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ABsTRACT. This paper is motivated by the result of W. Li,
that presents an infinite family of graphs - complements of cycles—
which possess a regular monoid. We show that these regular monoids
are completely regular. Furthermore, we characterize the regular,
orthodox and completely regular endomorphisms of the join of
complements of cycles, i.e. (n — 3)-regular graphs of order n.

Introduction and preliminaries

Endomorphism monoids of graphs are generalizations of automor-
phism groups of graphs. In recent years much attention has been paid to
endomorphism monoids of graphs and many interesting results concern-
ing graphs and their endomorphism monoids have been obtained. The
techniques that are used in those studies connect semigroup theory to
graph theory and establish relationships between graphs and semigroups.

We review the regularity of endomorphism monoids of graphs. A
characterization of regular elements in End(G) using endomorphic image
and kernel was given by Li, in 1994, see [7]. In 1996, the connected
bipartite graphs whose endomorphism monoids are regular and orthodox
were explicitly found by Wilkeit [12] and Fan [2], respectively. In 2003,
see [8], Li showed that the endomorphism monoids of Ca, 41 (n > 1) are
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groups and the endomorphism monoids of Csg, are regular, where C,,
denotes the complement of a cycle C),.

Characterization of the join product of graphs whose endomorphism
monoids are regular or orthodox were studied extensively throughout the
years, with Knauer discovering in 1987, that the endomorphism monoid
of complete r-partite graph - the join of totally disconnected graphs
Kpy + ...+ Ky,,v € ZT, is regular, see [5]. In 2003, Li showed that if
the endomorphism monoid of the join of graphs is regular, then each
endomorphism of the graphs is regular, and for any graph G, the endo-
morphism monoid of G is regular if and only if the endomorphism monoid
of the join of G and a complete graph is also regular, see [8]. In 2008,
Hou and Luo characterized graphs with regular endomorphism monoids
and graphs with orthodox endomorphism monoids studying joins of two
bipartite graphs, see [4].

Consider finite simple graphs G with vertex set V(G) and edge set
E(G). The number of vertices of G is often called the order of G. The
degree of a vertex u in a graph G is the number of vertices adjacent to u
and is denoted by dg(u) or simply by d(u) if the graph G is clear from
the context. If d(u) = r for every vertex u of G, where 0 < r < n—1, then
G is called a r-regular. The complement (graph) G of G is a graph such
that V(G) = V(G) and {u,v} € (G) if and only if {u,v} ¢ E(G) for any
a,b € V(G),a #b. A subgraph H of G is called an induced subgraph, if
for any w,v € V(H),{u,v} € E(G) implies {u,v} € E(H). The induced
subgraph H with V(H) = S is also denoted by (S). A clique of graph G
is a maximal complete subgraph of G. The clique number of GG, denoted
by w(G), is the maximal order among the cliques of G. Let G and H be
two graphs. The join of G and H, denoted by G+ H, is a graph such that
V(G+H)=V(G)UV(H)and E(G+H)=E(G)UE(H)U{{u,v}lue
V(G),v € V(H)}. The graph with vertex set {1,...,n}, such that n > 3,
and edge set {{i,i +1}|i =1,...,n}U{1,n} is called a cycle C,.

Let G and H be graphs. A (graph) homomorphism from a graph G
to a graph H is a mapping f : V(G) — V(H) which preserves edges, i.e.
{u,v} € E(G) implies {f(u), f(v)} € E(H). By G — H we denote that
there exists a homomorphism from G to H. A homomorphism f is called
an (graph) isomorphism if f is bijective and f~! is a homomorphism.
We call G isomorphic to H and denote by G = H, if there exists an
isomorphism f from G onto H. A homomorphism from G into itself is
called an (graph) endomorphism of G. An endomorphism f is said to be
locally strong if {f(u), f(v)} € E(G) implies that for every preimage x
of f(u) there exists a preimage y of f(v) such that {z,y} € E(G) and
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analogously for every preimage of f(v). An isomorphism from G into itself
is called an automorphism. In this paper we use the following notations:

o End(G), the set of all endomorphisms of G,

o End'(G), the set of all non-injective endomorphisms of G,

e LEnd(G), the set of all locally strong endomorphisms of G, and
o Aut(G), the set of all automorphisms of G.

A factor graph Iy of G under f which is a subgraph of G is called
the endomorphic image of G under f. This means, V(I;) = f(V(G))
and {f(u), f(v)} € E(Iy) if and only if there exist v’ € f~1f(u) and
v' € f~1f(v) such that {v/,v'} € E(G), where f~(¢) denotes the set of
preimages of some vertex ¢ of G under the mapping f. By ps, we denote
the equivalence relation on V(G) induced by f, i. e. for any u,v € V(G),
(u,v) € py if and only if f(u) = f(v).

Let S be a semigroup (monoid respectively). An element a of S is
called an idempotent if a®> = a. An element a of S is called a regular
if a = ad’a for some o’ € S, such d’ is called a pseudo inverse to a.
The semigroup S is called regular if every element of S is regular. A
regular element a of S is called completely regular if there exists a pseudo
inverse a’ to a such that aa’ = d’a. In this case we call a’ a commuting
pseudo inverse to a. The semigroup S is called completely regular if
every element of S is completely regular. A regular semigroup S is called
orthodox if the set of all idempotent elements of S (denoted by Idpt(S))
forms a semigroup under the operation of S. The Green’s relations H
on S are defined by aHb < S'a = S'b and aS' = bS'. We denote the
equivalence class ‘H of S' containing element a by H,.

Lemma 1 ([10]). Let S be a semigroup and e be an idempotent of S.
Then H. is a subgroup of S.

Lemma 2 ([10]). A semigroup S is completely regular if and only if S is
a union of (disjoint) groups.

We recall, finally, that a left group and a right group are semigroups
of the form L; x G and G x R, where G is a group and I[; and R, is a
left zero semigroup and a right zero semigroup of order r, respectively,
i.e., L; is a semigroup with multiplication /;l; = [; for all I;,1; € L; and
R, is a semigroup with the multiplication r;r; = r; for all r;,7; € R,.

Note that every left group and every right group is a union of groups.

A graph G is endo-regular (endo-orthodox, endo-completely-regular)
if the monoid of all endomorphisms on G is regular (orthodox, completely
regular respectively). Further, a graph G is unretractive if End(G) =
Aut(G).
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The following results have been proved:

Lemma 3 ([9]). Let G be a graph. Suppose f,g € End(G) are regular.
Then fHg if and only if py = pg and Iy = 1.

Lemma 4 ([7]). Let G be a graph and let f € End(G). Then f is reqular
if and only if there exist idempotents g, h € End(G) such that pg = py
and Iy = Ij.

Lemma 5 ([8]). Let G be a graph. Then G is endo-regular if and only if
G + K, is endo-reqular for any n > 1.

Lemma 6 ([4]). Let Gi and Gy be two graphs. Then Gy + Go is endo-
orthodox if and only if

(1) G1+ G2 is endo-regular, and

(2) Both of G1 and G2 are endo-orthodozx.

Lemma 7 ([6]). Let Gi and G2 be graphs. The join G1+Gs is unretractive
if and only if G1 and Ga are unretractive.

Lemma 8 ([3]). (1) Aut(C,) = D,, where D,, denotes the dihedral
group of degree n.

(2) Aut(Cy) = Aut(Cy).

1. Endo-regularity of complements of cycles

Recall that the complement of cycle C),, with vertex set V(C),) =
{1,2,...,n} is a graph C, with the same vertex set and E(C,) =
{{Z>]} | n—22 |7‘_]‘ > 27Vi7j S {1>2a-"?n}}'

In [8] W. Li, characterized the monoid of End(C},). There he showed
that the End(Can11) = Dopt1 (m > 2) where D,, denotes the dihedral
group of degree n, i.e. Cy,,41 is unretractive, and the endomorphism

monoid of Cy,, (m > 2) is regular.

Lemma 9 ([8]). (1) Copy1 (n > 1) is unretractive.
(2) Capn (n > 1) is endo-reqular.

Furthermore, he showed that

Lemma 10 ([8]). (1) The cliques of Capy or Comi1 are isomorphic
to K,,.
(2) There exist ezactly two cliques in Cam, namely ({1,3,...,2m —1})
and ({2,4,...,2m}).
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A full transformation semigroup Tx on a set X is the set XX of
all transformations (i.e., self-maps) X — X of X with composition of
transformations as multiplication. We can assume that X = {1,2,...,n}
and write 7T, instead of T, see [11]. For Cj, it is easy to see that,

Lemma 11. End(Cs) = End(K3) = T;.

Let f € End’(Ca,,). Next, we use the congruence relation by the endo-
morphism f to show the algebraic structure of the monoid of End’(Cay,).

Lemma 12. Let f € End(Cay,). If f is non-injective, then either f(Cap,) =
{1,3,...,2m — 1} or f(Cop) = {2,4,...,2m}.

Proof. Clearly, for the graph Cs,,, there exist two unique complete sub-
graphs K, of Cy,, where V(K,,) = {1,3,...,2m — 1} or V(K,,) =
{2,4,...,2m}. Now {z,y} ¢ E(Com) & y=z+1ory =x—1. Let
f € End'(Cap). Then f(z) = f(y) © y =2+ 1 ory = z — 1. There-
fore, f({1,3,...,2m — 1}) = f({2,4,...,2m}) = {1,3,...,2m — 1} or
FEL,3,....2m —1}) = f({2,4,...,2m}) = {2,4,...,2m}. O
Example 1. Let f : V(Cg) — V(Cg) be defined by f = (}f%ggg) €
End’(Cg). The defining congruence relation gf can be exemplified as Fig-
ure la. There is exactly one other congruence relation which is exemplified
by Figure 1b. By the homomorphism theorem each endomorphism is spec-

ified by one of these 2 congruence relations and the possible embedding
of the K,, into Cap,.

{3,4} {2,3}

{1,2} {5,6} {1,6} {4,5}
(a) (b)

F1GURE 1. Congruence relations on Cs induced by f

Lemma 13. End(Cy,,) = LEnd(Cay,).

Proof. Obvious from Example 1. O
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Lemma 14. Consider the graph Cay,, and f € End'(Cay). Let o5 be
the congruence of the graph Con when defining xory < f(z) = f(y)
which here means y = x + 1 ory = x — 1. Denote by (Cam),, the
factor graph. Then either V((Cam),,) = {{1,2},...,{2m — 1,2m}} or

)
V((Cam)o,) = {{2m,1},...,{2(m — 1),2m — 1}}.

Lemma 15. Let f € End’ (Cay) and f V((Cam)g;) — V(Cam) be
defined by f(:vgf) =yif f(x) =y. Then eitherf(égm) ={1,3,...,2m—1}
or f(Com) ={2,4,...,2m}.

From Lemmas 14 and 15, we can define the following classes of non-
injective endomorphisms on Cy,, by ¢¢ and element f(1) € V(Cap).

1) S9r, the class of all endomorphisms f of Cy,, where f(Ca,y) are the
odd integers and f(1) = f(2), i.e. {1,2} € oy,

2) S¢" the class of all endomorphisms f of Ca,y, where f(Ca,y,) are the
even integers and f(1) = f(2), i.e. {1,2} € oy,

3) S the class of all endomorphisms f of Ca,, where f(Cap) are the
odd integers and f(2m) = f(1), i.e. {2m,1} € gy, and

4) Sﬁfb, the class of all endomorphisms f of Cs,, where f (Ugm) are the
even integers and f(2m) = f(1), i.e. {2m,1} € oy.

Example 2. For the semigroup End’(Cp), we choose the following nota-
tions
123456 123456
or __ . . or __ or __
S "{“1_8&"(113355)”%"<553311>’
or 123456 o 123456
337 \115533/)"7% " \331155)°
o 123456 o 123456
3 7 \335511)°73%  \551133)/(°
123456 123456
er — d — er — er —
S & 31 (224466)”@ (664422)’
o (123456\ . (123456
%5 = \226644) % \446622)

o 123456 o 123456}
35 662244) 73 664422/



290 THE ENDOMORPHISM MONOIDS OF (n—3)-REGULAR GRAPHS

123456 123456
ol . ol ol
= d —= —= =
S & %31 (133551)"‘932 (533115)’
l 123456\ 123456
Sg f— 7‘9% _— s
3 155331/ 73 355113
ol _ 123456 ol _ 123456}
35 511335/ 73 533115/
123456 123456
Sel —did = el _ el _
& 31 (622446)”% 122664)
o 123456\ 123456
83 — 783 — 9
3 644226) 3 244662
el _ 123456 el _ 123456}
35 466224) 73 422664)7)

Proposition 1. The sets ST, S, S and S form groups isomorphic
to Sp,-

and

Theorem 1. (1) Coyy, is endo-completely-regular, and
(2) |End (Cap)| = 4|Spm| = 4m!.

Proof. (1) Since End’(Cy,,) is a union of groups S, S S and S¢,
End'(Cy,,) is completely regular by Lemma 2.

(2) Obvious, since the cardinality of each S2, S S and S¢ is
ml. O

Now we analyze the algebraic structure of End’(Cay,).

Lemma 16. Let x € {o,e}, y € {r,l} and X € {S°", S, 8% S}, Then
(1) X527 C S and also XS* C S¥ for 2’ € {o, e},
(2) SYX C 8% and also SYX C S fory' e {r,1}.

Proof. If f(1) = f(2) is odd or even, then gf(1) = gf(2) is also odd or
even. Similarly, if f(1) = f(2m) is odd or even, then gf(1) = ¢gf(2m) is
also odd or even. O

Proposition 2. Letz, 2’ € {o,e} andy,y’ € {r,1}. Then S*¥' S*'v = §=V,

From Proposition 2, we get the algebraic structure of End’(Ca,,), see
Table 1, and Theorem 2.
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or or er er ol ol el el
° Sml Mm! Sml M) Sml M) Sml M
or
S my
: or or ol ol
: Sor Sor S0l Sol
or
smm!
er
S my
: er er el el
: Ser ger el Sel
er
M
Sol
mi
: or or ol ol
: Sor Sor Sol Sel
ol
smmv
el
S my
: er er el el
: ser ger el Sel
el
M

TABLE 1. The form of the semigroup of End’(Cay,,)

Theorem 2. The following statements are true:
(1) The sets SO U S and SO U S form left groups isomorphic to

Lo % Sm.
(2) The sets SO U S and S U S form right groups isomorphic to
Sm X RQ.

2. Endo-regularity of (n — 3)-regular graphs of order n

In this section, we consider the endo-regularity of an (n — 3)-regular

graph of order n. Let + Cp. = Ch, +. .. + Cp,. In [1], Amar shows that
i=1

if G is an (n — 3)-regular graph of order n > 7, then G is 2-regular and,

thus, is a disjoint union of cycles. We rewrite this as

Lemma 17. Let G be a graph of order n > 3. Then G is (n — 3)-regular
graph if and only if G = %T—Um wheren=n1+...+n, andr > 1. In
i=1

particular r > 1 implies n} 6.

Example 3. The 5 types of non-isomorphic 9-regular graphs of order 12,
are shown in Figure 2.
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(a) The graph C1a

Cs ﬁ 69 Cy %g 68

(b) The graph Cs + Cy (c) The graph C4 + Cs

™= LN NS LSS
VL =i ST
—X z =, N — &7 B ST 4
RS K BRI LAY
NS ST PSR TN
Cs é":#‘?‘\é«" e O Cy LSS AT
S 7 = S T y =7
eI Wl
WA SASNAKY WSS RSN
N NN N 7SS
Ve ST 7=
~\~ N ——

(d) The graph Cs + Cx (e) The graph Cs + Cs

FIcuRrRE 2. The 9-regular graphs of order 12 which are joins of one or two
complements of cycles

Take G = + Ch,, the (n — 3)-regular graph of order n, where n =
i=1

ni+...+n. and r > 2. Set V(Cy,) = {1i,...,ni}. It is clear from

Lemma 9(1), that C,,, is unretractive if and only if n; is odd and n; > 5

Then by Lemma 7, an (n — 3)-regular graph G of order n is unretractive

if and only if G = ¥ Cp, where n; is odd and n; > 5, for all i = 1,...,7.
i=1

1=
Consider the retractive (n — 3)-regular graph of order n.
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Lemma 18. Let G be an (n — 3)-regular graph of order n and f €
End'(G). If f(xi) = f(yi) for two different elements x;,y; € V(Cp,), then
yi = (x —1); ory; = (x + 1);.

Lemma 19. There exists a homomorphism C,, — C,, if and only if
m<m.

Proof. Necessity. First, let m,m’ be integers of the same type, or m even
and m’ odd. Then there exist k and k', k& > k' such that (i) m = 2k,
m' =2k, (i) m =2k + 1, m' =2k + 1, or (iii) m = 2k, m’ = 2k’ + 1,
respectively. Thus the cliques of C,, and C,,/ are isomorphic to K} and
K, respectively. Therefore, C,, 4 C,,.

Suppose now that m = 2k+1, m’ = 2k’, and the cliques of C,,, and C,,/
are isomorphic to K}, and Ky, respectively. For each k > k’, it is easy to
see that Cp, /4 Cpy. Case k = k'. Now the subgraphs ({1,3,...,m — 2})
and ({2,4,...,m—1}) of Cy, are isomorphic to Ky, the cliques of C,, are
only ({1,3,...,m' —1}) and ({2,4,...,m'}) are also isomorphic to K},
and V(Cpy) = {1,3,...,m' —1}U{2,4,...,m'}. Let f € Hom(C,, Cpnt).
Then f({1,3,...,m —2}) and f({2,4,...,m —1})is {1,3,...,m' — 1}
or {2,4,...,m'}.

1) If f{1,3,...,m—2}) = f({2,4,...,m—1}) ={1,3,...,m' — 1},
then £(1) = £(2), f(3) = F(A), ..., f(m ~2) = f(m — 1) and
f(m) ¢ {1,3,...,m'—1}. Let f(m) = 2z where 2z € {2,4,...,m'}.
Since {m,y} € E(Cy,) for all y € {2,3,...,m — 2}, we get f(y) &
{2x — 1,2z + 1}, which is a contradiction.

2) If f({1,3,....,m —2}) = {1,3,...,m' — 1} and f({2,4,...,m —
1}) = {2,4,...,m'}, assume that f(1) = 1, then f(2) =2, f(3) =
3,...,f(m—1)=m/. But {1,m — 1} € E(C,,), which is a contra-
diction.

For the cases f({1,3,...,m—2}) = f({2,4,....,m—1}) ={2,4,...,m'},
and f({1,3,...,m —2}) = {2,4,...,m'} and f({2,4,...,m — 1}) =
{1,3,...,m' — 1}, the proofs are similar to (1) and (2), respectively.

Sufficiency. Let m < m’. Then there exists a homomorphism f from

C,,, which is an embedding C,,/ by f |5m which is the identity map, where

f|5m denotes the restriction of f to C',,. O

Corollary 2.36. Let G be an (n—3)-reqular graph of ordern, f € End(G),
and let G contain the induced subgraphs Cp, and Cy. If f(Ch) C Chys
then m < m/'.

Lemma 20. Let G be an (n — 3)-regular graph of order n, f € End(G)
and let G contain induced subgraph Comi1. If f(Comi1) = X, then (X)) =

Com+1-
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Proof. Suppose that w(G) = s. If (X) 2 Copi1, then w({X)) = m’ and
m < m'. Thus w(G \ Comi1) = s —m and w(G \ X) = s —m’. But since
s—m > s—m/, it is impossible that f| C\Camin is a homomorphism from
G\62m+1 tOG\X OJ

Let G be an (n — 3)-regular graph of order n. Denote by G, and Gg
set of all induced subgraphs C, and Cy,, of G, respectively. Note that
G, = @, if G does not contain an induced subgraph C,. From Lemma 20,
we get that

Proposition 3. Let G be an (n — 3)-regular graph of order n. Then
(1) |End(G)| = |End(GEg)| x | End(G3)| x | End(G5)| x | End(G7)| x .. .,
if Go £ 3, for all x =3,5,7,...,
(2) End(G3) = Sy, x T3, where |Gg| = mq, and
(3) for each odd integer x > 5, End(G;) = Aut(Gy) = Spm, X Dy, where
’Gz’ = may.

Let G = E(le)l +...+ U(er)r be an (n — 3)-regular graph of order
n. Set Ol = {11', 3i7 ey (QTTLZ — 1)1} and Ez == {21',41', PPN (le)z} Denote
SXl,XQ,"',Xr =XjUXyU...UX, where X € {Oi,Ei}, 1<e <.

Lemma 21. Let G = €(2m1)1 +... +€(2mT)T be an (n — 3)-reqular graph
of order n. There exist exactly 2r maximal complete subgraphs K, of G,
where n = 2m.

Proof. Since V(C(a,,),) = O; U E; and (O;), (E;) are isomorphic to
Km“ for each X; € {O,,EZ} and SX17X27"'7X’7‘ = XjUXoU...UJX,,
(S) is a complete subgraph K,,, where m = mj; + ... + m,. From
|{SX1,X2,~~-,XT|SX1,X2,-~~,XT = XjuUuXyU... U X,«}‘ = 2r, we get that
there exist exactly 2r maximal complete subgraphs K,, of G such that
n =2m. ]

Corollary 2.37. Let G = U(le)l + ...+ 6(2mr)r and f € End(G).
Then f(So,,..0,) =X1U...UX, and f(SEg, .. g )=Y1U...UY, where
Xi)ﬁ € {OlaEZ}y 1<,

Lemma 22. Let G = é(gml)l + ... +€(2mr)r and f € End(G). If
O;,E; € f(G) for some 1 < i < r, then f(é(Qmj)j) = Clom,), and

m; = m; for some 1 < j <.

Proof. 1f f(é(gmj)j) z é(gmi)i for all j € {1,...,r}, then there exists
my # my, T € V(@ka)k) and y; € V(é(gml)l) such that f(zp) =
(224 1); € O; and f(y) = (22); € E;. But {x,y1} € E(G), which is a
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contradiction. Thus f(é(gmj)j) C Cl(om,), for some j € {1,...,r}. From

Corollary 2.36, we get m; < m;. Then there exists z;, (z+1); € V(C(2y,,),)
such that x; = f(yj)f f(Camy),) but (z +1); & f(C(am,);)- Suppose
(x+1); = f(z},) € f(Camy),)- Now {y;, 25} € E(G) is contradiction to
{zs, (x +1);} ¢ E(G). Therefore, m; = m,. O

Lemma 23. Let G = 6(2,”1)1 + ... +€(2mr)r and f € End(G). If
f(z;) = f((x +1);) for some z; € V(Cap,), then
(1) f(;;i) = f(2:), f(30) = f(4i), ... F((2mi = 1)i) = f((2ma)i), if @ is
(2) F(@ma)) = [, F(20) = FBi)s- oy F(2my—2)2) = F(2mi — 1),),

if © is even.

Proof. Now the cliques of G are isomorphic to K,,, where m=mi+...4+m,..

(1) Let z be odd integer and = # 1. Suppose that f(1;) # f(2;). If
[f(13), f(20} ¢ E(G), then (L) = y; and f(2) = (y + 1);, for some
Y, (y +1); € V(Cam,,)- But f(z;) = f((z + 1);) is a contradiction to
Lemma 22.

Then either (1) {x;,1;} € E(G) and {z;,2;} € E(G), or (2) {(z +
1)i,1;} € E(G) and {(z + 1);,2;} € E(G), or both. Thus the cliques of
{f(zi), f((x+1);), f(1:), f(2:)}) are isomorphic to K3. Now the cliques
of ({x;, (x+1);,1;,2;}) are isomorphic to Ky. Therefore, G\ K — G\ K.

Consider w(G \ K2) = m — 2 and w(G \ K3) = m — 3, respectively.
But since m —2 > m — 3, it is impossible that f|q\ g, is a homomorphism
from G\ Ks to G\ K.

For the case x = 1 and the case x is even integer, the proof is similar
to case (1). O
Example 4. Let again f : V(Cs) — V(Cs) be defined by f= G ? g g g g) €
End’(Cs). The congruence relation oy can be exemplified as in Figure 1la.
There is exactly one other congruence relation which is exemplified in
Figure 1b. By the homomorphism theorem each endomorphism in specified
by one of these 2 congruence relations and the possible embedding of the
K, into ézm.

Then let G = Cg, + Cg, and f: V(G) — V(G) be defined by

112131415161 12293242526
f= 121 31 41 91 61 12 22 52 42 92 62 € End'(Q).
11 21 31 41 51 61 12 12 32 32 52 52
The defining congruence relation oy can be exemplified as C, + Fig-
ure la (see Figure 3a). From Lemma 22 and Lemma 23, and by the homo-
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morphism theorem each endomorphism in specified by one of these 8 con-
gruence relation and the possible embedding of each case into G, as follows
Ce,+ Figure 1b, Figure 1a+Cs,, Figure 1b+Cs,, Figure la+Figure la,
Figure la+Figure 1b (see Figure 3b), Figure 1b+Figure la and Fig-
ure 1b+Figure 1b.

{32,42} {31, 41} {22,32}

661 + +

{12,22} {52,629} {11,21} {51,601} {12,692}  {42,52}

(a) 66+K3 (b) Ks+ K3

FIGURE 3. Cg + K3 and K3 + K3

Lemma 24. Let G = Cop,), + ... + Ciam,y, and f: V(G) = V(G).
Then f € End(G) if and only if [ satisfies:
(1) If f(x;) = f(yi) for some two different elements x;,y; € V(Ch,),
then y; = (x — 1); ory; = (z + 1);.
(2) f(So,,.0,)=X1U...UX, and f(SE,,... g,) =Y1U...UY, where
XY, € {Oi,Ei}, 1<
(3) If O, E; € f(G) for some 1 < i < r, then f(é(zmj)j) = C(om,), and
m; = m; for some 1 < j <.
(4) If f(z;) = f((x + 1);) for some x; € V(Cop,), then
(4.1) f(Li) = £(2:), f(3e) = f(4), -, f((2ms — 1)o) = f((2ma)s), if
x is odd, or
(4.2) f((2ms)i) = f(La), f(20) = f(Bi), -, f((2mi—2)s) = f((2mi—

1)i), if x is even.

Proof. Necessity. Obvious from Lemma 18, Corollary 2.37, Lemma 22
and Lemma 23.
Sufficiency. Obvious from Example 4. O

Lemma 25. Let G = C o), + ...+ C(om,), and f € End(G). Then f
is an idempotent if and only if f|5(2 N 1s also idempotent in 6(2%)1., for

alli=1,...,r.

Example 5. For the monoid End(C§, + Csg, ), we choose following

Idpt(End(Cs, + Cs,)) =
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. (11 21 3141 51 61 12 29 32 42 59 6o
{Zdl =

€ Dg, X Des,,
11 21 31 41 51 61 12 22 32 42 52 62) o o

11 21 31 41 51 61 19 29 39 49 59 65
1121 31 41 51 61 Ly Ly 3 39 5y 5y ) © 200 X 320

1 41 91 &1 91 O] 12 12 92 92 I92 IJ2

11 21 31 41 51 61 19 25 39 45 59 6o
€ Dg, x S5,
(1 21 31 41 51 6; 222242426262> O

1213141 5161 1929 39 49 55 6
11111222222€D61X53,
21 31 41 51 61 19 39 32 59 Ho 19 2

1213141 5161 1925 39 49 55 6
11111222222€D61XS3,
11 921 31 41 51 61 69 25 29 4o 4o 6y 2

1213141 51 61 19 25 35 45 55 6o
E ><D627

1 11 31 31 51 51 12 29 39 49 59 69

1213141 51 61 1925 39 4 59 65
€S D62,

91 21 41 41 61 61 1o 25 35 4y 5o 65

1,21 31 41 51 61 19 25 39 49 59 6o
S 31><D62,

11 31 31 61 51 11 19 29 39 49 59 69
1,21 31 41 51 61 19 25 39 49 5o 6y 'y D
6121 21 41 41 61 1o 29 39 4o 5o 69 62>

idv — 11 21 31 41 51 61 19 29 39 49 59 69 R ——
v 11 11 31 31 51 51 19 15 32 39 59 5o 31 399

. 11 21 31 44 51 61 13 29 35 49 53 62 l
d = c S » Se .
1d25 (61 21 21 41 41 61 62 29 29 49 49 62) 31 32}

Let f € End’(Cg, + Cg,) be define by

(1121 31 41 51 61 12 25 35 42 59 62
= (12 29 39 49 5o 62 21 21 41 41 64 61>'
Then there exist unique idempotents ids and id7 in End(éﬁl + 662) such
that py = piq, and Iy = I;4,, respectively. So, f satisfies Lemma 4, i.e. f is
regular, but for each idempotent idy, € E(End(Cg, + Cs,)), k=1,...,25,
has no both py = p;q, and Iy = I;q,. Thus f does not satisfy Lemma 3,
i.e. f ¢ Hz’dk‘
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Proposition 4. Let G = C(o,), +- .-+ C2p,,),- Then End(G) is regular.

Define e; : V(G) — V(G) by e1(Cam,),) i UY; such that
1) if Xi = Yl = OZ‘, then 61( ) = 61(2) 1“61( ) = 61(40 =
32', e ,61((2mi - 1)2) - 61((27%1)1) 2m — 1)1,
2) if X; =Y, = E;, then 61( ) 61(2) = 21,61(3) = 61(41) =
4, .. e1((2mi — 1)) = e1((2my);) = (2m;);, and
3) if X; 7& Y, then el‘c is the identity map.

m71

Thus e; is idempotent in End(G) and Iy = I, .
Define e3 : V(G) — V(G) by

Proof. Let f € End(G). Then f satisfies (1)—(4) in Lemma 24.
(

1) 62]0 . is the identity map, if O;, F; € f(G) for some 1 < i < r,
)5 _
then f(C(am,),) = C(2m,), and m; =m; for some 1 < j <7, and
2) ea(wi) = ezx((x + 1)) = wi,e2((w + 2)i) = eal(w + 3) ) = (z +

2)iy ... ,62((1‘ —2);) = e2((x—1);) = (x —2); (with addition modulo
2m;), if f(z;) = f((z + 1);) for some x; € V(Cap, ).
Thus ej is idempotent in End(G) and py = pe, .
Thus, Iy = I., and p;f = pe,. From Lemma 4, we get that f is
regular. O

Lemma 26. Let G = é(gml)l + ...+ 6(2mr)r. If m; = m; for some
i,7 € {1,...,r}, then there exist f € End(G) such that f ¢ H, for all
e € E(End(G)).

Proof. Suppose mi = mg are even. Let f € End(C),, + C)y,,) be defined
by
T2, 1=1;
flzi) = 4§ 71, x is odd and i = 2;
(x — 1)1, «iseven and i = 2.

Then Iy = Cy,, + Ky, where V(K,y,) = {11,31,...,(m1 — 1)1}, and for
each x # vy, (x5,15) € pf & i = 2 and x2 = (y — 1)2. Let e be the
idempotent in End(C,,, + Cyp,) such that Iy = I. and ps = p.. From
Lemma 25, we get that 6’5m2 is the identity map. Since (x2, (x+1)2) € pe

for all zy, (z + 1)2 € V(Cy,), this is a contradiction. O

Lemma 27. Let G = 6(2m1)1+. . .—l—é(ng)T and f € End(G). If m; # m;
foralli,j € {1,...,r}, then f € H, for some e € E(End(Q)).

Proof. Let f € End(G). From Proposition 4, f is regular.
Define e : V(G) = V(G) by e(C(am,),) = X; UY] such that
1) if X; #Y;, then 6]5@ o is the identity map,



N. PipaTrTANAJINDA, U. KNAUER, B. GYURrROV, S. PaAnmaA 299

2) if Xz = YVZ = Oi, then
(21) e(zi) = e((x + 1)) = zie((x +2);) = e((x +3);) = (z +
2)iy..e((x —2);) = e((z —1);) = (x — 2); (with addition
modulo 2m;), if f(z;) = f((z + 1);) for some odd integer
T € V(szi), or
(2.2) e(zs) = e((x + 1)) = (x4 1)j,e((x + 2);) = e((x +3);) =
(x+3)i,...,e((x —2);) =e((x—1);) = (x — 1); (with addition
modulo 2m;), if f(z;) = f((z + 1);) for some even integer
x; € V(Capm, ), and
3) if Xz = YVZ = Ei, then
(3.1) e(x;) = e((x + 1);) = zje((z +
2)iy .. e((x —2);) = e((x — 1))
modulo 2m;), if f(z;) = f((z +
x; € V(Cgmi), or
(3.2) elas) = e((z + 1);) = (@ + Dpe((@ +2);) = e((z +3)) =
(x+3)iy...,e((x—2);) = ((1‘ —1);) = (x —1); (with addition

2)i) = e((z+3)i) = (z+
= (z — 2); (with addition
1);) for some even integer

modulo 2mZ if f(z;) = f((x 4+ 1);) for some odd integer
x; € V(Cgml)
Thus, Iy = I, and p; = p.. From Lemma 3, we get f € H.,. O

Theorem 3. Let G be an (n — 3)-regular graph of order n. Then
(1) G is endo-regular, and
(2) G is endo-completely-reqular if and only if |G3| = 0 and |Gaop| =1
for all induced subgraphs Ca,, of G.

Proof. (1) Since End(G3) is regular and for each odd integer z > 5,
End(G,) = Aut(G;) - form group - and from Proposition 3, End(G) is
regular, if End(Gg) is also regular. Since End(Gg) is always regular, from
Proposition 4, we get that G is endo-regular.

(2) Since End(G3) is not completely regular and for each odd integer
x > 5,End(G,) = Aut(Gy) - form group - and from Proposition 3, End(G)
is completely regular if and only if |G3| = 0 and End(Gg) is completely
regular. From Lemma 26 and Lemma 27, G'g is endo-completely-regular
if and only if |G| = 1 for all induced subgraphs Ca,, of G. O

Remark 2.38. A regular monoid S is called orthodox, if the set of all
idempotents from a submonoid of S. Since T3 is not orthodox, and from [§],
Coyp also is not endo-orthodox, we get that the retractive (n — 3)-regular
graph of order n is not endo-orthodox.
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