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ABSTRACT. The notions of (G, ¢)-crossed product and quasi-
crossed system are introduced in the setting of (G, ¢)-quasiassocia-
tive algebras, i.e., algebras endowed with a grading by a group G,
satisfying a “quasiassociative” law. It is presented two equivalence re-
lations, one for quasicrossed systems and another for (G, ¢)-crossed
products. Also the notion of graded-bimodule in order to study
simple (G, ¢)-crossed products is studied.

1. Introduction

The (G, ¢)-quasiassociative algebras were introduced by H. Albuquer-
que and S. Majid about a decade ago [4], and during the last years have
been studied with some collaborators (see [2] and the references therein).
Inspired by the theory of graded rings and graded algebras ([9-12]), in
the present paper we extend the concepts of crossed product and crossed
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system to the context of (G, ¢)-quasiassociative algebras. The division
(G, ¢)-quasiassociative algebras are (G, ¢)-crossed products, as well as
some notable nonassociative algebras such as the twisted group algebras
like Cayley algebras. Among them, we stand out the octonions with
potential relevance to many interesting fields of mathematics, namely
spinors, Bott periodicity, projective and Lorentzian geometry, Jordan
algebras, and the exceptional Lie groups. We also refer its applications
to physics, such as, the foundations of quantum mechanics and string
theory. We prove some basic results about (G, ¢)-crossed products and
quasicrossed systems, emphasizing the case of twisted group algebras.
Our work extends the study on unital antiassociative quasialgebras with
semisimple even part presented in [7].

In Section 2 we introduce the basic definitions and properties related
to (G, ¢)-quasiassociative algebras. Section 3 is devoted to present some
results about the set of the units of this class of algebras. In Section 4
the (G, ¢)-crossed products and quasicrossed systems are defined, and a
correspondence between them is presented with some examples. Then,
in Section 5, we present two equivalence relations, one for quasicrossed
systems and another for (G, ¢)-crossed products, and in the end of this
section we relate them in a suitable way. In Section 6 we study some
compatibilities between (G, ¢)-crossed products and the Cayley-Dickson
process. It is shown that the quasicrossed system corresponding to the
twisted group algebra obtained from the Cayley-Dickson process applied to
a twisted group algebra is related to the quasicrossed system corresponding
to the initial algebra. Section 7 is dedicated to simple (G, ¢)-crossed
products. The definition of representation of a (G, ¢)-quasiassociative
algebra is introduced and described in a commutative diagram. Some
examples of graded modules over (G, ¢)-quasiassociative algebras are
included.

2. Preliminaries

Throughout this work, A denotes an algebra with identity element 1
over an algebraically closed field K with characteristic zero and G a
multiplicative group with neutral element e.

Definition 2.1. A grading by a group G of an algebra A is a decomposi-
tion A =@ cq Ag as a direct sum of vector subspaces {Ag # 0: g € G}
of A indexed by the elements of G satisfying

AgAp C Ay, forany g,h € G,
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where we denote by AyAj; the set of all finite sums of products x4z,
with z, € Ay and zj, € Aj,. An algebra A endowed with a grading by a
group G is called a G-graded algebra. Moreover, if A satisfies the stronger
condition

AgAy = Ay, for any g,h € G,

it is called a strongly G-graded algebra.

In this paper G is generated by the set of all the elements g € G such
that A, # 0, usually called the support of the grading.

The subspaces A, (with g € G) are referred to as homogeneous
components of the grading, and a nonzero element z, € A, is called
homogeneous of degree g. Any nonzero element x € A can be written
uniquely in the form z =} x4, where 24 € Ay and at most finitely
many elements x4, are nonzero.

Given two gradings I and TV on A, T is a refinement of T if any homo-
geneous component of I is a (direct) sum of homogeneous components
of I'. A grading is fine if it admits no proper refinement. Throughout this
paper, the gradings will be considered fine.

A subspace B C A is called a graded subspace if B = EBgeg(B NAg).
Equivalently, a subspace B is graded if for any x € B, we can write
T =) ,cc Tg, Where x4 is a homogeneous element of degree g in B, for
any g € G. We say that a graded subalgebra is a subalgebra which is
a graded subspace, and we say that a graded ideal I C A is a graded
subspace I = ®geqly of A such that TA+ AI C 1.

Definition 2.2. A map ¢ : G X G x G — K* is a 3-cocycle (in the
following just cocycle) if

¢(h, k. 1)¢(g, hk, 1)p(g, h, k) = ¢(g, h, kl)¢(gh, k., 1), (2.1)
¢(g7 e? h) = 17

hold for any g, h, k,l € G, where e is the identity of G.
Next lemma lists some properties of cocycles useful in the sequel.

Lemma 2.3. If ¢ : G x G x G — K* is a cocycle then the following
conditions hold for any g,h € G:
(i) ¢(e, gvh) ¢(9,h7€) =1
(ii) ¢(g,97 " 9)0(g7 " 9,h) = d(g, 97", gh);
(i) 69,97, 9)0g 7991)—1
(iv) ¢(h, h L (g, b k) = ¢(g, b, b g™ d(gh, bt g7 ).
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Proof. First we show (i). In (2.1) we consider k = e and get

d(h, e, )p(g, h,1)p(g, h,e) = (g, h,1)p(gh,e,l).

Now by (2.2) it comes ¢(g, h,e) = 1. We obtain the other equality in a
similar way. To show (ii) we replace in (2.1) h by g~', k by g, [ by h and
take in account (i). The item (iii) is a particular case of (ii) with h = g~
Now we prove (iv) from the definition of cocycle. For any g,h € G we
have

o(h,h g7 b9, hy b 7Y = d(h, kY g (g, hh ™, g7 (g, hy BT
= ¢(g.h,h g " )p(gh, b1, g7 ) O

The category of G-graded vector spaces is monoidal by way of
Pywz: (VaW)eZ —Ve(We2)
(U!] ® wh) & 2 ¢(g7 h7 k)vg ® ('U)h & Zk),

for any homogeneous elements v, of degree g in V', wy, of degree h in W
and z of degree k in Z.

Definition 2.4. A map F' : G x G — K* is a 2-cochain if
F(e,g) = F(g,e) =1
holds for any g € G.

The notion of (G, ¢)-quasiassociative algebra was introduced in [4]. This
new class of algebras includes the usual associative algebras but also some
notable nonassociative examples, like the octonions.

Definition 2.5. Let ¢ : G x G x G — K* be an invertible cocycle. A
(G, ¢)-quasiassociative algebra (or simply a quasialgebra) is a G-graded
algebra A = @ cq Ay with product map A @ A — A obeying the
quasiassociative law in the sense

(zgzn)xr = d(g, h, k)zg(znar), (2.3)

for any x4 € Ay, z, € Ap,xi € Ay Moreover, a (G, ¢)-quasiassociative
algebra A is called coboundary if the associated cocycle is

F(g,h)F(gh,k)

¢(g>h7 k) = F(h, k)F(g, hk)’

for a certain 2-cochain F' with g, h,k € G.
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Remark 2.6. If A is an unital (G, ¢)-quasiassociative algebra then A,
is an associative algebra (1 € A.) and A, is an associative A.-bimodule
for any g € A,.

Example 2.7. All associative graded algebras are (G, ¢)-quasiassociative
algebras (with ¢(g,h,k) = 1 for any g, h,k € G). In particular for the
group G = Zs, the (G, ¢)-quasiassociative algebras admit only two types
of algebras. The mentioned associative case with ¢ identically 1, and the
antiassociative case with ¢(x,y,z) = (—1)*¥*, for all z,y,z € Zy. The
antiassociative quasialgebras were considered in [3] and recently studied
in [1]. For G = Zs, every cocycle has the form

1 w
b1 =a, ¢ri2=403, o121 =—, 122 =,
wo I5]

@ p w

G211 = ——, @212 = Qw, (21 = —, P29 = —
Bw wao «

for some nonzero «, § € K and w a cubic root of the unity. Here ¢111 is a

shorthand for ¢(1,1,1), etc. Z,-quasialgebras are studied in [5].

Lemma 2.8. A (G, ¢)-quasiassociative algebra A is strongly graded if

and only if 1 € AgAy—1 for all g € G.

Proof. Suppose 1 € AgA -1 for all g € G. For any h € G it follows that
Agh = 1Agh C AgAg—lAgh - AgAh,

hence Ay = AgAp. The converse is obvious. ]

Lemma 2.9. Let A be a strongly graded and commutative quasialgebra,
then G is an abelian group.

Proof. Since A is strongly graded, we have that AjA;, = Ay, # 0 for any
g, h € G. Therefore there exist x, € A4 and xj, € Ay, such that x 4z, # 0.
Since A is commutative, we have that x,z, = zp2y # 0, and this implies
gh = hg. [

Lemma 2.10. Let A be a strongly (G, ¢)-quasiassociative algebra. If
x € A such that vAy = 0 or Agx = 0, for some g € G, then x = 0.

Proof. Let x € A such that A, = 0 for some g € G (the another case is
analogue). Then we have xA;A,-1 = 0, or equivalently 24, = 0. From
1 € A., we conclude that x = 0. O

Remark 2.11. By the previous result we have for a strongly (G, ¢)-
quasiassociative algebra that always the support of the grading must be
the entire G.
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3. Units of a (G, ¢)-quasiassociative algebra

Definition 3.1. An element u of a (G, ¢)-quasiassociative algebra A is
called a left unit if there exists a left inverse uzl € A such that uZlu =1.
Similarly, w is said a right unit if there exists a right inverse uﬁl € A such
that uu;zl = 1. By an unit (or invertible element) we mean an element
u € A that has a left and right inverses. We denote by U(A) the set of
all units of A.

Definition 3.2. An unit u of A is graded if v € A, for some g € G.
The set of all graded units of A is denoted by Gr U(A) and we have
Gr U(A) = Uyea(U(4) 1 Ay).

Lemma 3.3. Letu be a graded unit of degree g of a (G, ¢)-quasiassociative
algebra A. The following assertions hold.
(i) The left inverse uzl and the right inverse u;?l of u have degree g~
and are related by u;%l = qb(g_l,g,g_l)uzl.
(ii) The left inverse uzl and the right inverse u]_%1 of u are unique.
(iii) If w is another graded unit of A of degree h, then the product uvw is
a graded unit of degree gh such that,

-1 o9~ 9.h) 1
WO g g

-1 _ ¢(h7h717971) ~-1 -1
W= g g ) R

1

(iv) The set Gr U(A) is closed under product and inverse.

Proof. (i) We show that u;' € Ag-1 (it is similar for the right inverse).
We can write uzl = > heq Un, where up € Aj and at most finitely
many elements uy, are nonzero. From 1 = uj'u = Y. upu it follows
that w, = 0 unless h = g~!. Thus uzl = ugy—1 has degree g~ '. The
quasiassociativity of A gives

1 -1 _ 1

= lug' = (u’

up wug =é(g " 9,9 Yug (wug" ) =o(g7 9,97 ug

as desired (cf. [6,7]).

(ii) Suppose that there exist uzl

and u/7" two left inverses of u, mea-
ning that u; 'u = 1 and o7 'u = 1. Then u; 'u = v'f'u. Since u is an unit
of A, there exists u;ll satisfying uu]fz1 = 1. We may write (uzlu)ulgl =
(w7 w)ug", hence ¢(g7", 9,97 Yup (uug) = ¢g7", 9,97 ' (uug")

and we obtain uzl = El. The case with the right unit is analogue.
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(iii) As AgAp C Agp then uw is a homogeneous element of degree gh.
Since A is quasiassociative, we get the expression of the left inverse of
uw doing

(wp 'up ) (uw)

h=t g7t gh
= o(h g7 ghywr ! (ug! (uw)) = Wwi((uzlu)w)
_othhgThgh) o d(hTlgThgh)

ola L ah) YT g g, h)

In a similar way we obtain the right inverse of ww (cf. [6,7]).

(iv) By (iii) we conclude that Gr U(A) is closed under product. To
show that Gr U(A) is closed under inverse, meaning that whenever u
is a graded unit then uzl and uﬁl are graded units too, we use (i) and
observe that

(g7t 9,97 Nu)urt = wug! =1
and
U (;@ =ulu=1
o971 9,971 r
completing the proof. O

Remark 3.4. From Lemma 3.3(i)-(ii), the left and right inverses of any
u € U(A)N Ay are also graded units of A and

(u; g =u, (upt =097 9,9 M,
1
—1\—1 —1\—1
u = u, u = 7 U
(r )i (r )k (g, 9,97

Lemma 3.5. If A is a graded associative algebra, left and right inverses
are equal.

Proof. Tt is easy to chek that u;' = u; ' (vup') = (up w)up' = up' for

any u € U(A). O

Corollary 3.6. The left and right inverses of u € U(A) N Ae are equal
and belong to A.. Moreover, U(A) N Ae = U(Ae).

Proof. By Lemma 3.3-(i), the left and right inverses of u belong to A, and
up' = d(e,e,e)u;t =up'. Therefore U(A) N A, C U(A.). The converse
is trivial. O
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Remark 3.7. The map deg : Gr U(A) — G preserves the product
and the elements u € Gr U(A) such that deg u = e consist in the set
U(A)NA. =U(Ae).

Lemma 3.8. (i) The map p: Gr U(A) — Aut(A.) defined by
p(u)(z) = uauy'  for anyu € Gr U(A) and z € A,

satisfies p(uw) = p(u) o p(w) for all u,w € Gr U(A).
(ii) The right multiplication by u € Ay N U(A) is an isomorphism
Ao — Acu = Ay of left Ac-modules.

Proof. (i) Let u,w be two graded units of A such that deg u = g and
deg w = h. Using Lemma 2.3-(iv) we obtain for any = € A,

¢(h,h™' g7")

) (@) = (o)) = (e Sttt
¢(h,h™'g7")
_ W w) (z(wp'ug))
¢(h,h™ ' g7")
— W ( l‘wR )
_ ¢(h,h™'g7") IR
= (;5(9, h, hilgfl)qb(gh, hfl’gfl) ((uw)(flijl))uRl

¢(h, k=t g7 o(g, h, A1) L
= ¢(g’ h, h”g”)qﬁ(gh, hil,gfl) (U(wwal))uRl

— u(wewgYug' = p(w) o p(w)()

(ii) First we prove that the right multiplication is a monomorphism. Let
z,y € A, such that xu = yu. Thus (zu)up' = (yu)up'. Since z,y € A,
then x(uuz') = y(uuz') and z = y. To prove that it is an epimorphism,
we need to see if for any v € A, there exists © € A, such that zu = v. We
get it taking x = vul_%l. [

4. (G, ¢)-crossed products and quasicrossed systems

In this section we introduce the concept of (G, ¢)-crossed product in
the context of (G, ¢)-quasiassociative algebras.

Definition 4.1. Let A be a (G, ¢)-quasiassociative algebra. We say that
Ais a (G, ¢)-crossed product of G over A, if for any g € G there exists
g € U(A)N Ay, meaning that, there exists an unit g in A of any degree g.
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The following examples illustrate that some important quasialgebras are
(G, ¢)-crossed products.

Example 4.2. Any division (G, ¢)-quasiassociative algebra A = @ycq Ay
is trivially a quasicrossed product of G over A., because 1 € A, and every
nonzero homogeneous element is invertible.

Example 4.3. Interesting examples of division (G, ¢)-quasiassociative
algebras, so of (G, ¢)-crossed products, are twisted group algebras KpG
(see [4]). We present properly this class of algebras since we will pay
special attention to them in this paper. Consider the group algebra KG,
the set of all linear combinations of elements > . agg, where a; € K
such that a, = 0 for all but finitely many elements g. We define KrG
with the same underlying vector space as KG but with a modified product
g.h := F(g,h)gh, for any g,h € G, where F is a 2-cochain on G. Then
KgG is a coboundary graded quasialgebra. Moreover, any KrG is a (G, ¢)-
crossed product. In fact, given g € G and a, € K* then the homogeneous
element a49 € (KpG), is an unit with left inverse and right inverse:

1 1 -1 -1

(ag9)z' = ¢(9.97",9)(agg) ' = Flg™",9) 'ag'g

There are two classes of modified group algebras particularly interesting,
namely the Cayley algebras and the Clifford algebras. We mention just
some well studied Cayley algebras:

1) The complex algebra C is a quasialgebra KrpG with G = Zg and
F(x,y) = (=1)", for x,y € Zo.

2) The quaternion algebra H is a quasialgebra KpG with G = Zy x Z»
and F(Z, ) = (=1 t@t22)m where 7 = (11, 29) € Zo X Zoy
is a vector notation.

3) The octonion algebra O is another quasialgebra KpG for G =
Zo X 7y X 7y and F(?,?) = (—1)Zz’<j Tl tY1B2T3HEY2T3HT1D2Y3
where @ = (x1,x9,23) € Lo X Lo X Lo.

Any Clifford algebra is a quasialgebra KpG for G = (Z2)™ and 2-cochain

F(Z,Y) = (—1)21@' P95 where 7 = (21, ..., ¥,) € (Z3)™. Recall that C
and H are both Cayley and Clifford algebras.

Example 4.4. Let Mat,(A) be the Zs-graded algebra of the n x n
matrices over A with the natural Zs-grading inherited from A, where
A = Ag @ Aj is a division antiassociative quasialgebra ( ~ (D, 0, a) see
[3], where o is an automorphism of D and a is a nonzero element of D
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such that 02 = 7, : d — ada~! with o(a) = —a) and n € N. Consider
Mat,, (A) = Mat,, (Aj) & Mat, (Aj)u equipped with multiplication defined
by
A(Bu) = (AB)u, (Au)B = (AB)u and (Au)(Bu)=aAB

for all A, B € Mat,,(Aj), where the matrix B is obtained from the matrix
B = [bij]1<i,j<n by replacing the term b;; by o(b;;), forall ¢, 5 € {1,...,n}.
Then the simple antiassociative quasialgebra Mat, (A) is clearly a (G, ¢)-
crossed product of Zg over Mat,, (Aj). It is clear that id is an unit in
Mat,,(Ag) and id w is an unit in Mat, (Ag)u.

For n € N, the set M atnm( ) of 2n x 2n matrices over a division
algebra D, with the chess board Zs-grading:

Mat,, (D) = {(g 2) . a € Matn(D),b € Matn(D)}

ﬁ;tn,n(p)i = { (2; 8) :v € Mat, (D), w € Matn(D)} ,
and with multiplication given by
ap v\ (a2 w2\ _ [aiax+viwe  arvz + v1bs
wy by wa b wiaz + biywe  —wqva + b1y
is a (G, ¢)-crossed product. Indeed, let a € Mat, (D) and b € Mat, (D)
2 is an unit in mtnm(D)ﬁ with
-1 -1
a 0 _f(a O - a”l 0
0 b ~\0 b Lo vt
R L

These examples show that there are (G, ¢)-crossed products which are
not division (G, ¢)-quasiassociative algebras.

be two invertible matrices, then (g

Example 4.5. Consider the (Z,, ¢)-quasiassociative algebra of the de-
formed matrices M,, 4(K) of the usual n x n matrices M, (K) with the
basis elements E;; of degree j — i, for 4, j € Zjy, and the multiplication

Z—qﬁ Ay ))Xikija
for any X = (Xj;) and Y = (V35) in M,,(K) (cf. in [8]). This (Zy, ¢)-

quasiassociative algebra is a (G, ¢)-crossed product. Indeed, we easily find
an invertible element in each homogeneous component of M, 4(K).
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Remark 4.6. Observe that not all (G, ¢)-quasiassociative algebras are
(G, ¢)-crossed products. For example, we can easily extract subalgebras
of the algebra of Example 4.5 which are not (G, ¢)-crossed products.
The subalgebra T}, 4(K) of the (Z,, ¢)-quasiassociative algebra M, 4(KK)
formed by the upper triangular matrices is not a (G, ¢)-crossed product.
For example, the 1-dimensional homogeneous component (7}, 4(K)),—1
with basis {E1,} does not contain an invertible element.

Definition 4.7. Assume that B is an associative algebra. Given maps
o : G — Aut(B), automorphism system, « : G x G — U(B), quasicrossed
mapping, and a cocycle ¢ : G x G x G — K* | we say that (G, B, ¢, 0, )
is a quasicrossed system for G over B if the following properties hold:

7(9) (o(1) @) = alg. Ho(gh)(@)alg, )" (4.)
a(g, h)a(gh, k) = ¢(g, b, k)o(g)(a(h, k))a(g, hk) (4.2)
a(g,e) = ale,g) =1

for any g,h,k € G and ¢ € B.

Let A be a (G, ¢)-quasiassociative algebra which is a quasicrossed product
of G over A.. Then for any g € G there exists an unit g € U(A) N A4,
with € = 1. Define a map o(g) : Ac — A¢ by

o(g9)(x) :=grgyr ' for any x € A.. (4.4)
Lemma 4.8. For any g € G, o(g) is an automorphism of A., meaning
that for x,y € A,

o(g9)(zy) = a(g)(x)o(9)(y).

Proof. For any g € G, as g is an unit it is obvious that the map o(g) is
bijective. Applying Lemma 3.3-(i), we obtain for any g € G and z,y € A,
S (Y s i G |
o(9)(zy) = gryag' = (92(9'9) )vax
1 S N 1 SR -
= ——— (929, )9)y9r = (929, )(9y9R )
$(g.9 1,9)(( £)9)9k #9971, 9) 7" f

= (G295 (9ygz") = o(9)(x)o(9)(y)
as desired. O

Proposition 4.9. Let A be a (G, ¢)-quasiassociative algebra which is a
(G, ¢)-crossed product of G over A.. For any g € G, fix an unit g in A
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with e = 1. Let 0 : G — Aut(A.) be the corresponding automorphism
system given by FEquation (4.4) and a: G X G — U(Ae) defined by

alg, h) = (gh)(gh)z" = 6((gh) . gh, (gh) ) (@h)(gh)",  (4.5)

for any g,h € G. Then the following properties hold:
(i) Ais a strongly (G, ¢)-quasiassociative algebra with Ay = Acg = GA..
(ii) (G, Ae, ¢,0,a) is a quasicrossed system for G over A. (to which we
refer as corresponding to A).
(iii) A is a free (left or right) A.-module freely generated by the elements
g, where g € G.
(iv) For all g,h € G and x,y € A,

(zg)(yh) = za(g)(y)a(g, h)gh. (4.6)

Conversely, for any associative algebra B and any quasicrossed system
(G, B, ¢,0,a) for G over B, the free B-module C' freely generated by the
elements g, for g € G, with multiplication given by Equation (4.6) (with
xz,y € B) is a (G, ¢)-quasiassociative algebra (with C, = Bg for all
g € G) which is a (G, ¢)-crossed product of G over Co = B and having
(G, B, ¢,0,a) as a corresponding quasicrossed system.

Remark 4.10. We note that Proposition 4.9 generalizes the results
on quasiassociative division algebras presented by H. Albuquerque and
A.P. Santana (see Theorem 1.1 in [7] and Theorem 3.2 in [8]). The
quasiassociative division algebras are precisely the (G, ¢)-crossed products
over the division associative algebras. Moreover, the three identities defi-
ning the multiplication in quasiassociative division algebras are now
condensed in equation (4.6).

Proof. (i) Let g € G and take u € U(A) N Ay. By Lemma 3.3-(i),
uzl,uﬁl € Ay

and therefore 1 = uzlu € Ag1 Ay and 1 = uu}_;i1 € AjA 1. By Lemma
2.8, we conclude that A is a strongly graded quasialgebra. Applying
Lemma 3.8-(iii), A; = A.g and the argument of this lemma applied to
left multiplication shows that A, = gA., proving this item.

(ii) First we prove condition (4.1). Let g,h € G and = € A.. We have

o(9)(o(h)(@)) = o(g) (haTiz')
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= (ahe))a7 = 5 (@ ahn))ag!

11 11
= et g (e ') = O e )
and we get
-1 -1
oo w) = “T D ghalhy ). ()

Now, using Lemma 3.3 we observe that

(gh) 5 (alg, )z = (gh) 7" (cb((gh)‘l,gh, (gh)‘l)@ﬁ)(?h)il)i1
o((gh)~*, gh, (gh)™")
o((gh)=1, gh, (gh)=1)¢(gh, (gh) =1, gh(gh)~1)

% (gh) 5 (G YR @R
i1y o((gh) 7 gh, (
= (gh)Rl <9h(9h)Rl) = d)((gh)_l,gh,(

)

¢(h,h=t g} il
¢(g,h,h—1g=1) B IR

R

-1
o (690 )

gh)
gh)
= ((gh);'gh) (Gh) ' =

and hence

1 -1
IR Tr' = W@h)#(a(gv M) (4.8)

Applying Lemma, 2.3-(iii) we obtain
a(g, h)gh = (#((gh) ™", gh, (gh) ") (gh) (gh)" ) gk
= 8((gh) "', gh, (gh)~")é(gh, (gh) ", gh)(gh) ((gh) ;" gh) = gh
then
a(g, h)gh =g h. (4.9)
Returning to (4.7), using (4.8) and (4.9) we have
o(9)(o(h)(x))

h,h=t, g1 hoh—1lg—1 -
¢<fb(’g h ;Lgl);((b}(bg}l—’l g_ﬁ]) )04(97 h)ghz(gh) 5  (a(g, k) 5"
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and by Lemma 2.3-(iv) we conclude

a(9)(a(h)(z)) = alg, h)a(gh)(x)(alg, h)) "

proving (4.1). For any g,h,k € G, by Lemma 4.8 and using condition
(4.9) we have

(g h)k = (a(g,h)gh)k = a(g, h)(gh k) = alg, h)a(gh, k)ghk.

On the other hand, we obtain

3(h ) = gla(h, KYAR) = (ga(h, k). (4.10)

Using Lemma 2.3-(iii) we have

o(9)(alh, k)7 =(ga(h, k)gr )7 = 6(g~" 9.97") (Fa(h )TT )7
=697, 9,97 V69,971, 9) (g0(h, k) (3, 9) =ga(h, k).

Returning to (4.10)

G(h ) = (gau(h, )Rk = (o(9)((h, k))g) Bk = o(g) (a(h, k)) (g TE)
= a(9)(alh, k))a(g, hk)ghE.

Since G is associative and (gh)k = ¢(g, h, k)g(h k), we conclude that

Oé(g, h)a(gh7 k) - ¢(97 h, k))O’(g)(O[(h, k))a(ga hk)

proving (4.2). Because € = 1 we have

a(g,e) = d((ge) ™! ge, (ge) ) (@e) (@)L = o9~ 9.97 ) gL
_dlg g9

o9t 9,97

thus (4.3) is also true, proving (ii).

(iii) It is a direct consequence of (i).
(iv) Let g,h € G and z,y € A.. Using Lemma 2.3-(ii) we obtain

9gp =1

() (wh) = (29) ((w(g;'D)R) = (29) (((wg;H9)R)

-1
= ol 000 (7 )T) = 5 L () ) )
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_ (g7, 9.h) R
= 50 L ool gD FDWIR))Gh)

= 20(g)(y)(gh) = zo(g)(y)(g, h)gh

proving (4.6). To prove the converse, we need only to verify that the
multiplication given by (4.6) is quasiassociative. In fact, let g, h,k € G
and z,y,z € B. As 0(g) € Aut(B) we have

(29)((Wh)(2F)) = (= >(yo< )(2)a(h, k)RE)
= xa(g)( )a( )a g, hk)ghk
= 20 (g)(y)o <><a<h>< ))o(g)(alh, k))alg, hk)ghk
L 20(g) (y)alg, o (gh) (2)alg, h) " (g)(alh, k))alg, hk)ghk
& chr(g)(y)a(g,h)a(gh)(z)a(g,h>—1a<g,h>a<gh,k>gmf
1

= 5 @ alg. ha(gh)()algh, k)ghE.

On the other hand,
((@9)(wh)) (k) = (2 (9)(y)alg, h)gh) (k)
= zo(g)(y)a(g, h)o(gh)(z)a(gh, k)ghk

therefore,
(@9)wh)) (k) = 6(g, b, k) (29) ((yh) (=F) )

completing the proof. [

5. Equivalence on (G, ¢)-crossed products
and on quasicrossed systems

In this section we present two equivalence relations, one for quasicros-
sed systems and another for (G, ¢)-crossed products.

Definition 5.1. We say that two quasicrossed systems (G, B, ¢, 0, «)
and (G, B, ¢,0',a’) over an associative algebra B for a fixed cocycle
¢ : G x G xG— K* are equivalent if there exists a map u: G — U(B)
with u(e) = 1 such that

0/(9) = 'Lu(g) © U(g) (5'1)
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(g, ) = u(g)a(g)(u(h))a(g, h)u(gh) ™, (5.2)
for any g,h € G, where iy(z) = yry~! for € B and y € U(B).

We define an equivalence relation in the class of quasicrossed systems
over an associative algebra B for a fixed cocycle ¢ : G x G x G —
K*. Assume that a (G, ¢)-quasiassociative algebra A is a (G, ¢)-crossed
product of G over A.. Due to Proposition 4.9, any choice of an unit g of A
in Ay, for any g € G, with € = 1, determines a corresponding quasicrossed
system (G, A, ¢, 0, ) for G over A, with o and « given by

o(9)(x) = gagy and a(g,h) = (7 h)(gh)z'

for any x € A, and g,h € G. Now, let {g : ¢ € G} be another set
of units and (G, A., ¢,0’,a’) be the corresponding quasicrossed system.
Because g € Ay, we infer from Proposition 4.9-(i) that there is a map
u: G — U(Ae) with u(e) = 1 such that

g=u(g)g forall ged@q.
We note that u(g) is indeed an unit of A, with inverse u(g)~! = g@'}}l.

Lemma 5.2. In the previous conditions we have that the quasicrossed
systems (G, Ae, d,0,) and (G, Ae, ¢, 0, a') are equivalent over the asso-
ciative algebra Ae.

Proof. For g € G and x € A, we have

o' (9)(x) = gagr" = u(9)gz(u(9)9) " = u(9)gzgy ulg) ™"

;%1
= u(9) (@7 Yulg) ™" = u(g)o(g)(x)ulg) ™" =iy (o(9)(z))

proving (5.1).
For g, h € G, using Lemma 2.3-(ii),(iii) we have
u(gh)gh = gh = (g, h)~'gh
= a'(g,h) 'u(g)gu(h)h = o/ (g, h) " (u(g)g)(u(h) (g, 9)h)
= o /0 D) () 3 D
_ dlgtg,h)
o9t 9,971)
P91, 9,h)

= T a0 ole g T gy @) U9 (GuR" ) (6h)

o (g,h) "M (u(9)g) (u(h)g5" (gh))
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therefore
(g, h) = u(g)o(g)(u(h))a(g, h)u(gh) ™"

proving (5.2). Consequently, (G, A., ¢, 0, ) and (G, Ae, ¢, 0’, ') are equi-
valent as desired. O

Thus any given (G, ¢)-quasiassociative algebra A which is a (G, ¢)-crossed
product of G over A, defines a unique equivalence class of corresponding
quasicrossed systems for GG over A.. We emphasize the independence of
the choice of the sets of units used to define the quasicrossed systems.

Definition 5.3. Assume that A, A" are two (G, ¢)-crossed products of
G over A.. We say that A and A’ are equivalent if there is a graded
isomorphism of algebras f : A — A’ which is also an isomorphism

of A.-modules. The latter means that f is an isomorphism such that
f(Ag) = Ay for all g € G and f(x) =« for any = € A..

Theorem 5.4. Two (G, ¢)-crossed products of G over A. are equivalent
if and only if they determine the same equivalence class of quasicrossed
systems for G over A..

Proof. Consider A and A’ two (G, ¢)-crossed products of G over A..
Let (G, Ae, ¢,0,a) and (G, A, ¢,0',a’) be the representatives of the
corresponding equivalence classes of quasicrossed systems for G over A,
and take the sets of units {7 : g € G} and {g: g € G} in A and A,
respectively, which give rise to the above quasicrossed systems.

First assume that A’ and A are equivalent via f: A’ — A. Because
f(g) € Ay for all g € G, there is a map u : G — U(A.) with u(e) =1
such that f(g) = u(g)g for any g € G. We observe that for given g € G,

1= f(1) = f(@35") = F()f(Gr") = u(9)af (G5"),

so u(g) is an unit in A, with inverse

Consider in A and A’ the product defined, respectively, by

(29)(yh) = z0(g)(y)a(g, h)gh and (x9)(yh) = zo’(9)(y)e’ (g, h)gh
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for any x,y € A, and g, h € G. Given x € A, and g € G we have g(xe) =
o'(g9)(x)d!(g,e)ge = o' (g)(x)g. Since f is a morphism of algebras we have

f(g(ze)) = f(9)f(xe) = f(g)(zf(€)) = (u(g)g)(zule)e) = (u(g)g)(xe)
= u(g)o(g)(z)alg, e)ge = u(g)a(g)(x)g
and
(0'(9)(2)9) = o' (9)(2) f(9) = o' (9)(x)u(g)g
therefore o’ (g)(z) = u(g)o(g)(x)u(g)~* proving (5.1). Now for g, h € G we
have gh = o'(g)(1)d/(g, h)gh = &/(g, h)gh. Again, since f is a morphism
of algebras,

f(gh) = f(@)f(h) = (ulg)g)(u(h)h) = u(g)o(g)(u(h))alg, h)gh

S~

~—

and

f(a'(g,h)gh) = o'(g,h) f(gh) = o/ (g, h)u(gh)gh
therefore o/(g,h) = u(g)o(g)(u(h))a(g, h)u(gh)~! getting (5.2). Thus
(G, A, 0,a) and (G, Ae, o', a/) are equivalent.

Conversely, suppose that there is a map u : G — U(A,) with u(e) =1
such that (5.1) and (5.2) are satisfied. Using again the product in A and
A’ it is easily seen that the A.-linear extension of the map f(g) = u(g)g
for any g € G, also denoted by f, provides an equivalence of A’ and A.
In fact, f is an algebra morphism, because for g, h € G we have

F(Gh) = f(d/(g,h)gh) = (g, h) f(gh) = &/ (g, h)u(gh)gh

and

F(@)f(h) = (u(g)g)(u(h)h) = u(g)o(g)(u(h))alg, h)gh
that are equal by (5.2). It also satisfies f(Aj) = Agy. Indeed, for z, € Ay,
by Proposition 4.9-(i) we may write x4 = g for a certain x € A.. Then

flxu(g) ™) = 2ulg) " f(9) = 2ulg) " ulg)g = 27 = x4,
with zu(g)~'g € Ajy. Finally, for any x € A, we have f(x) = f(z€) =
xf(€) = z, completing the proof. O

Definition 5.5. Consider the trivial automorphism system o : G —
Aut(K), where we take the field K as the associative algebra B on the
natural way. A quasicrossed mapping ¢ : G x G — K* (see Definition 4.7)
is called a coboundary if there is a function u : G — K* such that

8(g.h) = u(g)o(g)(u(h))u(gh) ™",

for any g,h € G.



64 (G,0)-CROSSED PRODUCT

Proposition 5.6. The quasicrossed systems (G, K, ¢,0,a) and
(G, K,¢,0,a') over the associative algebra K for a fized cocy-
cle ¢ : GxGExG — K* and the trivial automorphism system
o: G — Aut(K) are equivalent if and only if o/ = da for a certain
coboundary 6.

Proof. Apply Theorem 5.4 with the field K playing the role of the associ-
ative algebra B on the natural way. On this context, condition (5.1) is
trivial and as K is commutative we can rewrite (5.2) as a = o’ where §
is a coboundary quasicrossed mapping. O

6. Cayley (Clifford) (G, ¢)-crossed products

Let A be a finite-dimensional (not necessarily associative) algebra
with identity element 1 and an anti-involution ¢ : A — A, meaning
that ¢ is an antiautomorphism (¢(ab) = <(b)s(a) for all a,b € A) with
¢2 = id. Moreover, the involution < is strong, that is, it satisfies the
property a + ¢(a), as(a) € K1, for all a € A. The Cayley-Dickson process
(that requires the involution ¢ to be strong) says that we can obtain a new
algebra A = A ® vA of twice the dimension (the elements are denoted by

a,va, for a € A) with multiplication defined by
(a4 vb)(c+ vd) := (ac + eds(b)) + v(s(a)d + cb),
and with a new involution < given by
S(a +vb) =¢(a) — vb,

for any a, b, c,d € A. The symbol v is a notation device to label the second
copy of A in A and € is a fixed nonzero element of K.

Proposition 6.1. If A is a (G, ¢)-crossed product over the group G then
the algebra A = A @ vA resulting from the Cayley-Dickson process is a
(G, ¢)-crossed product over the group G = G x Zs.

Proof. First, we note that if A = @ cq Ay is a G-graded algebra, it is easy
to see that A = A @ vA is a G-graded algebra, with G = G x Zs (we may
write A = @ e A(g,0) D Dye A(g,1), With A o) = Ag and Ay 1) = vAy).
Now assume that A = @ cq 4y is a (G, ¢)-crossed product. For any
g € G there exists an unit g in Ay, so trivially we have an unit in A, ).
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——1
Moreover, vg is an unit in A, ;) with vg(gR its left inverse and right
€
inverse, as
s@r)\, _ s(gg") B A T DA N
(v="7)(g) = ege(—_ ) =g _<"(gr ) =9 (Gr ) =99r =1,

1 1
) )) = I8 ) (g = (57)6(0) = slamrt) = (1) = 1

completing the proof. O

In [4], it was proved that after applying the Cayley-Dickson process to
an algebra KpG we obtain another algebra K#G related to the first one
which properties are predictable.

Proposition 6.2. [}] Let G be a finite abelian group, F a cochain on it
(KrG is a (G, ¢)-quasiassociative algebra). For any s : G — K* with
s(e) = 1 we define G = G x Zs and on it the cochain F and function s,

F(x,y) = F(z,y), F(z,vy) = s(x)F(x,y),
Fur,y) = Fy, ), Fvz,vy) = es(x) F(y, z),
S(x) = s(x), s(vx) =—1 forallz,y € G.

Here x = (x,0) and vz = (x,1) denote elements of G, where Zs = {0, 1}

with operation 1+1 = 0. If ¢(x) = s(x)x is a strong involution, then K&G
is the algebra obtained from Cayley-Dickson process applied to KpG.

7. Simple (G, ¢)-crossed products

The aim of this section is to study simple (G, ¢)-crossed products. We
recall the notion of simple (G, ¢)-quasiassociative algebra.

Definition 7.1. A (G, ¢)-quasiassociative algebra A is simple if A2 # {0}
and it has no proper graded ideals, or equivalently, if the ideal generated
by each nonzero homogeneous element is the whole quasialgebra.

To study simple (G, ¢)-crossed products we introduce the definition of
representation of a (G, ¢)-quasiassociative algebra. In the following de-
finition of modules, A = @ e A4y is a (G, ¢)-quasiassociative algebra
with structure given by ¢ and V = @, ., Vi is a graded vector space
over the same group G. We denote by p the product defined in A.
First we emphasize that the quasiassociative law in A is performed by
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po(p®id) = po (id® u) o Paaa and it can be represented by the
following commutative diagram

AAR AT A0 A0 A Ag A

i |

A®A m A

Definition 7.2. Consider a degree-preserving map ¢ : A® V — V and
denote z4.vy := (x4, vi). We say that V is a left graded module over A
(or a left A-graded-module) if

(xgxn).vp = 0(g, h, k)zy.(xp.vr) and 1o, = vy
for any homogeneous elements x4 € Ay, x5, € Ap, v, € Vi

The condition of left graded module is a natural generalization of the
quasiassociativity of the product on A, as we can see by the following
commutative diagram

ARAVAY Ao AV ™ Ay

v |+

ARV - Vv

Definition 7.3. Consider a degree-preserving map ¢ : V® A — V and
denote vi.zg4 := (vg, z4). If for homogeneous elements z, € Ay, z), €
Ap, v € Vi,

(vg.g).xp = d(k, g, h)vg.(xgxp) and vl = vy,
then V is called a right graded module over A (or a right A-graded-module).

Similarly, the condition of right graded module is represented in the
following commutative diagram

Vodo Ao A A ™ vea

o R

VoA |4
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Definition 7.4. If V is a left and right graded module of A and if for
homogeneous elements x, € Ay, xp, € Ap,v;, € Vi,

(Tg-ve)-xn = ¢(g, k, h)zg.(vp-2p),
then V is called a graded bimodule over A (or an A-graded-bimodule).

Moreover, the condition of graded bimodule is represented by the
following commutative diagram

[ 7
AV @AY Ao Ve A Aoy

oo |+

A
Ve m Vv

Now we present some examples of graded modules over (G, ¢)-quasi-
associative algebras.

Example 7.5. Consider the antiassociative quasialgebra A := mtl,l(K)
of the square matrices over the field K graded by the group Zs such that
Ay = (Eh1, Ea2) and A7 := (E9, Eg) satisfying the multiplication

ap v\ (a2 v2)| _ (@162 + viwe  aqv + vi1by

wy by wy  bo wiag + bywe  —wivg + biby |
Consider A acting on the vector space M := (m,n) endowed with the
grading by the group Zs with Mj := (m) and Mj := (n) as follows:

mE11 = nE21 =m, mE12 = nEQQ =n,

mE’22 = mE21 = TLEU = TLE12 == 0;
and on the other side,

Eoom = Eoyn =m, —FEjom = Eyyin=n,

EHTTL = Eglm == E22n == E12n = 0.

We check easily that M is both a right A-graded-module and a left A-
graded-module, although the two structures are not compatible, that is,
M is not a graded bimodule over A (just note that (E2in)E12 = n and
E21 (nElg) - O)
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Example 7.6. We consider a commutative (G, ¢)-quasiassociative al-
gebra KpG endowed with the strong involution o(x) = s(x)z, where
s: G — K* with s(e) = 1. Applying Proposition 4.5 in [4], we know
that the quasialgebra obtained from KrG by the Cayley-Dickson doubling
process can be defined by the same cocycle graded by G being the degree
of the element va equal to the degree of z, for x € G. Then the subspace
vKpG constitutes an example of a graded bimodule over KrG.

Definition 7.7. Let V be an A-graded-bimodule, a graded submodule
W C V is a submodule (meaning AW C W) such that W = @4cq(WNVj).
We say that a A-graded-bimodule V' is simple if it contains no proper
graded submodules.

Example 7.8. A (G, ¢)-quasiassociative algebra A is an A-graded-bi-
module acting on itself by the product map. Also, each one A, is an
Ae-graded-bimodule and a graded submodule of A, for any g € G.

Definition 7.9. Consider two A-graded-bimodules V and V’. An A-linear
f:V = V'is said to be a graded morphism of degree g if f(Vy) C Vj,,
forall h € G.

Now we recall the definition of radical of a (G, ¢)-quasiassociative algebra.

Definition 7.10. Let A be a (G, ¢)-quasiassociative algebra. The radical
of A is defined by

rad(A) = N{ann M : M simple graded left A-module},
where ann M is the annihilator of M in A.

The radical of a (G, ¢)-quasiassociative algebra A is a graded ideal of A.
So rad(A) = {0} if A is simple.

Theorem 7.11. Let A be a simple (G, ¢)-crossed product such that it
is an unital G-graded algebra with artinian null part A.. Then A, is a
semisimple associative algebra.

Proof. Tt is similar to the proof of Theorem 4.3 in [8]. Let J(A.) denote
the Jacobson radical of the associative algebra A.. Given a simple graded
A-module M = @ cq My, each My is a simple Ac-module. Thus if
ag € J(Ae) then agM, =0, Vg € G. Therefore J(A.) C rad(A) = {0} and
A, is semisimple. O
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In case G = Zo, the classification of quasialgebras that have semisimple
artinian associative null part was done in [3], so we have the following
result.

Theorem 7.12. Any simple (Z2, ¢)-crossed product A of Zs over artinian
Ag is isomorphic to one of the following algebras:
(i) Mat,(A), for some n and some division antiassociative quasialge-
bra A;
(ii) mtmm(D), for some natural numbers n and m and some division
algebra D.
Moreover, the natural numbers n and m are uniquely determined by A
and so are (up to isomorphism) the division antiassociative quasialgebra
A and the division algebra D.
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