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ABSTRACT. In this paper, R is a finite chain ring of invariants
(¢,s), and ¢ is a positive integer fulfilling ged(¢,q) = 1. In the
language of g-cyclotomic cosets modulo ¢, the cyclic codes over R
of length ¢ are uniquely decomposed into a direct sum of trace-
representable cyclic codes over R and the lattice of cyclic codes over
R of length ¢ is investigated.

Introduction

Research on linear codes over chain rings can be found in [8,13] and
cyclic codes were among the first codes practically used and they play a
very significant role in coding theory. For instance, cyclic codes can be
efficiently encoded using shift registers. Many important codes such as the
Golay codes, Hamming codes and BCH codes can be represented as cyclic
codes. Cyclic codes have been studied for decades and a lot of progress
has been made (see [15]).

Throughout this paper, R is a finite chain ring of invariants (g, s), and
¢ is a positive integer such that gcd(q,¢) = 1. An R-linear code of length
¢ is an R-submodule of R’. An R-linear code C of length ¢ is cyclic if
the shift (cs—1,co, ..., co—2) of each codeword (cq, c1,...,ce—1) in C, also
belongs to C'. Unless otherwise specified, all cyclic codes are assumed to
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be linear. As usual, any cyclic code C over R of length ¢ is identified to
an ideal of R[X]/(X* — 1), via the R-module isomorphism

U R — R[X]/(X*—1)
(s yer1) = > X7+ (X' = 1)
j=0

where (X* — 1) is the ideal of R[X] generated by X’ — 1. The ideal
U(C) is called the polynomial representation of C, and this polynomial
representation was used in |3, 5, 10, 13, 14| for studying the algebraic
structure of cyclic codes over finite chain rings. Three other general
approaches to the design and analysis of cyclic codes are based on generator
matrices, generator polynomials and idempotents. These approaches have
their advantages and disadvantages in dealing with cyclic codes. The
objectives of this paper are to introduce the cyclotomic approach to the
study of cyclic codes.

The paper is organized as follows. In Section 1, we collect the basic
results needed on finite chain rings as well as the characterization of their
Galois extension. Section 2 discusses the notions of the type of any linear
code over a finite chain ring and studies Galois-invariant linear codes. In
Section 3, we explore the lattice of cyclotomic cosets modulo £ in order to
obtain new properties of them. In Section 4, we show that any cyclic code
can be uniquely decomposed as a direct sum of trace-representable cyclic
codes.

1. Background on finite chain rings

In the rest of this paper, R is a finite local ring with maximal ideal
J(R) and R* denotes the group of units of R.

Definition 1. A finite local ring R is a chain ring of invariants (q, s), if
R is a principal ideal ring such that ¢ is the cardinality of the residue field
of R, and s is the nilpotency index of J(R).

In the rest of this paper, R is a finite chain ring of invariants (g, s), the
residue field of R is F, and 6 is a generator of J(R). The ring epimorphism

T R— Ty,
c—c+0R,
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naturally extends to R[X], of the following way: 7 acts on all the coefficients
of any polynomial over R. Obviously, the cardinality of R* is ¢~ 1(¢—1). It
follows that R* ~ T'(R)\{Or}x(1g+J(R)) withI'(R) = {a € R : a? = a}
and I'(R) \ {Or} is a cyclic subgroup of R* of order ¢ — 1. The set I'(R)
is called the Teichmiiller set of R.

We say that the ring S is an extension of R, and we denote it by S|R,
if R a subring of S and 1z = 1g. We denote by rankg(S), the rank of
R-module S. Let f be a monic polynomial over R[X] of degree m, and
( f) is an ideal of R[X] generated by f. We say that f is basic irreducible

(resp. basic primitive) if 7(f) is irreducible over F, (resp. primitive).

Definition 2. The ring S is the Galois extension of degree m of R if
S ~ Rla], (as R-algebras) where « is a root of a monic basic primitive
polynomial over R of degree m.

Remark 1. Let S be the Galois extension of degree m of R. Let £ be a
generator of I'(S) \ {Os}. Then S is also a finite chain ring of invariants

(¢"™,s) and S = R[¢].

We denote by Autgr(S), the group of all ring automorphisms of S
which fix the elements of R.

Proposition 1 ([4], Chap. III; Proposition 2.1(1)). The ring S is the
Galois extension of degree m of R if and only if

R={a€S:0(a)=a forall o0 € Autr(S)}
and J(S) = 6S.

For instance, for nonnegative integers p,n, s and p prime, the Galois
extension of Zys of degree n, is the Galois ring GR(p®,n) =~ Z,s[X]/( f),
where ( f) is the ideal generated by a monic basic irreducible polynomial
f over Zys of degree n.

Proposition 2 (|12], Theorem XV.10). Let S be the Galois extension of
degree m of R. Let £ be a generator of T'(S) \ {Os}. Then
1) S is a free R-module and {1,¢,...,6™ 1} is a free R-basis of S;
2) Autg(9S) is a cyclic group of order m, and a generator of Autg(S)
1s gwen by o : € — £9.

Definition 3. Let S be the Galois extension of degree m of R. Let o be
a generator of Autg(S). The map Try := ZZ"OI o', is called the trace
map of S|R.
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Proposition 3 ([4], Chap. III; Corollary 2.2). Let S|R be the Galois
extension of finite chain rings. Then the trace map Tr% S — R is an
eptmorphism of R-modules.

Proposition 4. Let S be the Galois extension of degree m of R. Then for
all positive integer z, for all generator & of T'(S) \ {Ogr}, the ring R[]
1s the Galois extension of R of degree m., and

m, :=min{i € N\ {0}: z¢" =1 mod (¢" — 1)}.

Proof. We set f = (X — £%4)(X — £%0°) ... (X — %), Since S is the
Galois extension de R, we deduce by Proposition 1, that f € R[X] and
7(f) is irreducible. Hence f is a basic irreducible polynomial over R and
the degree of f is m,. It follows that R[£*7] is the Galois extension of R
of degree m, because by Definition 2, £*¢ is a root of a basic irreducible
polynomial over R of degree of m,. O

2. Linear codes over finite chain rings

The ring epimorphism 7 : R — [F, naturally extends to R of the follow-
ing way: m(c) := (m(co),m(c1),...,m(ce—1)), for all ¢ := (co,c1,...,co-1)
in R’. Recall that an R-linear code of length ¢ is an R-submodule of
the free R-moduleR’. We say that an R-linear code is free if it is free as
R-module.

2.1. Type and minimum Hamming weight of a linear code

A k x £-matrix G over R, is called a generator matriz for C' if the rows
of G span C and none of them can be written as an R-linear combination
of other rows of G. We say that G is a generator matrix in standard form
if

I, Goi Goz ... Gos-1 Go,s
G 0 0I, 0Gi2 ... 0Gis1 0G1 s U, @)
0 0 0 ... 057, 071G
where U is a suitable permutation matrix. The s-tuple (ko, k1, ..., ks—1)

is called type of G and rank(G) = ko + k1 + - - - + ks—1 is the rank of G.

Proposition 5 ([13], Proposition 3.2, Theorem 3.5). Each R-linear code
C' admits a generator matriz G standard form. Moreover, the type is the
same for any generator matriz in standard form for C.
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Let C be an R-linear code and G be a generator matrix in standard
form. The rows of G form an R-basis for C, so-called standard R-basis
for C. So the type and the rank are the invariants of C', and henceforth
we have the following definition.

Definition 4. Let C' be an R-linear code.
1) The type of C' is the type of a generator matrix of C' in standard
form.
2) The rank of C, denoted rankp(C'), is the rank of a generator matrix
of C'in standard form.

Obviously, any R-linear code C of length ¢ of type (ko, k1,...,ks—1)
is free if and only if the rank of C'is kg, and k1 = kg = --- = ks_1 = 0.
It defines the scalar product on Rt by: a - ot o= Zf:é a;b;, where b
is the transpose of b. Let C' be an R-linear code of length ¢. The dual
code of C, denoted C*, is an R-linear code of length ¢, is defined by:
ct = {a € Rl:a-bT = Opforallb e C}. A generator matrix of ct,
is called parity-check matrix of C. We recall that an R-linear code C' is
self-orthogonal if C C C+. An R-linear code C' is self-dual if C = C*.

Proposition 6 ([8], Theorem 3.1). Let C' and C" be R-linear codes of
length €. Then (C +C)*: = CctnC*, (CnCHt = CH + O™, and
(cHt =0.

Proposition 7 (|13|, Theorem 3.10). Let C be an R-linear code of length ¢,
of type (ko,k1,...,ks—1). Then
1) the type of C* is (0 —k, ks_1,..., k1), where k := ko+ky+---+ks_1.
2) |C] = ng;g(s_t)kt, where |C| denotes the number of elements of C.

Definition 5. Let C be an R-linear code of rank k.
1) The R-linear subcode Soc(C) := {c € C: fc = 0} of C is called the
socle of C.
2) The residue code of C' is the Fy-linear code 7(C) := {m(c): c € C'}.

Remark 2. Let C be an R-linear code with generator matrix G, as in (2).
Then a generator matrix of Soc(C) is

Iy, Gox Goz ... Gos—1 Gos
ps—1 0 Iy, Giz2 ... Gis1 Gis U.
0 0 0 ... I, Gsrs

Let 2 € R and C be an R-linear code of length ¢. The Hamming weight
of z is the number of non-zero coordinates in x. It is denoted by wty(x).
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The minimum Hamming weight of C' is wtyg(C) := min{wtg(z): = €

C\{0}}.

Proposition 8 (|9], Theorem 3.3). Let C be a free R-linear code of length £
and D be an R-linear subcode of D such that rankr(C') = rankg (D). Then

wti(C) = wtu(D) = wtu(Soc(D))
and wtp(C) = wtp(w(C)).

2.2. Galois closure of a linear code over a finite chain ring

Let S be a Galois extension of R and ¢ be a generator of Autg(.S).
Let B be an S-linear code of length ¢ Then o(B) := {(c(co), ..., 0(ce—1)):
(co,...,co—1) € B} is also an S-linear code of length ¢. We say that the
S-linear code B is called Galois invariant if o(B) = B. The restriction of
B to R, is an R-linear code Resg(B) := BN R, and the trace code of B
to R, is the R-linear code

Tr3(B) == {(Tr}(co), ..., Tra(ce—1)): (co,...,co—1) € B}

It is clear that Tr3(o(B)) = Tr(B). The extension code of an R-linear
code C to S, is the S-linear code Extg(C'), formed by taking all combi-

nations of codewords of C. The following theorem generalizes Delsarte’s
celebrated result (see [15, Chap. 7, § 8. Theorem 11]).

Theorem 1 ([11], Theorem 3). Let B be an S-linear code then Try(B) =
Resg(B)*, where B is the dual to B with respect to the usual scalar
product, and Resp(B)™* is the dual of Resg(B) in R’.

Definition 6. Let B be an S-linear code. The Galois closure of B is the
smallest Galois invariant S-linear code Cl(B) containing B.

Proposition 9. Let B be an S-linear code. Then Cl(B) = Z?;_ol o' (B)
and Tr3(B) = Tr(CI(B)).

Proof. We have B C Cl(B) and o(Cl(B)) = Cl(B), by Definition 6 of C1(B).
So ¢'(B) C CI(B), for all i € {0,1,...,m —1}. Hence Y./, o?(B) C
CI(B). Since o(X7 o¥(B)) = Y27  o¥(B) and B C Y7, o/(B), as
CIl(B) is the smallest S-linear code containing B, which is Galois invariant,
it follows C1(B) C 37! 0%(B). Hence CI(B) = 37! ¢*(B). Thanks to
[11, Proposition 1.], Try(CL(B)) = Try(B). O

The following theorem summarizes the obtained results in [11].
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Theorem 2. An S-linear code B is Galois invariant if and only if
Tr(B) = Resg(B).

3. Cyclotomic partitions

Consider Zy, the ring of integers modulo ¢ and ¥, :={0,1,...,¢ — 1}
the underlying set of Zy. Let A be a subset of ;. The set of multiples
of win A is uA := {uz (mod ¢): z € A}. The g-closure of A modulo ¢ is
Cy(A) := iquiA. We see that Cy(9) = @.

Definition 7. Let z € 3. The g-cyclotomic coset modulo ¢, containing
z, denoted Cy(2), is the g-closure of {z}.

Denote by R/(q) the set of g-closure subsets of ¥, and by 2*¢ the
set of subsets of ¥y. Obviously, the g-cyclotomic cosets modulo £, form a
partition of ¥y. Let ¥y(q) be a set of representatives of each g-cyclotomic
cosets modulo /.

Proposition 10 (|1], Proposition 5.2). We have

d)
(
[2eg Zordd (q)’

dj¢

where
¢(d) := [{j € Xq: ged(j,d) = 1}

and

ordg(q) := min{i € N\ {0}: ¢’ = 1 (mod d)}.

We introduce the binary and unary operations on ¥,. These operations
are necessary in the following section, for the construction of cyclic codes.

Definition 8. Let z € ¥y and A, B be two subsets of ;.
1) The opposite of A'is —A :={l —z: z € A}.
2) The complementary of A is A := {2z € ¥y: 2 & A}.
3) The dual of A is A®:= —A.

Let L be a nonempty set. We recall that the quintuple (L;V, A;0,1) is
a bounded lattice if the operations V and A are commutative, associative,
idempotent and satisfy the following identities x = xV(zAx),x = zA(zVz),
rAO0=0and zV1=1.

Moreover, a lattice (L; V, A) is distributive if for all z,y,z € L, (xVy)A
z=(xANz)V(yAz),and a lattice (L; vV, A) is modular if for all z,y, z € L,
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xA(yV(xVz))=(xAz)V(yAz). A more general and detailed treatment
of the topic can be found in textbooks on Lattices such as [7].

Example 1. The lattice (2¥;U,N; @, E) is distributive and bounded,
where 2F is the power set of a set E. The lattice (Ly(R);+,N; {0}, RY)
is modular and bounded, where Ly(R) is the set of all R-linear codes of
length £.

The relationships among these operations, are given in the following:

Proposition 11. The lattice (Re(q);U,N; D, Xe(q) ) ts bounded and dis-
tributive. Moreover, the map

Cq : 224 — %g(q)

A JdA
€N

A C B implies C4(A) C C,(B).

Definition 9. The (s + 1)-tuple (Ag, Aq,...,As) is an (g, s)-partition
cyclotomic modulo ¢, if there exists a unique map A : ¥y(q) — {0,1,..., s},
such that Ay = C,(A71({t})), for all 0 < t < s.

Denote by R¢(q, s) the set of (g, s)-partition cyclotomic modulo ¢, and
notes that

Re(q,s) = {(Ao, A1, ..., Ag): BA e {0,1,..., s} @) (A, = X {t))}-

By Definition 9, one check that |R¢(q, s)| = (s + 1)|EZ(Q)|,

Example 2. The 3-cyclotomic cosets modulo 20 are C3({0}) = {0},

Cs({5}) = {5;15}, Cs({10}) = {10}, Cs({1}) = {153;9;7},
Cs({2}) = {2:6:18; 14}, C3({4}) = {4;12;16;8},
Cs({11}) = {11;13;19;17}.
So ¥90(3) = {0;1;2;4;5;10;11} and C3({—2}) = C3({z}), for all z €

{0;2;4;5;10}. We have A := C3({0;1;2;...;10}) = C3({0;1;2;4;5;10}),
—A =03({2;4;5;10;11}).
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4. Trace-representable cyclic codes

Let S be a Galois extension of R such that |[I'(S)| > ¢ and £ be a
generator of T'(S) \ {0}. Let n := &° 7 be an element in I'(S) such
that ¢ is the multiplicative order of 1. A cyclic cyclic code C over R is
trace-representable if there is a free R-linear code D such that C' = 6! D.
In this section, we give the trace representation of free cyclic codes over

R of length ¢.

4.1. Cyclic polynomial codes over finite chain rings

Let A := {iy,12,...,i;} be a subset of ¥, and

P(S;A) = {al:ri1 +agx™ + - apz': (ay,az...,a;) € S’k}
be an S-submodule of the free S-moduleS[X]. The evaluation
ev, : P(S;A) — S°
Fer (O fn)s o FH),

is an S-modules monomorphism.

We see that if A :={0,1,...,k — 1} then for any ¢*"-primitive root of
unity 7 in I'(S), the S-linear code ev,(P(S;A)) is a cyclic Reed-Solomon

code. For this reason, we define cyclic polynomial codes which is a family
of codes over large finite chain rings as follows.

Definition 10. Let A be a subset of ¥;. The cyclic polynomial code over S
with defining set A, denoted L, (S; A), is the free S-module ev, (P(S;A)).

For every subset set A of ¥,, and for all positive integer u such that
ged(u, £) =1, we have Lyu(S;A) = Ly (S;uA) and

1 nil 77(5_1)7;1
Wai=1: : (3)

1 nik n(z_.l)ik
is a generator matrix for L, (S; A). Note that L, (S; @) = {0}, L, (S; £/) =
St and Ly (S;{0}) = S - 1, where 1 := (1,1,...,1).
Proposition 12. Let A be a subset of ¥y. Then Ly(S;A) is cyclic.

Proof. Consider the codeword ¢, = (1,7%,...,7*¢1). Then the shift of
Ca 18 N7 %4. Since Ly (S;A) is S-linear, we have n~%, € L,(S;A). Hence
L,(S;A) is cyclic. O
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Proposition 13. Let A, B be two subsets of ¥y. The following assertions
are satisfied:
O)’

1) Ly(S; A)* = Ly(S;
2) L,(S;AUB) =L, (S;A)+L,(S;B) and L,,(S;ANB) = L, (S; A)N
L,(S;B).
Proof. Let A, B be subsets of ¥. B
1) An S-basis of L, (S;A°) is {cq: —a € A} where ¢q := (1,777, ...,
7]_‘1(6_1)) € L,(S;A°). Then for all b € A, ¢ := (1,7%,...,n°" V) €
L,(S;A), we have ¢yl = Ze_l n®=9)i  where ¢! is the transpose
of ¢q. It is easy to check that Ze Lnii = 0, when i # 0(mod ¢). Since
0 <b—a < £, we have cpcf = 0. So L, (S;A°) C L,(S; A)*. Comparison
of cardinality yields L, (S; A)+ = Ln(S; A°).
2) We have L,(S;A) C L, (S; AUB), L, (S;B) € L, (S; AUB). There-
fore
Ly (S;A) + Ly (S;B) C Ly (S; AUB)
and
L,(S;A)NL,(S;B) C L,(S;AUB).
Since an S-basis of L, (S;A) + L, (5;B) is {ca: a € AU(B\ A)} and an S-
basis of L, (S; A)NL, (S;B) is {ca: a € ANB}. We have the equalities. [J

We set Ly(.S) to be the set of all cyclic polynomial codes of length ¢
over S. Then the quintuple ( L,(S); +, N; {0}, S) is a lattice and the map

L,(S;—): 2% _y L(S),
A— LW(S;A),

is a lattice isomorphism. The following result extends |2, Theorem 5| to
finite chain rings.

Definition 11. A subset I of ¥, is an interval of length ¢ if there exists
(a,u) € ¥y x ¥y such that ged(u, ¢) =1 and

I={ua, u(a+1),...,u(a+d—1)}
Theorem 3. If A°® contains an interval of length § then
wtg (L, (S;A)) = Wt (L) (Fgm; A)) > 6 + 1.
Proof. We have m(L;(S;A)) = Ly(,;)(Fgm; A). From Proposition 8,

WtH(Ln(S; A)) = WtH(Lﬁ(n) (qu; A)).
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From [2, Theorem 6], we have Wty (L (Fgm; A)) >0 + 1. O

Proposition 14. Let S be a finite chain ring of invariants (2",s) and
0:=25"—1, A:={1,2,...,d — 1} where d := 2°"~1. Then L,(S;A°) is
MDS and self-orthogonal.

Proof. We have A is an interval of length d — 1 and A® := AU {0}. So
We have L, (S; A)* = L,(5; A°) = L,(S;A) @ S - 1. Thus L, (S; A°) is
self-orthogonal and A® is also an interval of length d. By Theorem 3, we

see that L, (S;A®) is MDS. O

4.2. Free cyclic codes over finite chain rings

We consider the trace-evaluation Tr3, oev, : P, (S;A) — R’ defined
as follows:

Try, oev,(AX?) :== (Trg(\), Tra (M%), . .., Trg (A=),

for all a € A and for all A € R. In the sequel, we write: C,(R;A) :=
Tr3(Ly, (S; A)), and C,)(R; A) is a free cyclic code over R of length ¢. Let
Ci(R) :== {C,(R;A): A C X/} be the set of all free cyclic linear codes
over R of length /.

Proposition 15. Let A, B be two subsets of ¥y. Then
1) L,(S;C4(A)) is the Galois closure of Ly(S;A) and C,(R;A) =
Cy (B: L, (A));
2) ranks(Ly (5C,(4))) = 6, (4)]
3) Cy(R;A)t = C,(R; A®);
4) Cy(R;AUB) = C,(R;A)+C,(R;B) and C,,(R; ANB) = C,,(R; A)N
C,(R;B).

Proof. Let A, B be two subsets of 3.
1) On the one hand, it is clear that o(L,(S;A)) = L, (S;¢A). So by

Proposition 9, we have

m—1 m—1
CULy(S;A)) = > Ly(S;q'A) = n(S,U(fA)

=0 =0
Since Cy(A) = U, L¢'A, we obtain Cl(L 2(S;A)) = L, (S;C,(A)) and
on the other hand, from Proposition 9, C (R A) = Tr(Ly(S;A)) =

Tr(Ly(9;Cq(A))) = Cy(R; Cy(A)).
2) Theorem 2 yields

Cy(R; A) = Tr(Ly(S;C4(A))) = Resp(Ly(S:Cq(A)))-
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So rankp(C, (R; A)) = ranks(Ly (S: 0, (A))) = [By(A)].

3) We have
C,(R; A)* = Resp(L,(S;C,(A))*), by Theorem 2;
= Resgr(L,(S;0,(A)%)), by Proposition 13;
= C,(R;A°).

4) By Proposition 13,
C,(R;AUB) = Tr(L,(S;AuB)) = Tr(L,(S; A)) + Tr(L,(S; B)).

Since C4(A)NCy(B) = @, we have Tr(L,(5; A)) N Tr(L,(5;B)) = {0}. O

Theorem 4. Let ¢, q be nonnegative integers such that q is a prime power
and ged(q, €) = 1. Then the lattices

(Ce(R);+,M; {0}, R)  and  (Re(q);U,M; 2, 5u(q))
are isomorphic.

Proof. It is obvious that prove that the map C,(R;—) : Re(q) = Cy(R),
is a bijective. From Proposition 15, this map is a lattice isomorphism. [

Corollary 1. Let ¢, q be nonnegative integers such that q is a prime power
and ged(q, ¢) = 1. Then the lattices

(Cy(Fg, 0);+,M; {0}, F.) and (Cy(R);+,M;{0},R")
are isomorphic.

Proof. For all finite chain rings Ry and Rs of invariants (q,s;) and
(g, s2) respectively. By Theorem 4, lattices { C¢(R1); +,N; {0}, RY) and
(Cy(R2);+,M; {0}, RS) are isomorphic. Since Cy(F,) = Cy(F,,£), we
have the result. O

Lemma 1. Let z € %y. Set m, := |Cy(2)| and ¢ :== n~*. Then the map

¥z R[E] = Cy(R; {z})
a— Trj(ev,(aX?))

is an R-module isomorphism. Further 1, ot; = 11 0),, where 1y is the
cyclic shift and t¢(a) = a(, for all a € R[n].
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Proof. Tt is clear that a € Ker(1,) if and only if a € R[¢*]+™ N R[¢7],
where duality L, is with respect to trace form. As the trace bilinear
form is nondegenerate, we have S = R[¢?]*™ @ R[¢7] and Ker(1,) = {0r}.
Hence v, is an R-module monomorphism. We remark that, C, (R; {z}) is
cyclic, if and only if 4, ot = 71 0 ¢),. Finally, we have S = R[¢], and by
Proposition 4, the ring R[¢*] is the Galois extension of R of degree m..
Hence, 1, is an R-module isomorphism. O

Definition 12. A non trivial cyclic code over R C' is said to be indecom-
posable, if for all R-linear cyclic subcodes C7 and Cy of C', the implication
holds: C' = C; @ Cs, then Cy = {0} or Cy = {0}.

Proposition 16. The indecomposable cyclic linear codes over R are pre-
cisely 0'Cy(R; {z})s, where t € {0,1,...,s — 1} and z € Zy(q).

Proof. By Lemma 1, the free cyclic linear codes over R of length £
are C,(R;{z}))s where z € {0,1,...,¢ — 1} and all the cyclic and R-
linear subcodes of each cyclic code over R, are indecomposable. Let C'
be an indecomposable, cyclic and R-linear code and I(C') be the small-
est free, cyclic and R-linear code containing C'. Then A := Soc(C) is
also an indecomposable, cyclic and R-linear code and A C I(C) with
rankp(A) = rankg(I(C)). Assume that [A| > 1. Then C,(R;A) =
C,(R;A1) ® C(R;Az) where Ay N Ay = @, A) # @ and Ay # O.
We have C'N C,(R;A1) # {0} and C' N C,(R;Az) # {0}. Therefore
C=(CNCyR;A1))® (CNC,(R;Ag)). It is impossible, because C be
an indecomposable. So |[A| = 1. Now, C C C,(R;{z}), it follows that
C = 6'C,(R;{z}), for some ¢ € {0,1,...,s — 1}. O

5. Sum and intersection of cyclic codes

Consider the map

Cor: Ne(q,s) — CY(R l)

4
(Ag,Aq,..., A l—)@Qt (R; Ay). )

In this section, on the one hand, we show that the map Cy g : Re(q, s) =
Cy(R,?) is bijective and on the other hand we equip the set $(q, s) of bi-
nary operations L and M such that C, g : (Re(q, s); U, M) = (Cy (R, £);+,N)
is a lattice homomorphism.

The following Lemma gives the number of cyclic codes over finite chain
rings.
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Lemma 2 ([1], Theorem 5.1). Let R be a finite chain ring of invariants

(q,s). Then the number of cyclic codes over R of length {, is equal to
(s + 1)|2£(Q)\,

Lemma 3 (|7], Corollary 11). A finite lattice is distributive if and only if
it is isomorphic to (2¥;U,N; @, E), where E is a finite set.

Obviously, (Cy(R); +,N; {0}, R®) is an sublattice of (Cy (R, £); +,N;
{0}, R") and by Theorem 4, { C¢(R); +,N; {0}, R") is distributive. Thus
Lemmas 2 and 3, give the following fact.

Theorem 5. Let R be a finite chain ring of invariants (q,s) and { be
a nonnegative integer such that ged(¢,q) = 1. Then s # 1 if and only if
(Cy(R, £); +,M; {0}, R) is not distributive.

We show that each cyclic code over R can be written as a direct sum
of trace-representable cyclic codes in precisely one way.

Lemma 4. Let R be a finite chain ring of invariants (q,s). Then the
map Cyr : Re(q,5) = Cy(R, ) is a bijection and the type of Cyr(A)
is (|Cq(Ao)l,[Ce(A1)];s -, [Cq(As—1)]), for some A := (Ag,Aq,...,Ay) €
Re(q,s).

Proof. Let C be a cyclic code over R of length ¢. From Proposition 15,
we have
R =Cy(R;%u(q) = P Cu(Ri{z})
2€%(q)

and C,(R;{z})’s are free, indecomposable, cyclic codes over R.
It follows that C = ,c5, () Cs where C. = Cy(R;{z}) N C.
By Proposition 16, C, = 6%=C,(R;{z}), where ¢, € {0,1,...,s}.
Thus @B,cx,(g) 0'=C,(R; {z}) = Cypr(Ao, A1, ..., A;), where A, = {z €
Yy: t, =t}. Since [Ry(q,s)| = (s + 1)@ by Theorem 2, the uniqueness
of A :=(Ag,Aq,...,As) € Re(q,s) such that C' = Cyr(A) is guaran-
teed. Moreover, for all ¢ € {0,1,...,s — 1}, the cyclic code over R
C,(R; Ay) is free and rankr(C,(R; Ay)) = |C4(As)|. Since the direct sum
@i, 0'C,(R; A;) gives the type of Cyr(A), the type of Cypr(A) is
(koy k1, ..., ks—1), where k; := |Cy(Ay)|, for all 0 <t < s — 1. O

Definition 13. Let C be a cyclic code over R of length ¢. The defining
multiset of C is the (g, s)-partition cyclotomic A modulo ¢, such that
C = Cyr(A).
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Proposition 17. Let
A= (Ao, Ay, Ag) € Ry(g,s) and te{0,1,...,s—1}.

Then N
Cyr(A)" = Cp(A°),

where A® := (—Ag, —As1,...,—A1,—Ap).
Proof. Let A := (Ao, A1,...,Ag) € Ry(q, s). We have

s—1
Crr(A)" 2 [)(0° "R + Cy(R; AY))
u=0
and 1
0°'Cy (R —Ar) € [ (0 R + Cy(R; A7),
u=0

for all t € {1,2,...,s}. It follows that
Crr(—As, —As_1,...,—A1, —Ag) C Crr(A)*.

From Proposition 7 and Theorem 6, C; r(—As, —As_1,...,—A1,—Ap)
and CZ,R(A)J— have the same type, we have

Crr(A)" = Crp(—As, —As_1,...,—A1,—Ap). O

Corollary 2. Let A := (Ag,Aq,...,As) € R(q,s). Then Cypr(A) is
self-dual if and only if Ay = —As—y, for allt € {0,1...,s}.

Corollary 3. Let R be a finite chain ring of invariants (q,s) and s is an
even integer. Then the following are equivalent.
1) there exists a subset A of ¥y such that A # —A;

2) the nontrivial self-dual cyclic linear codes over R of length { exist.

Proof. Let R be a finite chain ring of invariants (¢, s) and s is an even
integer.

1) = 2). Assume that there exists a subset A of ¥, such that C,(A) #
—Cq(A). Set w =%, and B := AU (—A). Consider

C:= CZ,R(‘ . '7®7Au—17AuaAu+17®7 . ‘)7

where A,_1 = C4(A), A, = (;(B) and A,y := —A,_1. We have
Asfqul = *Au+1a Ay = A,y = “Ayand Ay = —A,; = &, for
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all t € {0,1,...,u — 2}. Thanks to Corollary 2, we can affirm that C is
self-dual.

2) = 1) Now, we assume that C' is a self-dual cyclic code over R of
length £ and every subset A of ¥ satisfies A = —A. Set C' = Cy (Ao, A1,
Ay, ..., Ay). From Corollary 2, Ay = —A,_4, for all t € {0,1,...,s}. Since
—A, t=A; 4, wehave Ay = A, y =@ forallt € {0,1...,s}\ {5} and
As = 3(q). Therefore,

C = C&R(. "’®7ZZ(Q)7®,H ) — Q%RZ’
which is the trivial self-dual code. 0

In order to determine the defining multiset of the sum and the inter-
section of cyclic codes over R, we extend the binary operations U and N
of Re(q) to Re(q, s) as follows:

1) AUB := (Co, Cq,.. .,CS), where Cy := Ay UBg and C; := (At U

t—1
By)\ (ugOCu), forall 0 <t < s.

2) AMB:= (A°VB®°.
for all A := (Ap,A1,...,As) and B := (By,Bq,...,Bs) be elements
of Ry(q, s).

Theorem 6. The map (4) is a lattice isomorphism of

(Re(q,8);:U,M:2,50(q)) to (Cy(R,0);+, N; {0}, RY),

where @ := (D,...,9,%(q)) and 3¢(q) = (X¢(q),9,...,9).

Proof. Let A := (Ap,Aq,...,As) € Ry(q, s), and B := (Bg,By,...,Bs) €
Re(q, s). We have

Cir(A) + Crr(B)
s—1
= Z 0"'(C,(R; A¢) + C,(R;By)), by the associativity of +,
t=0
= Cn(R; Ag U B()) D QCTZ(R; (A1 U Bl) \ (Ao U Bo))

t—1
@@ HtCn<R; (A UB)\ (JAwu Bu))>

u=0

s—2
DD 05*107] (R; (As—l U Bs—l) \ (U (Au U Bu>)>
u=0

=Cyr(AUB).
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From Propositions 6 and 17, we deduce that Cy r(A)NCy r(B) = Cy r(AN

B).
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Finally, by Lemma 4, we have the expected result. 0
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