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ABSTRACT. In the paper the split metacyclic groups which
are the additive groups of finite local nearrings are classified.

Introduction

Nearrings are generalized rings in the sense that the addition need not
be commutative and only one distributive law is assumed. For a detailed
account of basic concepts concerning the nearrings we refer the reader to
the books [12] or [13]. A nearring R with an identity is called local if the
set of all non-invertible elements of R forms a subgroup of the additive
group of R.

Maxson [9] described all non-isomorphic zero-symmetric local nearrings
with non-cyclic additive group of order p? which are not nearfields. He
also shown in [10] that every non-cyclic abelian p-group of order p™ > 4 is
the additive group of a zero-symmetric local nearring which is not a ring.
This result was extended to infinite abelian p-groups of finite exponent [5].

However in the case of finite non-abelian p-groups the situation is
different. For instance, neither a generalized quaternion group nor a non-
abelian group of order 8 can be the additive group of a local nearring [11]
(see also [10]).
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In [14] all minimal non-abelian groups (the Miller-Moreno groups
in other words) which are the additive groups of finite nearrings with
identity are classified. In this paper the split metacyclic groups which
appear as the additive groups of finite local nearrings are considered and
their full classification is given.

1. Preliminaries

First we recall some notions and facts concerning nearrings and meta-
cyclic groups.

Definition 1. A (left) nearring is a set R = (R, +, ) with two binary
operations, addition “ 4+ ” and multiplication “ -7 such that

1) (R,+) is a group with neutral element 0,

2) (R,-) is a semigroup, and

3) x(y+z2) =ay+azforal z, y, z € R.

The group (R, +) of a nearring R is denoted by R* and called the
additive group of R. Tt is easy to see that for each subgroup M of R™
and for each element = € R the set M = {z - yly € M} is a subgroup
of R" and in particular z - 0 = 0. If in addition 0-z = 0 for all z € R,
then the nearring R is called zero-symmetric. In general, the set of all
y € R with 0-y = 0 is a subnearring called the zero-symmetric part of
R. Furthermore, R is a nearring with an identity i if the semigroup (R, -)
is a monoid with identity element . In the latter case the group of all
invertible elements of the monoid (R, -) is denoted by R* and called the
multiplicative group of R. A subgroup M of R™ is called R*-invariant, if
rM < M for each r € R*, and (R, R)-subgroup, if xtMy C M for arbitrary
z,y € R.

As usual, for every element » € R and each integer n € Z we define
the element rn of R as follows:

AR ok ifn >0,
———
n times
rn = 0 1fn:0,
(=r)+ -+ (—r) ifn<0.
—n times

Then r(m + n) = rm + rn for any integers m and n, so that we can
identify the neutral element 0 with integer 0. On the other hand, if 7 is
an identity of R, then we will not identify ¢ with integer 1, because in
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general (in)r # rn = r(in) for n # 1. Thus, to avoid a confusion, we do
not use a notation nr with an integer n.

The following two simple assertions are well-known.

Lemma 1. Let R be a finite nearring R with identity i. Then the exponent
of the additive group R™ is equal to the additive order of i which coincides
with additive order of every element of the multiplicative group R*.

Proof. Indeed, if ik = 0 for some positive integer k, then for each x € R
we have xk = (zi)k = x(ik) = 0 = 0. On the other hand, if y € R* and
yl = 0 for a positive integer I, then il = y~'(yl) = 0, so that the additive
orders of r and ¢ coincide. O

Lemma 2. Let R be a nearring with identity i and a € R*. For any
elements x, y € R we put x oy = xa 'y. Then with respect to the
operations “+” and “o” the set (R,+,0) is a nearring with identity a
which is isomorphic to R.

Proof. 1t can be easily verified that the operation “o” is associative and
left distributive with respect to the addition and the mapping r — ar
determines an isomorphism of the nearring R onto (R, +,0). O

Definition 2. [8] A nearring R with identity is said to be local if the set
L = R\ R* of all non-invertible elements of R is a subgroup of R™.

As it was shown in [8], Theorem 7.4, the additive group of a finite
local nearring is a p-group for a prime p.

The following lemma characterizes the main properties of local near-
rings (see [1], Lemma 3.2).

Lemma 3. Let R be a local nearring with an identity i and L the subgroup
of all non-invertible elements of R. Then the following statements hold:
1) L is an (R, R)-subgroup of R™;
2) each proper R*-invariant subgroup of R is contained in L;
3) the set i+ L forms a subgroup of the multiplicative group R*.

Recall that a group G is called metacyclic if there exists a cyclic
normal subgroup (a) such that the factor-group G/(a) is cyclic. For a
prime p, a metacyclic p-group G is split if and only if it is decomposed in
a semidirect product G = (a) x (b) of the cyclic normal subgroup (a) and
a cyclic subgroup (b).

The following useful characterization of non-abelian split metacyclic
p-groups is due to B. King (see [7], Theorem 3.2 and Proposition 4.10).



132 FINITE LOCAL NEARRINGS

Proposition 1. Let G = (a) x (b) be a non-abelian split metacyclic p-
group with a?" = bP" =1 for some positive integers m and n. Then the
exponent of G is equal to max{p"™, p"} and one of the following statements
holds:

L b~tab = a'*P""" with 1 <r < min{m,n + 1} andr < m — 1 for

p=2

I p=2and b lab=a """ with 0 <r < min{m — 1,n + 1}.

Henceforth, a group G satisfying one of statements I or 11 of Propo-
sition 1 will be denoted by G(p™,p",r) or G(2™,2", —r), respectively.
Furthermore, for any integers v and w > 0 we put j(v,0) = 0 and
jv,w)=14+v+...+0v*" ! forw > 1.

Lemma 4. Let p be a prime and t,u positive integers. If d, k and [ are
non-negative integers, then the following statements hold:

1) G k) + 54, D% = Gt k 4 1);
2) ift =1 ( mod p“), then

tt=t" =1+4d(t—1)( mod p*)
and
JtLE) =k + (g) d(t —1) ( mod p**);
3) ift = —1 ( mod 2%), then

(t+1)) ( mod 2%%) ifk =0,

tko — (— ) ( —d
= Ll 12 (mod 22KT) ifk > 0,
and
1_(2_1)k N (2k—1)(4—1)k+1d(t +1) ( mod 2%%)
it k) = T od

k—(5)d(t—1) ( mod 22
ifd =0 ( mod 2).

Proof. Since all statements are obvious for d = 0, we assume that d > 0.
Clearly statement 1) is trivial if kI = 0. In the other case we have

Gt k) + 5 Dt = (1t 4 DY (1 gk

as desired.
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Statement 2) is easily proved by induction on d. Indeed, we have
t7 =14 (d—1)(t —1) ( mod p?*)
and so t4~(t — 1) =t — 1( mod p**). Therefore
1=t 4t —1=14d(t—1) ( mod p?¥).
This implies
t —td=14dt(t—1)— (14+d(t—1)) =dt—1)*>=0( mod p*)
and thus t¥ = t? ( mod p**). Furthermore,

G k) = 14t 1) = 14 (1 4d(t—1))+- -+ (1 +d(k—1)(t—1))

:k+(1+-'-+(k—1))d(t—1):k—i-(g)d(t—l)( mod p**),

which proves statement 2).
For proving statement 3), we put v = ¢+ 1. Then v = 0 ( mod 2%)
and

d2k
tdzk = (-1 +U)d2k _ (_1)d2k + (_1)d2k1< | )v

+(—1)d2k72 <d§k> 0t o™

Since (dgk) = 0 ( mod 2¥71), the congruence for t942" follows from this

equality. Therefore
Jth k) =140 4t =14 (—1)4(1 - o)
+(=1)%2(1 — 2dv) + -+ - + (=1)* D1 — (k — 1)dv) ( mod 22%).
In particular, for odd d we have
Jt k) =14 (14 dv) + (1 —2dv) +-- -+ (=D 4+ (=) 2(k — 1)dv)

_ 1 (=1F

=
1 (=1)F k-1 (-1)F+1
N 2 + 4

+(1=24+3— 4 (=) 2(k—1))dv

dv ( mod 2%%).




134 FINITE LOCAL NEARRINGS

If d is even, then

JtLE) =1+ (1 —dv)+ (1 —2dv) + -+ (1 — (k — 1)dv)

=k—(14+2+--+(k—1)dv=Fk— (’;’)dv( mod 2%),

as claimed. O

Lemma 5. Let G be an additively written group whose elements a and
b satisfy the relation a +b = b+ as for some natural number s. If t is
the least natural number such that ast = 0, then for any non-negative
integers d, k and u the equalities au+bd = bd + as®u, bd + au = aut® +bd,
(au + bd)k = auj(t?, k) + bdk and (bd + au)k = bdk + auj(s®, k) hold.

Proof. Since —b+a+b=asand —b+at+b=(-b+a+b)t =ast =a,
we have b+ a = at + b and so b+ au = atu + b. By induction on d, we
derive au + bd = bd + as®u and bd + au = atu + bd. Therefore

(au + bd)k = au(l 4+t + ...+ t** D) L bdk = auj(t?, k) + bdk
and hence
(bd + au)k = bdk + au(1 + s + ... + s**V) = bdk + auj(s?, k).

O

The following proposition on the automorphism group of a non-abelian

split metacyclic p-group can be found in [2], Theorem 3.1, for p > 2 and
in [4], Theorem 3.5, for p = 2.

Proposition 2. Let G be a split non-abelian metacyclic p-group and let
S be a Sylow p-subgroup of the automorphism group Aut(G). Then S is a
normal subgroup of index p — 1 in Aut(G). In particular, if p = 2, then
Aut(Q) is a 2-group.

An information about orbits of the group G under the action of its
automorphism group Aut(G) is given by the following lemma.

Lemma 6. Let G = G(p™,p",r) withm < n+r, A= Aul(G) and let
(x) be a cyclic subgroup of G. Then the following statements hold:
1) if (x) is a normal subgroup of order p™ in G, then

24 < p*™ " (p — 1);
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2) if p>2, m < n and (z) is a non-normal subgroup of order p", then
z ¢ g4,

Proof. If G = {(a)»(b) with b~tab = a' """ and (x) is a normal subgroup
of order p™ in G, then either (a) N (x) = 1 and so (z) centralizes the
subgroup (a), or a?™ ' € (z). Since G’ = (a?"") is a characteristic
subgroup of G, it follows that in the first case (a) N (z®*) = 1 for each
a € A. Hence 24 C Cg(a) = (a) x (") and so |z4| < p*™ " (p — 1).
In the second case G = (x) x (b) and so G' = (a?"") < (z). Then

(2} (z®)| = % < p?™~" whence (z)(z®) < (z) x (""" and in

particular z € (x) x (bP . Taking into account that the number
of elements of order p™ in (z) is equal to p™ (p — 1), we have |z4| <
p?™~"=1(p — 1), which proves statement 1).

Now let p > 2, m < n and let (x) be a non-normal subgroup of
order p" in G. Since G’ = (a?"""), it follows that (a) N (x) = (a?") for
some integer s such that m > s > m — r and so (a?’) = (z/" "),
Therefore x = a“b"?" " for some integers v and v with (v,p) = 1 and
hence [a,z] = [a,b*"" "] = a®?"""" " where

n+r—m >

m—s_|

(1 + pm—r)vp
p2mfrfs

and in particular (w,p) = 1.

Assume that z® = 2~ ! for some automorphism a € A. As it was
shown above, a® € (a) x ("™, whence a® = a*b'"""""" for some
integers k and [ with (k,p) = 1. Furthermore, (a®" )" = (a?""") and
so (aP" )™ = (akpl" W = gk T = gk Thus (aP™ ) =
a?™ ™" On the other hand, because of m < n it follows that ot
(") < Z(G). Therefore aP™™" = (a*?" ") = [a,2]® = [a®, 271 =
@V 071 = [ak, 07 = [a,07 1 = (ja,a] )7 = (@R
and hence (a¥P""")* = ¢=kwP™" However for p > 2 the last equality
holds only in the case where a*P""" = 1. Since (kw,p) = 1, this means
that e " = 1, contrary to the hypothesis of the lemma. Therefore,
! ¢ 24, as claimed in statement 2). O

Lemma 7. Let R be a local nearring whose additive group R™ is a
split non-abelian metacyclic p-group and let L be the subgroup of all
non-invertible elements of R. Then L is a subgroup of index p in R*.

Proof. Indeed, we have the index |R* : L| = p* for some k > 1 and
so |R| = pF|L|. Since R = R* U L with R* N L = @, it follows that
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|R*| = p*|L| — |L| = (p¥ — 1)|L| and thus the order of R* is divisible by
p* — 1. On the other hand, for each element r € R* the mapping x — rx
with z € R is an automorphism of R, because of 7(z +y) = rz + ry
for all z, y € R. Therefore R* can be viewed as a subgroup of Aut(R™).
Furthermore, it follows from Proposition 2 that the order of Aut(R™) is
divisible by p* — 1 only if & = 1. Hence |R* : L| = p, as desired. O

As a direct consequence of Lemmas 1, 2 and 7 we have the following
assertion.

Corollary 1. Let R be a local nearring whose additive group R* is a
non-abelian split metacyclic p-group. Then the group R is generated by
elements a and b of orders p™ and p", respectively, one of which coincides
with identity element of R and a+b = b+a(1+p™~"), if R is isomorphic
to the group G(p™, p™, 1), and a+b = b+a(—=14+2"""), if R is isomorphic
to the group G(2™,2" —r).

2. Nearrings with identity on non-abelian split metacyclic
p-groups

Let R be a nearring with identity whose additive group R™ is a split
non-abelian metacyclic p-group with p > 2. Then RT = (a) + (b) for
some elements a and b of R satisfying the relations ap™ = bp™ = 0 and
b+a = at+b with (p,t) = 1. In particular, each element x € R is uniquely
written in the form =z = ax; + bxo with coefficients 0 < x; < p™ and
0 < z9 < p™. In this section we will consider the cases when at least one of
the elements a or b is invertible in R, i. e. it belongs to the multiplicative
group R*.

Assume first that @ € R*. Then R" is a group of exponent p™ by
Lemma 1 and so m > n. Furthermore, according to Lemma 2, without loss
of generality we can assume that a is an identity of R, i. e. ax = xa = x for
each x € R. Moreover, for each x € R there exist coefficients o(z) and 3(x)
such that xb = aa(x) + bB(z). It is clear that they are uniquely defined
modulo p™ and p", respectively, so that some mappings o : R — Z,m and
B: R — Z, are determined.

Lemma 8. Let x = axy + bxy and y = ay; + bys be elements of the
nearring R. If a is an identity of R, then m > n and the following
statements hold:
(0) a(0) = B(0) =0 if and only if the nearring R is zero-symmetric;
(1) a(a) =0 and p(a) =1,
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(2) 2y = a(z1j(t™2,y1) + a(2)j (17, y2)t721) + b(xay1 + B(x)ye);
(3) a(z)(t™ —1) = 2, (17" — J(t’”2 75)) ( mod p™);
(4) 22(t —1) =0 (mod p").

Proof. Since 0-a = a-0 = 0, it follows that R is a zero-symmetric nearring
if and only if 0 = 0-b = aa(0) + b5(0) or equivalently a(0) = 5(0) = 0.
Moreover, since b = ab = aa(a) + bf(a), we have a(a) = 0 and S(a) = 1,
so that statements (0) and (1) hold.

Further, using the left distributive law, we derive

xy = (za)yr + (xb)ys = (axy + bxo)yr + (aa(x) + bB(x))y2
Applying Lemma 5, we have also
(axy + bxo)yr = ax1j(t°2,y1) + bxayi,

(aa(z) +bB(x))y2 = aa(x)j(t°®), y2) + bB(x)y2

and
brayr + ac(x)§ (177, yo) = ac(x)j (1), yo) 7" + baay.
Thus
vy = a(@1j(t"2,y1) + a(@)j (7", y2)t"2) + b(ways + B(x)y2)
and so statement (2) holds. Setting in this formula y = at + b, we derive
zy = a(z17(t"2,t) + a(x)t™?") 4 b(aot + B(z)).
On the other hand, ¥y = b+ a and so
zy = xb+ z = a(a(z) + 21t°@) + b(za + B(z))

by Lemma 5. Comparing the coefficients under a and b in the latter two
expressions for xy, we get for each x € R the equalities

()t = 1) = 2, (t°%) — j(¢"2,1)) ( mod p™)

and
xo(t—1) =0 ( mod p"),
i. e. statements (3) and (4), as desired. O

Consider now the case when b € R*.
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Lemma 9. Ifb € R*, then m <n, a ¢ R* and p = 2.

Proof. Since b is of order p”, the group R™ is of exponent p” by Lemma 1
and so m < n. Let A denote the automorphism group Aut(R™) of R™.
Considering R* as a subgroup of A, we have R*z C 2 for each z € R
and in particular R* = R*b C b4, If a € b4, then a = b® for some
automorphism ¢ € A and so (a)® = (b). Since the subgroup (a) is normal
in R and the subgroup (b) is not, the latter equality is impossible.
Therefore a ¢ b* and hence a ¢ R*.

Assume that p > 2. Then —b & b by Lemma 6 and so —b ¢ R*. On
the other hand, if 4 is an identity of R, then b=1(—b) = —(b71b) = —

Since (—i)? = —(—i) = i, this implies b~'(-b) = —i € R* and so
—b € bR* = R*. This contradiction shows that p = 2 and completes the
proof. O

As above, according to Lemma 2, in the case b € R* we can assume
that b is an identity of R and for each x € R there exist the coefficients a(x)
and ((z) which are uniquely determined modulo 2 and 2", respectively,
such that za = aa(z) + bp(x).

Lemma 10. Let x = az1 + bze and y = ay1 + bys be elements of the
nearring R. If b is an identity of R, then p =2, m < n and the following
statements hold:

(0) «(0)=p4(0)=0 if and only if the nearring R is zero-symmetric;
(1) a(b) = 1 and B(b) =
(2) 2y = ala ( ) (7, yl) + 21§ (872, yo tPO) + b(B(z)y1 + T2yp);
(3) a(a)(j (" ) t72) = 21 (1 = t7@") (‘mod 2™);
(4) B(x)(t—1) =0 ( mod 2™).

Proof. Observe first that p = 2 and m < n by Lemma 9. Since 0-b = b-0 =
0, the nearring R is zero-symmetric if and only if 0 = 0-a = a«(0) 4 b5(0),
whence «(0) = 3(0) = 0. Similarly, the equality a = ba = aa(b) + bB3(b)
implies that «(b) = 1 and 5(b) = 0, i. e. statements (0) and (1) hold.
Further, applying the left distributive law, we obtain

xy = (za)yr + (zb)y2 = (aa(x) + bB(x))y1 + (ax1 + bxa)yo

Using Lemma 5, we have also

(ac(z) + bB(z))y1 = ac(z) (@), y1) + bB(x)y1,

(az1 + bxa)ys = ax15(t"2, y2) + bzays
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and
bB(x)y1 + az1j(t*2,ya) = az1j (1%, y2 )tV 1 b8(x)y:.

Therefore

zy = a(a(2)j (P y1) + 215 (172, yo)tP@¥1)
+ b(B(z)y1 + w2y2),

which proves statement (2). Substituting y = at 4 b in this equality, we
get
zy = alo(z)j (1% 1) + 21 tP @Y 4 by + Ba)t).

On the other hand, y = b 4 a and thus
ry = x + za = a(x; + a(x)t*™®) + b(xe + B(x)).

Comparing the coefficients under a and b in the latter two expressions
for xy, we obtain the congruences

a(@)j(t°@ 1) + 2P @ = &y + a(2)t*? ( mod 2)

and
9 + B(z)t = z9 + f(x) ( mod 2"),

from which statements (3) and (4) follow directly. O

2.1. Nearrings with identity on the group G(p™,p™,r)

Assume now that m, n and r are positive integers satisfying statement [
of Proposition 1, and let ¢ be the least natural number such that (1 +
p" ")t =1 ( mod p™). It is easy to see that t = 1 + hp™~" for some h
with 0 < h < p" and (h,p) = 1.

The following two lemmas describe the multiplication in a nearring R
whose additive group R™ is isomorphic to the group G(p™, p™,r), i. e. R
is generated by elements a and b satisfying the relations ap™ = bp™ =0
and b+ a = at + b. As it was mentioned above, we restrict ourselves to
the cases when one of the generators a or b is an identity of R. In what
follows z = axy + bxe and y = ay; + byz are arbitrary elements of R.

Lemma 11. If a is an identity of R, then m > n+r > 2r and

vy = a(z1y1 + a(z)ys — r122 <y21>]9m_r) + b(z2y1 + B(z)y2).

Moreover, the following statements hold:
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(1) a(z) =0 (mod p™~
(2) either x1(B(x) —

")
) =0

z1(B(z) —1) = (m;i );
)8

(modp" ) orp = 2, m > 2r and

(3) a(zy) = z1a(y) + a(x)B(y )—l’lm(a(gy))pm_T;
(4) B(xy) = zaa(y) + B(z)B(y)-

Proof. Since x2(t — 1) =0 ( mod p") by statement (4) of Lemma 8 and
t—1=hp™ " with (h,p) =1, we have m — r > n. Therefore

(i) mz=n-—+r=2r

and in particular 2(m — r) > m. Furthermore, since (1 + p™ ")t =
1 ( mod p™ ), it follows that

(ii) t—1=—p™ " ( modp™).

Using this and statement 2) of Lemma 4, we obtain the congruences

(iii) J(t ) =y — 2 (’7421>pm_r ( mod p™ ),
(iv) j(tﬁ(m)ayz) =y — B(x) <y22>pm_T ( mod p™)
and

(v) t*29 =1 — xoy1p™ " ( mod p™).

Substituting now in formula (2) of Lemma 8 instead of the left parts of
congruences (iii)—(v) their right parts, we derive the equality

() ry = a((z1y1 + a(z)y2) — (v122(%) + a(z) () (%)
+ a(z)z2y1y2)p™ ") + b2y1 + B()Y2).

Setting in this equality y = bp™ = 0, we have

0= 2(bp") = a(a(z)p" — a(z)B(z) (p”>pm—"‘>

= aa(z)p(1 - B(z) (p">pm-r-”>.
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Asm—r > 1forp > 2and m —r > 2 for p = 2, it follows that

(o

1—B(z)(%)p™ "™ =1 (mod p) and so ac(x)p™ = 0. Therefore
(vi) a(zr) =0 ( mod p™™"),

ie. stateme (1) holds. Moreover, since m —n > r by (i), it follows that
ac(z)p™~" = 0 and hence equality (*) can be rewritten in the form

ry = a(z1yr + a(x)ys — r122 (y;)pm_r) + b(w2y1 + B(7)y2),

as claimed.

Replacing in this equality y by yb = aa(y) + bB(y) and taking into
account that x(yb) = (zy)b = aa(zy) + bS(zy), we obtain two expressions
for the element z(yb). Comparing the coefficients at a and b in these
expressions, we derive the equalities

aten) = maly) + o)) - s Y )

and
B(ry) = z20a(y) + B()B(y)

of statements (3) and (4) of the lemma.
Furthermore, using statement 2) of Lemma 4, we have also

(vii) t"2t =1 — 29p™ " ( mod p™),
(viii) 7@ =1 - B(2)p™ " ( mod p™)
and

N i L—p™™ ( modp™) if p>2,
2 =
(i)t ’t)—{ 1—2m7"(1— 22" " 1) ((mod 2™) if p=2.

Substituting the right parts of congruences (vi)—(viii) in congruence (3)
of Lemma 8, we get the congruences

(%) a(r)ry = x1(B(z) —1) ( mod p")
for p > 2 and
(xi) ax)ry = 21 (B(x) — 1+ 292" "1 ( mod 27)

for p = 2. Since m—n = r by (i), it follows from conditions (vi), (x) and (xi)
that x1(B8(x) —1) =0 ( mod p” ) for p > 2 and x1(B(x) — 1+ 222 "7 1) =
0 (mod 2" ) for p = 2. In the latter case m > 2r and this implies
z1(B(z) —1) =0 ( mod 2" ), so that statement (2) holds. O
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Lemma 12. If b is an identity of R, thenp=2<m <n,r =1 and

ry = a(a(x)yr + 21 (t"2, y2)) + b(B(x)y1 + 22y2).

Moreover, the following statements hold:
(0) ( ) = B(O) = 0;
(1) B(z) =0 ( mod 2™+ ),
(2) a(x)(l —x2) =0 ( mod 2 );
(3) alzy) = a(z)a(y) + x1j (", B(y));
(4) Blay) = f(x)aly) + x2B(y).

Proof. 1t follows from Lemma 10 that p = 2 and m < n. Furthermore,
statement (4) of this lemma and the equality t —1 = h2™" with (h,2) =1
imply that

B(x) =0 ( mod 2" ™*"),

Therefore it follows from statement 2) of Lemma 4 that for each integer
k > 0 the congruences

(i) 7@k =1 ( mod 2")
and
(ii) J#P@ k) =k ( mod 2" )

hold. In particular, taking k¥ = y; and applying these congruences to
formula (2) of Lemma 10, we get for R the multiplication formula

() vy = a(a(r)yr + r15(t", y2)) + b(B(x)y1 + v2y2),

as claimed. Furthermore, expressing the left part of the equality x(ya) =
(zy)a by formula (**) and taking into consideration that ya = aa(y) +
bB(y) and (xy)a = aa(zy)+bB(xy), we derive the formulas for a(zy) and
B(xy), i. e. statements (3) and (4) of the lemma.

Next, setting k = ¢ in congruences (i) and (ii), we have

(iif) 1—¢°@" =0 ( mod 2")
and
(iv) 8@ ) — 472 = — ™2 ( mod 2" ).

Since m < n, it follows from congruences (iii), (iv) and statement (3) of
Lemma 10 that

(v) a(z)(t —t"2) =0 ( mod 2™).
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On the other hand,

%2 =1+ 29h2™ " ( mod 22m=7) )
by statement 2) of Lemma 4 and hence
(vi) t—1"2 = (1 — 29)h2™ " ( mod 2207,
Therefore congruences (v) and (vi) imply that

a(z)(1 = z3) =0 ( mod 2™in{rm=rhy,

In particular, a(—b)(1 4 1) = 0 ( mod 2™{"=7} ) and hence
(vii) a(=b) =0 ( mod 2mintrm=ri=1

Finally, since b = (—b)? and a(b) = 1 by statement (1) of Lemma 10, it
follows that a((—b)?) = 1. However, a((—b)?) = a(—b)? by statement (3)
of the lemma, so that a(—b) = £1 ( mod 2 ). Comparing this congruence
with congruence (vii), we conclude that min{r,m —r} =1 and

a(z)(1—22) =0 ( mod 2),

i. e. statement (2) of the lemma holds. Moreover, as r < m — 1 by
Proposition 1, it follows that » = 1 and thus 3(z) = 0 ( mod 27 "1 ),
In particular, if x = 0, then both a(0) and 3(0) are even integers. Since
a(0) = a(0)? and B(0) = B(0)a(0) by statements (3) and (4) of the
lemma, we get a(0) = 3(0) = 0. This proves statements (0) and (1) of
the lemma and completes the proof. ]

2.2. Nearrings with identity on the group G(2™,2", —r)

In this subsection the integers m, n and r satisfy statement Il of
Proposition 1 and ¢ is the least natural number satisfying the congruence
(142"t =1 (mod 2™). It is easy to check that t = —1 4+ h2™"" for
some odd h with 0 < h < 2".

We describe the multiplication in a nearring R whose additive group
R™ is isomorphic to the group G(2™,2", —r) and one of two generators a
and b of this group is an identity of R. Recall that the generators a and b
of RT satisfy the relations a2™ = 2" = 0 and b+ a = at + b. As before,
x = axy + bre and y = ay; + byz denote arbitrary elements of R.

Lemma 13. If a is an identity of R, thenm =2, n=1andr =0, . e.,
R™ is the dihedral group of order 8.
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Proof. Since x2(—2+h2™7") = 0(mod 2™ ) by statement (4) of Lemma 8,
it follows that —1 + h2™~"~! = 0 (mod 2"~! ) and so n = 1. Hence
0 < r <1 and thus either r = 0and ¢t = -1 +2™ orr = 1 and
t=—1+2m"1 Butif t = —1+2™, then R" = (a) + (b) is isomorphic to
the dihedral group of order 2™*! and this is possible only if m = 2 by [6],
Proposition 4.4.

Let t = —1 + 2™~ 1. Then m > 3 and statement (3) of Lemma 8
implies that

()t = 1) = 21 (°@ — j(t",1)) ( mod 2™ )
for each z = axy + bxo of R. In particular, if x = a + b, then
a(z)(tt —1) = t°@ — j(t,¢) ( mod 2™ ).

Moreover, t' = —1+2™~1 (mod 2™ ), j(t,t) = 1+ 2™ ( mod 2™ ) and
7@ = (=1)8@)(1 — B(2)2™1) ( mod 2™ ) by statement 3) of Lemma 4.
Therefore

a(a)(=2-2"7") = ((-1)°@ = 1) = (-1)’@B(z) = 1)2"" ( mod 2™
and hence either

(i) a(z)=1( mod 2™ 1)

if B(z) =1 (mod 2 ) or

(ii) a(z) =2™"% ( mod 2™ 1)

if 3(z) =0 (mod 2).

On the other hand, we have b2 = 0 and zb = aa(x) + bS(x), so that
0 = (zb)2 = aa(z)j(t*®),2) by Lemma 5. Since

m—1 my —
B oy _ Ba) — ) 2 ( mod 2™) if B(x) =1 ( mod 2),
JE2) =1+t _{ 2 ( mod 2™)if () =0 ( mod 2 ),
it follows that aa(x)2™~! = 0 in the case (i) and aa(x)2 = 0 in the case
(ii). But then in both cases a2™~! = 0 and this contradiction completes
the proof. O

It should be noted that the nearrings with identity on the dihedral
group of order 8 were firstly classified by J. Clay in [3]. He shown in
particular that there exist exactly 7 non-isomorphic such nearrings.
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Lemma 14. If b is an identity of R, thenr+1<m <n, 0<r <1 and

vy = a(a(z)yr + 2175 (t", y2)) + b(B(2)y1 + T2y2).

Moreover, the following statements hold:
(0) «(0) = B(0) = 0;
(1) B(z) =0 ( mod 271 );
a(x)a(y) + x18(y), if m = n and zo = 0 (mod 2), and
(2) aley) { a(z)aly), in 1the other cases; i
(3) Blay) = Blx)aly) + 228(y)-

Proof. Note first that r+1 < m by Proposition 1, m < n by Lemma 9 and
B(x)(t—1) =0 ( mod 2™ ) by statement (4) of Lemma 10. Since t = —1+
h2™~" for some odd integer h, we have 3(z)(—24+ h2™ ") =0 ( mod 2™ )
and so B(x) =0 ( mod 2"~ 1), i. e., statement (1) of the lemma holds. As
20m—7r)+n—2>=>m+n—rand t9°@) = 14 p2mH+n=7=1 (1 mod 2+
by statement 3) of Lemma 4, it follows that +*(*)* = 1 ( mod 2™ ) and so
j(tP®) k) = k ( mod 2™ ) for every integer k > 0. In particular, setting
k = y1 and using the latter two congruences in statement (2) of Lemma 10,
we can rewrite the formula for xy in the form

(**%) zy = a(a(x)yr + x15(t7, y2)) + b(B(z)y1 + T2y2),

as claimed.

Next, if & = ¢, then the above-mentioned congruences and statement (3)
of Lemma 10 imply that a(z)(t — t*2) = 0 ( mod 2™ ). In particular,
if 2 = —b = b(2" — 1), then x5 = 2" — 1l and t — t*2 = t — t>"7! =
2 — 2" (mod 2™ ). Since 2" =1 (mod 2™ ) and m < n, it follows
that t — %2 = 2 — 1 = h2™ " (=1 4+ h2™""1) (mod 2™ ). Thus
a(=b)2m "1 =0 ( mod 2™ ), so that either 7 = 0 or r» > 1 and

(i) a(=b) =0 ( mod 2"71).

Now, expressing both parts of the equality z(ya) = (zy)a by formula

(***) and comparing the coefficients at a and b, we derive
(i) a(ry) = a(z)aly) +x15(t, 5(y))
and

(iif) Blzy) = B(x)aly) + z28(y).
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In particular, if x = y = —b, then 21 = 0 and from equality (ii) it
follows that a((—b)?) = a(—b)%. As (—b)?> = —(—b) = b and a(b) =1 by
statement (1) of Lemma 10, this implies a(—b) = £1 ( mod 2" ) and
hence congruence (i) holds if and only if r = 1.

Finally, it follows from statement 3) of Lemma 4 that j(t*2, 3(x)) =
0 (mod 2" 1) for 75 = 0 (mod 2 ) and j(t*2, B(z)) = 0 ( mod 2" )
for zog = 1 (mod 2 ). Therefore statements (2) and (3) of the lemma
follow directly from equalities (ii) and (iii). Furthermore, if x = y = 0,
then a(0) = a(0)? by equality (i) and 3(0) = 8(0)a(0) by equality (iii),
so that either a(0) = $(0) = 0 or a(0) = 1. Since in the latter case
0-y = ayy +bB(0)y; by formula (***), it follows that 0-y = 0 if and only
if y1 = 0 and hence y € (b). But then, as the zero-symmetric part of R,
the subgroup (b) is normal in R™ by [12], Theorem 1.15, and thus the
group R™ is abelian, contrary to the assumption. This proves statement
(0) of the lemma and completes the proof. O

3. Local nearrings on the groups G(p™,p",r)
and G(2™,2", —r)

Now we apply the results of the previous section for describing local
nearrings whose additive groups are non-abelian split metacyclic. Recall
that if R is such a local nearring, then the additive group R™ is a p-group
for some prime number p and so it is isomorphic to one of the groups
G(p™,p",r) or G(2™,2" —r) by Proposition 1. Furthermore, the set L
of all non-invertible elements of R is a subgroup of index p in RT by
Lemma 7.

Our first theorem concerns local nearrings on the group G(p™, p"™,r).

Theorem 1. Let R be a local nearring whose additive group R is isomor-
phic to the group G(p™,p",r). Then R™ = (a) + (b), one of the elements
a or b coincides with an identity of R and the following statements hold:
1) apm =bp" =0 and a+b=>b+a(l+p™ ") with
1<r<min{m,n+1} andr <m —1 for p=2;
2) if a is an identity of R, then m = n+1r > 2r + [%], L = (ap) + (b)
and R* = {ax; +bxy |21 Z0 (mod p)};
3) if b is an identity of R, thenp=2<m <n,r=1, L = {(a)+ (b2)
and R* = {ax1 +bxs | 22 =1 ( mod 2 )}.

Proof. Tt follows from Corollary 1 that RT = (a) + (b) for some elements
a and b one of which coincides with an identity of R and that statement 1)
of the theorem holds.
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If @ is an identity of R, then m > n +r > 2r + [%] by Lemma 11. In
particular, m > n and so b € L by Lemma 1. Therefore L = (ap) + (b).
Since R* = R\ L, an element x = ax; + bxy belongs to R* if and only if
z1 #0 (mod p).

Similarly, if b is an identity of R, then Lemmas 9 and 12 imply that
a€L,p=2<m<nandr=1. Hence L = (a) + (b2) and so an element
x = ax1 + bxry belongs to R* if and only if 29 =1 ( mod 2 ). O

Applying now statements 2) and 3) of Theorem 1 to Lemmas 11 and
12, respectively, we obtain the following formulas for multiplying any two
elements x = az + bze and y = ay; + byz in a local nearring R whose
additive group is isomorphic to G(p™, p", ).

Corollary 2. If a is an identity of R and xb = aca(z) + bB(x), then
m=n-+r>=2r>0 and

zy = a(z1y1 + a(z)y2 — 2122 <l/21>pm_r) + b(w2y1 + B(x)y2)
with coefficients a(x) and 5(x) satisfying the following conditions:
0) a(0) = B(0) =0 if and only if the nearring R is zero-symmetric;
1) a(a) =0 and f(a) =1
a(x) =0 ( mod p™");

)
)
3) z1(B(x) —1) =0 ( mod p" ) and m > 2r + [p]
)
)

a(zy) = z1o(y) + a(2)B(y) — w12 (*P)p™
B(xy) = z2a(y) + B(x)B(y)-

Corollary 3. If b is an identity of R and xa = aa(x) + bf(x), then
p=2<m<n,r=1and

vy = a(a(z)yr + 1512, y2)) + b(B(x)y1 + T2y2)

with coefficients a(x) and B(x) satisfying the following conditions:
0) a(0) = B(0) = 0;
1 b) =1 and B(b) =
r) =0 ( mod 2"~m*1y;
)(1—22) =0 (mod 2);
zy) = a(z)a(y) + x17(t7, B(y));
zy) = B(z)aly) +228(y).

We now turn to local nearrings on the group G(2™,2", —r).
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Theorem 2. Let R be a local nearring whose additive group R is iso-
morphic to the group G(2™,2", —r). Then Rt = (a) + (b), the element b
is an identity of R and the following statements hold:

HDr+4l<m<nand0<r<;

2) a2 =02"=0anda+b=>b+a(-1+2"77);

3) L= (a)+ (b2) and R* = {ax; +bxa |22 =1 (mod 2)}.

Proof. As in the proof of Theorem 1, it follows from Corollary 1 that there
exists a decomposition RT = (a) + (b) in which one of the elements a or b
is an identity of R and that statement 2) of the theorem holds. But if a is
an identity of R, then the group R™ is dihedral of order 8 by Lemma 13
and so it cannot be the additive group of a local nearring by [11]. Hence
the element b is an identity of R. Then r +1 <m <nand 0 <r <1 by
Lemma 14 and a € L by Lemma 9. Therefore L = (a) + (b2) by Lemma 1
and thus R* = {ax1 + bzy | x2 =1 ( mod 2 )}, as claimed. O

As a consequence of Lemmas 10, 14 and Theorem 2, we have the
following formula for multiplying any two elements in a local nearring R
whose additive group is isomorphic to G(2™,2", —r).

Corollary 4. If x = ax1 +bxs and y = ayy + bys are elements of R, then
ry = a(a(z)yr + 215 (", y2)) + b(B(2)y1 + 22y2)

with coefficients o(x) and B(x) satisfying the following conditions:
(0) «(0) = pB(0) =0;
) =1 and B(b ) =0;

(1) (b
(2) B(z) =0 (mod2""");
a(z)a(y) + x16(y), if m =n and 2 = 0 (mod 2), and
(3) aley) = a(z)a(y), mltheyother cases; i
(4) B(zy) = B(x)a(y) + z2B(y).

4. Groups G(p™,p",r) and G(2™,2", —r)
as the additive groups of local nearrings

The following two theorems show that the conditions given in Theo-
rems 1 and 2 are also sufficient for existing finite local nearrings on groups
G(p™,p",r) and G(2™,2", —r). Therefore this completes our classification
of all non-abelian split metacyclic p-groups which are the additive groups
of local nearrings.
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Theorem 3. For each prime p and positive integers m, n and r such
that either m > n+r > 27’—1—[%] orp=2,2<m<nandr =1 there
exists a local nearring R whose additive group R is isomorphic to the
group G(p™,p™,r).

Proof. Let G be an additively written group G(p™, p™,r) with generators
a, b satisfying the relations ap™ = 0, bp" =0and a+b=b+a(l+p™").
Then G = (a) + (b) and each element x € G is uniquely written in the
form xz = ax] + bxo with coefficients 0 < x1 < p™ and 0 <z < p™.

We assume first that m > n+r > 2r > 0 and put x - b = b for each
x € G. Then the coefficients a(z) = 0 and S(x) = 1 satisfy the conditions
(1) - (5) of Corollary 2 and so the formula

1

9 )pmr) + b(x2y1 + ¥2)

r-y=a(T1y1 — 3?1962(

determines a multiplication “-” on G such that the system R = (G, +, )
is a nearring with identity element a. Furthermore, it is easy to check
that an element = = ax1 +bxy € G is invertible in R if and only if z; = 1 (
mod p ). Therefore the set of all non-invertible elements of R coincides
with the subgroup L = (ap) + (b) of index p in G, so that the nearring R
is local. Moreover, it is also easily verified that the zero-symmetric part
of R coincides with the subgroup (a) and the constant part 0- R = (b).
In the other case,if p = 2,2 < m < nand r = 1, then G is a metacyclic
Miller-Moreno p-group, so that G is the additive group of a zero-symmetric
local nearring with identity element b by [15], Theorem 2. O

Theorem 4. If m, n and r are integers such that r +1 < m < n and
0 < r <1, then there ewists a local nearring R whose additive group R*
is isomorphic to the group G(2™,2", —r).

Proof. Let G be an additively written group G (2™, 2", —r) with generators
a, b satisfying the relations a2™ = 0, 2" = 0 and a + b = b + at with
t=—1+2""".Then G = (a) + (b) and each element x € G is uniquely
written in the form x = axq + bxo with coefficients 0 < 21 < 2™ and
0 < xg < 2™

In order to define a required multiplication “-” on G, for each x € G
we put x - a = aa(zr) with

(z) = 1,if 29 = 1( mod 2),and
Y790, if 2o = 0( mod 2).
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Then the coefficients «(x) and (x) = 0 satisfy the conditions (0) - (4) of
Corollary 4 and so the formula

z -y = ala(x)y + 215 (1%, y2)) + b(22y2)

determines multiplication “-” on G such that the system R = (G, +,-) is
a nearring with identity element b.

Indeed, it is easy to see that - b = a(a(z) - 0+ x1j(t"2,1)) + bxg =
axr1 + bxrg = x = b - x, so that b is the identity of R.

We show further that z- (y+2) = z-y+x-z for arbitrary y = ayi + by
and z = az; +bzy of G. Since y+z = a(y1 +21tY2) +b(y2 + 22) by Lemma 5,
we have

(1) z-(y+2) = ala(@)(y + 21t") + 215 (t, y2 + 22)) + bra(y2 + 22).
On the other hand,
x-z=ala(x)z1 + 215 (t", 22)) + b(w222)
and
b(way2) +a(a() -1 (72, 22)) = alale)z-+o1i(E2, 22))E79) +b(z2p2)
by Lemma 5. Therefore
(i) r-y+x-z=ala(z)(y + 21t**¥?)
21 (j (872, y2) + 5 (172, 22)t722)) + bra(y2 + 22).
Subtracting equality (ii) from (i), we obtain
T (y+2z) = (v-y+x-2)=ala(r)(yr + 2t"?) + 215 (1", y2 + 22))
—aae)(yn + 2t + (1 ) + (172, ) 720R)
= a(a(z)(y1 + 21t%) + 215 (72, y2 + 22) — 21 (G (172, y2) + J(E72, 22)E72)

—(a(@)(y1 + 21t7*?)) = a(a(z)(y1 + 21% — 218 — 1)),

because
J(A2 Y2 + 22) = j(t72,y2) + j(E72, 22)t72%)

by statement 1) of Lemma 4. Thus

z-(y+z)—(x-y+z-2)=ala(z)(y; + 21t — 21" — y1))
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and since a(z) = 0 for z2 = 0 (mod 2 ), it remains to consider the case
a(z) = 1 in which 29 = 1(mod 2). But then t*2 = ¢(mod 2™) by
statement 3) of Lemma 4 and so t*2¥2 = t¥2 (mod 2™ ). Therefore (y; +
21192 —z1t"2Y2 —y; ) = 0 (mod 2" ) and hence a(y;+21tY2 —2z1t"2Y2 —y;) = 0,
as claimed.

It is also clear that the associativity of multiplication “-” follows from
its left distributivity and the equality = - (y - a) = (x - y) - a. Indeed, since
y-a=ac(y) and (z-y)-a = aca(z - y) by definition, we have z - (y - a) =
7 - (aaly)) = (@ - )aly) = (aa(@))a(y) = a(a(z)a(y)) = aalz -y).

Finally, we show that an element x = ax; + bxs € G is invertible
if and only if 9 = 1(mod 2). This means that we need to find an
element y = ay; + byz such that z -y = y - x = b. Clearly there ex-
ists an odd integer ys such that xoyo = 1 (mod 2"). Thus if we put
y1 = —x1j(t*2,y2), then it easy to see that x -y = y - © = b. Therefore
R* = {axy + bxy | o =1 ( mod 2)} and hence the set of all non-invertible
elements of R coincides with the subgroup L = (a) + (b2) of G. Thus
R = (G,+,") is a local nearring, as desired. O
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