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ABSTRACT. We develop the theory dg algebras with enough
idempotents and their dg modules and show their equivalence with
that of small dg categories and their dg modules. We introduce the
concept of dg adjunction and show that the classical covariant tensor-
Hom and contravariant Hom-Hom adjunctions of modules over
associative unital algebras are extended as dg adjunctions between
categories of dg bimodules. The corresponding adjunctions of the
associated triangulated functors are studied, and we investigate
when they are one-sided parts of bifunctors which are triangulated
on both variables. We finally show that, for a dg algebra with enough
idempotents, the perfect left and right derived categories are dual
to each other.

Introduction

All throughout this paper, we fix a commutative ground ring K
with unit and the term ‘category’ will mean ‘K-linear category’, unless
otherwise specified, and all functors will be K-linear.
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Small differential graded (dg) categories and their dg modules have
played a fundamental role in Mathematics for a long time. In the 70’s and
80’s of last century, they were the major tool to study matrix problems re-
lated to representation theory of algebras (see [13], [6], [3], [4],...), which,
among other things, led to Drozd’s proof of the tame-wild dichotomy theo-
rem (see [3] and [4], Theorem 2). In modern times, their main importance
comes from a fundamental result of Keller (see [10, Theorem 4.3]) which
states that any compactly generated algebraic triangulated category is
equivalent to the derived category of a small dg category. That impor-
tance grew even bigger when Tabuada (see [21]) showed that the category
Dgcat of small dg categories admits a model structure on which the
weak equivalences are the so-called quasi-equivalences and Toén (see [22])
studied in depth the associated homotopy category Ho(Dgcat), showing
in particular that it had an internal Hom and deriving several applications
of this fact to Homotopy Theory and Algebraic Geometry.

By definition, a small dg category is a small category with a grading and
a differential satisfying certain conditions (see the details in next section).
But from the time of Gabriel’s thesis (see [5]) one knows that small
categories may be viewed as algebras with enough idempotents (or rings
with several objects in the spirit of [14]), and vice versa. Furthermore, if A
is such a small category then the category [A°P, Mod — K| of contravariant
functors is equivalent to Mod — A, the category of unitary right A-modules,
when A is viewed as an algebra with enough idempotents. It is natural
to expect that the mentioned one-to-one correspondence extends to the
dg setting. That requires the development of a theory of dg algebras
with enough idempotents and their dg modules. This development is, in
some sense, a demand of a part of the mathematical community. Indeed,
apart from the unavoidable technicalities concerning the use of signs, the
language of small dg categories and their dg modules is very technical
and elusive for many people and, although the terminology is sometimes
similar, concepts as dg modules or dg bimodules over small dg categories
are intuitively far from the traditional concepts of module or bimodule
over an associative algebra. This leads some mathematicians to avoid
the topic and others to present results about small dg categories and
their derived categories only in terms of dg algebras (equivalently, dg
categories with just one object). This demand is the main motivation
for these notes. They were initially thought as an appendix to a joint
paper with Alexander Zimmermann (see [20]), where we needed to use
some adjunctions between categories of dg bimodules, which we could not
find explicit in the literature of small dg categories and which became
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excessively unintuitive in that language (see [18]). As the notes grew
longer than expected, we decided to offer them as a separated paper.
Since a thorough development of the topic is out of question, we have
concentrated on the basic aspects, with emphasis on those needed for [20],
leaving aside other important features of the theory.

Our goal in the paper is to develop the basics of the theory of dg
algebras with enough idempotents and their dg modules, to show its
equivalence with the theory of small dg categories and their dg modules,
and to revisit dg functors between categories of dg modules and their
derived versions. In particular, we construct explicitly the correspondents
in the new setting of the covariant tensor-Hom and the contravariant
Hom-Hom adjunctions of (bi)module categories over algebras with unit,
together with their derived versions. Since the notes are specially aimed
at making the dg world more accessible to people that work with algebras
and modules in the classical way, even at the cost of an excessive length,
we have taken care in checking essentially all the details in proofs. This
care has been special on what concerns signs in equations, which are most
elusive for beginners and very important in the dg context, but whose
associated calculations are rarely found explicit in the literature.

The organization of the paper goes as follows. In Section 1 we recall
the definitions of dg category (not necessarily small) and dg functor.
In Section 2 we define what a dg algebra with enough idempotents is
and give its category Dg — A of right dg modules, proving in Section 3
that there is a one-to-one correspondence between small dg categories
and dg algebras with enough idempotents, and showing a dg equivalence
between Dg — A and the category Cqg A of dg modules over the associated
small dg category (see Theorem 3.1). In Sections 4 and 5 we define
left dg modules and dg bimodules, respectively, and show that their
corresponding categories can be realized as categories of right dg modules.
In Section 6 we introduce the homotopy and derived category of a dg
algebra with enough idempotents, and state the corresponding version of
the mentioned Keller’s theorem (see Corollary 6.11). In Section 7 we study
derived functors of dg functors between categories of dg modules over
algebras with enough idempotents and study when they appear as ‘one-
sided part’ of a bifunctor which is triangulated on both variables. In our
approach, a fundamental role is played by the concept of dg adjunction
(see Definition 7.7). In section 8 we define the correspondents of the
classical tensor and Hom bifunctors. Concretely, we show that if A, B and
C are dg algebras with enough idempotents, then there are canonical dg
functors HOM4(?,?): (C —Dg — A)* ® (B —Dg— A) — B —Dg—C
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and ?®p?: (C —Dg — B)® (B—-Dg - A) — C — Dg — A, where
HOM4 (M, X) := BHOM4(M, X)C is the ‘unitarization’ of the non-
unitary dg B — C-bimodule HOM 4 (M, X ). In Section 9, we show that if
X is a dg B — A-bimodule, then we have dg adjunctions (? @ X: C —
Dg— B — C—Dg— A, HOM4(X,?): C—Dg— A — C —Dg— B) and
(HOMpo»(?,X)°: B—Dg — C — (C — Dg — A)°°, HOM4(?, X): (C —
Dg — A)°» — B — Dg — (), both of which give rise to adjunctions
between the corresponding derived functors (see Theorems 9.1 and 9.5).
In the final Section 10 we use the last contravariant adjunction to prove
that, for any dg algebra with enough idempotents A and taking X = A,
the adjunction (HOM gop(?, A), HOM 4(?, A)) gives rise to quasi-inverse
dualities per(A°P) & per(A) between the left and right perfect derived
categories.

The paper tries to be as self-contained as possible, but some classical
concepts are used without being explicitly introduced. For the general
theory of modules over algebras, the reader is referred to [1] and [25], and
specifically for modules over nonunital rings and algebras, we refer to [24].
All right (resp. left) modules M over an algebra A will be assumed to be
unitary. That is, we will assume that M A = M (resp. AM = M). The
corresponding category is denoted by Mod — A (resp. A — Mod). When a
non-unitary module eventually appears it will be explicitly mentioned. On
what concerns graded algebras (or rings) and graded modules, the reader
is referred to [15] for the basic concepts. Although this reference deals with
graded unital rings, only a minimal adaptation is needed when passing to
graded nonunital algebras. Finally, we freely use some terminology about
triangulated categories. Basic references for this are [16] and [9, Chapter
10+ss], but, for a given triangulated category, we denote by ?[1] the shift
or suspension functor, that was denoted by X or 7' in these references.
Given a triangulated category D, a subcategory T is a thick subcategory
when it is closed under extensions, shifts and direct summands. When &
is a class of objects of D, we shall denote by thickp(S) the smallest thick
subcategory of D containing S. Recall (see [16, Definition 2.1.1]) that a
functor F': D — D’ between triangulated categories is a triangulated
functor when there is a natural isomorphism ¢p: F o (?[1]) = (?[1]) o F
such that, for each triangle X ——= Y - Z - X[1] in D, the sequence

(v) oF
FX) — F(U) e F(z ¢FX ) F(X)[1] is a triangle in D'. If
F,.G:D— D are trlangulated functors, then a natural transformation

of triangulated functors T: F — G is a natural transformation such that,
for each triangle in D as above, one has ¢¢ x o Tx[1) = 7x[1] 0 ¢ x. It
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is well-known, and will be frequently used through these notes, that if
7: F' — (G is a natural transformation as above, then the class of objects
X € Ob(D) such that 7x is an isomorphism is a thick subcategory of D.

1. Dg categories and dg functors

In this section we collect some basic notions, mainly taken from [10]
and [12], which will be used all throughout these notes. Recall that a
differential graded (dg) K-module is a graded K-module V = @,,c, V",
together with a graded K-linear map d: V' — V of degree +1 such that
dod = 0. The category which will be indistinctly denoted by Dg — K or
Cag K has as objects the dg K-modules. Moreover each space of morphisms
HOMgk (V, W) has a structure of dg K-module given by the following
data:

i) The grading is HOMg(V,W) = @,z HOM%(V, W), where

HOMY% (V, W) consists of the graded K-linear maps a: V. — W
of degree n, i.e., such that a(VF) C Wkt for all k € Z.

ii) The differential d: HOMg(V,W) — HOMg (V, W), which is a
graded K-linear map of degree +1 such that d od = 0, is defined
by the rule d(a) = dw o a — (—1)/*a o dy, where |?| denotes the
degree, whenever « is a homogeneous element of HOM g (V, W).

For any dg K-module V and for any mn € Z, one puts
d":=djyn: V" — V" and defines Z"(V) := Ker(d"), B"(V) :=
Im(d™ 1) and H*(V) := Z"(V)/B"(K), which are called respectively the
(K )-module of n-cycles, the module of n-boundaries and the n-homology
module of V', respectively. We say that V' is acyclic when H™(V') = 0, for
all n € Z.

Note that if V" and W are dg K-modules, the tensor product VoW =
V @x W also becomes an object of Dg — K, where the grading is given by
(V@ W)" =&;1j—,V'® W/ and the differential d: VoW — Vo W
by the rule

dyew(v®@w) = d(v) @ w+ (—1)‘”'1} ® dw (w),

for all homogeneous elements v € V' and w € W. All throughout these
notes, we use the unadorned symbol ® to denote ®p. Given a dg K-
module V', one has an associated dg K-module V[1], where the grading is
given by V[1]* = V"1, for each n € Z, and where dy ;] = —dy[1]. That
is, dy(1)(v) = —dy (v), for each homogeneous element v € V.

The category Dg — K is the prototype of a differential graded (=dg)
category. This is any category A such that, for each pair (A, B) of its
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objects, the K-module of morphisms, denoted indistinctly by A(A, B)
or Hom 4(A, B), has a structure of differential graded K-module so that
the composition map A(B,C) ® A(A,B) — A(A,C) (9@ f ~> go f) is
a morphism of degree zero of the underlying graded K-modules which
commutes with the differentials. This means that d(go f) = d(g) o f +
(=1)l9lg o d(f) whenever g € A(B,C) and f € A(A, B) are homogeneous
morphisms. If A is a dg category, then the opposite dg category A°P
has the same class of objects as A and the differential on morphisms
d: A°(A,B) = A(B,A) — A(B,A) = A°°(A, B) is the same as in A,
but the composition of morphisms is given as 4° o a® = (—1)l*lfl(a 0 )°,
where we use the superscript ¢ to emphasize that a morphism is viewed
as one in A°P.

If A and B are dg categories, then the tensor product dg category
A ® B has Ob(A) x Ob(B) as its class of objects and, for all pairs
(A, B), (A", B") € Ob(A) x Ob(B), we define Hom 453[(A, B), (4’, B")] =
A(A, A") ® B(B, B'), with its canonical structure of dg K-module. The
composition of homogeneous morphisms in A ® B is given by the rule

(01 ® B1) o (a2 ® Ba) = (—1)1*21P1l (a1 0 ) ® (By 0 Bo).

When A and B are dg categories, a dg functor F: A — B is a
graded functor (i.e. F(A™(A, A")) C B"(F(A), F(A’)), for all n € Z and
A, A" € Ob(A)) such that F(da(«a)) = dp(F(a)), for each homogeneous
morphism « in A. We will frequently use the following criterion for dg
functors from a tensor product dg category.

Lemma 1.1. Let A, B and C be dg categories and let F: A B — C
be an assignment on objects (A, B) ~ F(A, B) and an assignment on
homogeneous morphisms a® 3 ~» F(a®f) such that |F(a® )| = |a|+|8].
The following assertions are equivalent:

1) The given assignments define a dg functor F: A@ B — C.
2) The following conditions hold:

(a) For any fized object A € A, the assignments B ~ F(A, B) on
objects and B ~~ F(14 ® ) on morphisms define a dg functor
B—C.

(b) For any fized object B € B, the assignments A ~ F(A, B) on
objects and o ~ F(a ® 1g) on morphisms define a dg functor
A—C.
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(¢) For all homogeneous morphisms a: A —s A’ and 3: B — B/,
in A and B, respectively, there is the equality

(—D)lBIR(1y ® B) o Fla®1p)
=Fla®p)=Fla®1lp)oF(l1a0p).

Proof. 1) = 2) Since F'is a dg functor it commutes with the differentials,
so that de(F(a® f)) = F(dagp(a® B)), for all homogeneous morphisms
a: A— A"in A and 3: B — B’ in B. That is, we have an equality

de(F(a® f)) = F(da(@) ® 8) + (-1 F(a© dg(8)). (%)

On the other hand, by the definition of composition of morphisms in
A ® B, we have an equality

(a®lp)o(lacf)=a®f= (1)W1 a8 ol

Applying F' to all members of this equality and using the functoriality
of I, we get condition 2.c.

We next check condition 2.a, condition 2.b following by an analogous
argument. The fact that, for fixed A € A, the assignments B ~» F(A, B)
and  ~» F (14 ® ) define a K-linear graded functor Fju: B — C follows
directly from the functoriality of F. (The corresponding construction
fixing an object B of B is denoted FZ). We just need to check the dg
condition of F4. That is, we need to prove that if B, B’ € B are any two
objects, then the following square is commutative

dp

B(B, B B(B,B')
C(FA(B), FA(B')) —%~ C(Fu(B), Fa(B')) == C(F(A, B), F(A, B')).

Indeed we have (F4 0dp)(8) = F(14 ® dp(5)) while

(de o Fa)(B) = de(F(14 ® B))
= F(da(1a) ® B) + (=1)MIF(14 @ ds(8)) = F(14 @ ds(8)),
due to the equality (x) above and the fact that d4(14) = 0.

2) = 1) Let a;: Ay — Ay and ay: Ay — A3 be homogeneous mor-
phisms in A and let 51: By — By and [33: Bs — B3 be homogeneous
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morphisms in B. Due to condition 2.c, we have

Fl(ag @ f2) o (a1 @ B1)] =
= (=)l F((agan) @ (B281))
= (—D)llB2l B ((aga1) @ 1p,) 0 F(1a, o (B251)))
= (—1)llIB2l B3 (p001) 0 Fa, (Baf31)
= (~1) %= F 5 ag) 0 F(a1) 0 Fay (B2) 0 Fa, (B1)
= (=Dl Py @ 1p,) 0 Fag @ 15,) 0 F(1a, ® 2) 0 F(14, ® B1).

and
F(oo®B2)oF (01 ®p1)=F(aa®1p,)oF (14,®B2)0F (a1 ®1p,)oF (14,®01).
We then get that

Fl(az ® B2) o (a1 ® p1)] = F(az @ B2) o Fan @ B1)

because, by condition 2.c, we have
F(la, ® B2) o F(an ® 15,) = (=) F(ay @ 15,) 0 F(14, @ B2).

Moreover, we have F(14 ® 1p) = Fa(lp) = 1p,(B) = lpa,p), for all
A € A and B € B, due to the functoriality of F4: B — C. Therefore F'
is a (clearly graded) K-linear functor A ® B — C.

It remains to check that F'is a dg functor, which amounts to prove
the equality (*) above for all @ and  as there. Indeed, using condition 2.c,
we have

de(F(a® f)) = de(F(a®1p) o F(14® B))
=de(F(a®1p))oF(1la®p)
+ (—)FCBIF(a @ 1p) 0 de(F(1a ® B))
= (dco F?)(a) o F(14® ) + (-1)* Fa ® 1p:) o (d¢ o Fa)(8).

But the fact that Fy and FB" are dg functors implies that dec o FF' =
FB'o dg and dg o Fy = F4 odg. Then, using condition 2.c again, we have

de(F(a® B))
= (FP oda)(@) o F(1a @ B) + ()" F(a ® 1p:) o (Fa 0 d)(8)
= F(da(e) @ 1pr) o F(La ® B)+(-1)*F(a ® 15) 0 F(1a®ds(B))
= F(da(a) @ §) + (-1)*1F (o @ dp(8)),

so that the equality (x) holds. O
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Example 1.2. If A is a dg category, then the following data give a dg
functor A(?,7): A ® A — Dg — K:
1) An assignment on objects (A, A") ~ A(A, A") = Homy (A, A").
2) If a: A— B and o: A — B’ are homogeneous morphisms in A,
then A(a’°®a’): A(B, A') — A(A, B) takes f~-(—1)lel0« 1+ Dq/0
f o a, for each homogeneous element f € A(B, A’).

Proof. For a fixed object A in A, A(?,A) = A": AP — C4 K = Dg— K
acts on morphisms as A" (a)(f) = (—=1)!°l/l f o & whenever f and « are
composable homogeneous morphisms in A. Then A(?7, A) is what Keller
calls the free right dg A-module associated to A (see [10, Section 1.1}),
today more commonly known as the representable right dg A-module
associated to A, and it is then a dg functor. Dually AV = A(A,?): A —
Cy4eK = Dg — K is the representable left dg A-module, which acts on
morphisms as AV (a)(f) = ao f, and is then a dg functor. So conditions 2.a
and 2.b of the last lemma hold.

On the other hand, if a: A — B, a’: A — A’ and f: B — A’ are
as in the statement, then one has

[A(a’°®1p)0A(1%2a)](f) = A(a’®@1p)(d/of) = (=1)ll1 I+ /o for

while
[A(1% @ &) o A(a® ® 141)](f)
= (-DellAg @ )(f o) = (-1’0 foa.
Therefore condition 2.c in last lemma also holds. O

Example 1.3. Let F': A — A" and G: B — B’ be dg functor between
dg categories. The following data define a dg functor F @ G: A ® B —
A @ B
1) On objects one defines (F'® G)(A, B) = (F(A),G(B)).
2) If a: Ay — Ay and (: By — By are morphisms in A and B,
respectively, then

(A ® B)[(A1, B1), (A2, B2)] (A" @ B)[(F ® G)(A1, B1), (F ® G)(Az, Bs)]

A(A1, A2) ® B(B, B2) A'(F(A1), F(A2)) @ B'(G(B1),G(B2))
is the map given by (F @ G)(a® ) = F(«a) @ G(5).

Proof. We do not need to use Lemma 1.1, but the definition of the
composition of morphisms in the tensor product dg category. Then a
direct proof is easy and left as an exercise. O
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With each dg category A, one canonically associates its 0-cycle category
Z°A and its 0-homology category H°A. Both of them have the same
objects as A, and as morphisms one puts Hom o 4(4, A’) = Z°(A(A, A"))
and Hom go 4(A, A") = HY(A(A, A")). In both cases, the composition of
morphisms is induced from that of A. If F': A — B is any dg functor, the
fact that it induces a morphism A(A, A") — B(F(A), F(A")) of graded
K-modules which commutes with the differentials implies that it also
induces a morphism of K-modules

Hom o (A, A') = Z°(A(A, A')) — Z°(B(F(A), F(A')))
= Homzop(F(4), F(A))

resp.

Hom o 4(A, A') = HY(A(A, A)) — HO(B(F(A), F(A")))
= Hompop(F(A), F(A)),

for all objects A, A" € Ob(A). It immediately follows that these are the
assigments on morphisms of well-defined K-linear functors Z'F: Z°A —
ZB and H'F: H'A — H°B.

The following concepts will be useful in the sequel.

Definition 1.4. Let F,G: A — B be dg functors between dg cate-
gories. A natural transformation of dg functors 7: F' — G is a natural
transformation of K-linear functors such that 74: F(A) — G(A) is a
homogeneous morphism of zero degree in B, for each object A € A. We
will say that £’ is a homological natural transformation of dg functors
when, in addition, 74 € Z°B(F(A),G(A)), for each A € A.

A natural isomorphism of dg functors is a homological natural trans-
formation 7: F' — G which is pointwise an isomorphism.

2. Dg algebras with enough idempotents and their cate-
gories of right dg modules

With ’algebra’ instead of 'ring’, the following concept is well-known
(see [24, Chapter 10, Section 49]). Note that we use the term ’distinguished
family’ instead of the term ’complete family’ used in this reference.

Definition 2.1. An algebra with enough idempotents is an algebra A
which admits a family of nonzero orthogonal idempotents (e;);c; such
that @;c;e4A = A = @,y Ae;. This family (e;)ier will be called a
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distinguished family of orthogonal idempotents. A graded algebra with
enough idempotents is an algebra with enough idempotents together with
a grading A = @,,c7 A" on it such that A admits a distinguished family
of orthogonal idempotents consisting of homogeneous elements of degree 0.
Without further remark, on a graded algebra with enough idempotents we
only consider distinguished families consisting of degree zero homogeneous
idempotents.

Note that, for A as above, to say that a right (resp. left) A-module
is unitary is equivalent to say that we have an internal decomposition
M = @,c; Me; (resp. M = @;c;eiM) as K-module. Recall that all our
modules will be unitary, unless explicitly said otherwise.

The crucial concept for us is the following:

Definition 2.2. A differential graded (dg) algebra with enough idempo-
tents is a pair (A, d), where A is a graded algebra with enough idempotents
and d: A — A is a morphism of degree +1 of graded K-modules, called
the differential, satisfying the following conditions: i) dod = 0; ii) d(e;) = 0
for all i € I; and iii) (Leibniz rule) d(ab) = d(a)b+ (—1)1%ad(b), for all
homogeneous elements a,b € A.

Given a dg algebra with enough idempotents A = (A, d), the usual
opposite algebra has a canonical structure of graded algebra. However,
the differential d would not satisfy Leibniz rule when viewed as a map
d®: A°? — A°P. This forces to redefine the concept of opposite graded
algebra with enough idempotents A°P as the one having the same underly-
ing graded K-module as A, but where the multiplication of homogeneous
elements is defined by a° - b° := (—1)1*1Pl(ba)°, for all a,b € A. Here we
use the upper index © to indicate that we are viewing the element as one
of the opposite graded algebra. The following is now routine:

Exercise 2.3. If (A,d) is a dg algebra with enough idempotents and
A°P is the opposite graded algebra in the above sense, then d°: A°? —
A°P is a differential making the pair (A°P,d°) to be a dg algebra with
enough idempotents (with the same distinguished family of homogeneous
idempotents as A).

The following gives the definition of the tensor product of two dg
algebras with enough idempotents.

Lemma 2.4. Let A = (A,d) and B = (B,d) be two dg algebras with
enough idempotents and let A ® B their tensor product in Dg — K. When
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one defines the multiplication of homogeneous tensors by the rule that
(a®b)-(c@d) = (—1)ldac®bd, A® B becomes a dg algebra with enough
idempotents, with the same differential as in Dg — K.

Proof. It is routine to check the associativity, so that A ® B becomes
an associative graded algebra with the given multiplication. Moreover, if
(ei)ier and (e}) ;e are distinguished families of homogeneous idempotents
of degree 0 in A and B, respectively, then (e¢®e;»)(i7j)e I 1s a distinguished
family of homogeneous orthogonal idempotents of degree 0 in A ® B. On
the other hand, the differential d: A ® B — A ® B vanishes on each
e ® e} It remains to check Leibniz rule. It is also routine, but for the
convenience of the reader we explicitly give the calculations:
d[(a1 @ b1) - (ag ® by)] = (1)1 12ld[(araz) @ (brbo)]
= (=1)"12ld(a1a2) ® (bibe) + (—1) 11712 (a102) @ d(brbo)]
= (-1l [(d(ar)as + (—1)1""lard(asz)) @ (b1bo)]
+ (_1)|b1\|a2|+\a1|+\a2|[(ala2) @ (d(by)by + (_1)\bllbld(b2))]
- (_1)|b1||a2|d(a1)a2 ® byby
+ (—1)|b1‘|a2|+‘“1|a1d(a2) ® b1b2
+ (—1)|b1Ha?'““'*‘”'czlag ® d(bl)bg
+ (_1)\bl\|a2|+\a1|+\f12|+\b1|a1a2 ® brd(by).

while, on the other side, we have:

d(a; ®by) - (a2 ® ba) + (—1)|a1‘+|b1|(a1 ® by) - d(ag ® ba)
= [d(a1) @ by + (=1)1*lay @ d(b1)] - (az @ by)
+ (=Dl il (ay @ b)) - [d(ag) @ by + (—1)1%2lay @ d(by)]
= (—1)lrlle2l (a1 )ag @ bybs
+ (=Dl (=) (brlEDlazl g, 00 @ d(by)bs
+ (=1l _)brllazi+D g, d(ag) @ bibe
+ (—1)larlHlorl_qylazl(_qylorllazly, 0) @ by d(by).

Therefore Leibniz rule holds for the given multiplication in A® B. [

Associated with any graded algebra with enough idempotents A, we
have the category Gr— A of graded right A-modules, where the morphisms
between two objects M and N are the homomorphisms of right A-modules
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f: M — N such f(M™) C N", for all n € Z. The category Gr — A
comes with a shift functor ?[1]: Gr — A — Gr — A. For each graded
right A-module M, M[1] has the same underlying (ungraded) A-module
as M, but the grading on M|[1] is given by M[1]* = M"™*L for all n € Z.
The action of ?[1] on morphisms is the identity. It is clear that 7[1] is
an equivalence of categories, which allows to define the iterated powers
?[n] = (?[1])"™, for all n € Z. We then form the graded category GR — A. Its
objects are the same as in Gr — A and, given two graded right A-modules
M and N, we define

HOM (M, N) := @ Homg,—a(M, N[n])
nez

as space of morphisms in GR — A. On this space of morphisms we have an
obvious grading given by HOM" (M, N) := Homg,— 4 (M, N[n]), for each
n € Z. The composition go f in GR — A of two homogeneous morphisms
f: M — Nin] and g: N — P|[p] is defined as the composition g[n] o f
in Gr — A.

Definition 2.5. Let A = (A, d) be a dg algebra with enough idempotents.
A right (resp. left) differential graded (dg) A-module is a pair (M, dur)
consisting of a graded right (resp. left) A-module M = @,,c; M" together
with a morphism dyr: M — M([1] in Gr — K such dp; o dyy = 0 and
dar(za) = dyg(2)a+(~ 1P zd(a) (resp. das(az) = d(a)e+(~1) “ladas (z),
for all homogeneous elements x € M and a € A.

Suppose that A is a dg algebra with enough idempotents and that
M is a right dg A-module. The graded right A-module M[1] with its
differential dpspy) = —das as dg K-module (see Section 1) becomes a right
dg A-module. Indeed, if one has x € M[1]" = M™*! and a € AP, then

dyy(za) = —dyr(za) = ~[d(z)a + (~1)" " zd(a)]
= —d(w)a + (=1)"zd(a) = dpp)(x)a + (-1)"zd(a),

where |z| = n is the degree of x in M[1]. In this way, we get a functor
?[1]: Dg— A — Dg — A which is 'almost’ a dg functor, in the sense that
if d: HOM (M, N) —s HOM4 (M, N) and §: HOM 4 (M[1], N[1]) —>
HOM 4(M|1], N[1]) are the respective differentials on Hom spaces, then
d(f[1]) = —d(f)[1], for each homogeneous morphism f € HOM (M, N).
The reader is referred to section 4 to see that the corresponding functor
for left dg modules produces suprising effects.
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Proposition 2.6. Let A be a dg algebra with enough idempotents. The
following data give a dg category Dg — A, the dg category of right dg
A-modules:
e The objects of Dg— A are the right dg A-modules (see Definition 2.5);
e The morphisms in Dg — A and the composition of them is defined
as in the category GR — A.
e [For each pair (M, N) of objects, the differential

d: HOM4 (M, N) —s HOM4(M, N)

on Hom spaces is defined by the rule d(f) = dy o f — (=) f odyy,
for each homogeneous morphism f.

Proof. We first need to check that the differential on Hom spaces is well-
defined, i.e. that d(f) is a homomorphism of graded right A-modules,
which is homogeneous of degree |f| 4 1, whenever f € HOM4 (M, N) is
homogeneous. Indeed if x € M and a € A are homogeneous elements,
then we have:

d(f)(za) = [dy o f — (=) f o dp](za)
(f(@)a) — (=)VIf(das(wa))
)

)
dy
= dy(f(2))a+ (- f(@)d(a) — (=11 (drr(2)a
+
= (d

(~D)lzd(a))
o f)@)a+ (=) f(@)d(a) — (=1)71(f o dar)(2)a
— ()Y f () d(a)

= (dv o f)@))a — (~1)/I(f o dar)(2)a

= d(f)(z)a.

Then d(f) is a homogeneous morphism in GR — A, clearly of degree |f|+1.
Given the fact that the differential on HOM4 (M, N) is the restriction
of the differential on HOM g (M, N) and that the composition of morphism
in Dg — A is defined as in Dg — K, and the latter is a dg category, the
equality
d(go f)=d(g)o f+(-1)¥god(f), (%)

holds for all homogeneous morphisms f € HOM4(M,N) and ¢ €
HOM4(N, P). Then Dg — A is also a dg category.
O
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3. Dg algebras with enough idempotents versus small dg
categories

Let A = (A,d) be a dg algebra with enough idempotents on which we
fix a distinguished family of orthogonal idempotents (e;);er, which are
homogeneous of degree zero and such that d(e;) = 0, for all ¢ € I. We can
view A as a small dg category as follows:
e The set of objects is Ob(A) = I;
e If 7,5 € A, the set of morphisms of degree n from i to j is A™(i,j) :=
ejA"e;, for all n € Z;

e The composition map A(j, k) x A(i,j) = ey Aej x ejAe; — epAe; =
A(i, k) is the multiplication map.

e The differential d: A(7,j) = ejAe; — e;Ae; = A(i, j) is the differ-
ential of A as a dg algebra, for all 7,7 € I.

It is routine to check that the data above make A into a small dg
category. Conversely, let A be a small dg category. We can view A as a
dg algebra with enough idempotents as follows:

e The elements of A are those of 4 peop(a) A(A, B), and we put

A= € AYAB)
A,BEODb(A)

for the K-module of elements of degree n in A, for all n € Z.
e The multiplication in A extends by K-linearity the composition of
morphisms in A.
e The differential d: A — A is the direct sum of the differentials
dap: A(A, B) — A(A, B), as A, B vary on the set of objects of A.
It is routine to see that the data above make A into a dg algebra with
enough idempotents, where the identities e4 := 14 (A € Ob(A)) form a
distinguished family of orthogonal idempotents of degree zero. Note that
we have A(A, B) = epAey.

The processes explained above of passing from dg algebras with enough
idempotents to small dg categories, and viceversa, are clearly inverse to
each other. This allows us to pass freely from one language to the other.
Note, in particular, that the opposite dg algebra with enough idempotent
corresponds to the opposite dg category by this bijective correspondence.

To be consistent with our notation in the previous section, we shall
denote by Gr — K the category of graded K-modules with degree zero
morphisms and GR — K the graded category with the same objects and
where, for each pair (V, W) of objects, the graded K-module of morphisms
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is
HOMg (V, W) = @ HOMY (V, W),
PEZ
where HOMP(V, W) = Homg,— g (V, W|[p]) consists of those morphisms
of K-modules f: V — W such that f(V") C V"*? for all n € Z. Note
that GR — K is just the underlying graded category of the dg category
Dg - K.

Given a small dg category A, a graded right A-module was defined
in [10] as a graded functor M : A°® — GR — K. The category G.A has
as objects the graded right A-modules and as morphisms their natural
transformations. Note that, by definition, if f: M — N is a morphism
in GA then fa: M(A) — N(A) is a morphism in Gr — K, for each A €
Ob(A). The category G.A comes with a graded functor ?[1]: GA — GA
given on objects by the rule M[1](4) = M(A)[1]. If a® € A°P(A,B) =
A(B, A) is a homogeneous element, then M[1](a®): M(A)[1l] — M(B)[1]
is the map (—1)l*M(a®): M(A) — M(B). We claim that with this
definition we have a well-defined graded right A-module. Indeed, if b° €
A°P(B,C) = A(C, B) is another homogeneous element, then we have

ML 0 a®) = (—1)“IPM[1] (a0 5)°) = (~1)I(—1)*+¥ 2 ((a 0 b))
= (~1)l AL [(~1) 1 (0 0 5)°] = (1) "ML 0 a”)

while
M1](b°) o M[1](a®) = (—1)I*FPIAL(5°) o M (a®).

Therefore M[1] is a well-defined graded right .4-module. Note the
discrepancy of the definition of M[1] with the definition in [10]. The assign-
ment M ~» M|[1] extends to an auto-equivalence of categories GA — G.A
which acts as the identity on morphisms. Then the graded category Gra.4
was defined in [10] as the one having the same objects as G.A and as graded
K-module of morphisms Homgaa (M, N) = @,, Homg (M, N[n]), where
the composition of homogeneous element is given as go f = g[p] o f,
provided |f| = p.

A dg functor M: A°°® — Dg — K is called a right dg A-
module. It becomes an object of GraA when considering the
composition A°P M, Dg — K Jorgetful G _ K. The category CggA
(see [12]), denoted DifA in [10], has as objects the right dg .A-
modules with spaces of morphisms Home,, 4(M, N) = Homgraa (M, N),
where the differential d: Home, 4(M, N) — Home, 4(M, N) acts as
d(f) =dy o f — (=1)/1f o dys. Note that one extends ?[1] from GraA to
?[1]: CagA — CagA, by defining the differential as dy;y) = —da[1].
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Theorem 3.1. Let A = (A,d) be a graded algebra with enough idempo-
tents, where (e;)ier is a fized distinguished family of orthogonal idempo-
tents, all of them homogeneous of zero degree and annihilated by d. We
also view A as a dg category with Ob(A) = I as described above. Let
M, N be arbitrary objects of Dg — A and f: M — N be a homogeneous
morphism in this category. The following assertions hold:

1) The assignments i ~> M (i) :== Me;, and
e;A"e; — Homgg_ g (Me;, Mej),

a® ~ M(a®), where M (a®)(x) :N(—1)|a”””|xa for each x € Me;
homogeneous, define a dg functor M: A" —; Cq. K and, hence, an
object of CqgA.
2) Iff: (ﬁ)ie[; where ﬁ = f|Me¢: M(z) = Me; — Ne; = N(z), for
each v € I, then f is a morphism M— N of degree | f| in CqgA.
3) The assignments M ~ M and [~ f of the two previous assertions

define an equivalence of dg categories Dg — A = CagA.

Proof. 1) We first prove that Misa graded functor between the underlying
graded categories of A and Cqy K = Dg — K, for which we just need to
check that M(b° o a®) = M (b°) o M (a°) whenever a® € A°P(i, j) = ejAe;
and b° € A°P(j,k) = e;Aej, are homogeneous elements, where 4, j, k € I.
Note that both sides of the desired equality are then K-linear maps
M(z) = Me; — Mey, = M(k‘) When applying them to a homogeneous
element z € Me;, we have:

M(b° 0 a%)(x) = (=1)/"MM ((ab)*)(z) = (=1) 1P (=)l "I (ab)
= (—1)lallbiHallzl bzl () = (—1)lallzl(—1)lblleal (2:q)p

= ()M () (za) = M) [(~D) I za] = (M (b°) 0 M (a”))(x)

The desired equality then holds due to the fact that M is a right A-module.

In order to see that M is a dg functor, we need to check that it
commutes with the differentials on Hom spaces of A°? and C4q, K. That is,
that if a € e;Ae; = A°P(4, j) is a homogeneous element, then M (d(a)?) =

d M (a)). To check this equality, we evaluate the two maps

HOMKm(i)M(j))(
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on a homogeneous element z € M (i) = Me;. We then have:
om0, 51y (M (0°) @)

= [dare, © M(a®) = (~1) M (a”) o dyse,)(x)

= dp((=D)lelzq) — (=1)lel(=1)lalldv @) g,  (2)a

= (=1)“I*(dps (za) — dar()a) = (=1)"I*(=1)"*zd(a)

= (1) Vel gda) = (~1)“@lzd(a) = M(d(a)°)(o),
as desired. o

2) In order to prove this assertion, we first show that M[1] is isomor-

phic to M[1]. On objects, we have ]\m(z) = M[1]e; = Me;[1] = M[1)(3),
for each ¢ € I. On the other hand, if a® € A°(i,j) = e;Ae; and
x € A?[T](ei) = Me; are homogeneous elements, then we have that
M\H/](ao)(x) = (=1)lall*lam g, where |z[ps1) denotes the degree of = as
an element of M[1]. We know that [z[yy) = |z|—1, where [z] is the degree

of z as an element of M. Therefore we have ]\/f[/]( %)(z) = (=1)lell=l=Dzq,
On the other side, by definition of the shift in Gra — K, we have that
M[1])(a®) = (— )|a‘M( °). It follows that

(M)(a°) (@) = (1)} M (a°) (@) = (1)} (~1)la

As a consequence, we have that ]\//._f\[T](ao)(x) = (M[1))(a®)(z).

Let a® € A°P(i,j) = e;Ae; be homogeneous and assume that |f| = n,
that is, that f: M — N|[n] is a morphism in Gr — A. We need to prove
that the following diagram in Gr — K is commutative:

SR

M (j) —=> N{n](j)
Indeed, for each & € M (i) = Me; homogeneous, we have
(fjo M(a®))(x) = f((—=1)I*hrza) = (~1)lelehs £ (zq),
and, using the previous paragraph, we also have
(N[n)(a°) o fi)(x) = (N[nl(a®) o fi)(x)
= N[nl(a®)(f(2)) = (~D)lH @il ().
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Note that |f(z)|y[n) = ||m because f: M — Nin] is a morphism of
degree zero. On the other hand, the product f(z)a is considered in the
graded right A-module N[n]. The commutativity of the desired diagram
follows from that fact that f: M — N[n] is a morphism of right A-
modules. _

3) Since the definition of (?) on morphisms is the ‘identity’, i.e.
fi: M(i) = Me; —» N(i) = Ne; is just the restriction of f to Me;,
we readily see that we have a well-defined K-linear functor between the
underlying graded categories (7): GR — A — Gra — A. This functor
is clearly graded since |f| = |f| for each homogeneous morphism f in
GR — A. Moreover the differential of the graded K-module Me; = M (i)
is the same when coming from M that when coming from M. Again the
fact that the action of (7) on morphisms is the identity implies that (7)
commutes with the differentials on Hom spaces. That is, it is actually a
dg functor Dg — A — CqgA.

On the other hand, the ‘identity’ condition on the action on morphisms
immediately implies that (7) is a faithful functor. We shall now prove
that (?)~is full. If 2 M — N[n] is a morphism in GA, then for each
a® € A°P(i, j) = e;Ae;, we have that 1); o M (a°) = N[n](a®) o ¢;. When
applying both members of this equality to an element = € M (i) = Me;,
we get that

(5 0 M(@))(@) = (=) za) = (=103 (za)

while

—

(N[n)(a%) o v3)(w) = (N[n](a%) o v3)(w) = (=) @INtl gy (z)a,

Bearing in mind that [¢;(2)| njn] = |7|ar, we conclude that ¢ (za) = ¥;i(z)a.
This means that if we define f: M = @;c; Me; — @,;c; N[nlJe; = Nn|
as the direct sum of the 1;: Me; = M(i) —> N[n](i) = N[n]e;, then f is
a morphism of graded right A-modules such that f = 1. We showed that
the functor (7) is also full.

It remains to check that (?)~is a dense functor. Let F' be an object of
Cqg A and consider the dg K-module Mg := @;c; F(i). We endow Mp
with a structure of graded right A-module as follows. Given z € F (i) and
a® € A°P(j, k) = ejAey, we define za := (—1)19Il5,; F(a®)(z), where §;; is
the Kronecker symbol. Then one extends this multiplication by K-linearity.
In order to see that this rule gives M := Mp the structure of a graded
right A-module, we just need to consider z € F(i) = Me;, a € e;Ae;
and b € ejAe;, homogeneous elements and check that xz(ab) = (za)b.
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Indeed, bearing in mind that (ab)? = (—1)I*Pl(5° 0 a°) when looking at
the elements of A as morphism in the underlying graded K-category, we
have an equality

z(ab) DI R ((ab)) (@) = (=1)11 (1) E (b2 0 0%) ()

1)lellzl+bllzi+allbl (50 o F(a%)] (2)

el (1)l B (%) (F(a%) ()
)

Dzl p(5°) (za) = (za)b,

(_
= (_
(_
= (—

which shows that z(ab) = (za)b as desired.

We claim that the differential d = @©dpg): M = ©ierF (i) —
@ierF(i) = M satisfies Libniz rule, thus making M into a right dg A-
module. To see this, note that since F': A’ — CyoK is a dg functor we
have an equality 6(F'(a®)) = F(d(a)?), for any morphism a® € A°P(i,j) =
ejAej, where d: e;Ae; — e;Ae; is the restriction of the differential of A
and ¢: HOMK(F(Z), F(])) = HOMK(MGZ, Mej) — HOMK(MeZ-, M6j>
is the differential on Hom spaces of Cqgs K. We then have that F'(d(a)?) =
dnre; 0 F(a®) — (=D)IF@)IF(a®) odyye,. Bearing in mind that |F(a®)| = |al,
when making act both members of the last equality on a homogeneous
element x € Me;, we have

(_1)\d(a)\\x|xd(a) _ (_1)|aHx|dMej (za) — (_1)|a\(_1)|dMei(ar)Ha|dM6i (z)a.
Cancelling (—1)!%1#l from this equality, we get that
(=1l zd(a) = dar(za) — dy(2)a,

from which Leibniz rule immediately follows.
_The fact that Mp = F follows in a straightforward way, and hence
(7) is a dense functor. O

Remark 3.2. Note that the equivalence of categories (7): Dg — A —
Cqg A given by Theorem 3.1 takes e; A to the representable dg A-module
i A(?,4): AP — Cqg K = Dg — K (see Example 1.2 and its proof).

4. Right versus left dg modules

From the definition of left dg A-module we get the following:

Lemma 4.1. If (M,dys) is a left dg A-module, then it is a right dg
A°P-module with the multiplication map M ® A°® — M defined as
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(z,a°) ~ za® := (=1)*l#laz, for all homogeneous elements a € A and
x € M. Conversely, if (M,dyr) is a right dg A°P-module, then it is a
left dg A-module, where the multiplication map A @ M — M takes
(a,z) ~ az = (=1)l91*lza® for a and = as above.

Proof. We just prove the first implication, the reverse one being then
clear. Given x € M and a,b € A homogeneous elements, we have:

(za®)b° = (_1)Im"Hblb(ma0) — (_1)(|x\+|a\)lbl)(_1)|w\|a|b(ax)
and

2(a°0°) = (=1)9Pa(ba)? = (—1)laltl (—1)llbel (pa)a
= (=1)lalibl(—q)lelel+lal) (pg) .

Therefore we have (za®)b® = x(a°b°). Since up to here the differential has
played no role, we have actually proved that any graded left A-module is
a graded right A°P-module.

We next check that the differential of M as a left A-module satisfies
Leibniz rule as a right A°P-module. We have that

dy(wa®) = (=) 1dy (az) = (=) d(a)x + (—1) adas ()],
while we have

dyr(z)a® + (=1)1*lzd(a)°
= (=)l Dlalgqy (2) + (=)l (=)D g(q) 2,

so that dys(za®) = dy(z)a® + (—1)*lzd(a), for all homogeneous elements
x € M and a® € A°P. O

As with graded right A-modules, one first defines the category A — Gr
of graded left A-modules, where morphisms are the graded morphisms
of zero degree. By the sign trick of the previous lemma this category
should be canonically identified with Gr — A°P. We next need to define
a shift functor ?[1]: A — Gr — A — Gr which, viewed as a functor
Gr — A°P — Gr — A°P, coincides with the shift for graded right modules
(see the paragraph after the proof of Lemma 2.4). This forces the definition
of the multiplication map A ® M[1] — M[1] ((a,z) ~» a - z). Indeed
we will have a -z = (—1)l9#lv0126°, But the multiplication za® is the
same in M[1] and M, due the the definition of ?[1] for graded right A°P-
modules. Then in M we have za® = (—1)l9ll#lx gz where ax is given by
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the multiplication A ® M — M. We then get that the multiplication
map in M|[1] is given by

a-x = (1)l —plalizi gy — (—1)lalgg,

where ax is the multiplication in M.

This readily gives a graded K-category A — GR whose objects are
the objects of A — Gr and where the space of morphisms Hom 4op (M, V)
between two objects M and N is graded in such a way that the n-
th homogeneous component is HOM"op (M, N) = Hom g, (M, N[n]).
Note that, viewing an element f € Hom_q,;(M, N[n]), as a morphism
f: M — N of degree n, we have

flaz) = (~)l)af(z) = (-1 af (),

for all homogeneous elements a € A and = € M. This is due to the fact
that the multiplication map A ® N[n] — N|n] acts as

a-y=((-11")ay = (~1)"ay,

for all homogeneous elements a € A and y € N[n|, where ay is the product
in N.

Remark 4.2. We have an obvious forgetful functor A — Gr — A — Mod
acting as the identity on objects and morphisms. However, we have such
a functor for the category A — GR only in case A is evenly graded (i.e.
A%+ =0, for all k € Z). In the general case one has a forgetful ‘pseudo-
functor’ A—GR — A—Mod. It acts as the identity on objects, but takes
f ~ f, where f(l‘) = (=1)ll*l£(z), for all homogeneous elements f €
HOM g0 (M, N) and & € M (note that f is a morphism in Mod — A). This
assignment satisfies the equality go/\f = (—1)‘f llglgo f , for all homogeneous
morphisms f, g in A — GR. The ultimate reason for this disruption is that
A°P is not the opposite algebra of A as an ungraded algebra.

We have essentially proved the following expected result.

Proposition 4.3. Let A be a dg algebra with enough idempotents. The
following data give a dg category A — Dg which is equivalent to the dg
category Dg — A°P:
o The objects of A—Dg are the left dg A-modules (see Definition 2.5);
e The morphisms in A — Dg are defined as in the category A — GR;
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e For each pair (M, N) of objects, the differential d: Hom gop (M, N)—
Hom 4op (M, N) on Hom spaces is defined by the rule d(f) := dy o
f=(=D)VIf o du.

Proof. Once we identify the objects of A — Dg with those of Dg — AP, we
only need to identify the spaces of morphisms in A — GR and GR — A°P
for the differential d: Homgop (M, N) — Hom oo (M, N) is just the
restriction of that of the dg K-module HOMg (M, N). Indeed, if f: M —

N is a homogeneous morphism in A — GR, then

f(za®) = (_1)\a||x\f(ax) _ (_l)laHxl(_1)|a|\f|af(:r)
= (_1)\a||f(1)\af(x) — f(x)ao. 0

As in the case of right modules, the shift functor ?[1]: A—Gr — A—Gr
extends to a functor ?[1]: A—Dg — A—Dg such that d(f[1]) = —d(f)[1],
for all homogeneous f € HOM gop (M, N'), where d is the differential on
Hom spaces.

5. Dg bimodules

Definition 5.1. Let A and B be dg algebras with enough idempotents. A
graded A — B-bimodule is graded K-module M together with the following
data:
1) A morphism of graded K-vector spaces fyef: AQM — M (a®@z ~
az) making M into a graded left A-module,
2) and a morphism of graded K-vector spaces pipight: M ® B — M
(x ® b~ xb) making M into a graded right B-module,
3) such that (ax)b = a(xb), for all (a,z,b) € A x M x B.
A differential graded (dg) A — B-bimodule is a pair (M, dys) consisting of
a graded A — B-bimodule M and a morphism dy;: M — M in GR — K
of degree +1, called the differential, such that dy; o dj; = 0 and

dyr(azb) = da(a)zb + (=1)1%ady ()b + (=119l azdp (b),

for all homogeneous elements a € A, x € M and b € B. This latter
formula is called Leibniz rule (for the the dg bimodule).

As in the case of right or left dg modules, we successively consider
the category A — Gr — B of graded A — B—bimodules with morphisms of
zero degree, the graded category A — GR — B, where HOM 4_p(M, N) :=
Homy_gr-p(M,N) is the graded K-module with n-th homogeneous
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component HOM"_5(M, N) = Homa_g,—p(M, N[n]), for each n € Z,
and where go f := g[p] o f in case f and g are homogeneous elements of
HOM4_p(M,N), with |f| = p. Finally, A — Dg — B will denote the dg
category whose objects are the dg A — B—bimodules with morphisms as
in A— GR — B.

Proposition 5.2. Let A and B be dg algebras with enough idempotents.
The following three terms ‘are’ synonymous:
1) Dg A — B-bimodule;
2) Right dg B ® A°P-module;
3) Left dg A ® B°P-module.
In particular, there are equivalences of dg categories
Dg— (B® A?) =2 A—Dg— B = (A® B°?) — Dg.

Proof. We define the map ®: A ® B® — (B @ A°P)°? by the rule
®(a®b°) = (—1D)9l(b ® a®)°, for all homogeneous elements a € A and
b € B. We will prove that ® is an isomorphism of dg algebras, which will
imply that left dg A ® B°P-module is synonymous of right dg B ® A°P-
module using Proposition 4.3. We clearly have that ® a morphism (of
zero degree) of graded K-modules. Moreover, if aj,a9 € A and by, by € B
are homogeneous elements, then we have equalities
®[(a1 @B9) - (a2 @ 83)] = (—=1)"1=1D(aras @ b763)
= (—1)lorllazlHballb2l (g ay @ (Byby)?)

(_1)|b1\|a2|+|b1\|b2\+(\a1|+\02|)(\bl|+|b2|)[bzbl ® (a1a2)°]°

and
D(a; @b7) - P(ag ® b9)
(—1)laallrl+lazllbal (5, @ q2)° . (by @ ag)°

= (1)
= (—1)lallbrlHlazflbzl+(lbr [ Hai Dbzl Ha2l) [ 4y @ a9) (b ® a)]°
= (—1)laallbrlHlazllbzl+(lbr [Hlas (lbzlHazD)+Hazllbrl[p, b @ a9a9)°

= (—1)laallbrl+lazlbol+(fbr [H+las Dlbz|Haz D) Hazllbr+Hallazl 1, by 2 (a1 a9)°)°.

We compare the signs of the two expressions.

|az||b1]| + [b1][b2| + |a1[[b1] + |a1[|ba2] + |az|[b1] + |az||b2]
= [b1][ba| + |a1[[b1] + |a1||b2] + [az]|b2|
= |a1||b1| + |az|[b2] + [b1]|b2] + [b1]|az| + |a1|[b2| + [a1]|az]
+ |az|[b1] + |a1|az|
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We conclude that ® is a (clearly bijective) homomorphism of graded
algebras. In order to prove that it is actually an isomorphism of dg
algebras, we need to check that it is compatible with the differentials.
Indeed, if a € A and b € B are homogeneous elements, then we have

[do @](a ®b°) = (~1)*I*ld[(b ® a”)°]
= (~=1)"M[(d(b) ® a*)° + (~1)" (b ® d(a)*)’]
= (=1)"P(d(b) © a®) + (=11 © d(a)?)°
( 1) (la|+1) |b|(b® d( ) ) ( 1)\a|+\a|(\b\+1)<d(b) ® ao>o

®[d(a) @ b° + (—1)1%a @ d(b)°] = [® o d](a @ b°)

which shows that ® od = d o ® and, hence, that ® is an isomorphism of
dg algebras.

If M is a dg A— B-bimodule, then we define a multiplication map M ®
(B® A°P) — M which takes @ b® a® ~ z(b® a®) := (—1){=1+Dlalggp,
whenever x € M, b € B and a € A are homogeneous elements. We
claim that this map endows M with a structure of graded right B ® A°P-
module. For this we just need to check the equality z[(b1 ® a$)(be ® a3)] =
[2(b1 ® af)](by ® a9), for all homogeneous elements a1, as € A, by, by € B
and x € M. Indeed we have:

D) (b2 @ a9)] = (1) 1*lz[b1by @ afaf]

1)laallbzlHasllazlz 1, by @ (agar)?)
1)la1llb2]+la1llaz|+(|z[+[b1]+b2|) (|ar |+]az])

z[(br ®

asaixbiby

a2a1$b1b2

a
=(-1
= (=1
— (= 1)(zllerDlasl+ (arl+zl o |+ oz])azl
= (=1

1)UeltlbDlatl g 20, (by © a9) = [(by @ af)] (b2 © a3)

We conclude that the above mentioned multiplication map endows M
with a structure of graded right B ® A°°P-module. We finally check that
the differential dp;: M — M satisfies Leibniz rule dys[z(b ® a°)] =
dar(2)(b @ a®) + (=1)/#lzd(b ® a®), for all homogeneous elements x € M,
b€ B and a € A. Indeed we have an equality

dy(z)(b® a®) + (=1)lzd(b © a°)
= (=1)=lHHeDlal gy ()0 4+ (=1)1#l2[d(b) @ a® + (=1)Yb @ d(a)?]
= (—1) = 1F®DIal g ()b + (—1) 12l (—1) U=l HoHDlal 4.4 (p)
+ (=Dl 1)U+ al+1) g g) b
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= (=) (1) lady ()b + (—1) 1l ad(b)
+ (—1)2 (D a(a) )
= (_1)(‘x|+‘b‘)|ﬂ‘d(aa¢b) — dM[.’L’(b@ GO)}

where the last equation holds by the definition of right B ® A°P-module
structure on M. Then (M, dyy) is a right dg B ® A°P-module.
Obviously, one can reverse the arguments step by step, so that if X is a
right dg B ® A°P-module, then it is also a dg A — B-bimodule when taken
with multiplication azb = (—1)(#+®Dlaly(h @ a°), for all homogeneous
elements a € A, x € M and b € B. O

Remark 5.3. We emphasize the structures of right dg B ® A°°-module
and left dg A ® B°P-module coming from Proposition 5.2 and its proof. If
M is a dg A— B-bimodule and a € A, b € B and x € M are homogeneous
elements, then we have:

1) 2(b® a?) = (—1)e-+bDlal gy

2) (a® b))z = (—1)Pl*lgzp,
Indeed the first equality appears in the proof of Proposition 5.2 and then,
by Proposition 4.3, we have a structure of left dg (B ® A°P)°P-module
on M. Using then the isomorphism ®: A ® B°® — (B ® A°?)°P from
the proof of , we make M into a left dg A ® B°P-module. The reader can
check that this module structure is given by equality 2.

Example 5.4. If A is a dg algebra with enough idempotents, then it is
a dg A — A-bimodule with its canonical multiplication and differential.
We will call it the regular dg bimodule.

6. Homotopy category and derived category

As in the case of small dg categories, given a dg algebra with enough
idempotents A, the O-cycle category Z°(Dg — A), denoted by C(A) in the
sequel, has two structures to take into account. It is a bicomplete abelian
category, where the exact sequences are those sequences 0 - L — M —
N — 0 of morphisms in C(A) which are exact as sequences in Gr — A.
But, even more relevant to us, it has a Quillen exact structure where
the conflations (=admissible short exact sequences) are the short exact
sequences which split in Gr— A (see [2] and [11] for the axioms and details
about exact categories). It is called the semi-split exact structure. We are
now going to give an explicit description of the projective (=injective)
objects for this exact structure.
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Lemma 6.1. Any conflation in C(A) is isomorphic to one whose under-
1

lying exact sequence in Gr — A is 0 — L @ L& N (%) N — 0, where

the differential of L & N is of the form 6 = (dOL div)’ for some morphism

s: N — L of degree 1 in GR — A such that d;, o s+ sody = 0.

Proof. By the definition of conflations, the underlying exact sequence in
Gr— A of such a conflation is always as indicated, where L and N are right
o d d
dg A-modules. We initially put § = (j; Zé;) ((y) ~ (d;iggidizgzg))
1
Since L @) L @ N should be an element of Z°(Homu (L, L © N)), we

should have do ({)— ((1)) ody, = 0. From this equality we get that do; =0

and dy, = dy. Using that L® N 2% N is in Z9(Homa(L & N, N)) we

then get dyo(01)—(01) 04, from which we get that dos = dp. Finally,
from the equality dod = 0 we get that dpos+sody = 0, with s = d12. [

Remark 6.2. If f: M — N is a morphism in C(A), then one can

1
consider the split exact sequence 0 — N @ N @ M[1] 01 [1] — 0 in

Gr— A. Viewing f as morphism of degree +1 from M|[1] to N, Lemma 6.1

makes N & M|1] into a right dg A-module with differential § = (dév dzv{m )
This dg A-module is known as the cone of f and will be denoted by C(f)
in the sequel. Note that we have an associated conflation 0 - N —

C(f) — M[1] — 0 in C(A).

Proposition 6.3. For a right dg A-module P, the following assertions
are equivalent:

1) P is projective with respect to the semi-split exact structure;

2) P is injective with respect to the semi-split exact structure;

3) P is isomorphic to a direct summand of a cone C(1pr), for a right
dg A-module M.

Such a P is acyclic. In particular C(A) is a Frobenius exact category with
the semi-split structure.

Proof. The acyclic condition C(1s) is well-known. It is then enough to
check that C(1y) is projective and injective, for each right dg A-module
M. Once this is proved, if P is projective (resp. injective) object, then
the canonical conflation 0 — P[-1] — C(1p_y})) — P — 0 (resp.
0— P — C(1p) — P[1] — 0) must split in C(A), and the rest of the
proof will be trivial.
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By Lemma 6.1, any deflation (=admissible epimorphism) in C(A) can
be identified with (01): L& N — N, where L & N is made into a right

dg A-module with the differential § = (dOL dfv) described there. If now

f: C(1p;) — N is any morphism in C(A), then, viewed in Gr — A, it is
a morphism f = (uv): M & M[1] — N such that (uv)o (dgf mﬂ) -
dno(wv). The second component of this equality gives that u+wvod M[1] =
dn ov, which we express as u = cz(v), where v is Vievxied as a morphism of
degree —1 in GR—A and d is the internal differential d: Homa(M,N) —
Hom4 (M, N) in the dg category Dg — A. We will now check that the
morphism in Gr— A given in matrix form as o = (5(05) 2) :MaeM[1] —
L & N is a morphism in C(A), a: C(1y) — (L & N,§), such that
(01)oa = (uv)= f.In order to see that « is a morphism in C(A4), we
just need to check the equality

sov 0 . dyv Iy _ (de s L 0
d(v) v 0 dyp) \0 dn dw) v

We check the equality entry by entry:

(11) We need to check that sowvody = df, o sov+ sod(v). But we have
sod(w) =so(dyov—(=1)"lwody)=sodyov+sovody and,
using the fact that s ody = —dp, o s, the desired equality follows.

(12) The equality sov = sow is clear.

(21) We need to check that d(v)odys = dyod(v). But this is an immediate
consequence of the fact that 0 = d(d(v)) = dyod(v)—(—1)14)d(v)o
dM - dN @) CZ(U) - CZ(U) [¢] dM

(22) We need to check that d(v) + v o dpyq) = dy ov. This is a direct
consequence of the equality d(v) = dy ov — (=1)!lv o dpr = dy o
v+ v ody and the fact that de = —dy.

Once we know that « is a morphism in C(A), it is clear that (01)oa =

(d(v) v) = f. Therefore C(1yy) is projective with respect to the semi-split

exact structure of C(A). That it is also injective can be proved using a

dual argument. ]

Definition 6.4. A right dg A-module P is called contractible when it
satisfies any one of the equivalent conditions of Proposition 6.3.

Corollary 6.5. When C(A) is considered with its semi-split (Frobenius)
exact structure, its stable category C(A) =: H(A) is a triangulated category
with arbitrary (set-indexed) coproducts, where the suspension functor is
induced by the shift functor ?[1] of Dg — A and where the triangles are,
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up to isomorphism, the images by the quotient functor C(A) — H(A)
of conflations in C(A). Moreover, H(A) is equivalent to the 0-homology
category H°(Dg — A).

Proof. 1t is a standard fact (see [7, Section 1.2]) that the stable category
£ of a Frobenius exact category £ is a triangulated category whose
suspension functor is the cosyzygy functor and whose triangles are, up to
isomorphism, the images by the projection functor &€ — £ of conflations
in £. But, for each object M of C(A), we have a conflation 0 - M —
C(1p) — M[1] — 0, where C'(1,/) is contractible. It follows that the
shift functor ?[1]: Dg — A — Dg — A (or ?[1]: C(A) — C(A)) induces
the suspension functor of C(A) =: H(A).

For the last assertion, we need to prove that a morphism f: M — N
in C(A) factors through a contractible dg A-module if, and only if, it is in
the image of the internal differential d: Hom (M, N) — Homyu (M, N).
To avoid confusions, we will denote by d this internal differential. Indeed,
the morphism f factors through a contractible dg A-module if, and only
if, it factors through the canonical deflation (= admissible epimorphism)

C(1np=1)) (%) N. This happens if, and only if, there is a morphism
o: M — N of degree —1 in GR — A such that (7): M — C(lyj_y) =
N[—1] & N is a morphism in C(A). This in turn is equivalent to the
existence of such a o such that the matrix equality (dN . 21 ) o(f)=
(7)od holds. That is, f factors through a projective object if, and only
if, there is morphism o: M — N of degree —1 in GR — A such that
dnj—1)©0 + f = 0 odys, which is equivalent to saying that f = ci(a). O

Definition 6.6. The category H(A) of last corollary is called the ho-
motopy category of A. A morphism f: M — N in C(A) is called
null-homotopic when it is a O-boundary f € BY(HOM4(M,N)) (i.e.
f =dxoo+oody, for some o € HOM ! (M, N)). This is equivalent to
say that f is mapped onto zero by the projection functor C(A) — H(A).

Note that if f: M — N is a morphism in C(A) then we get
induced morphisms of K-modules Z*(f) := fize ) ZF(M) — ZF(N)
and BF(f) := fiBry B¥(M) — B¥(N), for all k € Z. They
give rise to functors Z* B*:C(A) — Mod — K, for all k € Z,
and, gathering all together, to functors Z* B*:(C(A) — Gr — K
given by Z*(M) = ©rezZF(M) (vesp. B*(M) = @pezB*(M)) and
Z*(f) = ®rezZ(f) (resp. B*(f) = ®rezB*(f)). These functors are
compatible with the inclusions B¥(?) < Z*(?) and, hence, they give rise
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to functors H*: C(A) — Mod — K (k € Z) and H*: C(A) — Gr — K,
where H¥(M) = Z¥(M)/B*(M) and H*(M) = ez H*(M). We call
H* the k-th homology functor and, without mentioning the degree,
we call H* the homology functor. If f is null-homotopic, and hence
f =dn oo+ oody, for some morphism o: M — N[—1] in Gr — A,
then Im(Z*(f)) C B¥(N), for all k € N. This implies that the functor
H* vanishes on null-homotopic morphisms, for all k € Z, which
implies that we have a uniquely determined functor, still denoted and
called the same, H*: H(A) — Mod — K such that the composition

C(A) preg H(A) % Mod — K is the k-th homology functor. We also get
a corresponding functor H*: H(A) — Mod — A.

Definition 6.7. A quasi-isomorphism of dg modules is a morphism
f: M — N in C(A) = Z°(Dg — A) such that H*(f) is an isomorphism
in Gr — K. This is equivalent to saying that its cone C(f) is an acyclic
dg A-module (see Remark 6.2).

As in the case of small dg categories and their dg modules, the class
of quasi-isomorphisms is a multiplicative system in H(A) compatible with
the triangulation, in the sense of Verdier (see [23, Section II.2], where we
refer the reader for the concepts and terminology concerning localization
of triangulated categories used in this paper).

Definition 6.8. The localization of H(A) with respect to the class of
quasi-isomorphisms, denoted by D(A), is called the derived category of A.
It is a triangulated category with arbitrary coproducts and the canonical
functor ¢: H(A) — D(A) is a triangulated functor. The shift in D(A) is
induced by that of H(A) and the triangles in D(A) are, up to isomorphism,
the images by ¢ of triangles in H(A).

Note that, by the universal property of the localized category, since the
functor H*: H(A) — Gr — K takes quasi-isomorphisms to isomorphism,
there is a uniquely determined functor, still denoted and called the same,
H*: D(A) — Gr — K such that the composition #(A) 2 D(A) RN
Gr — K is the homology functor.

Remark 6.9. What we have done for A can be done also for A°P and for
B ® A°P, where B is another algebra with enough idempotents, obtaining
the categories C(A°P), H(AP) and D(A°P) (resp. C(B® A°P), H(B ® A°P)
and D(B ® A°P)). Due to the equivalences of dg categories A — Dg =
Dg — A° (see Proposition 4.3) and A — Dg — B = Dg(B ® A°P) (see
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Proposition 5.2), we will look at C(A°P) (resp. H(A°P)) and C(B @ A°P)
(resp. H(B®A°P)) as the O-cycle categories Z°(A—Dg) and Z°(A—Dg—B)
(resp. 0-homology categories H°(A — Dg) and H°(A — Dg — B)). In
particular, the objects of D(A°P) are considered to be left dg A-modules
and those of D(B ® A°) as dg A — B—bimodules.

As in the case of the derived category of an abelian category (see [23]),
we have:

Proposition 6.10. Let A be a dg algebra with enough idempotents. The
canonical composition functor C(A) <+ H(A) - D(A) takes short exact
sequences in C(A) (for the abelian structure) to triangles in D(A).

Proof. Let 0 — L — M —%+ N — 0 be a short exact sequence in C(A)
and fix an inflation (=admissible monomorphism with respect to the
semi-split exact structure of C(A)) j: L — I, where I is a contractible
dg A-module. If X is the lower right corner of the pushout of u and j,
then we get the following commutative diagram whose rows are exact
sequences:

u
OHLLQM@IHXHO
L

i(l,O) le

L S M2 sN—>0

0

It then follows that the right square of this diagram is bicartesian and, as
a consequence, that I = Ker[(l 0)] =~ Ker(e). Since [ is acyclic we get
that € is a quasi-isomorphism and, hence, the three vertical arrows of last
diagram are quasi-isomorphisms. Then the images of the 'rows’ of this
diagram by the canonical functor gop: C(A) — D(A) are isomorphic.
But the upper row of the diagram is a conflation (see [2, Proposition 2.12]),
whose image by g o p ’is’ then a triangle in D(A)(see Definition 6.8). [

Recall that if D is a triangulated category with (set-indexed) co-
products, then an object C' of D is called compact when the functor
Homp(C,?7): D — Ab preserves coproducts. The category D is said to
be compactly generated when there is a set S of compact objects such that
Nnez.ses Ker(Homp (S, ?[n]) = 0, and D is said to be algebraic when it is
triangle equivalent to the stable category of some Frobenius exact category
(see [7, Section 1.2]). As an immediate consequence of [10, Theorem 4.3],
our Theorem 3.1 and its proof, we get:
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Corollary 6.11. For a triangulated category D, the following assertions
are equivalent:
1) D is compactly generated and algebraic.
2) D is triangle equivalent to D(A), for some dg algebra with enough
idempotents A.

7. Derived functors

We call the attention of the reader on the following fact, that we shall
freely use.

Remark 7.1. If in Definition 1.4 one has A = Dg— A and B = Dg— B, for
some dg algebras with enough idempotents A and B, then the homological
condition translate into the fact that 75y commutes with the differentials.
That is, that dg () © Tar = Ta © dp(ar), for each right dg A-module M.

We start with the following observation

Lemma 7.2. Let A and B be dg algebras with enough idempotents and
F:Dg— A — Dg— B be a dg functor. Then there is a natural isomor-
phism pp2: F o (?[1]) = (?[1]) o F' which is natural on F'. That is, such
that if T: F — G is a natural transformation of dg functors, then the fol-
lowing diagram in Dg— B is commutative, for each right dg A-module M :

Er M
—_—

F(M)[1]

iTM[l]
G(M1]) L2 Gy

Proof. We consider the morphism
1, € HOM (M, M[1]) = Homg,_a(M, M)
given by 1, = 157. Then
F(1y;) € HOME' (F(M), F(M[1])) = HOMg,—p(F(M), F(M[1])[-1]),

and hence F(1y,)[1] € Homg,_p(F(M)[1], F(M[1])).
Similarly, we have 17, € HOMY (M[1], M) = HOMg,_a(M[1], M[1])
given by 1& = 1prq)s so that

F(13;) € HOMp(F (ML), F(M)) = Homg,—p(F(M[1]), F(M)[1]).
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We then get that
Lpou)) = F(lapy) = F(ly 0 13) = F(1) o F(1y).

By the definition of the composition of morphisms in GR — B, we then get

. s F(1y) F(1y,)]
that 1p(as1)) is equal to the composition F(M[1]) —" F(M)[1] —=

F(M[1]). On the other hand, we have F(13,)o(F(13,)[1]) = (F(13,)[-1]o
F(1,,))[1]. But due to the definition of the composition of morphisms in

GR — B, we have
F(lj\})[—l]oF(l]T/[) = F(lM)OF(lM)) F(lMolM) F(ly) = Lr(ar-

We then have
F(1y,) o (F(13)[1) = 1pan 1] = 1pan ),

which shows that F(11,) and (F(1,,)[1] are mutually inverse isomor-
phisms.

We define ppyr = F(13,): F(M[1]) — F(M)[1], for each right dg
A-module M. Note that if a: M — N is any homogeneous morphism

1+
in Dg A, then the compositions M1 4 N[1l] = N and M[1] —
M %+ N coincide in GR — A. Tt follows that

F(a)[1] o prar = F(a) o F(13)) = F(a01+) F(l+ a[1])

when we interpret a[l1] as an element of HOM ;' (M[1], N), using the
definition of the composition of morphisms in GR — A and GR — B and
the functoriality of F'. It follows that p = (pr,N)NeDg—a defines a natural
isomorphism F o (?[1]) = (?[1]) o F.

It remains to check the commutativity of the diagram in the statement,
whenever 7: FF — G is a natural transformation of dg functors. But we
have 7as[1] 0 prar = Tar[1] 0 F(13;) = 7as © F(11;), when viewing F(13,)
as an element of HOM}(M[1], M). The naturality of 7 then gives that
(1) o prm = G(1})) o TM[1] = PG,M © T[], as desired. O

Proposition 7.3. Let A be a dg algebra with enough idempotents. The
canonical functor ¢ = qa: H(A) — D(A) has a left adjoint and a right
adjoint, both of them triangulated and fully faithful.
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Proof. Keller proved (see [10, Theorems 3.1 and 3.2]) that, for each ob-
ject M of H(A), we have quasi-isomorphisms m = myr: Pyy — M and
t=1tp: M — Ippin H(A), where Py and Iy are right dg A-modules
such that the functors Homy(4)(Pas,7) and Homyy(4)(?, Ins) vanish on
acyclic complexes. By a standard argument, one sees that this last prop-
erty implies that the maps Homy4)(Par, N) — Homp(4)(Ppr, N) and
Homy4)(N, Iny) — Homp(ay(N, Iy) defined by g are both bijective,
for any object N of H(A).

We now define the left adjoint II: D(A) — H(A) as follows. For
each right dg A-module M, we fix a quasi-isomorphism my;: Pyy — M
as above, and define II(M) = Pj; on objects. If now f: M — N is a
morphism in D(A), then 7y o f oy € Homp4)(Ppr, Py). By the last
paragraph, we then get a unique morphism a: Py; — Py in H(A) such
that ¢(a) = mx' o fomas. We define TI(f) = a. Tt is routine to check that in
this way we have defined a functor IT: D(A) — H(A). Moreover the map
Homyy(4)(IL(M), N) — Homp(4)(M, N) = Homp(4)(M,q(N)) taking
B~ q(B)o 771741 is bijective and natural on both arguments. Then II is left
adjoint to . The co-unit of this adjunction is just : llog — 13(4), where
mar: (ITo q)(M) = Py — M is the quasi-isomorphism fixed above. The
unit A\: 1pg)y — g oIl is given by Ay = 7ro41: M — (qgoIl)(M) = Py.
It follows that A is a natural isomorphism, which implies that II is fully
faithful (see [8, Proposition I1.7.5]). On the other hand, it is well-known
that the left adjoint of a triangulated functor is also triangulated (see
[16, Lemma 5.3.6]).

The existence of a right adjoint T: D(A) — H(A) acting on objects
as Y (M) = I is proved by an argument dual to the one in the previous
paragraphs. ]

Definition 7.4. A right dg A-module P (resp. I) is called homotopi-
cally projective (resp. injective) if the functor Homy4)(P,?7): H(A) —
Mod — K (resp. Homyy4)(?,1) = H(A)°® — Mod — K) vanishes on
acyclic complexes. By the proof of Proposition 7.3, if Il and T are the left
and right adjoints of ¢: H(A) — D(A), respectively, then the essential
image Im (W) (resp. Im(Y)) consists of homotopically projective (resp.
injective) objects. We will call IT and Y the homotopically projective reso-
lution functor and homotopically injective resolution functor, respectively.
Given a right dg A-module M, a homotopically projective resolution (resp.
homotopically injective resolution) of M will be a quasi-isomorphism
w: P — M (resp. t: M — I), where P is a homotopically projective
(resp. injective) right dg A-module.
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Remark 7.5. Note that we have

HY(HOM (M, N)) = (H° o (?[k])(HOM 4 (M, N))
= H°(HOM4(M, N[k])) = Homy4)(M, N[K]),

for all k € Z. Then saying that P (resp. Y') is a homotopically projective
(resp. homotopically injective) dg A-module is equivalent to saying that
the dg K-module HOM 4 (P, N) (resp. HOM 4(XV,Y)) is acyclic whenever
N is an acyclic dg A-module.

Example 7.6. If (¢;);cs is a distinguished family of orthogonal idempo-
tents of A, then all right dg A-modules e; A are homotopically projective.

Proof. Tt is a consequence of Remark 3.2 and [10, Theorem 3.1]. O

Let us consider dg functors F': A — B and G: B — A between
dg categories. By Examples 1.2 and 1.3, we then have dg functors
B(F(7),?7): A?® B — Dg — K and B(?,G(?)): A* @ B — Dg — K.

Definition 7.7. In the situation of last paragraph, we say that the
pair (F,G) is a dg adjunction or that F' is left dg adjoint to G or that
G is right dg adjoint to F when there is a natural isomorphism of dg
functors n: B(F(?7),7?) = A(?,G(?)). Due to Lemma 1.1 and Defini-
tion 1.4, this means that, for each pair of objects (A, B) € A x B, the map
na,p: B(F(A),B) — A(A,G(B)) is an isomorphism in Gr — K, natural
on A and B, such that na g(dp(8)) = da(na,B(5)), for each homogeneous
element § € B(F(A), B).

Lemma 7.8. Let A and B be dg algebras with enough idempotents. If
F:Dg—- A — Dg— B (resp. F: (Dg — A)°® — Dg — B) is a dg
functor, then the induced functor F = ZOF: Z%(Dg — A) = C(A) —
C(B) = Z°Dg — B) (resp. F := Z°F: Z°((Dg — A)°P) = C(A)°P —
C(B) = Z°(Dg — B) ) preserves conflations. If moreover F takes con-
tractible dg modules to contractible dg modules, then the induced func-
tor F .= HF: H'(Dg — A) = H(A) — H(B) = H°(Dg — B) (resp.
F = H°F: H((Dg — A)°P) = H(A)®® — H(B) = H°(Dg — B) ) is
triangulated. When F' is part of a dg adjunction, it takes contractible dg
modules to contractible dg modules.

Proof. We prove the covariant part of the lemma, the contravariant
part being entirely similar. Since F' is a dg functor the induced func-
tor ZF: Z%(Dg — A) = C(A) — Z°(Dg — B) = C(B) preserves exact



M. SAORIN 97

sequences which split in in the underlying graded categories. That is, Z°F
takes conflations to conflations. As a consequence, H OF takes triangles
to triangles. The initial assertion then follows from [17, Lemma 2.27],
bearing in mind that, by Lemma 7.2, we also have a natural isomorphism
HOF o (?[1]) = (?[1]) o HF. To end the proof, it will be enough to show
that if (F, G) is a dg adjunction, then also (Z°F, Z°G) is an adjunction.
Indeed, if this is proved and if (G, F') is a dg adjunction, then we will
have that (Z°G, Z"F) is an adjunction. In any of the two situations,
[17, Lemma 2.27] again gives that Z°F preserves projective (=injective)
objects with respect to the semi-split exact structures, which amounts to
saying that F' preserves contractible dg modules.

Let n: HOMp(F(?),7) = HOM4(?,G(?)) be a graded natural iso-
morphism which commutes with the differentials. Bearing in mind that,
for each M € Dg — A and X € Dg — B, we have (Z°F)(M) = F(M) and
(Z°G)(X) = G(X), we then get an isomorphism of K-modules

Home g ((Z2°F)(M), X) Home 4y (M, (Z°G)(X))

Z9HOMp(F(M), X)) — 0% 70(HOM (M, G(X)),

which is natural on M and X since so is 7. [

The following functors will be very important in the sequel.

Definition 7.9. Let A and B be dg algebras with enough idempotents
and let II = II4: D(A) — H(A) and T = Y4: D(A) — H(A) be
the homotopically projective and the homotopically injective resolution
functors, respectively.
1) If F: Dg— A — Dg— B is a dg functor which preserves contractible
dg modules and we also put HF = F: H(A) — H(B), then:
(a) The composition RF: D(A) —— H(A) -5 H(B) & D(B) is
called the (total) right derived functor of F.
(b) The composition LF: D(A) -5 H(A) -5 H(B) 22 D(B) is
called the (total) left derived functor of F.
2) If F: (Dg — A)°® — Dg — B is a dg functor which preserves

contractible dg modules, then the composition RF': D(A)°P 1,

H(A)°P N H(B) 22 D(B) is called the (total) right derived
functor of F.
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Remark 7.10. If F': (Dg — A)°®> — Dg — B is a dg functor as in last

definition, we can interpret it also as dg functor F'°: Dg—A — (Dg—B)°P.

We then have that RF = (LF°)°, where LF? is the composition D(A) —

H(A) RN H(B)°P RN D(B)°P. This is the reason for which we have not
talked about left derived functors of contravariant dg functors.

Remark 7.11. If in any of the situations of last definition, the dg functor
I also preserves acyclic dg modules, then the induced functor on the
homotopy categories HYF preserves quasi-isomorphisms. Then one gets
a well-defined unique triangulated functor F': D(A) — D(B) (resp.
F: D(A)°® — D(B)) such that qg o H'F = F o qa (resp. qg o H'F =
F o ¢%). It immediately follows that there are natural isomorphisms
LF = FZ=RF.

If F,G: Dg— A — Dg — B are dg functors and 7: F' — G is a ho-
mological natural transformation, then, for each right dg A-module M, we
have that 7y : F(M) — G(M) belongs to Z'(HOMpg(F(M),G(M)) =
Homc(Bg (F(M),G(M)). We then get a morphism, still denoted the same,
v (H'F) (M) = F(M) — G(M) = (H°G)(M) in H(B). It is seen
in a straightforward way that, when M varies, the mp; give a natural
transformation H°F — HYG. As a consequence we get induced natural
transformations

q(Tr, (7)) qpo H'F oll =LF — LG = qgo H'F oIl
and
q(mr () qB oH’FoY=RF — RG =qpoHFoT.

An analogous fact holds for when F' and G are dg functors (Dg— A)°P —
Dg — B.

Proposition 7.12. Let A and B be dg algebras with enough idempotents.
The following assertions hold:

1) If F,G: Dg— A — Dg — B are dg functors which take contractible
dg modules to contractible dg modules and 7: F — G is a homo-
logical natural transformation of dg functors, then:

(a) gB(m(7)): LE — LG is a natural transformation of triangu-
lated functors D(A) — D(B).

(b) a(tr(7)): RF — RG is a natural transformation of triangu-
lated functors D(A) — D(B).
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2) If F,G: (Dg — A)°®» — Dg — B are dg functors which take
contractible dg modules to contractible dg modules and 7: F' — G
is a homological natural transformation of dg functors, then
qB(TH%()): RFE — RG is natural transformation of triangulated
functors D(A)°® — D(B).

Abusing of notation, all these natural transformations of triangulated
functors will be still denoted by T. Moreover, if in assertion 1.a (resp.
1.b, resp. 2), M is a right dg A-module such that T, (ar) (Tesp. T, (a)s
resp. TH%(M)) is a quasi-isomorphism (e.g. an isomorphism in H(B) or
Dg — B), then the evaluation of 7: LF — LG (resp. 7: RF — RG in
1.b) and 2.b) at M is an isomorphism in D(B).

Proof. The proof in the three cases resemble each other very much. We just
prove 1.b. The paragraph preceding this proposition shows that we have
an induced natural transformation qB(THAO): LF =qgoH'Folly —
gg 0o H'G o 114 = LG. All we need to prove is that it is a natural
transformation of triangulated functors, for which it is enough to check
that the induced natural transformation 7: H'F — H°G is a natural
transformation of triangulated functors. Indeed, since II4: D(A) — H(A)
and ¢p: H(B) — D(B) are triangulated functors, it will follow that
qB(TH(7)): LF = qggo H'Folly — qg o H'G o II4 = LG is natural
transformation of triangulated functors, as it is desired.

L% MmN L[1] (*) is a triangle in H(A), then we may
assume that it comes from a conflation 0 — L -5 M %5 N = 0 in
C(A), where M is the cone of some morphism v[—1]: N[-1] — L. If
now Ep: Fro(?[1]) = (?[1]) o F and &g: G o (?[1]) = (?[1]) o G are the
natural isomorphisms of Lemma 7.2, then the image of the triangle (*)
by HF is

F() 2 pony 22 povy

and the corresponding is true when replacing F' by G. Due to the men-
tioned Lemma 7.2, we then have a commutative diagram in 7 (B) whose
rows are triangles:

§F,ﬂ(’7)

F(a)

) 2L pouy 2L poviE Ry

\LTL lﬁv{ iTN im[l]
G(

a(r) 2L ey COL qvieE S

which shows that gp (7)) : H YF — HYG is a natural transformation
of triangulated functors.
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The last statement is a direct consequence of the definition of the
triangulated transformation 7 since the functor g7: H(?) — D(?7) takes
quasi-isomorphisms to isomorphisms. ]

Proposition 7.13. Let A and B be dg algebras with enough idempotents.
The following assertions hold:

1) If(F: Dg—A — Dg—B,G: Dg—B — Dg—A) is a dg adjunction
of dg functors, then (LF: D(A) — D(B),RG: D(B) — D(A))
is an adjunction of triangulated functors.

2) If (F°:Dg— A — (Dg— B)?,G: (Dg — B)®» — Dg — A)
is a dg adjunction of dg functors, then ((RF)°: D(A) —
D(B)°?,RG: D(B)°® — D(A)) is an adjunction of triangulated
functors.

Proof. In the proof of Lemma 7.8 we have seen that, in the situation of as-
sertion 1, one has that (Z°F: C(A) — C(B), Z°G: C(B) — C(A)) is an
adjoint pair. A similar argument proves that, in the situation of assertion 2,
one has that (Z°(F°) = (Z°F)°: C(A) — C(B)°?, Z2°G: C(B)*® —
C(A)) is an adjoint pair.

With the obvious adaptation, [17, Lemma 2.27 and Proposition 2.28|
and their proofs show that assertion 1 holds. As for assertion 2, note
that [17, Lemma 2.27] also shows that (H°(F°) = (H°F)°: H(A) —
H(B)°P, H'G': H(B)°® — H(A)) is an adjoint pair of triangulated func-
tors. Moreover, the adjoint pair (Ilg: D(B) — H(B),qp: H(B) —
D(B)) implies that the pair (¢%: H(B)® — D(B)°?,11%: D(B)® —
H(B)°P) is also an adjoint pair. It then follows that the composition

0 o o
(RF): D(A) 14 31(4) "5 3(B)r 2, D(B)P (see Remark 7.10) is

HO
left, adjoint to the composition D(A) <2 H(A) e H(B)°P <= D(B)°P,
which is precisely RG. O

Proposition 7.14. Let A, B and C be dg algebras with enough idem-
potents and denote by Il2: D(?) — H(?) and Yo: D(?) — H(?) the
homotopically projective and homotopically injective resolution functors,
for 7= A, B,C. Suppose that all the dg functors appearing below preserve
contractible dg modules. The following assertions hold:
1) Let G: Dg— A — Dg — B and F': Dg — B — Dg — C be dg
functors. Then:
(a) There is a canonical natural transformation of triangulated
functors p: R(F o G) — RF o RG. When M is a right dg
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A-module such that G(Y 4(M)) is homotopically injective, then
Py 1S an isomorphism.

(b) There is a canonical natural transformation of triangulated
functors o: LF o LG — L(F o G). When M is a right dg A-
module such that G(I1o(M)) is homotopically projective, then
om 18 an isomorphism.

2) If G: (Dg — A)°® — Dg — B and F: (Dg — B)°® — Dg — C
are dg functors, then there is a canonical natural transformation
7:L(F 0o G°) — RF o (RG)° of triangulated functors D(A) —
D(C). When M is a right dg A-module such that G(I14(M)) is
homotopically projective, then Ty is an isomorphism.

3) If G: (Dg — A)®» — Dg — B and F: Dg — B — Dg — C are
dg functors, then there is a canonical natural transformation of
triangulated functors w: LF oRG — R(F o G). When M is a right
dg A-module such that G(I1a(M)) is homotopically projective, wys
is an isomorphism.

4) If G:Dg — A — Dg — B and F: (Dg — B)°® — Dg — C are
dg functors, then there is a canonical natural transformation of
triangulated functors 0: R(F o G°) — RF o (LG)°. When M is a
right dg A-module such that G(I14(M)) is homotopically projective,
Oy is an isomorphism.

Proof. The arguments for the proofs are all very much alike and rely
on the explicit definition of right and left derived functors in each case.
We just provide the proof of assertions 1.a and 2, leaving the rest as an
exercise to the reader.

l.a) We consider the unit A: 1y ) — Tp o gp of the adjunction
(¢B, Yp). We then get a canonical natural transformation of triangulated
functors

p = (qc o F)(Agor)2)): R(FoG) =qooFoGoTy =
quFOIH(B)oGOTA—)qCOFOTBOqBOGOTA:RFORG,

where F = HF: H(B) — H(C) and G = H°G: H(A) — H(B).
If now G(Y4)(M) is homotopically injective, then Agov ) (G ©
Y 4)(M) = (YpogpoGoTYy)(M) is an isomorphism, which implies
that par = (gc © F)( Aot 4)(a)) is also an isomorphism.

2) The adjunction (¢% : H(B)°P —» D(B)°P,11%: D(B)°P —s H(B)°P)
yields a unit p1: 194(g)jor — [ 0q%. Then we get a natural transformation
of triangulated functors
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0 := (g0 © F)(igeotia)(n): L(F 0 G%) = qoo FoGolly =
qc o Folypyr 0 G?ollg — qoo FollgoqpoG?olly = RF o (RG)°.

If now G(I14(M)) is homotopically projective, then jigoor, )y : (G0
IMA)(M) — (I 0qE oGP olly)(M) is an isomorphism in H(B)°P, which
implies that o = (go © F)(p(Goott)(ar)) i an isomorphism. Ol

Suppose now that A, B, C' are dg algebras with enough idempotents
and that F': (Dg — A) ® (Dg — C) — Dg — B is a dg functor. We then
have induced functors

ZF: 7°(Dg — A) ® (Dg — C)) — Z°(Dg — B) = C(B)
and
HF: H°((Dg — A) ® (Dg — C)) — H°(Dg — B) = H(B).

On the other hand, the objects of C(A) ® C(B) are those of Z°((Dg —
A)® (Dg —()) (i.e. those of (Dg — A) ® (Dg — C')). But if f is morphism
in C(A) and ¢ is a morphism in C(C'), then, viewed as a morphism in
(Dg—A)®(Dg—C), we have that f®g is a 0-cycle and, hence, a morphism
of Z%((Dg — A) ® (Dg — C)). Indeed we have

d(f®g)=d(f)og+ (-1 fedg) =0,

because f and g are morphisms in Z°(Dg— A) = C(A) and Z°(Dg—C) =
C(C), respectively. The assignments (M, X) ~» (M, X) and f®@g~ f®g
give a functor j: C(A) ® C(C) — Z°((Dg — A) ® (Dg — C)) and a

composition
C(A) @ C(C) = 2%((Dg — A) @ (Dg — O)) 25 ¢(B).

Abusing the notation, we still denote by Z'F this composition functor.
Considering now f and g as above, suppose that either f or ¢ is null-
homotopic. We claim that j(f ® g) = f ® g is a 0-boundary of (Dg— A) ®
(Dg — C). Indeed if, say, g = d(g’) then

dfog)=df)od+)fedd)=rfog

since d(f) = 0 and |f| = 0. A similar argument applies if we assume
f = d(f’). This means that we have an induced functor j: H(A) ®
H(C) — H°((Dg — A) ® (Dg — C)) and a corresponding composition

H(A) @ H(C) L5 HO(Dg — A) @ (Dg - C)) 5 #(B),
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which we shall still denote by HF.

A procedure similar to the one depicted in the previous paragraph can
be undertaken with a dg functor F': (Dg — A)°? ® (Dg — C) — Dg — B,
getting then functors Z°F: C(A)°P ®C(C) — C(B) and H'F: H(A)’®
H(C) — H(B).

Proposition 7.15. Let A, B, C be dg algebras with enough idempotents
and let F': (Dg—A)® (Dg—C) — Dg—B (resp. F': (Dg— A)°? @ (Dg—
C) — Dg — B) be a dg functor. The following assertions hold:

1) The functor F = Z°F: C(A)®C(C) — C(B) (resp. Z°F: C(A)P®
C(C) — C(B)) preserves conflations on each variable.

2) If F(P,X) and F(M,Q) are contractible dg B-modules whenever
P and Q are a contractible dg A-module and a contractible dg C'-
module, respectively, then the functor F = HF: H(A) @ H(C) —
H(B) (resp. F = HF: H(A)°P @ H(C) — H(DB)) is triangulated
on both variables.

Proof. Assertion 1 is a direct consequence of Lemma 7.8 bearing in
mind Lemma 1.1. Moreover, if M is fixed, then the dg functor Fy; =
F(M,?): (Dg —C) — (Dg — B) takes contractible dg modules to con-
tractible dg modules, which implies by Lemma 7.8 that H°Fy;: H(C) —
H(B) is a triangulated functor. But we clearly have HOFy, = HOF(M,?),
which says that I = HOF is triangulated on the second variable. A sym-
metric argument proves that it is triangulated on the first variable. [

Our next goal is to see that, when a dg functor is part of a dg ‘bifunctor’
and certain conditions are satisfied, also its derived functor is part of a
bifunctor which is triangulated on both variables.

Definition 7.16. Let A, B, C be dg algebras with enough idempotents.
1) If F: (Dg—A)®(Dg—C) — Dg— B is a dg functor which preserves

contractible dg modules in each variable, then we put

Maelle HOF qB
(a) LF: D(A)@D(C) =" H(A) @ H(C) — H(B) — D(B).
0

(b) RF: D(A) @ D(C) "223° H(A) @ H(C) L5 1(B) & D(B)
2) If F: (Dg — A)°°? @ (Dg — C') — Dg — B be a dg functor which
preserves contractible dg modules on each variable, then we put

RF: D(A)® @ D(C) 255 3(4) 0 H(C) 5 H(B) 22 D(B).

By their definition all these functors are triangulated in each variable.

For each dg functor F': (Dg — A) ® (Dg — C) — Dg — B as in last
definition, fixing an object M in Dg— A and X in Dg—C', we get dg functors
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Fy = F(M,?): Dg —C — Dg — B and FX = F(?,X): Dg — A —
Dg — B. It is natural to ask whether we have natural isomorphisms

LF(M,?)

>~ LFy and LF(?,X) = LF¥X, and similarly for the right

derived versions. For this, we have the following criterion:

Proposition 7.17. Let A, B, C be dg algebras with enough idempotents.
The following assertions hold:

1) Let F: (Dg— A) ® (Dg — C) — Dg — B be a dg functor. Then

(a)

(b)

if F(7,Q): Dg — A — Dg — B preserves acyclic dg mod-
ules whenever @ is homotopically projective (resp. homotopi-
cally injective), then there is a natural isomorphism of tri-
angulated functors LF(M,?) = LFy: D(C) — D(B) (resp.
RF(M,?) =2 RFy: D(C) — D(B)), for each right dg A-
module M ,

if F(P,?7): Dg — A — Dg — B preserves acyclic dg modules
whenever P is homotopically projective (resp. homotopically
injective), then there is a natural isomorphism of triangulated
functors LF(?,X) 2 LFX: D(A) — D(B), for each right dg
C-module X .

2) Let F': (Dg— A)°? @ (Dg — C) — Dg — B be a dg functor. Then

(a)

if F(7,Q): (Dg— A)°® — Dg — B preserves acyclic dg
modules whenever () is homotopically injective, then there is
a natural isomorphism of triangulated functors RF(M,?7) =
RFEy: D(C) — D(B), for each right dg A-module M.

if F(P,7): Dg — C — Dg — B preserves acyclic dg mod-
ules whenever P is homotopically projective, then there is
a natural isomorphism of triangulated functors RF(?7,X) =

RFX: D(A)°P — D(B) for each right dg C-module X .

Proof. We will prove 1.b and 2.a, and leave to the reader the other ones
whose proof follows entirely similar patterns. For 1.b, note that the action
of LF(?,X) and LFX on objects is given by

and

LF(?, X)(M) = LF(M, X) = F(ILy(M), Ilo(X))

LFX(M) = FX(II4(M)) = F(IT14(M), X).

Moreover if f: M — N is a morphism in D(A), then

LE?,X)(f) =LF(f, 1x) = F(ILa(f),o(1x)) = FILA(S), ug(x))-
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It follows that we can identify LF(?, X) = LFUc(X) where Flle(X) =
F(?,1I¢(X)): Dg—A — Dg— B is the ‘left part’ of F' when the fixed sec-
ond variable is IIo(X). We fix now the homotopically projective resolution
map 7: o (X) — X. Note that 7 is a morphism in H(C'), and hence the
image of a morphism in C(C') by the canonical functor C(C') — H(C).
Fixing a lift, we can think of 7 as a morphism in C(C'). We claim that
T FleX) = P(? 11 (X)) — F(?,X) = FX is a homological natural
transformation of dg functors Dg — A — Dg — B. Indeed note that,
for a fixed M in Dg — A, we have (7, )2 F(M,I1o(X)) — F(M,X) is
the morphism (7)) = F(1ar, w). If now f: M — N is a homogeneous
morphism in Dg — A, then

FIe@ () = F(f,1n.(x)) = F(M, (X)) — F(N, (X))

while
FX(f)=F(f,1x): F(M,X) — F(N, X).

We then have an equality

FX(f)o (m)u = F(f,1x) o F(1y, )
= F(f,m)
= (-1 F(1y, s) o F(f, 1, x))
= (m)w o Fe(f),

using Lemma 1.1 and the fact that |7| = 0. It follows that m, is a
natural transformation of K-linear graded functors. In order to see
that it is homological it remains to check that (m )y = F(ly @ m) €
ZO9(HOMp(F(M,11c(X))), F(M, X)), for all M in Dg — A. But this is
clear since F'(1); ® ) is the image of 1)y @ 7 by the functor Z°F: C(A) ®
C(C) — C(B) (see Proposition 7.15).

Once we know that m,: F'c X) s FX s a homological natural
transformation of dg functors, Proposition 7.12 says that we have an
induced natural transformation 7, : LFTc(X) — LFX of triangulated
functors D(A) — D(B). But, when evaluating at an object M of D(A),
we have that

(me)ar: LEMe(pr)
= F(II4(M), Mo (X)) — F(ITA(M), X) = LF¥(M)

is an isomorphism in D(B). Indeed, by hypothesis F'(II4(M),?): Dg —
C — Dg — B preserves acyclic dg modules, which implies that the
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induced triangulated functor F(I14(M),?): H(Dg — C) = H(C) —
H(B) = H°(Dg — B) preserves quasi-isomorphisms. It follows that
(v = F(lm,any. ™) F(ILa(M), e (X)) — F(Ia(M), X) is a quasi-
isomorphism in H(B), which implies that (after applying ¢g: H(B) —
D(B)) it becomes an isomorphism in D(B). Then (7,): LFTe(X)
LF¥X is a natural transformation of triangulated functor which is point-
wise an isomorphism. Therefore it is a natural isomorphism. In particular
LF(?,X) = LF"c(®) is naturally isomorphic to LF¥X as triangulated
functors.

The proof of 2.a follows an entirely similar pattern. We outline the
argument, leaving the details to the reader. We have that RF(M,?)(X) =
F(IT4 (M), YT A(X)) and REy(X) = Fy(Y(X)) = F(M,Y(X)). We can
then identify RF'(M,?) = RFyy, (ar), where Fip, (apy = F(a(M),?): Dg—
C — Dg—B. If now 7: I[I(M) — M is homotopically projective resolu-
tion, which we view as a morphism in C(A), then 7*: Fyy = F(M,?) —
i, = F(IT4(M),?) is a homological natural transformation of dg
functors Dg — C — Dg — B. The associated natural transformation
of triangulated functor 7*: RFy — RFpp, (ar), when evaluated at an
object X of D(C), is (1*)x = F(m, 1y(x)): RFy(X) = F(M, (X)) —
F(II4(M),Y(X)). This is a quasi-isomorphism of dg B-modules, and
hence an isomorphism in D(B), for each X € D(C). It follows that 7* is
a natural isomorphism RFy; — RFyy, (h) = RF(M,?). 0

8. The classical dg bifunctors

All throughout this section, we fix dg algebras with enough idempotents
A, B and C and fix a distinguished family of orthogonal idempotents
(€i)icr in B, (€5)jes in A and (v)kex in C, all of which are homogeneous of
degree zero and Kkilled by the differential. If M a dg C'— A-bimodule and X
is a dg B — A-bimodule, the space of morphisms HOM 4 (M, X) in Dg— A
has a canonical structure of non-unitary graded B — C-bimodule, where
the multiplication map is identified by the rule (bfc)(m) = bf(cm), for
all homogeneous elements b € B, f € HOM4(M, X), c € C and m € M.
To avoid the non-unitary problem, we consider the largest unitary graded
B — C'—sub-bimodule

HOM 4 (M, X) = BHOM4(M, X)C

of HOM 4 (M, X). Note that, expressed in terms of the distinguished
families of orthogonal idempotents, HOM 4 (M, X) consists of those f €
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HOM 4 (M, X) such that Im(f) C @®;cr¢; X, for some finite subset I’ C T,
and f(vpM) =0, for all but finitely many k& € K. We can say much more
about the just defined graded B — C-bimodule

Lemma 8.1. The differential d: HOM (M, X) — HOM4 (M, X) sat-
isfies Leibniz equality

d(bfe) = dp(b)fe+ (=1)Plbd(f)e + (—1)PH b fdc(c),

for all homogeneous elements b € B, f € HOM4(M,X) and ¢ € C.
Moreover, it satisfies that d(HOM (M, X)) C HOM4 (M, X), so that, en-
dowed with the restricted differential, HOM 4 (M, X) becomes a (unitary!)
dg B — C-bimodule.

Proof. We let act both members of the desired Leiniz equality on a
homogeneous element m € M. We then have

d(bfe)(m) = [dx o (bfe) — (=D (bfe) o dar)(m)
= dx (bf (cm)) — (=1)PHHIIHCD £ (cdpg (m)
= dp(b) f(em) + (=1)Plbdx (f(cm)) — (=1)PHIIFlb £(cdpr (m)
= dp(b)f(em) + (=1)Plb(dx o f — (=1)VIf o dar)(cm)
+ (=) £ (dps (em) = (1) edps (m)
= dp(b) f(em) + (=1)Plbd(f)(em) + (=) Vb (do(e)m)
= [dp(b) fe+ (=1)Pbd(f)c+ (=1 b fdo ()] (m).
To prove the last statement, take a homogeneous element
f € HOM4 (M, X). We have d(f) = dx o f — (=1)// f o dy;, which implies
that Tm(d(f)) € dx(Im(f)) + Im(f). But if I’ C I is any finite subset
such that Im(f) C ®;epe; X, then Im(d(f)) C @iere; X. This is because
dx(e;X) C e; X since dg(e;) = 0 for all i € I'. By analogous reason,
we have that dy/(vpM) C vpM. This implies that if K" C K is any
finite subset such that f(vpzM) = 0, for all k € £\ K', then we also

have d(f)(vpM) =0, for all k € £\ K'. As a consequence, we get that
d(f) € HOM 4(M, X). O

We can now prove

Proposition 8.2. The assignment (M, X) ~ HOM 4 (M, X) is the def-
inition on objects of a dg functor HOM4(?,?): (C — Dg — A)°? @ (B —
Dg—A)— B—-Dg-—C.



108 DG ALGEBRAS WITH ENOUGH IDEMPOTENTS

Proof. We have obvious restriction of scalars functors p: C —Dg— A —
Dg— A and p/: B—Dg - A — Dg — A, both of which are clearly dg
functors since when M and N are dg C' — A—bimodules, the differential
d: HOMR(M,N) — HOMEg(M, N) is ‘the same’ when taking R = A ®
C°P or when taking R = A. On the other hand, by Example 1.2, we have
a canonical dg functor HOM4(?,7): (Dg— A)? ® (Dg — A) — Dg— K.
We then get an induced dg functor

HOM.4(?
" (Dg — A)P © (Dg — A) ") pg K.

?): (C—Dg—A)*® (B—-Dg— A)

Recall that if a: N — M and ¢: X — Y are homogeneous mor-
phisms in C'— Dg — A and B — Dg — A, respectively, then HOM4(a® ®
©): HOM4 (M, X) — HOM4(N,Y) is the map defined by HOM4(a® ®
©)(f) = (=1)el+Dlely o f o a.

By definition, we have that HOM 4(M, X) is a dg B — C'—subbimodule
of HOM 4 (M, X) with the restricted differential. In order to have an
induced graded functor HOM 4(?,7): (C —Dg— A)°°?® (B—Dg— A) —
B — Dg — C, using Lemma 1.1, it is enough to prove the following two
conditions:

a) For ¢ as above and each dg C' — A-bimodule M, the map ¢, :=
HOM4 (14, ¢): HOM4 (M, X) — HOMy4 (M, Y) is a morphisms
of non-unitary B — C'—bimodules such that ¢,(HOM4(M, X)) C
HOM4(M,Y).

b) For a as above and each dg B — A-bimodule X, the map
a* = HOMa(a® 1x): HOM4(M,X) — HOM4(N,X) is a
morphism of non-unitary graded B — C'—bimodules such that
a*(HOM4(M, X)) € HOMA (N, X).

For condition a), we first check that ¢, is a morphism (of degree |p|)
of nonunitary graded left B-modules. According to the comments after
Lemma 4.1, although applied to non-unitary graded left B-modules, we
need to check that o, (bf) = (—=1)I1Plbp, (f) or, equivalently, that ¢ o
(bf) = (=D)ellblp(po f), for any homogeneous element f € HOM 4 (M, X).
By letting act both members of the desired equality on a homogeneous
element m € M, we get that

[p o (b))(m) = (b (m)) = (=1)#Plbio(f(m)) = [(=1)¥b( 0 f)](m),

bearing in mind that ¢ is a morphism of graded B — A—bimodules and,
hence, also a morphism of graded left B-modules. On the other hand, if
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¢ € C is a homogeneous element, we have that ¢.(fc) = ¢ o (fc) while
0«(f)e = (¢ o f)c. Both maps take m ~» (¢ o f)(cm), for each m € M.
Then ¢, is a morphism of nonunitary graded B —C'—bimodules. Moreover,
if f € HOM4(M, X) and we fix finite subsets I’ C I and F C K such
that Im(f) C ®;epe; X and f(ypM) =0, for all k € I\ F, then we have
that

Im(ps(f)) = Im(p o f) C p(DicreiX) C Diere;Y,

because ¢ is in particular a morphism left B-modules, and that
o (f)(eM) = (po f)(vpM) =0, for all k € K\ F. Therefore we have
o«(f) € HOM4(M,Y).

For condition b), we first prove that o* is morphism of non-unitary
graded left B-modules, which amounts to prove that o*(bf) =
(= 1)lellelpa(f), for any homogeneous element f € HOM 4(M, X). On one
hand, we have a*(bf) = (—1)I(IHID(Bf) o o while (—1)l1Plpa*(f) =
(—=1)lellbl(—1)lellfIp(f o a). Since (bf) o o = b(f o ) due to the definition
of the multiplication map B ® HOM4(N,X) — HOM4(N, X), we
conclude that o* is a morphism of degree |a| of graded left B-modules.

If ¢ € C'is a homogeneous element, then o* (f¢) = (—1)le+HID(fe)on
and a*(f)c = (=1)1?IlF1(f o a)c. When we let these morphisms act on a
homogeneous element x € N, we get

o (Fe))(x) = (=1) N (fe)(afa)) = (=DM f(ca(a)

while

[0 (f)d(@) = (=DM f(a(ex)) = (—1) W (=)ol f(ca(z)),

bearing in mind that « is a morphism of graded left modules (see the
comments after Lemma 4.1, applied to non-unitary left B-modules). It then
follows that o™ is a homogeneous morphism of graded B — C'—bimodules.
On the other hand, if one considers finite subset I’ C I and F C K as
for condition a), then Im(a*(f)) = Im(f o ) C Im(f) C ®;ere; X while
a*(f)(veN) = f(a(vgN)) C f(ipeM) = 0, for all k € K\ F, bearing in
mind that « is in particular a morphism of left C-modules.
To finish the proof, we just need to check that the induced map

HOMA(?a ?) : Hom(C—Dg—A)°P®(B—Dg—A) [(N> X)7 (Mv Y)]

=HOMc-a(M,N) ® HOMp_a(X,Y)
— HOMp_o(HOM 4 (M, X), HOM4(N, Y))



110 DG ALGEBRAS WITH ENOUGH IDEMPOTENTS

commutes with the differentials. But what we have done above shows
that the map HOM4(7,?) is induced by the map

HOMA(?a ?) : Hom(C'ngfA)op@(BngfA) [(Nv X)7 (M7 Y)]
— HOM¢_4(M, N) @ HOMp_4(X,Y)
5 HOM ¢ (HOM 4 (M, X), HOMA(N, Y)) (+)

given by the dg functor
HOM4(?7,7): (C—Dg—A)*® (B—-Dg— A)
28 (Dg — AP @ (Dg — A) 24 pg — k.

The differential in HOM 4 (P, Z) is the restriction of that of HOM 4 (P, Z),
for each P € C' — Dg — A and Z € B — Dg — A, and the differential
on HOMp_c(HOM4(M, X),HOM4(NN,Y)) is the restriction of the dif-
ferential in HOM x (HOM 4 (M, X ), HOM 4(N,Y’)). Therefore HOM 4(?,?)
commutes with the differentials due to the fact that the map (*) commutes
with the differentials. 0

We want to emphasize a sort of ‘dual’ situation. Suppose now that
X is again a dg B — A-bimodule and that W is a dg B — C-bimodule.
Then the graded K-module HOM gop (W, X)) consisting of the morphisms
W — X in B — Dg should have a structure of non-unitary dg C' — A-
bimodule. Indeed, we can think of W and X as a dg C°P ® B°P-bimodule
and a dg A°P? — B°P?— bimodule, respectively. Then the first paragraph of
this section says that HOM pgop (W, X) has a structure of non-unitary dg
AP — (C°P-bimodule, which is equivalent to saying that it has a structure
of non-unitary graded C' — A-bimodule. Taking then HOMpgop (W, X) =
CHOMpor (W, X)A, we get a (now unitary) dg C' — A-bimodule. Our
following result makes explicit this structure.

Corollary 8.3. In the situation of last paragraph, the following assertions
hold:

1) The structure of graded C — A-bimodule on HOM gop (W, X) is given
by the rule (cfa)(w) = (=1)UeltlaDlwlHelfI ¢ (we)a, for all homoge-
neous elements ¢ € C, f € HOMpor (W, X), a € A and w € W.

2) HOMpo» (W, X) consists of the f € HOMpop(W, X) such that
Im(f) C ®jcyXej, for some finite subset J' C J, and f(Wyy) =0
for all but finitely many k € K.

3) The assignment (W, X) ~ HOMpgor (W, X) is the definition on
objects of a dg functor (B—Dg—C)P?®(B—Dg—A) — C—Dg—A.
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Proof. 1) Interpreting HOMpop (W, X)) as a non-unitary dg A°P — C°P-
bimodule, the first paragraph of this section tells us that this structure
is given by the rule (a°fc?)(w) = a°f(c°w). But, by the identification
of modules over a dg algebras as dg modules on the other side over the
opposite dg algebra, we get that

(a®fc”)(w) = a®f(cw) = (—1)la® f (we)
— (_1)\0\\10\(_1)|f(w0)||a\f(wc)a — (_1)IC\|w|+\a|(\f|+|w|+\0\)f(wc)a

But, by analogous reason, we have an equality

(a°fe?)(w) = (=1) VeIl [e(a® )] (w)
_ (= 1)l 1yl (¢ ) () = (— 1)l FlebHallf (¢ £ (1),

Comparing these two expressions and cancelling signs appearing in both
expressions, we get that (—1){clHlablwl f(ye)a = (=1)1lel (¢ fa) (w), which
gives the equality of assertion 1.

2) Considering the distinguished families of orthogonal idem-
potents (7)jes and (VDkex in AP and C°P, respectively, we
know that HOM gop (W, X) = A°P HOM gop (W, X)C°P consists of those
f € HOMpep (W, X) such that Im(f) @je €7X, for some finite subset
J' C J,and f(vgW) =0, for all but finitely many k € K. Bearing in
mind that €7X = Xe; and vyW = Wiy, for all j € J and k € K, the
assertion follows.

3) is a direct consequence of Proposition 8.2. L

Let X be again a dg B— A-bimodule and let U be a dg C'— B-bimodule.
Then the dg K-module U ® X := U ®k X has a canonical structure of
dg C — A-bimodule by defining c(u ® x)a = (cu) ® (za). Clearly, this
multiplication makes U ® X into a graded C' — A-bimodule. Moreover if
uelU,x € X, ceC and a € A are homogeneous elements, then we have

dlc(u ® x)a] = d(cu ® za)
= dy(cu) ® za + (—1)eu @ dx (za)
= dy(cu) @ za + (=) ey @ (dx (z)a + (=1)1*lzd 4 (a))
= dy(cu) @ za + (—1) ey @ d(z)a + (—1)lHHl ey @ 2d g (a)
= (do(c)u + (=1D)¥edy (v) @ za + (=1)1H ey @ dx (z)a
(= 1)l el ey @ g (a)
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=de(c)u® za+ (—=1)¥edy (u) @ za + (=1)1Hey @ dy (2)a
+ (=1)lFluH 2l ey @ 2d g (a)

= do(c)u ® za+ (—1)e[dy(u) @ z + (—1)"u @ dx (z))]a
+ (=Dl ey @ 2d 4 (a)

=de(c)(u® z)a + (—1)edyex (u® z)a
+ (=1)lFlueel ey @ 2)d A (a)

so that the differential of U ® X satisfies Leibniz rule as a C'— A-bimodule.
The K-submodule N of U ® X generated by all differences ub ® x —
u ® bx, where u € U, x € X and b € B are homogeneous elements, is
a graded C' — A—subbimodule of U ® X. We will show that d(N) C N,
which will imply that we get an induced graded map of degree +1,

U X U X
d:U®p X = N — N =U®p X,

making U ® g X into a dg C'— A-bimodule. Indeed, we leave to the reader
checking the following equality, for all homogeneous elements v € U,
x € X and b € B:

d(ub® z — u ® bx)
= dy(u)b @z — dy(u) @ br + (=1)¥ (udp(b) ® © — u @ d(b)x)
+ (=)l ub @ dy (@) — u @ bdx (x)).

This shows that d(ub® x —u ® bx) € N and, hence, that d(N) C N as
desired.

Proposition 8.4. Let A, B and C be dg algebras with enough idempo-
tents. The assignment (U, X) ~ U ®@p X is the definition on objects of a
dg functor

?®@p?: (C—-Dg—B)®(B—Dg—A) — C —Dg— A.

Proof. For simplicity, we denote by T the dg functor that we want to
define, so that T(U,X) =U ®4 X. If now a: U — V and ¢: X — Y
are homogeneous morphisms in C' — Dg — B and B — Dg — A, respectively,
we define T(a® ¢): U®p X — V ®@pY by the rule T(a® ¢)(u® x) =
(-1l a(u) @ (), for all homogeneous elements v € U and x € X.
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We first prove that T'(a ® ¢) is well-defined. If b € B is any homogeneous
element, then we have
T(a® @)(ub® x) = (=1)FIFED o (ub) @ ()

= (—=1)ll0u+ D o ()b @ p(z) = (=) (1)l o (4) @ bep(z)

= (-1)"¥"a(u) © p(br) = T(a @ ¢)(u @ bx)
using the facts that « is a morphism of graded right B-modules and ¢ is a
morphism of graded left B-modules. Therefore T'(av ® ¢) is a well-defined
morphism in GR — K, and we clearly have |T(a ® ¢)| = |a| + |¢|. Tt is
very easy to see that T'(a ® ¢) is morphism in GR — A. On the other
hand, if ¢ € C' is a homogeneous element, then we have

T(a® @)le(u@ )] = T(a® ¢)(cu @ )
= (—1)lellel+luD o (cu) @ p(z)

= (—1)lellel+lub_p)lelldeq (u) @ o(x)
(-1) (ledl+el) \C\( )I«PHUIC(Q(U) ® (z))
(-)IreeAldeT(a @ ¢))(u @ o),

bearing in mind that « is a morphism of graded left C-modules. It follows
that T(a®¢)[c(u®z)] = (=1)TC@lld [T (a®p)](u@z), so that T(a®)
is also a morphism in C' — GR, and hence a morphism in C — GR — A
(see the comments after Lemma 4.1).

We now check Conditions 2(a)-2(c) of Lemma 1.1:

Condition 2(c). Note that we have T'(a ® 1z) = a ® 1z, for each dg
B — A-bimodule Z, while T(1yy @ ¢)(w @ z) = (=1)I?l*ly @ ¢(x), for
each dg C' — B-module W and all homogeneous elements w € W and
x € X. We then have

[T(a®ly)oT(ly @ P)(u®a) = ()T (a® 1y)(u @ p())
= ()M a(u) ® p(r) = T(a ® p)(u© z)
= (=DM a(u) ® p(r) = (-)T(1y @ p)(alu) © 2)
= (~)¥T(1y © p) 0 T(a ® 1x)](u @ x)

for all homogeneous elements u € U and € X. Therefore condition 2.c
of the mentioned lemma, is satisfied.

Condition 2(a). If U is a fixed dg C' — B-bimodule and we consider the
assignments Tyy: B—Dg— A — C—Dg—A given by Ty(X) = U®p X on
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objects and Ty (¢) = T'(1y ® ¢) on morphisms, we need to check that Ty is
a dg functor. We have Ty (1x) = T(1ly @ 1x): u@x ~ (—1)xllly @ 2 =
u®z, so that Ty (1x) = 1g, (x)- Moreover, if p: X — Y and¢: Y — Z
are homogeneous morphisms in B — Dg — A, then we have

Ty (3

]

P)uez) =Ty ® (Yoy))(u® )
= (- )(\¢I+\¢\)Iu\u®(¢o¢)< ) = (— )\wllul(_l)\w\\UIu(@wo@)(x)
= (D) (1y @ ) (u© (@) = [Tl © $) o T(ly @ @)} (u ® 2)
= [Tu(¥) o Ty (¢)](u ® )

It then follows that Ty is a graded functor. We need to see that it
commutes with the differentials, which means that the diagram

HOMp_A(X,Y) d HOMp_A(X,Y)

lTU lTU

HOMe_4(U @5 X, U ®pY) —>=HOM¢c_4(U ®5 X,U @5 Y)

commutes, where d and § are the differentials on Hom spaces of B—Dg— A
and C — Dg — A, respectively. We fix any homogeneous element ¢ €
HOMp_4(X,Y) and shall prove that (6 o Ty)(¢) = (T o d)(p). Letting
act the two members of the desired equality on u ® x, where u € U and
r € X are homogeneous elements, we get:

(60 To) (@) ® 2) = [dve sy © Tu(p) ~ (~1)Ti(p) 0 dyg,x)(u ® )
(D)l dyg v (0 ® o) — (=) Ty () (dy (u) ®
+ (D) @ dx (2))

(=D g (w) @ o(z) + (=) u @ dy (o(x))]

— (=)l (=)D g (w) @ ()

+ (=)l (—1)lellly @ p(dy (2))]

(=1)PHDIly @ dy (p(2)) — (=1) DI (—1)lely @ o(dx (2))
= (=)Dl @ d(p)(z) = T(1y @ d(9))(u @ z)

[(Ty o d)(0)](u ® ).

Condition 2.(b) Let us fix a dg B — A-bimodule X and consider the

assignments 7% =? ®p X: (C — Dg — B) — C — Dg — A given on
objects by U ~~ U ®p X and on morphisms by o ~ T(a ® 1x) =
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a ® lx. It is straightforward to see that TX (8o a) = TX(B) o T*(a),
whenever « and [ are composable morphisms in C'— Dg — B, and that
TX(1y) = Lpx (), so that we have a graded functor C' — Dg — B —
C — Dg — A. It remains to see that 7% commutes with the differentials.
For that, we fix arbitrary dg C' — B-bimodules U and V and denote by
d: Homp(U,V) — Homp(U,V) and ¢6: Homs(U ®@p X,V ®@p X) —
Homu (U ®p X,V ®p X) the respective differentials on Hom spaces. We
need to check that (? ®p X)(d(«)) = [(? ®p X)(a)]. That is, we need
to check that d(a) ® 1x = 0(a ® 1x), for any homogeneous element
a € Homp(U,V). But if w € U and x € X are homogeneous elements,
then we have an equality

da®1lx)(u®x)

= [dvagx o (@®1x) — (-1)**¥(a @ 1x) 0 dyg,x](u® x)

=dyeyx(aw) ®z) — (-1)(a® 1x)[dy(u) @ 2
+ (—)Mu ® dx ()]

= dy(a(w)) ® z + (-1)*@la(u) ® dx (z) — (-D)*a(dy (v) @
— (~nlta(u) @ dx (x)

= dy(a(w)) ® z — (=1)*la(dy (u) @ 2

= (dyoa— (—1)laody)(u) @z = d(a)(u) ® =z

= (d(a) ® 1x)(u® x). O

9. The classical dg adjunctions

In this section we show that the classical tensor-Hom adjunction and
the adjunction between contravariant Hom functors for module categories
over rings with unit can be extended to the dg setting.

Theorem 9.1. Let A, B and C be dg algebras with enough idempotents
and let X be a dg B — A—bimodules. The pair

(?®@p X:C—-Dg— B — C —Dg— A,
HOM4(X,?): C —Dg— A — C —Dg — B)
is a dg adjunction. As a consequence, we have an adjunction

(?7@% X: D(B® C°?) — D(A® C°P),
R Homy (X, ?): D(A® C°P) — D(B @ C°P))
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of triangulated functors, where 7@% := L(? ®p X) and RHomy(X,?) :=
R(HOM4(X,7)).

Proof. As usual, we fix distinguished families of orthogonal idempotents
(€5)je, (€i)ier and (vg)rek in A, B and C, respectively. Whenever U and
M are objects in C' — Dg — B and C' — Dg — A, respectively, we define

nuar: HOMe_a(U @ X, M) — HOMc— (U, HOM4 (X, M))

by the rule [nya(f)(w)](x) = f(u® x), for all homogeneous elements
f € HOMe_aA(U ®p X, M), uw € U and x € X. We need to check that
n is well-defined. We start by checking that n(f)(u) € HOM4 (X, M). If
a € A is any homogeneous element, then we have

(N (w](za) = f(u®za) = fu®z)a = [n(f)(u)l(z)a,

so that n(f)(u) is a homogeneous element of HOM 4 (X, M ). Moreover if
i € I is such that ue; = 0, then we have that n(f)(u)(e;X) = f(u®e; X) =
0, because f(u®e;z) = f(ue;@x) = 0. It then follows that n(f)(u) vanishes
on all but finitely many e; X. On the other hand, we know that there is a
finite subset F' C K such that vyu = 0, for all k € K\ F. It then follows
that
[(wrn () (W)](@) = v f(u @ ) = frpu @) =0,

for all k € IC\ F'. It follows that Im(n(f)(u)) C > rcp i M. Therefore we
get that n(f)(u) € HOM4(X, M).

We next check that n(f): U — HOMA(X, M) is a morphism of dg
C — B-bimodules. We need to check that

n(f)(eub) = (1) Dle(n(f) ()b = (=1)Wle(n(f)(u))b,

for all homogeneous elements ¢ € C, uw € U and b € B (see the comments
after Lemma 4.1). Indeed we have

[1(f)(cub))(z) = f(eub® z) = (=1l Wlef(u® bz)
= (=Dl Wlefn(f)()](bx) = (1) eln(f)(w))b] (),
due to the definition of the structure of C'— B-bimodule on HOM 4 (X, M).
It follows that n = 7y ar is well-defined.
For the naturality of n, recall that HOM4(?, M): (C' —Dg— A)°? —

Dg — K takes a homogeneous morphism a: N — N’ in C — Dg — A to
the map

o* = HOM4(a?, M): HOM4(N’, M) — HOM4(N, M)
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given by a*(8) = (=1)I?lfl5 o a (see the proof of Proposition 8.2). A
similar fact is true for HOMc_p(?,W): (C — Dg — B)°®> — Dg — K
for any dg C' — B-bimodule W. With this in mind, if p: U — V is a
homogeneous morphism in C' — Dg — B, then we have that

(" o nval(g) = (=)l 11(g) 0 o = (—1)191¥0ny 01 (9) 0 ¢,

for each homogeneous element ¢ € HOM¢c_4(V ®p X, M). On the other
hand, we have

[uar o (9 @ 1x)*1(g) = (—1)11¥lny (g 0 (0 @ 1x)).

Taking homogeneous elements v € U and « € X, we then have

[(¢" o mvan) (@) () (@) = (=) [nv;01(9) 0 @] (u) (2)
= (~)W¥lg(p(u) ® ) = (~1)¥[g o (p ® 1x)|(u ® 2)
= (=)l ar(g 0 (0 @ 1) (W) (2) = [(nv.ar © (¢ © 1)) (9)] (u) (2).

This shows that ¢* onyar = nuaro (¢ ® 1x)*, which proves the naturality
of  on the variable U. The naturality on the variable M is shown as in
the classical (ungraded) context.

It remains to prove that n commutes with the differentials. For this,
we denote by d: HOM¢c_A(U ®p X, M) — HOM¢c_a(U ®p X, M) and
§: HOM¢_ (U, HOM4(X, M)) — HOM¢_p(U, HOM4(X, M)) the re-
spective differentials on Hom spaces in the dg categories C' — Dg — A
and C' — Dg — B, respectively. We need to prove that 6(n(f)) = n(d(f)),
for each homogeneous element f € HOM¢c_4(U ®p X, M). If u € U and
x € X are homogeneous elements, then we have:

[O(n(NI(w) () = [dgori, (x.ar) © 1(F) — (= 1)1l (f) o dy] (u) ()
= |dgont, (x, 0 (1(F) (W) — (=1 )mﬁ(f)( u(w)|(z)
= [dar o n(f)(w) — (=) n(f)(u) o dx — (=) In(f)(du(w)))(z)
=dy(fu®z) — ()" fue dx () — (1) f(dy(u) @ 2)
=dy(fu@ ) — () f(dy(u) @ 2+ (-1)"lu & dx (x))
=dy(f(u® ) — (~) f(dygyx (u @ 2))
=(dmof—fodugpx)(u®a)=d(f)(u®z)=n(d(f))(u)(z).

Therefore we have §(n(f)) = n(d(f)), as desired. O
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We now consider a particular case of the last adjunction. Let c: B —
A be a homomorphism of dg algebras with enough idempotents. All
throughout the rest of the paper, we assume that such a homomor-
phism makes A into a (unitary!) B — B-bimodule (equivalently, that
A = 1(B)Au(B)). This means that if (e;);er is any distinguished family
of orthogonal idempotents of B then, after deleting those ¢(e;) which
are zero, the family (c(e;)i € I) is a distinguished family of orthogonal
idempotents of A. Note that we have an obvious restriction of scalars
functor v.: C —Dg — A — C — Dg — B, which is clearly a dg functor
that preserves acyclic and contractible dg modules. In particular, we have
Rex = tx (see Remark 7.11). We can apply the last proposition to the
bimodule X = pA,4. But note the following:

Lemma 9.2. In the situation of preceding paragraph, consider the dg
functor

HOM4(A,?): C —Dg— A — C —Dg — B.

There is a natural isomorphism of dg functors 1, = HOM4(A,?7). As a
consequence, there is a natural isomorphism of triangulated functors

Ri, = 1, 2 RHomy(A,?7): D(A® CP) = D(B ® C°P).

Proof. Recall that if M is a dg C — A-bimodule, then HOM 4 (A, M)
consists of the morphisms f: A — M in Dg — A such that f(e;A) =0,
for all but finitely many ¢ € I, and Im(f) € @cp vxM, for some finite
subset F' C K. If m € M is any homogeneous element and we consider the
homogeneous morphism A,,: A — M in GR — A given by \,,,(a) = ma,
then \,, € HOM4(A, M). Indeed since me; = 0, for all but finitely many
i € I, we get that also \,,(e;A) = me; A = 0, for all but finitely many
1 € I. On the other hand, since there is a finite subset F' C K such that
vpm =0, for all k € K\ F, we get that Im(\,;,) = mA C GrepviM.
The induced map Aps: M — HOM4 (A, M) is clearly a morphism
in C — GR — B. Defining ¥: HOM 4 (A, M) — M by the rule ¥(f) =
> f(ei), we get an inverse for A in C — GR — B. Then, for each M
in C — Dg — A, we have a morphism of degree zero Aps: (M) —
HOM4 (A, M) in C — Dg — B. To check that, when M varies, we get a
bijective natural transformation of dg functors \: 1, — HOMA(A,?)
is easy and left to the reader. In order to see that we have a nat-
ural isomorphism of dg functors we just need to check that A is a
homological natural transformation, which amounts to check that if
d: HOM¢c_p(M, HOWMA, M)) — HOM¢_p(M, HOWAA, M)) is the
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differential on Hom spaces of the dg category C'—Dg— B, then d(\y;) = 0.
To see this, for each homogeneous element m € M, we have:

[ (m) = [drons g (aar) © A = (1) Ay 0 dar)(m)
= doni y (.00 (A (1) = Mg (dar(m)
= dys o Ay (m) — (=)™ pr(m) o da — Apr(dar(m)).

When applying both members of this equality to a homogeneous element
a € A, we get that

{[dan)](m)}(a) = dar(ma) — (=1)™md a(a) — dyr(m)a = 0.

The corresponding natural isomorphism of triangulated functors fol-
lows from Proposition 7.12. 0J

This justifies the following terminology:

Definition 9.3. If 1: B — A is a homomorphism of dg algebras with
enough idempotents as above, then the dg functor 7®@p A: C—Dg—B —

C — Dg — A is called the extension of scalars functor associated to ¢. It
is denoted by *: C — Dg — B — (' — Dg — A.

As an immediate consequence of Theorem 9.1 and Lemma 9.2, we get:

Corollary 9.4. Lett: B — A a homomorphism of dg algebras as above.
The pair (1*: C—Dg—B — C—Dg—A, 1,: C—Dg—A — C—Dg—B) is
a dg adjunction. Therefore we have an adjoint pair of triangulated functors

(Le*: D(BRCP) — D(ARCP), Ry = tyx: D(ARCP) — D(BRCP)).
We move now to study a less known adjunction.

Theorem 9.5. Let A and B be dg algebras with enough idempotents and
let X be a dg B — A-bimodule. The pair

(HOMpor(?,X)°: B—Dg — C — (C — Dg — A)°P,
HOM4 (7, X): (C—Dg— A)® — B —Dg — (O)
is a dg adjunction. In particular, the pair
(RHompop (7, X)?: D(C ® B°?) — D(A ® C°P)°P,
RHomy (7, X): D(A® CP)? — D(C' ® B°P))

is an adjoint pair of triangulated functors, where RHom(?,X) :=
R(HOM(?, X)) in both cases.
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Proof. All throughout the proof, we fix distinguished families of orthogonal
idempotents (e;)icr, (€5)jes and (vg)rex in B, A and C, respectively. Let
U be a dg B — C-bimodule and M be a dg C'— A-bimodule. By the initial
paragraph of Section 8 and by Corollary 8.3, we have:

a) HOMpop(U, X) consists of the f € HOMpop(U, X) such that
Im(f) C @je Xe;, for some finite subset J' C J, and f(Ury) =0
for all but finitely many k € K.

b) HOM (M, X) consists of the g € HOM 4 (M, X) such that Im(g) C
®icre; X, for some finite subset I’ C I, and g(vx M) = 0 for all but
finitely many k € K.

We define a K-linear map

Hom(c_Dg_A)op (HOMBop (U, X), M) HOIHB,Dg,c(U, HOMA(M, X))

HOMc_ 4 (M, HOM gon (U, X)) HOMp_c (U, HOM 4 (M, X))

by the rule [(f)(u)](m) = (=1)“I™| f(m)(u), for all homogeneous ele-

ments u € U, m € M, and f € HOM¢c_4(M,HOMpo» (U, X)). We first
check that if f and u are fixed, then the assignment m ~~ [£(f)(u)](m) =
(=)™l f(m)(u) gives a homogeneous morphism M — X in GR — A.
Indeed we have

€ (w)(ma) = (=)D f(ma)(u) = (~1)EHD[f(m)a) (u).

But, by the structure of right dg A-module on HOMpe» (U, X)
(see Corollary 8.3), we see [f(m)a](u) = (=1)l4lf(m)(u)a, hence
[E(H)(w)](ma) = (=)™ f(m)(u)a. On the other hand, we get
E(H)(w)](m)a = (=1)“I™ f(m)(u)a. This shows that £(f)(u) is a
homogeneous morphism M — X in GR — A.

In order to check that & is well-defined, we also need to see that
the just defined morphism &(f)(u) is really in HOM4 (M, X) (see point
b) above). We have u = }_,c . e;u, for some finite subset F;, C I, and
then [f(m)](u) = > icp, eif(m)(u) € @jep, € X, for all m € M, using
the fact that f(m) is a morphism of graded left B-modules. That is, we
have that Im(£(f)(u)) C @iecp,eiX. On the other hand, we have a finite
subset K C K such that uvy = 0, for all k¥ € £\ K. Bearing in mind
the explicit definition of the C'— A-bimodule structure on HOM gop (U, X))
(see Corollary 8.3) and the fact that f is a morphism of C'— A—bimodules,
we get that

S @) (vm) = (=)l £ (m) ()
— (_1)Iu\|m| (U f (m))(u) = (_1)|ullm| (_1)|ukHu\+|l’k||f(m)|f(m)(u,/k),

E=Cu,m
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which implies that [£(f)(u)](vgm) = 0, for all k € K\ K', independently
of m. It follows that £(f)(u)](vxM) = 0 for almost all k € K, so that
£(f)(u) € HOM4(M, X).

As a final step to check that & is well-defined, we will see that &(f) is
really a morphism U — HOM4(M, X) in B — GR — C. That is, we need
to check the equalities £(f)(bu) = (—1)FIIPIbg(£)(u) (see the comments
after Lemma 4.1) and £(f)(uc) = &£(f)(u)c, for all homogeneous elements
be B,u e U and ce C. We apply both members of the first desired
equality to a homogeneous element m € M and get:

S

[£(f) (b)) (m)
= (= 1) ®lHDIm] £ () () = (—1)(lHuDlml ()L m)Iblp £ (1) (1)
— (1) Blrublml () (WFHEmDIG £ (1) () =(— 1) llmH AW £ (1) ()
— (=)Wl =yl £ (m) (w) = (= 1)V BIb[e () (u) (m)]

=(-1)

DY be(f) ()] (m),

using that f(m) is a morphism in B — GR of degree |f| + |m|. On the
other hand, we have

() (ue)(m) = (=)™ f (m) (ue) = (=D)AL f (m) (uc)

while, using Corollary 8.3 and the comments after Lemma 4.1, we also get

S

[E(S)(u)e](m) = £(f)(u)(cm)

(=D)lllem f (em) (u) = (=)l (=)l e f (m)] (u)
(—1)lulleml+lellfl(_q)lellul+ellFm)l £ (1) (ye)
=(=1)

We now prove the naturality of & on both variables. Let a: M — N
be a homogeneous morphism in C' — Dg — A. With the obvious meaning
of the vertical arrows, we need to prove that the following diagram is
commutative:

§u,m

Hom¢_ 4 (M, HOM goy (U, X)) 2 Homp_c (U, HOM 4 (M, X))
Ta* HOM 4 (a,X) T

Homc¢— 4 (N, HOM gop (U, X))—>Hom3 c(U, HOM4(N, X))
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For this, we take any homogeneous morphism g: N — HOM gop (U, X)
in C' — Dg — A. We then have that (&7 0 a*)(g) = (—=1)19¢y 31 (g 0 @)
and therefore

[(HOMa (e, X)4 o &un ) (g) (w)](m)

[(OM 4(a, X) 0 &(9))(w)](m) = (1) * €@ [¢(g) (w) 0 a](m)

( 1)\04 \gl+\U\ £(g)(u)(a(m)) = (_1)\04 \gl+\UI)(_1)|u\|a(m)lg(a(m))(u)
= (- 1)|a\ |g|+|u|)( )Iu\(laHlml (g o a)(m)(u)

= (=1)lellst+tdiml (g o @) (m) (u) = (~1)N9ler 0 (g 0 @) (w) (m)

[(§o,m © @) (g)(u))(m),

which proves the naturality of £ on the variable M.

Let now ¢: U — V be a homogeneous morphism in B — Dg — C.
For the naturality of £ on the ‘variable’ U, we need to check that the
following diagram is commutative:

Eu,m

Home 4 (M, HOM oo (U, X)) 22 Homp_c (U, HOM 4(M, X))

THOMBOP(%X) W*T
Ev,m

Home— A(M, HOM oy (V, X)) ~2%> Homp_¢(V, HOM 4(M, X))

Let f: M — HOMpor(V, X ) be a homogeneous morphism in C'—Dg— A.
Then we have that {7,/ oHOM gov (¢, X )] (f) = &u.p (HOMpor (¢, X)of),
while (¢* o ynr)(f) = (=) I€lgy 0 (f) 0 . If now u € U and m € M

are homogeneous elements, then we have equalities:

[0, (HOMgor (¢, X) o f)(u)](m)

= (=1)lIm [(HOMper (¢, X) 0 f)(m)](w)
(— 1)|U|Im|( )Isollf M)I[ f(m) o @] (u)
(—1) (p(u))
(— 1)|f||so|( )Iso(u Hm\f(m (o(u))
= (1)
=(-1)

[ullml+ el fl+lellm] £,

= )
= )
DIy a0 () (p ()] (m)

DI Evar (f) 0 @) (w)] (m)

which proves the naturality of £ on the ‘variable’ U.
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Next we check that £ commutes with the differentials. That is, we
need to prove that, for each dg C' — A-bimodule M and each dg B — C-
bimodule U, the following diagram is commutative.

HOMc— 4 (M, HOM gon (U, X)) —> HOMc 4 (M, HOM oo (U, X))

\LgU,]W igU,M

HOMp_c(U, HOM 4(M, X)) —°—~ HOMp_¢(U, HOM A (M, X)),

Here d and ¢ are the differentials on Hom spaces in C — Dg — A and
B — Dg — C, respectively. Put { = {y v for simplicity. Then, for all
homogeneous elements f € HOM¢_4(M,HOMper (U, X)), u € U and
m € M, we have

(€0 d)()(w)](m) = [E@(N))(w)][m] = (=)™ d(f)(m)(u)
= ()" [(dori © f — (~D1f 0 dag)(m)](u)
= (=D)™idy o f(m) — (=D f(m) o dy
— (=) f(dar (m))) (u)

= (=DM dgorgw.x (F(m) = (DY f(dnr(m))) (w)
= (=)™ dx (f (m)(w) = (=) f(dar(m)) (u)
— (=)VHIm £ (m) (dor (u))]
= (-1 )IuIImIdX(f< )(u) — (1 \f|+|u|(_1)\UI(\mHl)f(dM(m))(u)
— (=)W= DI £ (m) (dis (w))
= [dx 0 £(f)(u) — (1) DWIg(f) () 0 duy
— ()Y (dy ()] (m)
= ldiromioarx (€N @) — (~DHIEC) Ay ()] (m)
= [(608)(f)(u)l[m].

where we used that (6 0 £)(f) = diggygarx) ©E(f) = (=DEDIE(f) 0 dy in
the last equality.

Finally, in order to prove the bijective condition of £, note that ex-
changing the roles of U and X and of A and B°P, one has a well-defined
K-linear map of degree zero {' = ;1 HOMp_ C(U HOM4 (M, X)) —

HOM¢_a(M,HOMpop (U, X)), given by the rule

[€'(9)(m))(w) = (=1)!"I™g(u) (m).
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Clearly &), is inverse to §ur . O

We will now show that, under appropriate assumptions, the derived
functors of covariant and contravariant HOM are part of a bifunctor which
is triangulated on both variables. We need the following auxiliary result.

Lemma 9.6. Let A, B and C be dg algebras with enough idempotents
and let P and @ be dg C' — A—bimodules such that P is homotopically
projective and ) is homotopically injective as right dg A-modules. Then
the following assertions hold:
1) The functor HOM4(P,?): B—Dg — A — B — Dg — C' preserves
acyclic dg bimodules.
2) The functor HOMA(?,Q): (B—Dg— A)°? — C'—Dg— B preserves
acyclic dg bimodules.

Proof. The proofs of the two assertions are rather similar. We only prove 1).
Let X be an acyclic dg B — A-bimodule. We know that the non-unitary
dg B — C-bimodule HOM 4(P, X) is acyclic since P4 is homotopically
projective. By definition, we have that HOM 4 (P, X) = BHOM4 (P, X)C
and the differential on this (unitary) dg B — C-bimodule is the restriction
of the differential of HOM 4 (P, X). Let now f € Z"(HOM 4 (P, X)) be any
n-cycle. By the acyclicity of HOM (P, X ), we have a g € HOM 4 (P, X)"~!
such that f = d(g), where d is the differential of HOM 4 (P, X). If (e;)ics
and (vg)rei are distinguished families of orthogonal idempotents of B
and C, respectively, then there are finite subset I’ C I and K' C K
such that f = 3, ke €ifvi. Taking ¢ = >-icp pexr €igvy and using
Leibniz rule for the non-unitary dg B — C-bimodule HOM 4 (P, X) (see
Lemma 8.1), we get an element ¢’ € HOM 4 (P, X)"~! such that

d(g") = d( Z eigug) = Z eid(g)vg = Z eifvp=f O

il kek! icl’ kek! il kek!

We say that an algebra with enough idempotents A is K -projective
(resp. K-flat) when it is projective (resp. flat) as a K-module.

Corollary 9.7. Let A, B and C' be dg algebras with enough idempotents.
The dg functor HOM4(?,?): (C —Dg — A)* @ (B —Dg — A) — B —
Dg — C preserves contractibility on each variable. If RHOM4(?7,7) :=
R(HOM(?,?)): D(A ® C°P)°? @ D(A ® B°?) — D(C ® B°P) is the
associated bi-triangulated functor (see Definition 7.16), then the following
assertions hold:
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1) If C is K-projective or X is a homotopically injective dg B —
A-bimodule, then there is a natural isomorphism of triangulated
functors

RHOM4(?7,X) = RHomyu (7, X)
= R(HOM4(?,X)): D(A® CP)? — D(C ® B°P).

2) If either B is K-flat or M is a homotopically projective dg C' —
A-bimodule, then there is a natural isomorphism of triangulated
functors

RHOM 4(M, ?) 2 R Hom (M, ?)
.= R(HOM 4 (M, ?)): D(A ® B°®) — D(C @ B).

In particular, if C is K -projective (e.g. if C = K ) one has an isomorphism
RHomy(M,?)(X) = RHomyu(?, X)(M) in D(C @ B°), for all dg B —
A—bimodules X and all homotopically projective dg C' — A-bimodules M .

Proof. By Theorems 9.1 and 9.5, we know that, for fixed M and X in
C—Dg—A and B—Dg— A, the dg functors HOM 4(M,?): B—Dg—A —
B —Dg—C and HOM4(?, X): (C —Dg— A)°®® — B —Dg — C are part
of a dg adjunction. By Lemma 7.8, both of them preserve contractible dg
modules, which shows the first statement of the corollary.

The last statement is a direct consequence of assertions 1 and 2. Note
that when C'is K-projective (resp. B is K-flat), the restriction of scalars
functor C —Dg— A — Dg — A (resp. B—Dg— A — Dg— A) preserves
homotopically projective (resp. homotopically injective) dg modules (this
is well-known in the context of dg modules over small dg categories, but
the reader can easily adapt the proof of [17, Lemma 3.6] to get a direct
proof by her/himself). Then assertion 1, when C is K-projective, is a
direct consequence of Proposition 7.17(2.b) and Lemma 9.6. Similarly,
assertion 2 for K-flat B follows from Proposition 7.17(2.a) and Lemma 9.6.

To check what remains of assertions 1 and 2, we just prove what
remains of assertion 2 since the argument for assertion 1 is entirely
dual. Recall from the proof of Proposition 7.17 that we have a natural
isomorphism of triangulated functors D(A @ B°?) — D(C @ B°P)

RHOM 4 (M, ?) = R(HOM 4(Ilc_ (M), ?)) = R Hom 4 (Il 4 (M), ?).
Then RHOM4 (M, ?) is the composition
D(A® B®) 25 (A © BP)

HOMaMle a0 30 @ Bopy 1257 p(0 @ BoP),
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where Tp_ 4 (resp. IIo_ 4) is the homotopically injective (resp. homotopi-
cally projective) resolution functor for dg B — A—bimodules (resp. dg
C' — A—bimodules). But, when M is homotopically projective, the homo-
topically projective resolution m: IIc—4(M) — M is an isomorphism in
H(A ® C°P). Considering the bi-triangulated functor

HOMA(?,?): H(A® C°P)P @ H(A ® B®) — H(C @ B)

(see Proposition 7.15), we deduce that 7 induces a natural isomorphism
of triangulated functors

(a5

7 HOM 4 (M, ?) > HOM 4 (I_ 4 (M), ?): H(A® B®) — H(C® B).

Then RHOM4 (M, ?) is naturally isomorphic to the composition

D(A® B®) 25 #(Ac Bo?) "OMAMY 91 (0@ BoP) 19B” p(C@ BOP),

which is precisely R Hom4(M,?): D(A ®@ B°?) — D(C @ B°P). O

10. Dualities for perfect complexes

In this final section, we shall consider the adjunction of Theorem 9.5
when C' = K. That is, we consider the adjunction

(R Hompop (?, X)°: D(B°P) — D(A)°P,
RHomy(?7, X): D(A)°® — D(BP)).

Remark 10.1. We denote the unit of this adjunction by
A: Ip(gory — RHomx(?, X') o R Hompos (7, X)°.

Note that the counit p?: R Hompop (7, X)° 0o RHoma(?, X) — LIp(ayor,
when evaluated at any right dg A-module, is a morphisms in D(A)°P.

We then change this perspective, and see it as natural transformation
p: Ipay — RHompor (7, X) o RHoma(7, X)°.

Recall that if (F': C — D,G: D — C) is an adjoint pair of arbitrary
categories C and D, an object C' € Ob(C) (resp. D € Ob(D)) is called
reflexive (resp coreflexive) with respect to the given adjunction when the
evaluation of the unit at C' (resp. the evaluation of the counit at D) is an
isomorphism. The following fact is well-known:
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Lemma 10.2. In the situation of the previous paragraph, the functors
F and G define by restriction mutually quasi-inverse equivalences of
categories between the full subcategories of reflexive and coreflexive objects.

Coming back to the situation of Theorem 9.5, with C' = K, the
following definition comes then naturally.

Definition 10.3. A left dg B-module U will be called homologically
X-reflerive when the unit map

Av: U — RHomy (R Hompoer (U, X), X)

is an isomorphism. A right dg A-module M is called homologically X -
coreflexive when the counit map

pr: M — RHomper (R Hom 4 (M, X), X)

is an isomorphism. Fixing again distinguished families of orthogonal idem-
potents (e;)ier and (€;) ey in B and A, respectively, we shall say that the
dg B — A-bimodule X is left (resp. right) homologically faithfully balanced
(see [18]) when each Be; (resp. €;A) is homologically X-reflexive (resp. ho-
mologically X-coreflexive). We will say that X is homologically faithfully
balanced when it is left and right homologically faithfully balanced.

In the sequel we denote by per(A) (resp. per(A°P)) the (thick) sub-
category of D(A) (resp. D(A°P)) formed by the compact objects. It will
be called the perfect right (resp. left) derived category of A.

Recall that if C and D are triangulated categorles then a triangulated
duality or a duality of triangulated categomes ¢ =5 Disan equivalence of
triangulated categories categories C°P =5 D. As the following proposition
shows, the definitions 10.3 are independent of the considered distinguished
families of idempotents.

Proposition 10.4. Let A and B be dg algebras with enough idempotents,
on which we fix distinguished families of orthogonal idempotents (€;);cs
and (e;)ier, respectively, and let X be a dg B — A-bimodule. The following
assertions hold:

1) X is left homologically faithfully balanced if, and only if, all objects
of per(B°P) are homologically X -reflexive. Then RHompop(?, X)
and RHomu4(?, X) define quasi-inverse dualities of triangulated

categories per(B°P) & thickp(ay(e; X 11 € I).
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2) X is right homologically faithfully balanced if, and only if, all ob-
jects of per(A) are homologically X -coreflexive. Then R Hom4 (7, X)
and RHomper (7, X) define quasi-inverse dualities of triangulated
categories per(A) & thickpgory(Xej 1 € I).

3) If A = B then the regular dg bimodule X = A is homologically
faithfully balanced. In particular R Hom (7, A) and R Hom gep (7, A)

define quasi-inverse dualities per(A) =, per(A°P).

Proof. The classes Ref(X) = {U € D(B°P) : Ay is an isomorphism}
and Coref(X) = {M € D(A) : pp is an isomorphism} of X-reflexive
and X-coreflexive objects are thick subcategories of D(B°P) and D(A),
respectively (see the last three lines of the introduction). On the other
hand, note that per(B°P) = thickp gop)(Be; : i € I) and that per(4) =
thickp(4y(€jA : j € J) (see Theorem 3.1, Remark 3.2 and [10, Section 5])

1) When X is left faithfully balanced, we then have that
per(B°) C Ref(X). Using now Lemma 10.2, we conclude that
R Hompop(?, X) and RHom 4(?, X) define quasi-inverse dualities between
per(B°P) and the image of per(B°?) by RHompor(?, X). This image
is precisely thickp(4)(RHompor(Be;, X) : i € I). In order to prove
assertion 1, it remains to check that there is an isomorphism
R Hompor (Be;, X) = €, X in D(A), for each i € I. To see that,
note that, due to the homotopically projective condition of Be;
(see Example 7.6), if II: D(B°?) — H(B) is the homotopically
projective resolution functor, then II(Be;) = Be; in H(BP). We
then have that R Hompges(Be;, X) = HOMpgop(Be;, X). But the map
U: HOMpop (Be;, X) — €; X, given by ¥(f) = f(e;) is an isomorphism
of right dg A-modules. Indeed, by Corollary 8.3, we have that
W(fa) = (fa)er) = (~D)ll f(eg)a = flea = W(f)a since Je] = 0,
which immediately implies that ¥ is an isomorphism in GR — A and
Gr — A. On the other hand, if § is the differential of HOM gop (Be;, X )
and de,x = (dx)e,x is the differential of e;X, then we have
(de,x o W) (f) = de;x(f(es)) = dx(f(e;)) while we have

(Vo d8)(f) =W(6(f) =W(dx o f — (~1)If o dpe,)
= ldx o f = (~)VIf o dpe)(es) = dx(f(e:))
since dpe,(e;) = 0 because the differential of B vanishes on e;. Therefore
W is an isomorphism of right dg A-modules, thus ending the proof of
assertion 1.

2) Assertion 2 is proved as assertion 1 by exchanging the roles of A
and B°P. Due to the fact that ;A is a homotopically projective right dg
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A-module, in a way analogous to that of the previous paragraph, one
checks that the map ®: RHoma(ejA, X) = HOMa(e;4,X) — Xej,
given by ®(g) = g(€;) is an isomorphism of left dg B-modules.

3) For simplicity, put

F =HOM o0 (7, A): (A —Dg)® —s Dg— A

and
G =HOM4(?,A): (Dg — A)°® — A — Dg.

We then have Go F°: A — Dg — A — Dg and want to get information
about the unit A\: 1p(gopy —> RGOL(F°) = RGo(RF)? (see Remark 7.10).
For this, we consider the unit X l4a—pg —+ G o F? of the adjunction
(F°,G). By Proposition 7.12, we have an induced natural transformation of
triangulated functors X : Lp(aery — L(GoF) and, by Proposition 7.14(2),
we get another natural transformation of triangulated functors ¢: L(G o
F°) — RG o (RF)°. Tt is not hard to see that A is the composition

Ip(aery — L(G o F°) 5 RG o (RF)°. Tf j € J is arbitrary, then
IT4(Ae;) = Aej in H(AP) since Ae; is homotopically projective. Moreover,
by the proof of assertion 1 (with A and €; instead of B and e;), we know
that G°(Ae;) = HOMaop(Aej, A) = €A in Dg — A. It then follows
from Proposition 7.14(2) that J4; is an isomorphism. Moreover, by
Proposition 7.12, we know that if

Mg, + Aej — (G o F°)(Aej) = HOM 4 (HOM gov (Aej, A), A)

is a quasi-isomorphism (e.g. an isomorphism in A — Dg), then also

Me; + Aej — L(G o F?)
is an isomorphism, and this will imply that
Me; = 0ae; 0 Mg, : Aej — [RG o (RF)°)(Ae;)

is an isomorphism in D(A°P) and, hence, that X = 4 A4 is left homologi-
cally faithfully balanced.
We are led to give an explicit definition of

A: U — HOM 4 (HOM 4o (U, A), A),
for any left dg A-module. If we consider the natural isomorphism

Hom pg_ ayor (HOM 40 (U, A), M) Hom g _pg (U, HOM (M, A))

HOM 4 (M, HOM pon (U, A)) HOM gop (U, HOM 4 (M, A))

§=Eu,m
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(see the proof of Theorem 9.5), the standard theory of adjunction gives
that

= 5U,onp(U,A)uonp(U,A))‘ We then get that
Ko ()(@) = €l o ) (0)() = (—1) M (u),

for all homogeneous elements u € U and o € HOM 4op (U, A). Abus-
ing the notation and denoting by (?)* both functors HOM4(?, A) and
HOM 40 (7, A), we get a natural transformation A: la—pg — (7)**, where
Ap: U — U* is given by the rule Ay (a)(u) = (—1)la(u).

Consider the case U = Ae; and let us consider now the isomorphisms
U: (Aej)*=HOM gop(Ae;, A) —e;Aand ®: (¢;A)*=HOMy(¢; A, A) —
Aej given in the proofs of Assertions 1 and 2, when X = A. The compo-
sition

A 5 (64 L (Aej)™

is then an isomorphism of left dg A-modules. Note that ®~1(u) = f,,
where fy(a) = ua for all a € ¢;A. We then have that

(U0 d ") (u) = W (f) = (-1l f 00 = £, 00,

using the action of the functor (7)* = HOM 40p (7, A) on homogeneous
morphisms (see the proof of Proposition 8.2) and the fact that [¥| = 0.
Taking into account the comments after Lemma 4.1, we then have that

(¥ 0 @) ()](0) = (fu© W)(@) = fulale;)) = uale;)
= (~)Mela(ue) = (~D)lau),

for each o € (Ae;)* = HOM4(Aej, A). It follows that XAGJ. = U*o 1
and hence that A4, is an isomorphism, for all j € J.

By a left-right symmetric argument, one checks that 4A 4 is also right
homologically faithfully balanced. The part of assertion 3 concerning
duality follows from assertions 1 and 2 and from the first paragraph of
this proof. [

We end with a result that has proved very useful in [20]:

Proposition 10.5. Let .: A — B be a homomorphism of dg algebras
with enough idempotents such that B = 1(A)Bu(A), and let us consider
the dg functors:

op HOM4 (7, 4)

F: (Dg— A) A-Dg -3 B-Dg
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and

G: (Dg — A)® % (Dg — By» "OME0B) g
where we denote by 1* both extension of scalars functors B o7: A—Dg —
B —Dg and ?® B: Dg — A — Dg — B. There is homological natural

transformation of dg functors n: F' — G whose triangulated version,
when evaluated at compact objects, gives a natural isomorphism

n: [(B®HA?)ORHOH1A(?7 A)]\per(A)OP i [R HomB(?, B)O(?(X)HAB)]per(A)OP
of triangulated functors per(A)°® — D(B).

Proof. All throughout the proof we fix a distinguished family of orthogonal
idempotents (e;);c in A. Note that, after deleting the terms which are
zero, (t(e;))ier is also a distinguished family of orthogonal idempotents
in B. For each right dg A-module M, we define

mr: F(M) = B®4 HOM4(M, A) — HOMp(M ©4 B, B) = G(M)

by the rule ny (b @ f)(m@b") = bu(f(m))b, for all homogeneous elements
b,b' € B, f € HOM (M, A) and m € M. We first check that 7 := 1/ is
well-defined. Note that if a € A is a homogeneous element and b,V', f,m
are homogeneous elements above, then we have

n(bu(a) ® £)(m @ V) = bu(a)e( f(m))¥

while

N(b®af)(m@b) = bi(af)(m))b’ = bu(af(m))t’ = bu(a)(f(m))V,

bearing in mind that the structure of right and left A-module on B is
given by a -b-a’ = t(a)bu(a’). Moreover, if by, by € B are homogeneous
elements, then we have that

nb @ f)((m@b1)be) =n(b® f)(m @ (biba)) = be(f(m))(b1be)

and
n(b & f)(m @ b1)by = (bu(f(m))b1)bs,

so that n(b® f) is a homogeneous morphism M ®4 B — B in Dg— B. On
the other hand, if b = ) ;- - e;b, for a finite subset F' C I, we clearly have
that Im(n(b® f)) C ®iere; B, thus showing that n(b® f) € HOMp(M ®
B, B) (see the initial paragraph of Section 8). Therefore n = nys is
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a morphism F(M) = B ®4 HOM4(M, A) — HOMpg(M ®4 B, B) in
Gr — K. In order to check that it is actually a morphism in B — Gr, we
need to check that n(b1(b® f)) = (=1)Mbn(b f) = bin(b @ f). But
this is clear since

n(b1(b® £))(m @) =n((b1d) ® f)(m @) = (brb)e(f (m))V'

while

[bin(b @ fl(m @) =bin(b @ f)(m @) = by (bu(f(m))V),

for each homogeneous element by € B.

We now prove the naturality of 1. Recall from the proof of Proposi-
tion 8.4 that the action of B®47: A — Dg — B — Dg on homogeneous
morphisms is given by the rule (B®?)(a): b ® x ~ (—1)blb @ a(x), for
all homogeneous elements a € HOMpop(X,Y), x € X and b € B. Let
@: M — N be a homogeneous morphism in Dg — A. Then

F(p) = [(B®a?) o HOMA(?, A))(¢) = (BRA?)(¢").
This is a morphism
F(N)=B®4HOM4(N,A) — B®4 HOMA(M, A) = F(M)

which takes b ® g ~ (—D)I¥" by @ o*(g) = (=1)I?bly @ ©*(g), for all
homogeneous elements b € B and g € HOM 4(M, A). By the definition
of ¢* (see the proof of Proposition 8.2), we then get that

F(p)(b®g) = (=AM 1)?Wlb s (g0 p) = (~1)FHDp & (g0 )
On the other hand, we have that
G(p) = [HOMp(?, B) o (? @4 B)l(p) = (¢ ® 15)".
This is a morphism
G(N) =HOMpg(N ®4 B,B) — HOMg(M ®4 B, B) = G(M)

which takes u ~ (¢ ® 15)*(u) = (—1)I?ll"ly o (¢ ® 1), for each homo-
geneous element u € HOMp(N ®4 B, B). We then have the following
equalities, for all homogeneous elements b € B and g € HOM4 (N, A):

[G(p)onn](b®g) = G(p) (v (b®g)) = (1) Dy (b g) o (p© 1)
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and
[ 0 F(@)](b® g) = (—=1)FIIHn (b @ (g0 ).

But, for all homogeneous elements m € M and V' € B, we also have

n(b®g)o(p@1p)(m V) =nn(b® g)(p(m) @)
=be((gop)m))V =nu(b® (g0 ¢))(m V).

It follows that G(p)ony = naroF(¢), so that 7 is a natural transformation
of dg functors.

We next prove that hat 7 is homological, i.e., that dgyn o nv —nam o
dpry = 0. We denote by d = dp(p)): B ®4 HOM4 (M, A) — B®a
HOM4 (M, A) and § = da(y: HOMp(M ®4 B,B) — HOMp(M ®4
B, B) the respective differentials. We need to check that d(n(b® f)) =
n(d(b® f)), for all homogeneous elements b € B and f € HOM4 (M, A).
For this, we shall apply both members of this desired equality to a tensor
m ® b, where m € M and b’ € B are homogeneous elements. We then
have:

[(n(b®@ f))(m V)
=[dgon®b® f)) — (- nb e f)) o dye,sl(me b
= dp(be(f(m)V) — (1) nb & £))(da(m) @ ¥
+(=)"m @ dp(v))
= dp(0)u(f (m)' + (1) Pbd (o(f (m)) = (=) P o (f (dar (m)))V
+ (=D)I™be(f(m))dp(v)]
= dp(b)e(f(m) +(—1)"bdp (L(f (m))V + (=) (£ (m))dp (V)]
— (=) by (£ (dpg ()Y = (= 1) Py (£ (m))ds ()
= dp(b)e(f(m) + (=1)"lbdp (u(f(m)V
— (=) b (f (dag (m)))of (%)

while we also have

n(db® f)(m @) = n(dpb) © ) + (~Db @ du ())))(m V)
= dp()e(f(m) + (—=1)lbu(di () (m)V = dp(b)e(f(m))Y
+ (=1)Mou((da o f)(m) — (=D)VI(f o dar) (m))¥' (%)

The expression (*) and (*) are equal because t: A — B is a morphism of
dg algebras with enough idempotents and, hence, one has that ¢(d4(a)) =
dp(i(a)), for all a € A.
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For the final assertion, we start by pointing out that /*: Dg — A —
Dg — B (resp. t*: A — Dg — B — Dg) preserves homotopically pro-
jective dg modules. Indeed if P € Dg — A is homotopically projective
and Y € Dg — B is acyclic, then dg adjunction gives an isomorphism
HOMpg(t*(P),Y) 2 HOM (P, 1+(Y)) in Dg— K. Since ¢, preserves acyclic
dg modules, we conclude that the last dg K-module is acyclic and, hence,
t*(P) is homotopically projective.

By Proposition 7.12, we have an induced natural transformation of
triangulated functors n: R(:* o HOM4(?, A)) — R(HOMp(?, B) o 1*°).
On the other hand, by Proposition 7.14, we have natural transformations
of triangulated functors u: Le* o RHom4(?, A) — R(:* o HOM4(?, A))
and v: R(HOMp(?, B)01*) — RHomp(?, B) o (L.t*)°. The composition

Le* o RHoma(?, A) = R(:* o HOM4(?, A))
X R(HOMp(?, B) 0 1*°) % RHomp(?, B) o (Li*)°

is then the desired natural transformation, which we want to prove that
is an isomorphism when evaluated at any M € per(A). Since per(A) =
thickp(4)(e;A : i € I) it is enough to prove that (vonou)e,a = ve;a ©
Me; A © Ue; A 1S an isomorphism, for all ¢ € 1.

Proposition 7.14(4) together with the previous to the last para-
graph tell us that v is a natural isomorphism. On the other hand,
IMy(e;A) = e;A in H(A) since e; A is homotopically projective, for all
i € I. But HOM4(e;A, A) = Ae; and, by the previous to the last para-
graph again, also [t* o HOMA(?, A)](e;A) is homotopically projective.
Proposition 7.14(3) then gives that w4 is an isomoprhism and Proposi-
tion 7.12 implies that, in order to check that 7,4 is an isomorphism in
D(B°P) and hence end the proof, it is enough to prove that

Ne,a: Fe;A) = B4 HOM4(e;A, A) — HOMp(e;A ® B, B) = G(e;A)

is an isomorphism of left dg B-modules.

We proceed to prove this fact. Recall from the proof of
Proposition 10.4 that we have isomorphisms ®4: HOM4(e; A, A) = Ae;
and ®5: HOMp(e; B, B) = Be;, in A — Dg and B — Dg, respectively,
mapping f ~ f(e;) in both cases. Note that ‘I>§1 : Be; — HOMp(e; B, B)
is given by the rule ®3'(b)(e;) = b or, equivalently, by the rule
(D) (V) = b, for all homogeneous elements b € Be; and V' € e;B.
Note also that since ®4 has degree zero, the induced isomorphism
(BR?)(®4): B®a HOM(e;, A) — B @4 Ae; takes b® f ~ b® f(e:),
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so that (B®47)(®P4) = 1p @ ® 4. We now claim that
Ne; A B®a HOMA(GZ'A, A) —)HOMB(&L'A ®a B, B)

can be decomposed as the composition of morphisms in B — Dg

B®y HOMA(eiA,A) 1@}14 B ® 4 Ae; L,> Be;
ot o
—2, HOMp(e; B, B) X~ HOMp(e;A ©4 B, B),

where p': B&4 Ae; — Be; and u: ¢;A® B — B are the multiplication
maps, b ® a ~ bi(a) and a ® b ~~ 1(a)b. Indeed we have:

(Wo®plon o(lp@@)(b® f)= (1 0@y o) (b® fle))
= ("0 @5")(bu(f(ei))) = @5 (bu(f(e:))) o

since u has zero degree. When we take homogeneous elements x € ¢; A
and ' € B and make act the last morphism on z ® b, we get

(1o ®5' o 0 (15 8 @) (b3 )z @) = b5 (bu(f(e)) e ())
— bu(f(e)u(@)V) = bulf(es))V = b(f (@) = 1,a(b® f)(x D V),

using the fact that t: A — B is an algebra homomorphism and
f:e;A — A is a morphism of right A-modules.

The proof is hence reduced to check that pu': B ® 4 Ae; — Be;
and pu: ;A ® B — ¢;B are isomorphisms in B — Dg and Dg — B,
respectively. But this is clear. Their inverses map b ~» b®e; and b ~» e; ®b,
respectively. O
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