows

9(2) = 2,
P(a;) = af'aisra’, 1<i<t—1,

6(aB) = 6()6(8), where a, B € {ar,...,a;1}"

Note that a is the empty word therefore ¢(al) = 1.

We define function ¢ (w) as element from the group G, ¢, that corre-
spond to the word w € {ay,...,a;}*, note that /(@) = 1. Functions
and ¢ are homomorphisms. Let us to show that the following properties
hold for all words w € {aq,...,a;—1}*

P(ow)) = (P(w),a/"),  [(p(w))]1 = 0.

We prove these by induction on length of the word. For the first one we
have

P(9(2)) = ¥(2) =1 = (¥(2),1),

Y(p(ai)) = Y(ai aiy1a*) = ai’airray’
= a¥ia¥ (4, al " e ad = (a;,al"),

Y(d(aiw)) = ¥(d(a)d(w)) = Y(d(a)b(p(w)) = (ap(w), a1,
For the second one we have
[W((2)))1 =11 =0,
Y(p(ai)) = |al*aip1a]'h =0, 1<i<t—1,

[W(d(aiw))|1 = [¥(d(ai)) | + [P(d(w))| = 0.

Without limiting the generality it is enough to show that

(a1, ap)|pesy <{a, . aedlpery.

We construct such elements from Gy, that act on first ¢ + 1 levels as al.
So we define

c1 =9, ci =al " ¢(ci_1)a]"", <1

2
dy = a) = ay, di = Y(ci)aip(c;) ™", 2 <

N

t,

/N

t.
Note that ¢; € {a1,...,a,—1}" for 1 <1i <t . We prove the following

_ Yi1 Oiys+1y Vi1
di =ay ' (di—1,a,""" )ay
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by induction on 1.

— Y1, x1
¢y = af'al',

Y1z 1 Y1 Y1 02,541y Y1
dy = af'ai*azaitai" = af' (ar1,a;, " )ai".

di = (caip(c) ™ = af " ((ei-1))ay " aslal b (@ei-1))a ) !

i— — &; . . 5. -
= af" ' (Wlei)aig(ei) a T = af T (diy, a T al

We have ds11 = a*(ds,ar)a¥*. But we need an element
d5+1 = CLll/S (ds, dt)(lgfs S Gs,t,x~

We construct this element for each case.
e Case s>2andt>s+2orif s >3 and t = s+ 1. There exist such
b1 € (a1,a2) and by € (a1, a9, as) that [ds,agl] =1 and by = (b1,1).
If s>2andt > s+ 2 then

_ _1+1
bl :aft 1+Ys—1+ )

If s>3andt=s+1 then

b = ay M p((ay” DI gp,

For both cases

by = (¢ (b1))-

Then we compute the following

by = af*(d(cr) " af" = af*((af)™, P(er))al”,r = [v(cr)ls,
dst1 = badsy1by ' = by(a¥® (ds, ar)al® )by *

= ai*((a)" ds((ap)"™) " (cr)ap(cr) " )af™ = af* (ds, di)al".
e Case s=1andt >3 and x;_1 = y+—1. Therefore

[W(c)i = [(a) " d(er—1)al" )1 = (ye—1 + 24—1) mod 2 = 0,
bs = al (d(ee)) M al” = a¥* (", w(er))al” = a¥* (1, 9(ce))al,
dst1 = badsi1by " = bs(al*(ds, az)af® )by "

= a%s((dsa QJZ)(Ct)GJMZ)(Ct)_l)all/s = aﬁ’s (ds, dt)all/s.
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We prove that d;|pn = af|pn for 1 < i <t by induction on 4. Base is true
because d; = a). We have for 2 < i < t 1 # s+ 1 the following

di i —012 oo (diet -, Upe-1)a yi71|T[t
:a1 1’T ( a;_ 1|T[t 1]71|T[t 1]) |Tt1 = q; |T
ds+1‘T[ = 01 |T[t (ds |Tt 1]vat|T[t 1])a1 |T[t

= a¥* | pra (@ | pre—11, U pie-11)ad® | pia = @y |-

Therefore

dil prvnr = o' prsa (diet | pr, L )l ™ ey
= ay" " purn (@i |, g )ad" ™ pen = g e,
dst1lpiern = a¥* e (ds| g delpn)a® | ey

= ai’| i+ (a;|T[t] ) GQ‘TM)@Z{S | e+ = a/s+1|T[t+1]-
So (@, ..., a) e < {ai,...,ap)|prry- O

3.1. Case s=1land t =2

Here we consider the profinite closure G = G 2 of the infinite dihedral
group G = G120 generated by following automorphisms

ap = (1,1)0, as = (a1, a9).
Note that a;l = a1 and a;l = ao. Let us to compute ajas and asa;
aray = (az,a1)o, agay = (a1, a9)o.
Then for all integer k£ we have

(a1a2)* = (a1a2) 2| 5]+k mod 2 = ((a1a2)?) 1%] (arag)kmed?

(agal,alag)L J( k mod 2 allfmodZ)akmod;
Therefore
(alaz)k = ((a1a2)_L§Ja§m0d2 (a1a2)|_ J kmon) k mod 2. (3)

Lemma 9. For all integer n > 0 the following equality holds

1, 2" |k and 2" 1t k,
H lo a1a2 (v)) = .
verTn 0, otherwise.
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Proof. Let us prove this by induction on n. One can directly check the
equality for n = 0,1. We assume that Lemma holds for n — 1 where n > 2.
If 27 | k and 2""! { k then k = ko2 for some odd kg and by equality 3

B 1 1
(a1a2)" = ((a1a2) 2" (arag)ko?" ).

So in this case we have

IT o(((a1a2)*)(w))

veT™
T ‘o((aran) ™ )+ T lo(((aras)™?" ) =1-1=1.

veTn—1 peTn—1

Let us to consider other cases. As n > 2 and a; act trivially on all levels
except first we have for all v € 77!

lo(((a102)") (1)) = lo(((ara2) 2]l ™09 2) ) = 1o (((a1a2) 3] ).

If | 5] # ko2~ for all odd ko then

I1 tol((@a)") ) = T to(((@a2))w) - 1 (((@az)ls))))

veT™ ve0Tn—1 veTn—1
= JI i(((a1a2)%)@)) -0 =0.
veQTn—1

If L%J = k2" ! for some odd integer kg then k = k2" + 1 (because now
we consider k # ky2")

lo(((a1a2)")(0u) = lo(((a1a2) %" " ag) () =lo(((a1a2) ™*" azarar) )
= lo(((ara2) ™" lay) ) = lo(((araz) 02" =) ).

Then
IT t(((a1a2)*)(w))

veT™

= II ®((ara)™* ) TT lo(((a102)%)y) = 0.

UET’"‘71 velTnfl

O]

Lemma 10. For all g € G and all integer n = 2 the following congruence
holds

50(9(01%1))‘1‘10 gn) )+ H )=0 mod 2. (4)

veTn—1
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Proof. Every element of the group G is the product (alag)kal where k
is some integer and k; € {0,1}. As a1 act not trivially on the first level
only it is enough to prove congruence for (ajaz)* for all integer k.

We use the following notations: for every integer n > 0 and every
integer k we denote

a1 = lo(((a1a2)")o1m)),
B = lo(((a1a2)") 1n))-
From the equality 3 we conclude that for all n > 1 and all integer k
Bg = k mod 2,
ok = lo(((araz)"LE)a mod2) 1y,
BE = lo(((aran) L2 af med2) ).

k mod 2
1

Number of a1 in the expression (ajas) [2)a module 2 is equal to

the number 3f
k
BY = (bJ +/<:) mod 2.

As a; act not trivially on the first level only then we can omit last a; for
n =2

5t = lo(((@raz) £ ™12 ) = to(((@a) L8y any) = 121,

Then we have

_5TE§4::61L2"I€_1J:({ J b" 1J)mon for n > 1.

Now we compute ozk for all integer k£ and all n > 2

ok = 1o(((a1a9) "Lz )l med ) an-1)) = lo(((araz)” 3]~k mod ) an-1y)
Note that {%J +k mod 2 = [g-‘ Then

=001 (][] = (] ]

Now congruence 4 looks like the following

SR NE R P

veTn—1

a
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We have by the properties of floor and ceil that
[k} {kJ_ 0, if 2" |k,
2" 2] |1, otherwise.
{kw {kJ_ 0, if 2" 1|k,
2n—1 211 11, otherwise.

If 2 | k then 2"~ ! | k and by the Lemma 9 congruence 4 looks like the
following

k k k k
][] [k g 0=

If 2" { k and 2”1 { k then by the Lemma 9 congruence 4 looks like the
following

k k k k
][] s« [0

If 2" { k and 2"! | k then by the Lemma 9 congruence 4 looks like the
following

k k k k

O]

Theorem 5. We suppose that element g = (go,91)0? € G|pm and
g = (gh,91)o™ € Awt T where g, g; € Glpim, ghlpim-u = go and
Gilpim—1 = g1 for integer n > 3. Then ¢ € Glpm+1 if and only if the
following congruence holds

lo(9{p1n-1)) +lo(g(1ny) + T lo(9w)) =0 mod 2. (5)

veTn—1

Proof. Necessary condition follow from the Lemma 10.

Let us prove the sufficient condition. We know (see [7]) that |G| m-1| =
2" for n > 3 and it imply that [(St(n —1)),| = 2 for n > 3. So there
are 4 possible ways how we can construct ¢’ by given g. Group G
is level transitive and it imply that there are such elements hg,h; in
St(n — 1)‘T["] that lo((ho)(lnfl)) = 0 and ZO((hl)(lnfl)) = 1. It imply
that all possibilities for the pair (ly (9201’1*1))’ lo (921"))) are realized and
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pairs (lo(gzow—l))’ lo(g{yny)) are in one-to-one correspondence to g’ con-

structed in such way. For the fixed g the product [],crn-1lo(g(v)) is also
fixed. Then there are only two pairs (lo(gzmn,l)), ZO(QEM))) that satisfy
congruence 5. As |St(n)| i1 = 2 then there are two possibilities for
the element ¢’ that belong to G|pm+1y. So element ¢’ that corresponds
to the pair (lo(ggmn_l)), lo(ggln))) which satisfy congruence 5 belongs to
Gl pin+11- O

Note that group G| is Aut T2, For all elements g € G|, one can
directly check following congruences

lo(9(0)) = lo(9(10)) + lo(ga1)) mod 2,
lo(9(1)) = lo(9(00)) + lo(gor)) mod 2.

This congruences together with Lemma 10 and Theorem 5 give us full
explicit description of groups G| for n > 3.
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