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ABSTRACT. We introduce the equivalence relation p on the
set of Carter diagrams and construct an explicit transformation of
any Carter diagram containing [-cycles with [ > 4 to an equivalent
Carter diagram containing only 4-cycles. Transforming one Carter
diagram I'y to another Carter diagram I's we can get a certain
intermediate diagram I'” which is not necessarily a Carter diagram.
Such an intermediate diagram is called a connection diagram. The
relation p is the equivalence relation on the set of Carter diagrams
and connection diagrams. The properties of connection and Carter
diagrams are studied in this paper. The paper contains an alternative
proof of Carter’s classification of admissible diagrams.

1. Introduction

1.1. Cycles

1.1.1. Surprising cycles and dotted edges. Let W be a Weyl
group and @ the root system associated with W. Let us connect the
non-orthogonal simple roots in @ with each other. We get a graph called
a Dynkin diagram. One may want to connect all (not only simple) non-
orthogonal roots with each other. How does the graph thus obtained look
like?

The graphs thus obtained are the beautiful color computer-generated
pictures given on John Stembridge’s home page (based on Peter Mc-
Mullen’s drawings). These pictures are projections of the root system of @
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into the Coxeter plane!, see [Stm07]. Though beautiful, these graphs are
not easy to grasp: for example, in the picture of the root system Ejg, there
are 6720 edges, see [Mal0].

To see some details in Stembridge’s pictures, one can confine oneself
to only connected subsets of linearly independent roots. Then the graphs
greatly simplified. Essentially, such diagrams were presented by Carter in
1972, in [Ca70], [Ca72]. These graphs are said to be admissible diagrams
and are designed to characterize elements of the Weyl group, see definition
in §1.2.1.

Each element w € W can be expressed in the form

W = Sq,8a - - - Say, Where a; € P, (1.1)

and s,, € W are reflections corresponding to not necessarily simple roots
a; € D.

Carter proved that k in the decomposition (1.1) is the smallest if
and only if the subset of roots {a, ag,...,ax} is linearly independent;
such a decomposition is said to be reduced. The admissible diagram
corresponding to the given element w is not unique, since the reduced
decomposition of the element w is not unique.

When I first got acquainted with admissible diagrams I was surprised
by the fact that these diagrams contain cycles, though the extended Dynkin
diagram A;, cannot be a part of any admissible diagram (Lemma A.1). It
turned out that the cycles in admissible diagrams essentially differ from
the cycle A Namely, in such a cycle, there are necessarily two pairs of
roots: A pair with a positive inner product together with a pair with a
negative inner product. This does not happen for A

This observation motivated me to distinguish such pairs of roots: Let
us draw the dotted (resp. solid) edge {a, 8} if (o, B) > 0 (resp. (o, 8) < 0),
see Figure 1. Let the diagrams with properties of admissible diagrams and
containing dotted edges be called Carter diagrams. Up to dotted edges,
the classification of Carter diagrams coincides with the classification of
admissible diagrams. Recall that («, 3) > 0 (resp. (o, 3) < 0) means?
that the angle between roots a and ( is acute (resp. obtuse). For the

'The Cozxeter plane P is the span of the real and imaginary parts of an eigenvector
for the Coxeter element C with eigenvalue cos(2%) + i - sin(2*), where h is the Coxeter
number associated with the root system &.

2Here and below, (. ) is the quadratic Tits form, i.e. the symmetric bilinear
form associated with given Weyl group W and the corresponding Cartan matrix, see
[St08, §2.1.1].
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Dynkin diagrams, all angles between simple roots are obtuse, thus all
edges are solid.

1.1.2. Theorem on eliminating long cycles. There are different
decompositions (1.1) of w: They can be obtained from each other by
some transformations. Transforming one Carter diagram I'; to another
Carter diagram I's we can get a certain intermediate diagram I which
is not necessarily a Carter diagram. Such an intermediate diagram will
be called a connection diagram. This term reflects the fact that such a
diagram describes only the connectivity between roots, nothing more.
In this paper, we study properties of connection diagrams and Carter
diagrams.

Consider an example of basic properties of connection and Carter
diagrams. Let {a, ag, as} be 3 linearly independent and mutually orthog-
onal roots. There do not exist two non-connected roots 5 and v connected
to every «; in such a way that {1, as, as, 5,7} is a linearly independent
quintuple. First of all, any cycle of linearly independent roots contains
an odd number of dotted edges. Let ni, na, ng be the odd numbers of
dotted edges in every cycle {«;, 3, a;j, v}, where 1 < i < j < 3. Therefore,
ni1+ns + ns is odd, contradicting the fact that every dotted edge appears
twice (Corollary 2.4, Figure 12(a)).

Such properties allow us to simplify the classification of Carter dia-
grams. The main result obtained in this direction is the following one: Any
Carter diagram containing l-cycles, where [ > 4, is equivalent to another
Carter diagram containing only 4-cycles (Theorem 3.1). To realize this
equivalence, we construct an explicit transformation mapping each Carter
diagram with long cycles into a certain Carter diagram containing only
4-cycles, see § 3. By Theorem 3.1, we eliminate Carter diagrams containing
l-cycles with [ > 4. For the pairs of equivalent diagrams, see Table 2.

1.1.3. Classification of simply-laced Carter diagrams with cy-
cles. The paper contains the alternative proof of the Carter’s classifi-
cation of admissible diagrams. The classification of simply-laced Carter
diagrams with cycles is based on the following facts:

(i) the diagram containing any non-Dynkin diagram which is a tree
(in particular, any extended Dynkin diagram) is not a Carter diagram
(Proposition 2.1).

(ii) the diagram containing two cycles with a bridge of length > 1 is
not a Carter diagram (Proposition 2.3(i)).
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(iii) the diagram containing two intersecting cycles, both of which with
length > 4, is not a Carter diagram; one of which is 4-cycle and the second
one is a cycle of length > 6, is not a Carter diagram (Proposition 2.3(iii)).

(iv) the diagram which can be equivalently transformed into a diagram
of type (i), (ii) or (iii) is not a Carter diagram. We use this fact in
Lemma 2.5.

(v) the Carter diagrams containing cycles of length > 4 can be excluded
from Carter’s list (Theorem 3.1).

1.2. Diagrams

1.2.1. Admissible and Carter diagrams. Let @ be the root sys-
tem associated with a Weyl group W; let s,, be the reflection in W
corresponding to not necessarily simple root c; € ®@. Each element w € W
can be expressed in the form

W = Sq,Sas - - - Say, Where a; € P, (1.2)

We denote by lc(w) the smallest value k in any expression like (1.2),
see [Ca72, p. 3]. We always have l¢(w) < [(w). Recall that [(w) is the
smallest value k in any expression like (1.2) such that all roots «a; are
simple. The decomposition (1.2) is called reduced if lc(sa,5as - - - Say) = k-

Lemma 1.1 ([Ca72, Lemma 3]). Letaq, az, ... o €P. Then sq, Sas- - -Say,
is reduced if and only if a1, s, . .., ap are linearly independent. []

A diagram T is said to be admissible, see [Ca72, p. 7], if

(a) The nodes of T" correspond to a set of linearly independent
roots in @. (1.3)
(b) If a subdiagram of T" is a cycle, then it contains an even '

number of nodes.

Any admissible diagram I' is said to be a Carter diagram if any edge
connecting a pair of roots {«, 8} with inner product («, ) > 0 (resp.
(o, B) < 0) is drawn as dotted (resp. solid) edge. Let

S:{Oél,@?,-..,ak,ﬁh,BQ,..-,ﬁh} (14)

be any set of linearly independent, not necessarily simple, roots associated
with I, where roots of the set Sy, := {a; | i = 1,...,k} are mutually
orthogonal, roots of the set Sg := {f; | j =1,...,h} are also mutually
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orthogonal. According to (1.3(a)), there exists the set (1.4) of linearly
independent roots. Thanks to (1.3(b)), such a partitioning into the union
of two mutually orthogonal sets S, and Sg is possible. The set S is said
to be a '-associated set of roots. Let

w=wiwy, where Wi = Sq,5a,--5a,, W2=5858,--53,- (1.5)

Since S is linearly independent, the decomposition (1.5) is reduced, see
Lemma 1.1, and k + h = lc(w). The element w is said to be I'-associated,
and also S-associated. The decomposition (1.5) is said to be a bicolored
decomposition. The set of roots S, (resp. Sg) is said to be the a-set (resp.
B-set) of roots corresponding to the bicolored decomposition (1.5).

1.2.2. Connection diagrams. Let I' be the diagram characterizing
connections between roots of a certain set S of linearly independent and
not necessarily simple roots, o be the order of reflections in the decompo-
sition (1.2). The pair (T, 0) is said to be a connection diagram. We omit
indicating order o in the description of the connection diagram if the order
of reflections in the decomposition (1.2) is clear. The connection diagram
determines the element w (and its inverse w~!) obtained as the product
of all reflections associated with the diagram, while the order o (resp. 0~!)
describes the order of reflections in the decomposition of w (resp. w™1).
The element w is called the semi-Coxeter element associated with the
connection diagram (I',0), or (T', 0)-semi-Coxeter element, see [CET2].

Connection diagrams describe connected sets that may contain cycles,
not necessarily even. Converting a Carter diagram I'; into another Carter
diagram I's we sometimes get connection diagrams (but not Carter di-
agrams), and the “evenness”of cycles is violated during this conversion,
see §3.

The Dynkin diagrams in this paper appear in two ways: (1) associated
with Weyl groups (customary use); (2) representing conjugacy classes
(CCl), i.e, a Carter diagram which looks like (and actually is) a Dynkin
diagram. In a few cases Dynkin diagrams represent two (and even three!)
conjugacy classes.

For the Carter diagrams and connection diagrams, we distinguish
acute and obtuse angles between roots. Recall that a solid edge indicates
an obtuse angle between the roots exactly as for Dynkin diagrams. A
dotted edge indicates an acute angle between the roots considered, see
§1.1.1 and Figure 1.

1.2.3. The 4-cycles in Carter diagrams and connection dia-
grams. The Carter diagram for a 4-cycle in Figure 1 determines a
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bicolored decomposition:
W = Sa1 50258358

Here, w is the Dy4(a;)-associated element, where Dy(a1) denotes a 4-cycle,
see [Ca72|. The diagrams in Figure 1 differ in the order. In the case
of Carter diagrams, the order is trivial (related with a given bicolored
decomposition) and we do not indicate it. The connection diagram in
Figure 1 has order o = {a, f1, ag, B2 }:

Wo = Say SB; San S By - (1.6)

In (1.6), w, is the (G4, 0)-associated element, where G, is a 4-cycle. We
will omit the index o of the element w, if the order o is clear from the
context.

Remark 1.2. Hereafter, we suppose that every cycle contains only one
dotted edge. Otherwise, we apply reflections a — —a. These operations
do not change the element w since s, = s_,. In this case, every dotted
edge with an endpoint vertex « is changed to the solid one, the cycle with
all edges solid cannot occur, see Lemma A.1. Note also that the dotted
edge can be moved to any other edge of the cycle by means of reflections.

Carter diagram Connection diagram
o ‘31 oy ‘31

| |

| |

| |
B, o, B, L)

o=(a):$1:az:$2)
W=8ySy Sp S =
0%y By Ry Yo = Sa,Sp Sa,Sp,

F1GurE 1. The Carter diagram Dy(a;) and connection diagram (Gy, 0)

The semi-Coxeter elements generated by reflections sq,, Sa,, 58,5 58,
constitute exactly two conjugacy classes, w and w, being their represen-
tatives. In the basis {a1, ag, 81, f2}, we have:

1 0 -1 -1 01 0 0
0 1 1 -1 10 -1 —1

=11 21210 |0 T loo 0 1 (L.7)
1 1 0 -1 11 0 -1
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and their characteristic polynomials are:
x(w) =a* +22° + 1, X(wo) =zt +2° +z+1.  (1.8)

1.2.4. Transformation of 4-cycles. Denote by ~ the conjugation
w — u~twu. Let us transform the element w, from (1.6):

Sa1+p1
Wo = Say 5/5’15&2552 = Sal‘i‘ﬂl Sa18a25ﬁ2 ~ Sa18a2852$a1+51 (1 9)

= SapSazSai+p1+625682 = SarSaeS—(a1+B1+82)5B2-

We have:

(01 + B+ B, 00) = (o1, 1) + (Br, o) + (o) = 1 — 5 — £ =0,
(a1 + B1 + B2,a2) = (B, 2) + (B2, a2) = % - % =0,
(041-1-51-1-52,@):1—%: %

(1.10)

Hence, the roots {a1, as, — (a1 + B1 + B2)} are mutually orthogonal, so
n (1.9), we obtained a bicolored decomposition. Thus, the connection
diagram (G4, 01) is reduced to the Carter diagram (D4, 04), which is
also the Dynkin diagram Dy, see Figure 2. That is why, in (1.8) the
characteristic polynomial x(w,,) =2* + 23 + 2+ 1= (23 +1)(z + 1) is
equal to the characteristic polynomial of the D4-associated element, see
[CaT72, Table 3|, or [St08, Table 1].

oy B, ay ay+By °‘1+51+ B, -(oy+By+ By
—? [ S— ;
I = |
1 |
P S { )
pz 57 ‘32 L7
°l=(°‘u Bys @y B} %, = { & +By, 0, %, Ry ) 0= ("y“zy o + B+ By B} 0, = (“p“zr'(“f"“l"'ﬂ'z)’ B2)

FrcurE 2. Eliminating of the cycle. The equivalence of (G4, 01) and (Dy, 04)

1.3. Equivalence

1.3.1. Three transformations. Talking about a certain diagram I'
we actually have in mind a set of roots with orthogonality relations as it
is prescribed by the diagram I'. We try to find some common properties
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of sets of roots (from the root systems associated with the simple Lie
algebras) and diagrams associated with these sets. These diagrams are
not necessarily Dynkin diagrams since sets of roots we study are not
necessarily sets of simple roots and are not root subsystems. We use the
term Dynkin diagram to describe connected sets of linearly independent
simple roots in the root system. Similarly, Carter diagrams describe
connected sets of linearly independent roots, not necessarily simple, and
such that any cycle is even.

Same as Dynkin diagrams describe simple Lie algebras, Carter dia-
grams describe conjugacy classes in Weyl groups.

First of all, in this paper we will see that any Carter diagram with
cycles of any length can be transformed into an equivalent Carter diagram
with cycles of length 4. The equivalence of connection diagrams (and, in
particular, of Carter diagrams) is discussed in §1.3.2. Below we consider
a rather natural set of three transformations operating on connection
diagrams: Similarities, conjugations and s-permutations.

Similarity. This is replacing a root with the opposite one:
a— —a. (1.11)

Two connection diagrams obtained from each other by a sequence of
reflections (1.11), are said to be similar connection diagrams, see Figure 3.
An equivalence transformation of connection diagrams obtained by a
sequence of reflections (1.11) is said to be a similarity transformation or
stmilarity.

X

[ L]

1

i ¢

[}

[}

-—-d
14

T

3
R

[]

FIcurE 3. Eight similar 4-cycles equivalent to Dy (ay)

& o

'
|
]
-

[

By applying similarity (1.11) any solid edge with an endpoint vertex
being a can be changed to a dotted one and vice versa; this does not
change, however, the corresponding reflection:

So = S_q-
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Remark 1.3 (On trees). For the set {a1,...,a;, ait1,...a,} forming
a tree, we may assume that, up to the similarity, all non-zero inner
products (o, ;) are negative. Indeed, if (a4, o) > 0, we apply similarity
transformation a; — —a;, consider all inner products (ay, ;) > 0 and
repeat similarity transformations ay — —ay if necessary. This process
converges since the diagram is a tree.

Conjugation. Let (I',0) be a connection diagram, S = {a;...,a,} a I'-
associated set. A conjugation sends all roots of a given set S to another
set by means of the same element 7' from the Weyl group:

o — Taq, ..., oap+— Ta,. (1.12)
Then
Sq; F— STy = TSaiT_l fori=1,...,n, and Hsai — HSTai-
i i
If o={a, ..., q,} is an order of roots, then the conjugation 7" sends o

into To={Ta;, ...,Ta,}. Let I" be a Carter diagram. Since T" preserves
relations between roots, 1" preserves I' and the I'-associated conjugacy
class.

s-Permutation. The ‘‘evenness”of cycles is not violated by similarities (1.11)
and conjugations (1.12). It can be violated by the transformations of the
third type, we call them s-permutations:

585a+8 = Sa+pSa  for (o, B) <0,
SasSp = § S$pSa—p = Sa—pBSa for (Oé,ﬁ) > 0, (113)
Sﬂsa for (O[,ﬁ) =0.

Relations (1.13) take place only for a simply-laced connection between
vertices a and (5. In the general case, the s-permutations satisfy the
following relation:

SaSB = S85s5(a) = Ssa(f)Sa-

Clearly, the s-permutation (1.13) is non-trivial only if @ and  are con-
nected. A non-trivial s-permutation (1.13) yields a new set of roots in
which « (or ) is changed to a+ 3 or a — 8 according to whether the edge
{a, B} is solid or dotted. For the new set, we also draw the diagram which
is not necessarily a Carter diagram anymore but is a certain connection
diagram.
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The set of transformations (1.11), (1.12) and (1.13) operates on a
connection diagram I' and the root subset S associated with the diagram I'.
Similarities (1.11) change a given connection diagram to a similar one;
conjugations (1.12) preserve connection diagrams; s-permutations (1.13)
essentially change connection diagrams. However, both similarities and
s-permutations preserve the element w associated with the given diagram.
Transformations (1.11), (1.12) and (1.13) preserve the conjugacy class
containing w and also preserve the linear independence of the roots
constituting the subset S.

1.3.2. The equivalence of connection diagrams. Similarities, con-
jugations and s-permutations are said to be equivalence transformations.
The equivalence transformations preserve associated conjugacy classes.
Connection diagrams (I'1,01) and (I'2,02) are said to be equivalent if
for any (I'1, 01)-associated element w;, there exists a (I'g, 02)-associated
element w), such that w) can be obtained from w; by means of equivalence
transformations, and for any (T'g, 02)-associated element ws, there exists
a (I'z, 01)-associated element w} such that ws can be obtained from w}
by means of equivalence transformations. In this case, we will write

(I'1,01) >~ (I'g, 02),
w1 ~ w’2, wo =~ w'l.

Such a definition of the equivalence of connection diagrams does not
require the uniqueness of the conjugacy class associated with I'y (resp. I'z).
However, if one of diagrams I'y and I'y determines a single conjugacy
class, the same holds for another diagram. Indeed, let {w;} be a single I'1-
associated conjugacy class and we, w) be arbitrary I's-associated elements,
i.e., wy ~ wi, and wh ~ wy. Then by transitivity, we have wy ~ wh. For
example, it will be shown in §3.1 that

Eg(b3) ~ Eg(as), Ez(b2) =~ E7(az),
Dg(b2) = Dg(az),  Es(bs) = Es(as).

12

(1.14)

Some of admissible and Carter diagram may be equivalent to a connec-
tion diagram and vice versa. In § 3, we use this fact in the process of ex-
cluding diagrams with cycles of length > 4 from Carter’s list [Ca72, p. 10],
see Theorem 3.1. We exclude a number of diagrams from possible can-
didates for the role of admissible or Carter diagram, since they have a
subdiagram equivalent to an extended Dynkin diagram, a case which
cannot be (Proposition 2.1, Lemma 2.5).
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1.3.3. Two I'-associated conjugacy classes. There exist I'-associ-
ated elements w; and ws such that w; % wsy. For example, the Carter
diagram As determines two different conjugacy classes in D;, see Figure 4;
for details, see [St10, B.2].

o
@ Gy ag 0 1-1

G2
&

F1GURE 4. Elements s,, 54,50, and s,, 54,54, , are not conjugate

1.3.4. Two non-conjugate I'-associated sets. Let S1={¢1,..., 00}
and Sy = {d1,...,0,} be two ['-associated sets of roots. The sets S; and
So are said to be conjugate if there exists an element 1" € W such that
T:p;— 6; for i =1,...,n. In this case, we write

S1~Sy and TS =55.

Let wy (resp. wy) be any Si-associated (resp. Sp-associated) element. If
S1 >~ Sy, then wy ~ ws.

There exist, however, conjugate elements wy and wo such that S; % Ss.
Consider two 4-cycles in Dg:

Ci ={e1+ez,e4—e€1,e1 —ez,e2 — €3},

Co = {e1 +e2,e4 —e1,€3 — €4,62 — €3},

These sets are non-conjugate: C; % Ca, see Figure 5 and [St10, B.1.2],
but the Ci-associated element w; = S¢;4eySe;—enSes—e; Sea—es and the
Co-associated element wy = Sei+esSes—eqSes—e; Sea—ey ATC CONjugate.

1.3.5. Bridges. Consider Carter diagrams containing intersecting cy-
cles, i.e., cycles having a common path, see Figure 6(a). There are three
cycles in this figure, see (1.15). To speak about intersecting cycles we
choose the two shortest ones. In the case of Figure 6(a), we throw away
from consideration the cycle C3, where

Ci = {ou, B1, a2, B2, a3, B},
C2 = {B17a475m7a5aﬁ27a2}a (115)
Cs = {a1, b1, 0u, Bm, as, B2, a3, Bn}.
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Craax =€+e,  (a) . ®) ee, %Y L.,
(] ¢5-C [ o _ 57
I e f’:. ¢s
6,0 €-¢ Y2706 o
23 344 €S+ CG
C5+ !6
(c) s = : :
6,-¢ > [ — )
1~ 2 ez' fa ez’ca fl- Cz fz‘fg fg'f 4
Sl SZ

Fi1GURE 5. Equivalence of the Ci-associated element w; and the Cy-associated
element wsy

* PBn .
A3
“ g }0‘3 B ¢ q P2
! ! \ C3
By P2 a,
C. o 2 \
\ 3 4 Qs
o ‘\ C.
(X4 2 3“ . 2 .
5 ', .
C2 . .
. . B
LR (ﬂ) (b)
B

FI1curRE 6. Intersecting cycles

Then C; and Cy have the common path {f1, e, S2}. We denote this path
by C1 N Cy. It remains to consider the case, where 2 cycles have the same
length, see Figure 6(b) and (1.16).

Cl - {Oég,ﬁl,OéQ,ﬁQ},
C? — {6170547577L7a57ﬁ27052}7 (116)
C3 = {043761705475m70457ﬁ2}~

In Figure 6(b), lengths of Cy and Cs coincide. Then the choice of Cy or
C5 does not matter. The common path will be called a bridge. For the
pair {C1,Ca} (resp. {C1,C3}), the bridge is as follows:

CiNCy ={B1, s, B2}, (resp. C1 NCs = {B1, a3, f2}).
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4_ 5 7’
Dyay) )

6 O—Ho o—o—c ~

be) E(,) Eya) Dyfap) D8y

O—WO—O ~
By Efa,) Ey(b)

7

D—G—HO _—— A; =

Dy(ay) Eya,) Efa) &)

[

[
&
¢

;
D
@) Dyfay) Dya) 26,
7 ? ? ?
1 | ] i = I i i
! | | H
8 o I\ 3 3
Ey(ay) Ey(a;) Eylby) Ey(a,)
I 1 11 S S,
[T =111 T &l L
1 i i 1 ---4 —--&
4 ¢ ) > )
Ey(ag) Ey(bg) Ey(ag) &0 2%
k
‘ " v2-1 X
oo 0 \
! 0—o0r ~ ¢ °
I>8 00 i : :
Dytay) k-2 Dia, ) Db, ;)
-1 V2.1 (-evew
k=12...,1/2-1

TABLE 1. The simply-laced Carter diagrams with cycles

2. Classification of Carter diagrams

In this section, we add new arguments to obtain the list of Carter
diagrams: We use the statement on intersecting cycles, Proposition 2.3;
we exclude diagrams with cycles of length > 4, see Theorem 3.1. The fol-
lowing proposition states that any Carter diagram, or connection diagram,
without cycles is a Dynkin diagram.
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Proposition 2.1 (Lemma 8, [Ca72]). Let I be a Carter diagram or
connection diagram. If I' is a tree, then I' is the Dynkin diagram.

For the proof and examples, see §A.2.1.
Due to this proposition, to classify the Carter diagrams, it suffices to
consider only diagrams with cycles.

Remark 2.2. For Gy and A;, there are no Carter diagrams with cy-
cles. Indeed, for G, this fact is trivial, since there at most two linearly
independent roots; for A;, see A.2.2.

2.1. For the multiply-laced case, only a 4-cycle is possible

Consider a multiply-laced diagram containing cycles. If the root system
@ contains a cycle, then @ constitutes the 4-cycle with one dotted edge,
[CaT72, p. 13]. This case occurs in Fy, see Figure 7.

5=C¥.2 +2a3
a=a1+a2 o —O0)y = oc3—oc4
oY=y
o F4
p= A3+,

FIGURE 7. The 4-cycle root subset in Fy. The angle (g,\v) is acute
If a1, a9, as, ay are the simple roots in Fy, then the quadruple
a=oa1+az, f=az3+ay, Y=o, 0=ar+203

constitutes such a 4-cycle. The values of the Tits form on the corresponding
pairs of roots are as follows:

(o, B) = (a1 + ag, a3 + ) = (a2, a3) = —1,
1 1
(B,7) = (a3 + a4, aq) = (a4, 04) — (a3,04) = 1 — 573 (dotted edge),
(77 5) = (044,052 + 20(3) = 2(0&4,0[3) = _17
(6, ) = (a2 + 2a3,a1 + az) = (ag, a2) + (a2, a1) + 2(a2, a3)

=2-1-2=-1.

In § A.3, we prove that for multiply-laced cases, there are no other
Carter diagrams with cycles.
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2.1.1. Two intersecting cycles in the simply-laced case. From
the foregoing in this section, it suffices to consider only simply-laced
diagrams. First of all, we discuss Carter diagrams containing intersecting
cycles and bridges, see §1.3.5.

Proposition 2.3 (On intersecting cycles and bridges). (i) Let I' be
any Carter diagram, or connection diagram, containing two cycles with
bridge P. Then P consists of exactly one edge.

(i) Let T be any Carter diagram. Let Py, P, C T be two paths stemming
from the opposite vertices of a 4-cycle in T'; let ay (resp. ag) be the vertex
lying in Py (resp. P»). The diagram obtained from I' by adding the edge
{a1, a2} is not a Carter diagram, see Figure 8.

Fi1GurE 8. Two paths stemming from the opposite vertices of a 4-cycle

(iii) Let T be any Carter diagram containing two intersecting cycles.
Then one of the cycles consists of 4 vertices, and the other one can contain
only 4 or 6 edges.

Proof. (i) Every cycle contains an odd number of dotted edges, other-
wise by several reflections we get a cycle containing only solid edges, a
case which cannot happen, see Lemma A.l. Let n; be the number of
dotted edges in the top cycle: {au, 1, a9, B2, a3, By}, and ng the num-
ber of dotted edges in the bottom cycle: {ay, 51, a2, B2, as, Bm}. Both
n1 and no are odd. Suppose the bridge P with endpoints 51 and s
contains an additional vertex ay (i.e., P = {f1, a2, f2}, see Figure 6(a)
or Figure 6(b)). After discarding the vertex as we get a bigger cycle
Cs = {au, b1, a4, Bm, a5, B2, a3, Br }; in the generic case of the bridge P,
we discard from the bridge all vertices except 31, S2. Let n3 be the number
of dotted edges in the cycle C3; n3 is also odd. Therefore, n; 4+ ne + ng is
odd. On the other hand, every dotted edge enters twice, so ny + no + ng is
even. Thus, there is no vertex in the bridge {1, 52} between 8; and Ss.

(ii) The diagram I'U{«1, a } contains the bridge {31, y, B2} of length 2,
see Figure 8. Thus, by (i), the diagram I' U {a1, e} in Figure 8 is not a
Carter diagram.
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(iii) By (i) the bridge consists of one edge {31, a2}, see Figure 9. Then
at least one of the cycles is of length 4. Otherwise, the Carter diagram
contains the extended Dynkin diagram l~)5 contradicting Proposition 2.1.
As above, the dotted edge may be eliminated from Ds by changing the
sign of one of the roots.

' D
@ T B
&y }‘32 2
[
By a, - By a,
‘\
\
o 3;33 o N
FIGURE 9.

The second cycle can be only of length 4 or 6 as in Figure 10. It
cannot be a cycle of length 8, otherwise the Carter diagram contains the
extended Dynkin diagram F7, see Figure 11. According to (i), we cannot

add edges {a177}7 {5277}7 where Y S {Ckg, Qy, 537/34}' 0
oy B2
‘31 az
a g
(31 I:I C!.2 OCB s
! k \ 2 S~ or
[ ‘3‘33 oy B,
. ‘31 C"Z
. oy ‘33
64 cz4
Ficure 10.

Corollary 2.4 (On impossible quintuples of roots). (i) Let an «-set
contain 3 roots {ay, a2, as}. There does not exist two non-connected
roots 3 and vy connected to every a; so that the vectors of the quintuple
{a1, a0, a3, 8,7} are linearly independent.

(ii) Let {aq, 1,2, B2} be a square in a connection diagram. There
does not exist a root v connected to all vertices of the square so that the
vectors of the quintuple {aq, 51, a2, B2,7} are linearly independent.
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oy B2

‘31 oy

%3 B3 M~

54 (¢4 4 I

s Bs E

E7
FIGURE 11.

Proof. (i) This is the particular case of Proposition 2.3(i).

(ii) Suppose a certain root «y is connected to all vertices of the square.
Then we have 5 cycles: Four triangles {cy, 8,7}, where i = 1,2 and
j = 1,2, and the square {aq, 81, a2, B2}, see Figure 12(b). Every cycle
should contain an odd number of dotted edges. Let ny, na, n3, ng, ns be the
numbers of dotted edges in every cycle, therefore nq+no+ns+n4s+ns is odd.
On the other hand, every dotted edge enters twice, so n1+ns+nz+ngs+ns is
even, which is a contradiction. For example, the left square in Figure 12(b)
is transformed to the right one by the reflection s,,, then the right square
contains the cycle {aq, 82,7} with 3 solid edges, i.e., the extended Dynkin
diagram EQ, contradicting Proposition 2.1. O

FIcurE 12. Every cycle should contain an odd number of dotted edges, a
case which cannot happen

2.1.2. The Carter diagrams with cycles on 6 vertices. There
are only four 6-vertex simply-laced Carter diagrams containing cycles, see
Table 1. As we show in §3.2, the diagram Dg(b2) is equivalent to Dg(az),
so Dg(b2) can be excluded from the list of Carter diagrams. The diagrams
depicted in Figure 13 are not Carter diagrams. One should discard the
bold vertex and apply Corollary 2.4(i), see Figure 12.
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% Y o3
Hd

4 9 - 1 - i -
I 1" [l [2e
. o ] -\
73 -7 Paap -7
O O
B 0(.2

FicurE 13. Not Carter diagrams on 6-vertices

2.1.3. The Carter diagrams with cycles on 7 vertices. There
are only six 7-vertex simply-laced Carter diagrams containing cycles, see
Table 1. According to §3.2, the diagram Er(bs) is equivalent to E7(asg).
Thus, the diagram FE;(by) is excluded from the list of Carter diagrams.
Note that the diagrams (a) and (b) depicted in Figure 14 are not Carter
diagrams since each of them contains the extended Dynkin diagram Dy
contradicting Proposition 2.1. The diagrams (c) and (d) are not Carter
diagrams since for each of them there exist two cycles with the bridge of
length > 1, contradicting Proposition 2.3. In order to see that (e) and
(f) are not Carter diagrams, one can discard bold vertices and apply
Corollary 2.4(i) as in §2.1.2.

(@) ®) ) 4
@ ’ ’
@) e) ) f) : '

F1GURE 14.

2.1.4. The Carter diagrams with cycles on 8 vertices. There
are only eleven 8-vertex simply-laced Carter diagrams containing cycles,
see Table 1.

The diagrams depicted in Figure 15 are not Carter diagrams. One can
discard the bold vertices to see that each of depicted diagrams contains
an extended Dynkin diagram. The diagram (a) contains Eg; (b) and
(¢) contain Ds; (d) and (e) contain Dg. Thus cases (a), (b), (), (d), (e)
contradict Proposition 2.1. For diagrams (f) and (g), see Lemma 2.5.
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The diagram (h) is not a Carter diagram since there exists the bridge of
length > 1, see Proposition 2.33.

1
. L. oI
© I:j
o | | © ' ® _

F1GURE 15. 8-vertex diagrams are not Carter diagrams

Lemma 2.5. Diagrams (f) and (g) in Figure 15 are not Carter diagrams.

Proof. In cases (f) and (g), we transform the given diagram to an equiv-
alent one containing an extended Dynkin diagram. Let I' be the diagram
(f) in Figure 15. The corresponding roots are depicted in the diagram in
Figure 16(1). Let w be the I'-associated element:

W = SaySanSazSasSp15825B3584

P @3 Py @y P1 B By oy
) i \
(] \\
Ly N
o By ap By ) 4 Pz @ Py 2

FIGURE 16.
Since Sa,58,58; = S8, 5855, Where = a3 — B3 + (1, we have
W = Sa; SasSasSB SBsSuSBaSA,-

Therefore, the element w is associated with the connection diagram
depicted in Figure 16(2). Discard the vertex 3, the remaining diagram is
the extended Dynkin diagram Fg.

3We do not depict here the diagrams corresponding to Proposition 2.3(ii), see
Figure 8. For | = 6, they are depicted in Figure 13; for [ = 7, see diagrams (e), (f)
from §2.1.3.
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Let T' be the diagram (g) in Figure 15. The same diagram with
corresponding roots is the diagram I'; depicted in Figure 17.

% B3 oy Py % Pz 2 Py
p=03-Pz +p1+p7
0 L

FI1GURE 17. The equivalence transformation from I'y to I's
The I'1-associated element is as follows:

W = Say SapSazSasSp156256358s = SanSanSay (8388 352363)554

= Sa15a2504 5815825835584

(2.1)

where 1 = as — 83 + 1 + B2. The last expression of w is a (I, 09)-
associated element, where the diagram I'y in Figure 17 is the connection
diagram, not a Carter diagram, and the order o9 is given by (2.1). Further,

W = Sa;Say (3a4552)351 SB3SuSBs = 506130425E2 SasSp15B3SuSB> (2‘2)

where 32 = oy + 2. The obtained expression of w is a (I's, 03)-associated
element, where I's it the connection diagram in Figure 17 and o3 is the
order given by (2.2). The diagram I's contains the extended Dynkin
diagram Dj = {a1, a9, 1, B2, B3, B4}, but this is impossible. O

2.1.5. The Carter diagrams with cycles onl > 8 vertices. The
Dynkin diagram A; does not contain any Carter diagrams with cycles,
see § A.2.2. For the Dynkin diagram D;, we refer to Carter’s discussion
in [CaT72, p. 13]. In this case, there are the two types of Carter diagrams
(Table 1, I > 8):

(1) pure cycles Dl(bé_l) for [ is even, l < n

(2) Dy(ar), Di(az), ..., Dl(a%,l) for [ is even, | < n.

In §3.4, we will show that any pure cycle D;(b L _,) from (1) is equiva-
lent to D;(a L _,) from (2), and hence pure cycles D;(b L _,) can be excluded
from Carter’s list.
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The Carter diagram The equivalent The characteristic
with [-cycles, Carter diagram T, polynomial of the
>4 only 4-cycles ['-associated element
1 (t* 4 1)?
Dg(b2), 1 =6 Dg(a2)
2 (tr =2+ D) —t+1)(t+1)
E7(b2), [=6 E7(C12)
3 (" — 2 4 1)?
Es(b3), 1 =6 Es(as)
4 Bttt -2 1
Es(bg)), [=6 Eg(a5)
d \'o 0—O0e
5 : H i oo (tz + 1)2
D;(b%_l), l even Dl(a%_l), [ even
TABLE 2. Pairs of equivalent Carter diagrams
3. Exclusion of long cycles

In this section, we show that Carter diagrams containing cycles of

length n > 4 can be discarded from the list.

Theorem 3.1 (On exclusion of long cycles). Any Carter diagram con-
taining l-cycles, where | > 4, is equivalent to another Carter diagram
containing only 4-cycles.

Table 2.

In all cases we construct a certain explicit transformation of the
diagram containing [-cycles, where [ > 4, to a diagram containing only
4-cycles. The corresponding pairs of equivalent diagrams are depicted in
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Note that the coincidence of characteristic polynomials of diagrams in
pairs of Table 2 is the necessary condition of equivalence of these diagrams,
see [CaT72, Table 3]. As it is shown in Theorem 3.1, this condition is also
sufficient for the Carter diagrams.

For convenience, we consider the equivalence Dg(be) ~ Dg(az) as a
separated case, though this is a particular case of the pair D;(b L )

Di(a:_,) with [ = 6, Table 2. The idea of explicit transformation con-
2

necting elements of every pair is similar for all pairs?®.

3.1. Equivalence Eg(bs) ~ Eg(as)

The Eg(ag)-associated element w is transformed as follows:

W = Sa;SazSazSasSp15B2583584 = SarSau (5025043333) 51582584

= Sa1SaySuSasSazSp15B258, s

where = 3 + ag — as.

3
Ey(ay) By () £y,
FI1GURE 18. Equivalence Eg(bs) ~ Es(as); E& (as3) is the connection diagram

The element w is (Ef (a3), 0)-associated, where EX(a3) is the connec-
tion diagram in Figure 18, the order o is given by (3.1). From (3.1) we
have:

5/325/34
w = SaySay (3ﬁ2354su) SaxSazSpr = Sa1S8asS05582584SaxSazSpy s (3-2)

where o = u — B2 + B4.

4Redrawing elements of pairs as the projection of 3-dimensional cube in Figure 18-
Figure 24 may give, perhaps, a hint to a geometric interpretation of these explicit
transformations.
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So, 0 = B3 + a3z — as — B2 + B4, and it is easy to see that

(0,03) = (a3,35) + (a3, 80) + 3, ) = 1 = 3 — 5 = 0,

(0,02) = ~(a2,02) — (02, 82) + 02, ) = —1 + 5 + 5= 0,

(0,61) = —(@2, 81) + (a3, f1) = % - % =0,

(0,01) =0, (3.3)
(0,814) = (Ba, Ba) + (a3, 81) =1 — % = %,

(0 2) = (B2, 2) — (2, B2) = —1 + 5 = —,

(0 00) = (B, ) = .

Relations (3.3) describe the Carter diagram Eg(bs), Figure 18. We only
need to check that the element w is conjugate to a product of two involu-
tions:
Sa4
W ™ So, 80450585584 502503581 = SaySo (5858, Sas)SanSas s,

So

= Say (5528545044)(5042504350)561 = (8525348044)(Sa18a25a350)851 (3'4>

Sﬁl
= (8515528543044)(50413012804350)'
Thus, w1 = 58,58,58,50, and wa = 54,50,5q55s are two involutions,
w = wiws, i.e., w is conjugate to the Fg(bs)-associated element, which
was to be proven.

3.2. Equivalences Er(b2) ~ Er(a2) and Dg(b2) ~ Dg(az2)

These equivalences directly follow from the equivalence FEg(bs) ~
Eg(a3) that we see from Figure 19 and Figure 20. For the equivalence
Er(by) ~ Er(a2), we discard s,, in relations (3.1)—(3.4) as follows:

W= SazSazSasSp1582583584
= SasSuSasSazS3158,58, (Where = B3 + a3 — )

8,628,(34

™ 50,5058,5845a250558, (where o = — P2 + fB4) (3.5)
Soy So
= 80(5ﬂ28ﬂ43a4)5a2503851 = (5628545044)(8062504380)3,31
8/81

= (Sﬂl 5B 5ﬂ45a4)(5a2 SasSo)-
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U
E, (@) E,(@,) E,b,)

FIGURE 19. Equivalence E7(bs) ~ Er(az); EX(az) is the connection diagram

D iy
6,(a2) 5 (a2 D )
F1GURE 20. Equivalence Dg(bs) ~ Dg(az); DE (az) is the connection diagram

Here, w1 = 53,58,58,5q4 and w2 ~ 54,54,5, are two involutions, w ~
wiwy and the element w is FEr(bg)-associated, which was to be proven.
For the equivalence Dg(b2) ~ Dg(a2), we discard s,, in relation (3.5):

W = SaySa3SB81 58258558 = SuSansSasSp1 58,58, (Where = P34 ag — an)

SB9 5By
= S5058:5B845arSasSpy (Where o=/ P2+ ﬁ4)

So 8/31
= (352 554)(3a2 Sag 30)551 = (351 562 354)(3a2 Sag 30)'
(3.6)

Here, w1 = sg,58,53, and wa = Sq,84,5, are two involutions, w ~ wiws
and the element w is E7(bg)-associated.
3.3. Equivalence Eg(bs) ~ Eg(as)

This equivalence is the most difficult.

Step 1. Let us transform the Eg(bs)-associated element w as follows:

5044
w = (56155256457)(801504250138014) = Sa45ﬂ25,34(Sﬁls’ysalsazsas) (3.7)

= (5528/345u)(551 S“/Smsazsas)v
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where u = oy — B2 + Sa.

B
T
\/
o ags, °‘3
3 L B
ﬁl &2 ﬁl &2
H 1
Eg(d) Eg (b Eg (b)

FIGURE 21. Step 1: Eg(bs) = EL (bs) and EX (bs) = Ei(bs) ; EY(bs), E(bs)

are connection diagrams

We have
1 11
(1, a3) = (B, a3) = o (1, B1) = (Ba, Ba) + (Bayq) = 1 — 5= 5
(1, a2) = =(B2, 2) = %, (1, B2) = — (B2, B2)+ (0w, B2) = —1+%:—%,

_|_

1
(1, 01) = = (B2, 1) = 5.
see EX (bs) in Figure 21. Further, by (3.7)

w = (5525,34551)5#80423043 (s’ysal) = (552554551)(Sa2sa3563)(575a1)> (3.8)

where 83 = 1 — ao + ag, 4t = ag — B2 + (4. Here,

(B3, 3) = (1, a3) + (a3, 03) = —% +1= %7
(B3, Ba) = (1, Ba) + (a3, Bs) = % - % =0,
(B3, a2) = (1, a2) — (a2, ) = % —1= *%,
e (3.9)
(63762> = (:uv B2> - (042,62) = 5 - 5 = 07
(B = (m7) = —3, (Brn) = (o) = 3,
(s, 1) = (a3, 1) — (02, f1) = —5 + 3 = 0.

see Ei(bs) in Figure 21.
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Step 2. From (3.8) we obtain

sﬁsz§361 N
~ SasSaszSps (5a1+’757)352 S$B45B1 = SazSaszSBs 5a1+7(5/32 584581 )S’Y

SagSag

::sazsa3@53852354Sﬁ08a1+7+ﬂ287 = @53352Sﬁ4350501+7+ﬁ23&280357

::862(Sﬁl853Sﬁ4sa1+7+¢b)(5a2sa337)7

(3.10)
where
(01 47+ 62, Bs) = (Bs,00) + (85,7) = 5 — 5 =0,
(a1 +7+ fa7) = (1,7) + () = 1- 3 = 3,
(a1 +7 + B2, 2) = (B2, 2) = —%,
(01 47+ B2, B2) = (B B2) + (Brvan) =1 - 5 =,

(a1 +7+B2,81) =0, (1 +7+P2,01)=0, (1+7+p2a3)=0.
(3.11)

see E2(bs) in Figure 22.

Bg (b
FIGURE 22. Step 2: E}(bs) = EZ(bs); E&(bs, E2(bs) are connection diagrams

Step 3. Let us transform the E3(bs)-associated element w from (3.10)
to a certain E3(bs)-associated element (where E2(bs) and E3(bs) are
connection diagrams, see Figure 23):

W = 35, (86, 565564 a1+v+52) (SazSazSy)
::(5515ﬂ3554)(5525a1+7+%b)(5a25a357) (3'12)

::(5515ﬂ3554)(Sa1+7+628a1+7)(Sazsassvy
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By the orthogonality relations of Figure 22 we have

1 1
(01 +7,02) = (a1 + 7+ B2, 02) = (Ba,02) = =5 + 5 =0,
(a1 47,7) =0 for7=p1, B3, 0, s, (3.13)
(G147, 7) = 2+ 1=2
ar =79 = 5 =5

FIGURE 23. Step 3: E3(bs) = E3(bs); Step 4: E3(bs) = E3(bs); E2(bs),
E3(bs), E4(bs) are connection diagrams

Step 4. Now, we transform the E3(bs)-associated element w from (3.12)
into a certain E§ (bs)-associated element (E3(bs) and E3(bs) are connection
diagrams, see Figure 23):

w= (3[31 3ﬁ3554)(5a1+'y+5250c1+7)(Sazsassv)
Sy
= 548B3Sar+y+p62 (5/31 5,6’4)5a1+'y(5a25a3) (3.14)

= 5B35B3+ySa1+v+B2 (561 554)5011 +“/(3a2 Sas)

= SB3Sa1+y+B25B3—a1—PB2San+v5B1 5B, (Saz 5a3),

since f3 — a1 — B2 =7+ f3 — (a1 + 7+ f2).
By orthogonality relations (3.9), (3.11) and (3.13) we have

(B3 — a1 — PBo,a1 +7) = (v + B3,a1 +7) — (o1 + 7 + B2, 00 +7)

1

1
= (o1t (700 49) = (B o1 +9) =5 — 1+ 5 =0,

(B3 —a1 — B2,7) = (v + B3, 7) — (a1 + 7+ B2,7) = 0 for 7 = By, B4,

1 1

(B3 — a1 — B2, ) = (B3, 2) — (B2, 2) = —5tg5= 0,
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(B3 — a1 — B2, 3) = (v + B3, 83) — (a1 + v + B2, 53)
=(7+53,ﬂ3)=1—%=%,

(B3 — a1 — B2, a1 + 7+ B2) = (v + B3,01 + 7 + B2)
1

1
— (a1 +y+B2, 00 +v+52) = (a1 +7+ f2) — 1= 3~ 1= —3

(B3 — a1 — P2, 3) = (B3, 3) = %

Step 5. The last step: From E¢(bs) to Es(as), see Figure 24. The E§(bs)-
associated element w from (3.14) is transformed as follows:

W = SB3Say+y+B2583—a1—B2Sa1+vSB1 584 (8042 5043)

= 5B35B1Sa1+v+B825B3—a1—B2Sa1+v584 (8042 30&3)
Sag
>~ (SazS835p1)San+7+B258s—a1—BaSa1+vSBsSas

= 583581 5as—B3+p1Sa1+y+B25B83—a1—PaSar+y5BsSan-

(3.15)

By relations (3.11) we have (a3 — 83 + S1, 1 + v + B2) = 0. Then

By B,

Eg (as)

FIGURE 24. Step 5: Eg(bs) = FEs(as); E§(bs) is the connection diagram

W = 5B3581 Say+v+B2Saz—B3+815B3—a1—B2Sa1+v5Bs Saz

Sﬁ4
= (354 SB35B1Sa1+v+B2 ) (3013*53+61 SB3—a1—PB2Sar+vySan )7

(3.16)

where®

(043 —Bs +617a2) = _(537012) + (ﬁl,ag) = —1 + 1 =

-=0
2 2 7

SRecall that #3 =y — a2 + a3 = au — B2 + Ba — a2 + as, see (3.7), (3.8).
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(a3 — f3+ P1,7) = (a3, 7) — (B3, 7) + (B1,7) =0
for 7 = a1 + v, a1 + v + Bo,
(a3 — B3+ B1,03) = (a3, 83) — (B3, B3) = % —-1= st

(043—534-51,51):1—%:%,

(a5 = s + 61, 88) = (s, B) = —,

(a3 — B3+ B1,03 — a1 — PB2) = (a3, B3 — a1 — [32)
*(53,/33*041*,82):%*%:0-

Thus, (3.16) is a bicolored decomposition of the Eg(as)-associated
element w, see Figure 24. The equivalence Fg(bs) ~ Fg(as) is proven.

3.4. Equivalence Dy(b:_,) ~ Di(a._,)
2 2

We consider the two cases of cycles Dy(b: ;) differing by length [, see

L
2

Figure 25.
o o
\ \
Bk N P Pok1 “o P
(sz o, a2k_1 o,
Baxk1 Pa Boxa B,y
%oy ¢ 03 Yoz ¢ 0y
3 ; o« ;
Biw2 By k2 e
L2 oy Brn Bri
Prn Pk %iert o
@ ., ® By
1=4k 1= 4k-2

FicurEe 25. The two cases of even cycles Dl(b%_l): 1)l =4k;2) | =4k — 2

Case 1) [ = 4k. The opposite vertices, i.e., vertices at distance 2k, are
of the same type, for example, a; and ajy1, see Figure 25(a).
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Case 2) | = 4k —2. The opposite vertices, i.e., vertices at distance 2k — 1,
are of different types, for example, a1 and S, see Figure 25(b).

3.4.1. The case I = 4k. Consider the chains of vertices passing
through the top vertex a; and with endpoints lying on the same horizontal
level, see Figure 25. Let L (resp. R) be the index of the left (resp. right)
end of the chain. Then the endpoints of these chains are as follows:

{BLaﬁR}7 L=2k—i+1,R=14, 1<i<k, or (317)
{ap,ar}, L=2k—i+2,R=1i, 2<i<k. '
Consider the following vectors associated with chains (3.17):
R 2k 2k
0(BL, Br) = a1 — Zﬁz dai+ > Bi+ Y. o, R+L=2k+1,
i=2 i=L i=L+1
R 2k 2k
Q(OJL,OéR = 1 — Zﬁz Zai+25i+2ai, R+ L =2k+2.
i=2 i=L i=L
(3.18)
We have the following actions on vectors (3.18):
$61 582,01 = 0(B1, Bar),
SasSas,0(B1, Bar) = 0(az, agk),
(3.19)

SﬁL—lsﬁRe(O‘Lv aR) = Q(BL—ly BR)?
SaySap 0(BL, Br) = 0(ar, ary1).

Thus, 0(BL, Br), 0(aL, ar) from (3.18) are roots. The following orthogo-
nality relations hold

0(Br,Br) L Bi, i#R,L, 0(BL,Br) £ Br, Br,
0B, Br) L i, i# R+1,L, 0(BL,Br) £ ari1,ar (R # k),
0(Br+1, Br) L aga,
O(ar,ar) L i, i#L—-1,R,  O(ar,ar) £ Br-1, Bk,
O(arp,ar) L aj, 1# R,L, O(ar,ar) £ ap,ag.
(3.20)
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Lemma 3.2. The following commutation relations hold:

2k 2k
59(5&5}2) ‘1:[1 Sa; = ( .1:[1 Sai)‘S@(aL,aR+1)a L+R= 2k + 1, R < k:,
"ok "k
86(ar.an) Hl sg; = ( H1 $8.)50(5,_1.5n), L+ R=2k+2, R<F.
= =
(3.21)
Proof. According to the orthogonality relations (3.20), we have
2k
S0(BL.Br) H Sa; = < H Sai)sa(ﬁLﬁR)saRﬂsaL
i=1 @i #R+1,L
2k
- ( H Sai) Sapy15aL50(BL.Br)—ary1+ar = (H Saz) S6(ar,api1)”
@i #R+1,L i=1
Similarly,
2k
S0(ar,ar) H Sp = ( H Sﬁi)se(aL>aR)SﬁLlsBR
i=1 Bi#R,L—1
2k
= ( H 8/81')SﬁL—lSﬂRSG(aL,OzR)—,BR-l—ﬁLfl = <H 851‘)&9(5[,1,53)'
Bi#R,L—1 i=1
O

Proposition 3.3. Let

2k 2k
W= WaWs = Hsm HScu
i=1  i=1

be the Di(b._,)-associated element, where Dy(bi ) is the cycle with
2 2
l = 4k, see Figure 25. The element w is conjugate to the element

2k 2k
( H 35i)89(5k+175k) ( H So‘i>' (3.22)
=1 =2
Proof. First, we have
Sa
w = H 58; H Say o Say (551 35%) H 5Bi H Sa;
12k £l

= 5815821 50(Bar.,51) H SBi H Sa
i#12k  j£1
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By relations (3.20), the elements sg(g, g,,) and [ sp, commute, and
i#1,2k
we have:

w =588, ( [] 5850080 L] 5a; = (11 58:)50(80.80) (1] 50)-

i#1,2k §#1 G#1

Further, we use Lemma 3.2 to prove the equivalences:

50(a2k,o¢2)
w=TLso (T 5o, Jsotomen 2™ sttemsan T s T 50,

J#1 J#1
= (H Sﬁi)50(62k17ﬁ2) H Saj = H 5B; (H Saj)se(amcha?))
j#1 i#1
S0(agg_1,03)
= S0(ovop—1,03) H SBi H Say; = (H SBi) S0(Bak—2.83) H Sa
j#1 J#1

= (H Sm) S0(Brt1,8k) H Saj -

j#1
The relation (3.22) is proved. O

Proposition 3.4. The conjugacy class containing elements

2k 2k 2k 2k
H SBi H Sa; = ( H S/Bi) (89(5k+1,ﬂk) H Sai) (3-23)
i=1 =1 i=1 =2

is Dy(a1_,)-associated (as well Dy(b1_,)-associated) conjugacy class for
2 2
l =4k, see Figure 26.

Proof. Fori # k+1,the orthogonality 0(S;+1, Or) L «; follows from (3.20).
For i = k + 1, it is easy to check:

1 1

(O(Br+1, k), akt1) = (Brr1, arg1) — (B, hey1) = —5t5= 0.

Besides, for i # k, k + 1, we have 0(B+1, Br) L SBi, see (3.20). Finally, for
1=k, k -+ 1, we have:

(0(Br+1,Br), Br) = (—Br, B) + (—ax, Br) = —1 + % = _%’
(B(Bis1, i) Bisn) = (Brrs Brosr) + (@hiz figt) =1 — - = = O

2 2



170 EQUIVALENCE OF CARTER DIAGRAMS

1 1 =4k
N\
Pax “o Py

% %2
Bk Pa
%t ¢ 0ty ’

P2 Byt

ald-Z qk 6( pkﬂ ) Bk)
Pt Py
%yent
Dl(bi’-l) Di(al-l)
2

FIGURE 26. The equivalent diagrams Dl(bé,ﬂ and Dl(aéfl), where [ = 4k

3.4.2. The casel = 4k —2. Similarly to the case (3.17), we consider
chains
{Br,Br}, L=2k—i,R=1i, 1<i

1<
3.24
{ap,ar}, L=2k—i+1,R=1i, 2<i<k. (3:24)

Next, we consider the following vectors associated with the chains (3.24):

2k—1 2k—1
(B, Br) =a1 — Zﬂz Zaz-i- Zﬁﬁ > ai, R+L=2k
L+1
R 2k—1 ZQk:—l
plar, ar) =o — ZBZ dai+ > Bi+ > i, R+L=2k+1.
=2 i=L i=L

(3.25)

As above in operations (3.19), vectors (5L, Sr), p(ar,ar) from (3.25)
are roots.

Lemma 3.5. The following commutation relations hold:

2k—1 2k—1

Su(BL.AR) H Sa; = < H SO"£>SH(QL7@R+1)’ L+R=2k R<k-—
=1 =1
2k—1 2k—1

Sp(ar,or) H Sg; = ( H Sﬁz) (BL-1,8R)? L+R=2k+1, R<Ek.
=1

(3.26)

Proof is as in Lemma 3.2.
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Proposition 3.6. Let
2%k—1  2k—1

W = WpWo = H S8; H Say;
i=1 i=1

be the Dy(b:_,)-associated element, where Di(bi_,) is the cycle with
2 2
[ =4k — 2, see Figure 25. The element w is conjugate to the element

2k—1 2k—1
Sﬂ(ak+1:ak)< H Sﬂi) ( H Sai> . (327)
i=1 i=2
Proof. As in Proposition 3.3, we have
Saq
w= HSrBi Hsaj ~ Say (58,585,_1) H S8 H Sa;
i#1,2k—1 j#1

= 5B15B2k—151(Bak—1.51) H 5B H Sa

i#1,2k—1 £l
= Sﬁlsﬁzk—1< H

Sﬁi) Su(Bak—1,81) H Say

i£1,2k—1 j#1

<H s&)su(g%_lﬁl) (H saj),

J#1

By Lemma 3.5, we have:

Su(ogy_1,02)
T | 10 ) ) T S PRRY § 9 |

A1 i
(H 851) (Bak—2,62) H Sa; = H 58, (H 50‘1‘) Sp(ask—2,03)
J#1 J#1
Su(agy_g,a3)
= Sp(azk—2,03) H SB; H Sa; = (H Sﬂz) (B2k—3,83) H Sa;
j#1 J#1
= Su(aky1,ar) H SBi H Saj - O
i1

Proposition 3.7. The conjugacy class containing elements

2k—1 2k—1 2k—1 2k—1

H SB; H Sa; = ( N(ak+1:ak)< H Sﬁz) H Sai)' (3.28)
=1 =1 =2

il

is Di(a1_4)-associated (as well Dy(by _,)-associated) conjugacy class for
2 2

l =4k — 2, see Figure 27.
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fl 1= 4k-2
Pakci o Py
%ok o,
Bz [52
Aakz 0
51«1\\]\j Byy
Dy& ) Dya, )
! 3-1 1 5’-1

F1GURE 27. The equivalent diagrams Dz(béfl) and Dl(aé,1)7 where [ = 4k—2

For i # k, the orthogonality p(ayy1, o) L B; follows from (3.25). For
i = k, we have:
1 1
(M(Olk;+1,ak),ﬁk) = (O[k‘-i-lvﬁk) — (akwﬁk) = —5 + 5 = 0.

For i # k,k+1, we have u(ogi1, ar) L a4, and, for i = k, k+1, we get:

(g1, an), o) = (=Pr—1, 00) + (—ag, o) = s — 1= —-

1 1
(u(agyr, o), 1) = (Brt1, k1) + (g1, ap1) =1 — 3=7

Appendix A. More about cycles

A.1. The ratio of lengths of roots

Let I' be a Dynkin diagram, and /¢ be the ratio of the length of any
long root to the length of any short root. The inner product between two
long roots is

t

m,g):ﬁw.cos<m>=¢zw-<i§>:i§.

t
By Remark 1.3, we may put (o, ) = ~3 The inner product between

two short roots is

— 1

(a, B) = cos(a, B) = ii'
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1
Again, by Remark 1.3, we may put (o, 8) = —3 The inner product (c, )

between roots of different lengths is

(,8) =1-Vt-cos(a,B) =1-Vt- (% \2[) :iil
t
As above, we choose the obtuse angle and put (o, 5) = —5

We can summarize:

~i for o =8l =1,

Q
=
I
|
[y

for ol =8 =2, or [l =1, [I8]=2, (A1)

[\l [J%)

for ol =|8]=3, or [af=1, [8]=3,
where all angles oz/,\ﬁ are obtuse.

A.2. Cycles in the simply-laced case

A.2.1. The Carter and connection diagrams for trees.

Lemma A.1. There is no root subset (in the root system associated with
a Dynkin diagram) forming a simply-laced cycle containing only solid
edges. Every cycle in the Carter diagram or in the connection diagram
contains at least one solid edge and at least one dotted edge.

Proof. Suppose a subset S = {aq,...,a,} C ® forms a cycle containing
only solid edges. Consider the vector

n
v = Z Q.
i=1
The value of the quadratic Tits form % (see [St08]) on v is equal to

%(v):21—21:n—n:0,

i€l el

where 'y (resp. I'1) is the set of all vertices (resp. edges) of the diagram
I" associated with S. Therefore, v = 0 and elements of the root subset S
are linearly dependent. O

The following proposition is true only for trees.
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Proposition A.2 (Lemma 8, [Ca72]). Let S = {au,...,an} be a subset
of linearly independent (not necessarily simple) roots of the root system &
associated with a certain Dynkin diagram I', and I's the Carter diagram
or the connection diagram associated with S. If I's is a tree, then I's is a
Dynkin diagram.

Proof. 1f I'g is not a Dynkin diagram, then I'g contains an extended
Dynkin diagram I asa subdiagram. Since I'g is a tree, we can turn all
dotted edges to solid ones®, see Remark 1.3.

Further, we consider the vector

v = Z tiai, (A2)

iEFo

where T is the set of all vertices of I', and t; (where i € I'y) are the
coefficients of the nil-root, see [Kac80]. Let the remaining coefficients
corresponding to Fs\f be equal to 0. Let 9 be the positive definite
quadratic Tits form (see [St08]) associated with the diagram I', and (-, -)
the symmetric bilinear form associated with &. Let {; | i € Ty} be the
set of simple roots associated with vertices f‘o. For all 7,5 € fo, we have
(e, aj) = (04,05), since this value is described by edges of I. Therefore,

%(U) == Z titj(ai,ozj) - Z titj(éi,éj) = %(Z tlél) =0.
i,jelo i,jelo i€l
Since 9B is a positive definite form, we have v = 0, i.e., vectors «; are
linearly dependent. This contradicts the definition of the set S. O

Example A.3 (multiply-laced cases). Let the coefficients of linear de-
pendence be as in the proof of Proposition A.2. The labels at vertices
are coordinates of the nil-root of the corresponding extended Dynkin
diagrams, [Kac80]. In all cases below, inner products are calculated in
accordance with § A.1 and (A.1). In all these calculations except for Ga
and égg, t=2.

Case Fy1. We have v = a + 28 + 37y + 26 + . Then

o] =14+4+9+4t+t—1-2-2-3-3-2t—2-¢
=6-—3t=0.

5This fact is not true for cycles, since by Lemma A.1 we cannot eliminate all dotted
edges.
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Case Fyo. Here, v = a + 20 + 3y + 46 + 2¢, and
v =(1+4+9)t+16+4—1-2t—2-3¢t
—3-4t—4-2=12—-6t = 0.
F41 a—ﬁ—'Yd:b&—(p ﬁ42 (X.—B—'Yd=}l=!>5—(p
1 2 3 2 1 1 2 3 4 2
Case Co. We have v = a + t8 + v, where t = 2. Then
|| =t +t*+t—t-t—t-t=2t—1>=0.
Case Bs. In this case, v = a + 3+ . Then

lo| =14+1+t—t—t=2—t=0.

Cz (x@:bﬁc@"/ BZ == p ==Y
1 2 1 1 1 1

Case Cs. Here, v=a +t8 +ty+ 6, and
||| =t +t+t2+ 12—t -t —t* =2t —t* = 0.
Case Bs. We have v = a + 3+~ + 6. Then
o =1+ 14t+t—t—t—t=2—1t=0.
C3 a«ﬁ:»ﬁ—'y«ibS B3 (xq=(:bﬁ—'y¢n5l
1 2 2 1 1 1 1

For C~'n, where n > 4, we have v = a; + tag + -+ +tan + apt1. Any
new short edge adds t? — ¢, i.e., ||v|| = 0. For B, where n > 4, we have
v=oaj+az+- -+ an+ays1. Any new long edge adds t — ¢, i.e., ||v]| = 0.

Case Go1. Here, v = a + 28 + ~. Here, t = 3. Then
| =1+44t—-1-2—-2-t=3—¢t=0.
Case Gas. In this case, v = o+ 28 + 37. Again, t = 3. Then

Jo| =t+4-t+9—-2-t—2-3-t=9—3t=0. O

Gyt —p ==Y Gpa— pe==y
1 2 1 1 2 3
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A.2.2. There are no cycles in the root system A,,. Recall that
any root in A, is of the form +(e; — e;), where 1 <4 < j <n+ 1. Then,
up to the similarity transformation, a — —a, see §1.3.1, a cycle of roots
is of one of the followings forms:

{eil T Cigy Cig T Cigy .o Chp g T Gy Gy — €i1}>

{eil = €y, €y T Cigy oy Cip T Cy _(eik - eil)}‘
In the first case, the sum of all these roots is equal to 0, i.e., these roots
are linearly dependent. In the second case, the sum of the k — 1 first

roots is equal to the last one, and roots are also linearly dependent. Thus,
for A,, there are no cycles of linearly independent roots.

A.3. Cycles in the multiply-laced case

A.3.1. There are no 4-cycles with all angles obtuse. No root
system R containing a 4-cycle with all angles obtuse can occur. Suppose
this is possible, so a quadruple of roots {«, 3,7,d} yields pairs with the
following values of the Tits form:

(O‘aﬁ) =-1, (677) = _%> (775) =—1, (5a Oé) =—1,

see Figure 28.

FiGURrRE 28.

Then we see that

110 1 1 0 00
L _| o100 _|2-110
@ 0 01 0| g 0 0 10|
0 00 1 0 0 0 1
10 0 0 100 0
L _|01 00 o010 o0
g 01 -1 2 |’ 0 001 0
00 0 1 101 —1
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Then the semi-Coxeter element C = s,535,55 in the Weyl group gen-
erated by the quadruple {sq, sg, s+, 5}, and its characteristic polynomial
is as follows:

4 0 2 =3
C = 5,535,55 = ;l (1) 1 :; ) x(C) = z* — 423 — 2% — 4z + 1.
1 01 -1

Since the maximal root of x(C) is A ~ 4.419 > 1, then the semi-
Coxeter element C is of infinite order, but this is impossible.

A.3.2. More of impossible cases of multiply-laced cycles. We
consider several patterns (of multiply-laced diagrams) that are not a
part of any Carter diagram. First of all, the arrows on the double edges
connecting roots of different lengths should be directed face to face,
otherwise we have 3 different lengths of roots, as depicted in Figure 29:

161> llv[F = 1181l > lledl-

FIGURE 29.

Further, two double edges connecting roots of different lengths cannot
be adjacent, as depicted in Figure 30. Otherwise, the root subset contains
the extended Dynkin diagram Bs or (s which cannot occur.

™ N
B,

B g

FiGure 30.
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For cycles of length 5 or more, the diagram contains the extended
Dynkin diagram of type B, or C,, which cannot happen. If the acute
angle (resp. the dotted edge) lies on the part corresponding to B, (or CN’n),
this obstacle can be easily eliminated by changing certain roots with their
opposites; the procedure of eliminating the acute angle may be applied to
any tree regardless of whether it contains roots of different lengths or not.

a,/ \8 o &
S~ v N
By B v Cs
(!.l vt ey, An.1 al an_l
. f\_7 N
(] LA Bn
8% On2 ) ®n-2

FIGURE 31.

There are no “kites”, i.e., cycles of length 4 with an additional fifth
edge, since any such subset contains the extended Dynkin diagram CD,
or DD5 which cannot be, see Figure 32. One should note that every cycle
ins the Carter diagram contains, by definition, an even number of vertices,
so the connection like {p, a} or {p, 5} forming a triangle cannot occur.

5 )
4 r\_7 >d (p
p B cD,
® ®
N 5
DD,
b

FIGURE 32.
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