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ABSTRACT. Let G be a graph with vertex set V(G) and
edge set E(G). Denote by dg(u) the degree of a vertex u € V(G).
The general sum-connectivity index of G is defined as x,(G) =
uuser(c)(da(ur) + da(uz))®, where o is a real number. In this
paper, we compute the bounds for general sum-connectivity index of
several graph operations. These operations include corona product,
cartesian product, strong product, composition, join, disjunction
and symmetric difference of graphs. We apply the obtained results
to find the bounds for the general sum-connectivity index of some
graphs of general interest.

Introduction

Let G be an undirected, simple, finite and connected graph whose
vertex set is V(@) and edge set is F(G). The distance between two vertices
u; and uy in G, denoted by dg(u1,us2), is the length of a shortest path
between them. For a vertex u € V(G), dg(u) denotes the degree of u.
An edge between two vertices u; and us of GG is denoted by ujus. The
order and size of G is denoted by ng and mg, respectively. The maximum
vertex degree of GG is denoted by Ag and the minimum vertex degree of
G is denoted by dg. A complete graph of order n is denoted by K.
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A topological index is designed on the ground of transformation of a
molecular graph into a number which characterizes the topology of that
graph. In chemical graph theory, the degree based topological indices are
very important. A topological index, denoted by T'op(G), of a graph G is
equal to the topological index Top(H) of a graph H if and only if G and
H are isomorphic.

In the theoretical point of view and applications, the Wiener indez is
the first and most studied topological index. Initially, Wiener index was
known as path index but after some time it was renamed as Wiener index.
In 1947, the Wiener index was introduced by the chemist Harold Wiener
[18] and is defined as follows:

W(G):% S Y dafu,w).

ul EV(G) u GV(G)

The hyper Wiener indez is the extension of Wiener index. The hyper
Wiener index WW (G) of a graph G is defined as

WW(G):% Y (dalu,v) + da(u,v)?).

ueV(G)veV(Q)

The Randié¢ index (or product connectivity index) was introduced by
Randié [14] in 1975. It is the one of the most used molecular descriptors
in structure property and structure activity relationship studies and is
defined as follows:

1

R(G) = )
(G) u1u2€ZE(G) Vda(ur)dag(usz)

The general Randi¢ connectivity index (or general product-connectivity
index) R, was defined by Kier and Hall [12] in 1976 and is defined as
follows:

Ra(G)= ) (da(ur)da(u2)),
uiu2€ B(G)
where « is a real number. Then R_; /5 is the Randi¢ connectivity index.

Another variant of the Randié¢ index of G is the harmonic index, denoted
by H(G) and is defined as follows:
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In 2009, the sum-connectivity index x(G) was introduced by Zhou and
Trinajesti¢ [19] and is defined as follows:

1
ulu;(c;) Ve (ur) + de(uz)

X(G) =

A generalized form of the sum-connectivity index was introduced by Zhou
and Trinajsti¢ [20] in 2010. It is called general sum-connectivity index

Xao(G) and is defined as:

Xa(@) = D (da(w) +da(u2)®, (1)

uiu2€ B(Q)

where « is a real number. Then x_; /5 is the sum-connectivity index. The
first general Zagreb index of G is introduced by Li and Gutman [13| and
is defined as:

MP(G) = Z de(up)® = Z (de(u1) @™V + de(ug) @ D),
weV(@) uru2€E(G)

where a is a real number with o # 0 and « # 1. If @ = 2 then M?(G)
becomes first Zagreb index and if o = 3 then M7 (G) is called F-index.
Some chemical graphs that are very interesting in chemical graph theory,
can be obtained by the use of different graph operations (graph products).
It is important to understand that how the topological indices and topo-
logical invariants of such graph operations are related to the topological
indices and topological invariants of components of these graph products.

Recently, Khalifeh et al. [10,11] gave the exact expressions for hyper
Wiener index and, first and second Zagreb indices of several graph op-
erations. In 2015, Shetty et al. [15] derived formulae for harmonic index
of some graph operations. For a detailed study on topological indices of
graph operations, we refer to [2-8, 16]. Very recently, Wang et al. [17]
computed the lower and upper bounds for different indices of tricyclic
graphs. Gao et al. [9] gave some exact expressions for the hyper-Zagreb
index of some graph operations. Akhter et al. [1| gave exact formulae of
general sum-connectivity index for some graph operations.

In this paper, we give some bounds for the general sum-connectivity
index of several graph operations when o < 0. These graph operations
include corona product, cartesian product, strong product, join, compo-
sition, disjunction and symmetric difference of graphs. We apply these
results to find the bounds for the general sum-connectivity index of some
graphs of general interest.
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1. Bounds for the general sum-connectivity index

In this section, we derive some bounds for general sum-connectivity
index of several graph operations. Let G and H be two simple connected
graphs whose vertex sets are disjoint. For each u € V(G) and v € V(H),
we have

da(u),

JaNe!
Ag = dg(v),

\\/ \v

The equality holds if and only if G and H are regular graphs.

1.1. The corona product

The corona product of G and H, denoted by G® H, is a graph obtained
by taking one copy of G' and n¢ copies of H and joining the vertex u that
is on ¢-th position in G to every vertex in i-th copy of H. The order and
size of G ® H are ng(1+ng) and mg +ngmpg + ngnp, respectively. The
degree of a vertex u € V(G ® H) is given by

dg(u) +ng ifueV(G),
dG@H(U) = { d;(u) + 1H ifue V(H) <4>

In the following theorem, the bounds on the general sum-connectivity
index of corona product of two graphs are computed.

Theorem 1. Let o < 0. Then B1 < xo(G © H) < P2, where
B1 =2mg(Ag +np)* + 2%gmp(Ag + 1)°
+ ngnH(AG + Ag+ng+ 1)04’
By = 2amg(5G -+ nH)a + 2angmH((5H + 1)a

+neng(dg + 6 +nmg + 1)<

The equality holds if and only if G and H are regular graphs.
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Proof. Using (2) and (4) in equation (1), we obtain

Xo(G O H) = Z (dg(u) + da(v) + 2ng)®
weE(G)

+ng Y (du(u) +du(v) +2)°
uveE(H)

+ > Y (da(w) + ng + du(v) +1)°

uweV(G) veV (H)

> > @Ac+2)"+ne Y (244 +2)°
weE(G) weE(H)

+ > D (Ag+nu+Ag+1)°
weV (@) veV(H)
= QO‘mG(AG -+ nH)O‘ + QO‘nGmH(AH + l)a
+ nGnH(AG + Ay +nyg+ 1)o¢.

()

Similarly, we can compute

Xa(G©® H) < 2%Mg(og +ng)® + 2%negmpy(dg + 1)

6
—|—nGnH(5G+5H—|—nH+1)a. ( )

The equality in (5) and (6) holds if and only if G and H are regular
graphs. O

Let t > 1 and K; be the complement of K;. Then t-thorny graph of
G is the corona product of G and K;. The following corollary is an easy
consequence of Theorem 1.

Corollary 1. For a < 0, the following holds:

2°ma(Ag +1) +ngt(Dg +t+1) < xa(G O Ky)
< 2%Mg(dg +t) + ngt(dg +t+ 1).

1.2. The cartesian product

The cartesian product of G and H, denoted by GL1H, is a graph whose
vertex set is V(GOH) = V(G) x V(H) and two vertices (u1,v1) and
(ug,v2) are adjacent in GOH whenever [v; and vy are adjacent in H and
u; = ug] or [u; and uy are adjacent in G and v; = v3]. The order of the
cartesian product of two graphs is the product of number of vertices of G
and H, and the size is mgnyg + mpgng. If G and H are regular graphs
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then GOH is also regular graph. The degree of a vertex (u,v) € V(GOH)
is

dGDH((Uav)) = dg(u) + dH(U) (7)

In the following theorem, we compute bounds on the general sum- con-
nectivity index of GLIH.

Theorem 2. Let o < 0. Then B < xo(GOH) < B2, where
B1 = 2%meon (D + Ap)*,Be = 2°meon (0 + o).
The equality holds if and only if G and H are regular graphs.

Proof. Using (2) and (7) in equation (1), we obtain

Yo(GOH) = Z Z (2dg(ur) + du(v1) + dp(v2))”
u1 €V (G) viva€E(H)

+ > > (da(w) + da(ug) + 2dp (v1)

vl EV(H) UlUQEE(G)

oY 2(ha+Lp)” @®)

u1 €V (G) viva€E(H)
+ Y Y 2(le+Ln)”
v €V (H) uiu2€E(G)
=2%(ngmy +ngma) (Ag + Ag)°
=2mecon(LDg + Ag)”.

WV

One can analogously compute the following for o < 0:
Xo(GOH) < 2%meop(da + 6m)“. (9)

The equality in (8) and (9) obviously holds if and only if G and H are
regular graphs. O

1.3. The strong product

The strong product of G and H, denoted by G X H, is a graph whose
vertex set is V(GX H) = V(G) x V(H) and two vertices (u1,v1) and
(ug,v2) are adjacent in G X H whenever [v; and vy are adjacent in H and
up = ug] or |u; and uy are adjacent in G and vy = v or [ujus € E(G)
and vivy € E(H)|. The order of GR H is the product of number of vertices
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of G and H, and the size is ngm + ngmg + 2mgmyr. The degree of a
vertex (u,v) € V(GX H) is

dexp((u,v)) = dg(u) + dg(v) + da(u)dg(v). (10)

We compute bounds on the general sum-connectivity index of G X H in
the following theorem.

Theorem 3. Let a« < 0. Then 1 < xo(GX H) < (B2, where
B1 = 2"mgzn(La + An + Aalm)?,
B2 = 2°meaxn(6c + du +0com)”.
The equality holds if and only if G and H are reqular graphs.
Proof. Using (2) and (10) in equation (1), we obtain
Xa(GRH)= > > (2da(w)+ (du(v1) + du(v2))
u1 €V (G) viva€E(H)
+ dg(ur)(da (v1) + du(v2)))"
+ > > ((de(m) +da(ug)) + 2du (v1)
v €V(H) uiu2€E(G)
+ dp(v1)(dg(u1) + dG( )))a
+2 Z Z ) +da(uz)) + (du(v1)
wuz€E(G) vmeE(H)
+dp(v2)) + de(u1)dg (v1) + da(u2)dm (v2)))”

YooY 2%(he+ Ap+ Lalp)®
u1 €V (G) viva€E(H)

+ > ) 2%(Ag+ A+ Aghm)”
v €V(H) uiu2€E(G)

+2 Z Z 2a(A0+AH—|—AOAH)a
u1UQ€E(G’) ’U1UQEE(H)

= 2% ngmpg + ngmg + 2memp)(Ag + Ag + Aaglg)”
=2Meru(Ag + A + A(;AH)O‘.
(11)

Analogously, one can compute the following:
Xo(G X H) <2O‘mggH(6G+5H+5g(5H)O‘. (12)
If G and H are regular graphs then the equality in (11) and (12) holds. [J
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1.4. The join

The join of G and H, denoted by G' + H, is a union of graphs G and
H together with all the edges joining the sets of vertices of G and H. The
order and size of G + H are ngnyg and mg + myg + ngnp, respectively.
The degree of a vertex u in G + H is given by

derrt (1) = { dg(u) +ng %f ue V(G),
dig(u) +ng ifueV(H).
We compute bounds on the general sum-connectivity index for join of two
graphs in the following theorem.
Theorem 4. Let o < 0. Then B1 < xo(G + H) < P2, where
p1=2"ma(Ag +ng)* +2%mu(Dy +ng)®
+nenp(Dg + Ag +ng +nm),
B2 =2°ma(da + ng)* + 2mpy(dg + ng)”
+negng(dg + 0y + ng +np)”.
The equality holds if and only if G and H are regular graphs.
Proof. Using (2) and (13) in equation (1), we get

Xo(G+ H) = Z (dg(u) + da(v) + 2ng)®
weE(G)

+ Z (di(u) +dg(v) + 2ng)”
weFE(H)

+ Z Z (dg(u) —i—nH—i-dH(v)—i—ng)a

ueV(G)veV(H)

> Z 2%(Ag +np)* + Z 2%(Ag +ng)”
uweE(G) abeE(H)

+ Y. Y (Ag+ A +ng+np)”
ueV(G)veV (H)
=2Mg(Dg +ng)* +2myg(Ag + ng)®
+neng(Ag + Ap +ng +npg)®.
Similarly, we can show that
Xo(G+ H) <2mg(ég +nu)* +2°mu(0g + ng)”
+nenp(dg + 0y + ng +nm).

(13)

(14)

(15)

If G and H are regular graphs then we obtain the equality in (14) and
(15). O
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1.5. The composition

The composition or lexicographic product of G and H, denoted by
G[H], is the graph whose vertex set is V(G[H]) = V(G) x V(H) and two
vertices (u1,v1) and (ug, v2) are adjacent in G[H| whenever [ujus € E(G)]
or [v; and vy are adjacent in H and u; = ug|. The order of G[H] is the
product of number of vertices of G and H, and size is mGn%{ + ngmipy.
The degree of a vertex (u,v) € V(G[H]) is

daim ((u,v)) = npde(u) + dy(v). (16)

In the following theorem, we calculate bounds on the general sum- con-
nectivity index for composition of two graphs.

Theorem 5. Let a < 0. Then 1 < xo(G[H]) < B2, where
b1 = 2%mgu)(nm De +Lu)" B2 = 2°mgm)(nudc + 6m)”.
The equality holds if and only if G and H are reqular graphs.

Proof. Using (2) and (16) in equation (1), we obtain

Xo(GH) = Y > (@2npde(ur) + du(vr) + du(v2))”
u1 €V (G) viva€E(H)

+ 3 Y Y (elda(w) + da(us))

v1EV(H) v2€V(H) uju2€ E(G)
+dg(v1) + dp(v2))”
> Z Z 2a(nH VAV —|—AH)OC (17)

w1l EV(G) ’UlUQGE(H)

+ YD > 2%nu Ao +An)”

v €V (H) v2eV(H) uiu2€E(G)
= 20‘(nGmH + n%{mg)(ng YAVe! +AH)a
= QQmG[H] (TLH YAVe! —{—AH)Q.

Analogously, one can compute the upper bound
Xo(GH]) < 2%mgp)(nudc + 6m)°. (18)

The equality in (17) and (18) obviously holds if and only if G and H are
regular graphs. O
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1.6. The disjunction

The disjunction of G and H, denoted by G V H, is a graph whose
vertex set is V(G V H) = V(G) x V(H) and two vertices (u1,v1) and
(ug,v2) are adjacent in GV H whenever [vjve € E(H)| or [ujug € E(G)].
The order of G vV H is the product of number of vertices of graphs G
and H, and size is mGn%{ + mHnQG — 2mgmyr. The degree of a vertex
(u,v) € GV H is

devi((u,v)) = npdg(u) + ngdg (v) — dg(uw)dg (v). (19)

In the following theorem, we compute lower and upper bounds on the
general sum-connectivity index for GV H.

Theorem 6. Let o < 0. Then B1 < xo(GV H) < Po2, where

B =2"mavu(nu Ag +naAp)®.fe = 2°mavu (nudc + nadm)®.
The equality holds if and only if G and H are regular graphs.
Proof. Using (2) and (19) in equation (1), we obtain

o(GVH)= > > Y (nu(da(ur) + da(us)) + na(de (vr)

w1 EVI u2€V (Q) viva € E(H)

+dp(v2)) — (da(w)dp (v1) + da(u2)dm (v2)))”

+ 3 Y Y (nalde(w) + da(us)) + ne(da(v)
VI EV(H) 02V (H) urus€ E(G)

+dp(v2)) — (da(ur)du (v1) + da(u2)d (v2)))”

-2 Z Z (nu(dg(ur) + dg(u2)) + ng(dp(vi)

wrus€E(G) viva €E(H)

+ dp(v2)) — (da(ur)du(v1) + da(u2)dp (v2)))®

YooY Y 2(ubaAne D —Da Dr)®

ul EV(G) uzGV(G) ’U1’U2€E(H)

+ > Y > 2%m Ag+ne A — De Ap)”

vi€V(H)v2€V(H) uiuzeE(G)
-2 > > 2%nu Ag +ng A — D Dp)”
urug€ E(G) vivg€E(H)
=2%ngmu +ngma — 2mgmp)(ng Ag +neg Ag — Ag Ag)®

= 2amGVH(nH AG —ngﬁH)a.
(20)
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Similarly, we can compute,
Xa(G \ H) < 2amGVH(nH5G + ng5H)a. (21)

The equality in (20) and (21) obviously holds if and only if G and H are
regular. O

1.7. The symmetric difference

The symmetric difference of G and H, denoted by G & H, is a graph
whose vertex set is V(G®& H) = V(G) x V(H) and two vertices (u1, v1) and
(ug,v2) are adjacent in G @ H whenever [ujus € E(G)] or [v1ve € E(H)]
but not both. The order of G & H is the product of number of vertices
graphs of G and H, and size is mgn?; + mHn%; — dmgmy. The degree
of a vertex (u,v) € V(G & H) is dgau((u,v)) = npda(u) + ngdu(v) —
2de(u)dg(v). In the following theorem, we compute bounds for the general
sum-connectivity index for symmetric difference of two graphs. The proof
is similar to the proof of Theorem 6, hence omitted.

Theorem 7. Let a < 0. Then f1 < xo(G @ H) < B2, where

b1 =2mgen(ng Ag +ng Ag —2 Ag Ap),
52 = QO‘mG@H(anG + ng5H — 25@5H)a.

The equality holds if and only if G and H are reqular graphs.

Remark. In Theorems 1—7, we assumed that o < 0. However, if a > 0
then all inequalities in Theorems 1—7 will be reversed.

2. Few examples

A path P, of length n — 1 is a graph with vertex set {u;|i =1,...,n}
and edge set {ujui+1 | i = 1,...,n — 1}. A cycle C,, of length n is a
graph with vertex set {u; | i = 1,...,n} and edge set {wu;y1 | i =
1,...,n— 1} U{upui}. In this section, we apply the results of Section 1
to find bounds of some particular graphs.

The bottleneck graph, denoted by B, of a graph G is the hydrogen sup-
pressed molecular graph. It is defined as B = Ko®G. Let G1,Go, ..., G, be
the pairwise disjoint graphs. The bridge graph with respect to the vertices
vj € Gj where j = 1,2,...,n, denoted by B(G1,Ga, .., Gn,v1,v2,..,p)
is the graph obtained by connecting the vertices v; € V(G;) and vj11 €
V(Gj41) by an edge vjvjyq, where j = 1,2,...,n. Taking n copies of
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the graph G, n > 2, and a vertex v € V(G), a special case of the bridge
graph is defined by G, (G,v) = B(G,G,...,G,v,v,v,...,v). Note that
G1(G,v) = G for any vertex v € V(G). Let v be a vertex of Ps of degree
2. Then it is known that G,,(Ps,v) & P,, ® K. Also, for any u € V(Cy),
we know that G, (Ck,u) = P, ® Ks. Using Theorem 1, the upper and
lower bounds on the general sum-connectivity index of B, P, ® Ky and
P, ® Ky for n > 2 are as follows:

2%(ng + 1) + 2 mg(Ag + 1)* 4 2ng(Ag +n + 2)°
< Xa(B) € 2%ng + 1) +2°Mmg (g + 1) + 2n¢(dg +n + 2)%,
29N (4% + 2 x 5%) — 8% < Xa(Pn © Ka) < 2%n(3% + 2°T1) — 6,
29n(4% 4+ 2% + 2 x 39) — 8% < xa(Pn © K2) <
n(6% 4+ 4% + 2 x 5%) — 6.
The graph G = P,JC,, and S = C,[C,, denote a nanotube and
nanotrous, respectively, where m > 3 and n > 2. Using Theorem 2, we

can compute bounds on the general sum-connectivity index of nanotube
G as follows:

m(2n — 1)8% < xo(G) < m(2n — 1)6%.

The nanotrous S is a regular graph. Using Theorem 2, we can compute
the exact formula for the general sum-connectivity index of S as follows:

Xa(S) = 23T lmn,

The suspension of a graph G, denoted by K; + G, is the join of K;
and G. The complete bipartite graph K, n, is defined as K, + K,,. The
wheel graph is defined by W,, = K; + (), and cone graph is defined by
Cnyny = Cn, + K,y,. Using Theorem 4, we can compute the bounds on
the general sum-connectivity index of Ky + G as follows:

2°ma(De +1)* +ne(be +ng +1)°
< Xa(K1 + G) € 2°ma(6e + 1) + na(de +ng +1)%.

Using Theorem 4, we can compute the exact formulae for the general
sum-connectivity index of Ky, n,, Wy and Cy, p, as follows:

Xa(Knl,nQ) = n1n2(n1 + n2)a7
Xa(Wy) = 6% + n(n + 3)%,
Xa(Cnine) = 2%n1(n2 + 2)% + nyna(n1 + ng + 2).
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The fence graph, denoted by P,[P»], is the composition of P, and
P;. Using Theorem 5, we can compute the bounds on the general sum-
connectivity index of P,[P,].

10%(5n — 4) < Ya(Pa[P2]) < 6%(5n — 4).

The closed fence graph, denoted by C),[P5], is the composition of C,
and P,. The graph C,,[P,] is a regular graph. Using Theorem 5, we can
compute the exact formula for the general sum-connectivity index of
Cy[P2] as follows:

Xa(Cn[P2]) = 5 x 10%n.

By using Theorems 3, 6 and 7, the bounds on the general sum-
connectivity index of P, X P,,, P, V P, and P, & P,, are given below:

1) 42¢(4mn —3m —3n+2) < xo(P. X Py,) < 6%(4mn — 3m — 3n +2),

2) 4%mn(m +n —2)+m(2—m) +n(2—n) — 2](m+n — 2)* <

Xa(PpVPp,) < 4%mn(m+n—2)+m(2—m)+n(2—n)—2|(m+n—2)°,

3) 4%mn(m +n—4)+m(4 —m) +n4d—n) —4](m+n —4)* <

Xa(Pn®Pp) < 29mn(m+n—4)+m(4—m)+n(4—n)—4](m+n—2)°.
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