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ABSTRACT. Let J, be the symmetric semigroup of full trans-
formations on a finite set with n elements. In the paper we give
a counting formula for the number of £-cross-sections of 7,, and
classify all £-cross-sections of 7,, up to isomorphism.

Introduction

Let p be an equivalence relation on a semigroup S. A subsemigroup S’
of S is called a p-cross-section of S provided that S’ contains exactly one
representative from each equivalence class of p. Thus, the restriction p to
the subsemigroup S’ is the identity relation. It is natural to investigate
the cross-sections with respect to equivalences related somehow to the
semigroup operation: Green’s relations, conjugacy and various congruences.
In general, a semigroup need not to have a p-cross-section. It is possible,
for example, that a semigroup S has an % -cross-section, while £-cross-
sections of S do not exist at all. Thus, the existence of cross-sections of a
given semigroup is an essential and non-obvious fact.

The transformation semigroups are classical objects for investigations
in semigroup theory (see [1]). For the full finite symmetric semigroup 7,,
all #6- and % -cross-sections have been described in [3]. It has been proved
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2 CLASSIFICATION OF £-CROSS-SECTIONS OF 9,

that there exists a unique % -cross-section up to isomorphism. A pair of
non-isomorphic £-cross-sections of 7, has been constructed in [4]. The
author has obtained a description of the £-cross-sections of 7, in [5] (see
Theorem 1).

In the present paper we continue to investigate %£-cross-sections of 7,,.
We give necessary information in Section 1. Section 2 is devoted to some
additional definitions. In Section 3 we show how to count all different
%£-cross-sections of 7, (Theorem 2). In Section 4 we classify all £-cross-
sections up to isomorphism (Theorem 3).

1. Preliminaries

For any nonempty set X, the set of all transformations of X into
itself, written on the right, constitutes a semigroup under the composition
z(af) = (za)p for all x € X. This semigroup is denoted by F(X)
and called the symmetric semigroup. If |X| = n, then the symmetric
semigroup 7 (X) is also denoted by 7,,. We write idx for the identity
transformation on X, and ¢, for the constant transformation whose image
is the singleton {z}, € X. For the image of a transformation o € 7,
we write im («). The cardinality |im («)| of the image of « is called the
rank of this transformation and is denoted by rk («). The kernel of « is
denoted by ker a. Recall that kera = {(a,b) € X x X | aa = ba}. If X'
is a subset of X, then a|x/ is the restriction o to X’. We will assume X
is finite. As the nature of elements of X is not important for us, suppose
further that X = {1,2,...,n}.

We recall that two elements in a semigroup S are called £-equivalent
provided that they generate the same principal left ideal in S. Transforma-
tions o, § € J,, are £-equivalent if and only if im () = im () (see e.g. [2]).
The last means that an £-cross-section of 7, contains exactly one trans-
formation with the image M for each nonempty M C X. We will use the
last fact frequently. Suppose further that L is an &£-cross-section in 7,,.

First we isolate two trivial cases:

(i) L ={c; =idx}, if n=1;
(ii) L = {idx,c1,c2}, if n = 2.

For the rest of the paper we may and will assume that n > 3.

In order to present our description of £-cross-sections for an arbitrary
finite 7,, [5], we need following definitions.

Let X be a nonempty finite set and let < be a strict total order on X.
We define a strict order < on the family of all nonempty subsets of X by:
A< Bifforallae Aandallbe B, a <b.
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Denote by {1,2}" the free semigroup of words over the alphabet {1, 2},
and by {1,2}* the free monoid over {1,2}, with 0 as the empty word.
Recall, that a subsequence of b € {1,2}* is a word a that can be derived
from b by deleting some symbols without changing the order of the
remaining symbols. If a is a subsequence of b we will write a C b.

Definition 1. Let X be a finite set (possibly empty) and let < be a
strict total order on X. An indexed family {A,}qe1,2)+ of subsets of X
is called a I'-family over (X, <) if for every a € {1,2}*:
(a) Ag = X;
(b) if |A,4| < 1, then A, = Ay = 9
(c) if |Ay| > 1, then A, and Ao are nonempty with A,; < Age and
A, = Apn U Ago.

We will say that { A }aeq1,2)+ is a D-family over X if { A }oeqr 0y isal-
family over (X, <) for some strict total order < on X (necessarily unique).
For simplicity, we will write I' = {A,} instead of I' = {Ag}oeq1,23+-

Recall that a tree is a connected graph without cycles. A full binary
tree is defined as a tree in which there is exactly one vertex of degree two
(referred to as the root) and each of the remaining vertices is of degree
one or three. Vertices of degree one are called leaves. Fach vertex except
the root has a unique parent, that is, the vertex connected to it on the
path to the root. A child of a vertex v is a vertex of which v is the parent.
Thus, in a full binary tree each vertex v either is a leaf or has exactly two
children that we refer to as the left child of v and the right child of v.

It is easy to see that every I'-family I' = {A,} over a nonempty set
can be represented by a rooted full binary tree T'(I") whose vertices are
the nonempty sets from {A,} and a pair {4,, Ap}, for a,b € {1,2}*, is
an edge if and only if @ = bi or b = ai, where i € {1,2} (see Fig. 1). For
the full binary tree that represents a I'-family I", we will write [' instead
of T'(I"), and refer to the tree as a I'-tree.

Ay =X

Al/ \A2
/ N\ PN
A11 A12 A21 A22
/N /N /N
A Atz Aony Az1o Agoq Agoo

FIGURE 1. A I'-tree.
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Definition 2. A I'-family I' = {4,} over (X, <) is called an L-family
over (X, <) if for all a,b € {1,2}* and all 4, j € {1,2} with i # j,

| Agijp| < [Agjpl- (1)

We will say that {Ag}eeq1,0y+ is an L-family over X if {Ag}qeq1 2)+ I8
an L-family over (X, <) for some strict total order < on X.

Example 1. Let {1,2,3,4,5} be naturally ordered. Consider the following
[P-family {A,} (see Fig. 2).

AO = {1, 273747 5}

/ \
A ={1,2} As ={3,4,5}
VAN — ™~
An ={1} Ap={2} A9 = {3} Az ={4,5}

S\
Aggr = {4} Ageo = {5}

Figure 2. I'-family {A,}.

This I'-family satisfies condition (2) for all a,b € {1,2}* and all
i,7 € {1,2} with i # j, hence {A,} is an L-family by definition.

Figure 3 shows a I'-family {B,} that does not satisfy condition (2)
since |Bgl| > |Bl|

By =1{1,2,3,4,5}

/ \
By = {1} By ={2,3,4,5}
/ \
By ={2,3} By = {4,5}
7N 7N

Bo11 = {2} Baiz = {3} Baa1 = {4} Bax = {5}
FIGURE 3. T-family {B,}.

Let I" be an L-family of subsets of X, M C X and M # @. Our
aim now is to construct a map o/]?j : Ag — M with im (afj) = M.
We construct this map inductively using partial transformations, whose
domains go through vertices of a I'-tree bottom up. For the domain of a

partial transformation f we write dom (f).
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For functions f and ¢ with disjoint domains, we denote by f U g the
union of f and g (viewed as sets of pairs). In other words, if h = f U g,
then dom (h) = dom (f) U dom (g) and for all z € dom (h), zh = = f if
x € dom (f), and zh = zg if x € dom (g).

Definition 3. Let I' = {A,} be an L-family over X and let M C X with
M # @. Denote by (M) the intersection of all A. € I' such that M C A,
and note that (M) = A; for some b € {1,2}*. For every a € {1,2}*, we
define the mapping aAAj inductively as follows:

(a) if A, = @ then ozf/[“ = @ (empty mapping);

(b) if M = {m} and A, # @, then dom (zajy) = A, and zajs = m

for every = € Ag;
Aat
(c) if |IM| > 1 and A, # @, then aM = a)fha, Yo MmAbg

Lemma 1. Let I' = {A,} be an L-family over X. If M C A, or A, # &
and M N A, = @ then dom (zajs) = A, and im (zajs) = M.

Proof. The proof is by induction on |M|. If M = {m}, then the statement
is true by (b) of Definition 3. Let |M| > 1 and suppose the statement is
true for every M’ with 1 < |M'| < |M|. Assume M C A or A, # @ and
M N A, =@. By (c) of Definition 3, afj = aAMﬂAbl U onmA . Consider
two possible cases.

Case 1. M C A,. Then A, C A, since A, is the intersection of all A,
such that M C A.. If A, = A, then

MnAblemAalgAalv
MﬁAbQZMﬁAQQgAa27

and | M N Api|, M N Ape| < |M| (since (M) = Ap). Thus, by the inductive
hypothesis, the statement is true for ozfm 4, and for O‘fm A,,- Hence it is
true for af/[ .

If Ay # A, then, since A, = Ag1 U Age and Ay N Age = I, we get
either A, C A, or Ay C Aye. We may assume that Ay C A,p. Then

M N Ay C A,
(MNAp)NAw =92

Note that Ase # @ (since M C A, and |[M| > 1) and |M N Apl,
|M N Apa| < |M| (since (M) = Ap). Again, the statement follows by
the inductive hypothesis from afj = aJ\A/I“% Ay Y aAAm Ay

Case 2. A, # @ and M N A, = @. Then (MﬂAbl) NA, = < and
(M N Apz) N Age = &. As before, We get the statement by the inductive

o Aa _ Aal
hypothesis from o = a4 A, Ya Mn Ay 0J
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Denote by L% the set of all transformations of the form a3, where
M C X, M # @. We will denote the elements af\(/[ also by ajy.

Example 2. Let {1,2,3,4,5} be naturally ordered. We will construct
the transformation o = apy with M = {1,2,4,5} for the L-family {A,}
from Example 1. Clearly, (M) = Ag, so by definition of as

A A A A A
a=ay) = ng, Uing, = 0‘{11,2} U 0‘{42,5}-
Since ({1,2}) = Ay, ({4,5}) = Ago, thus
A A A A A
a{11,2} = a{11,12}ﬂA11 U a{11722}ﬁA12 = a{ll}l U a{21}2’
A A A A A
a5y = 5y den Y OB 00 = O} YOS
Thus, since Ay = {1}, A1a = {2}, A21 = {3}, and Ay = {4,5}, we
have

— All A12 A21 A22 _ 12345
a_%ﬁu%%u%ﬁu%m—<m%5'

The other transformations from L% can be obtained in the same way (see
[5, Example 3]).

The following theorem describes the £-cross-sections of 7,,:

Theorem 1 ([5, Theorem 1]). For each L-family T of X, the set L
is an £ -cross-section of the symmetric semigroup %,. Conversely, every
£ -cross-section of the symmetric semigroup 7, is given by LE( for a
suitable L-family I' on X.

2. Alternative definition of L-family

Since the definition of an L-family may seem difficult to use and
understand, we try to find a way to make it easy and more visual. We
state a new definition in Proposition 1. But first we need some preparation.

Definition 4. Let I'1, I's be the full binary trees that represent I'-families
{Ay} over X1 and {B,} over X5 respectively. We say that I'y is less than
or equal to Ty, written I'y < Tg, if |Ay] < | By for all a € {1,2}*.

Let I' = {As}aeq1,2)- be a [-family over X. For every a € {1,2}",
denote by I'(a) the family { By }pe(1,2)+ of subsets of A, such that By, = Ay
for each b € {1,2}*. It is clear that I'(a) is a I'-family over the set A, and
that, if A, # @, then I'(a) is represented by the subtree I'(a) of the full
binary tree I" with the root A,.
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Definition 5. Let I' be a I-tree. For all a € {1,2}* and i € {1,2}, we
call the tree I'(a) the parent tree of the subtree I'(ai). We will say that T’
is monotone if for all a € {1,2}* and i € {1,2}, T'(ai) < T'(a).

Proposition 1. A I'-tree I' with root X represents an L-family over X
if and only if I' is monotone.

Proof. Necessity. Suppose that a I'-tree I' with root X represents an
L-family over X and let a € {1,2}*. We aim to prove that I'(al) < I'(a).
If |Ag1]| = 1, then it is clear that I'(al) < T'(a). Let |Aq1| > 1. To prove
I'(al) < I'(a) we show first I'(a12) < I'(a2) and then I'(all) < I'(al).

Let I'(al2) represent {By} and let I'(a2) represent {Cp}. Then, for
every b € {1,2}*,

|Bp| = |Aq12s| < |Aazp| = |Chl,

where < follows by (2). Thus, I'(a12) < I'(a2).

To prove that I'(al1) < I'(al), denote by { By} and {C}} the L-families
that are represented by I'(a11) and I'(al), respectively. Denote by k, k > 0,
the empty word 0 if k =0 and 11...1 € {1,2}* if k > 1. Then, for every

k
be {1,2},ifb=F, k >0, then

|Bb‘ = |Aa11E| < |Aa1E‘ = |Cb|7
since A ;7 C A ;75 and if b= k2c (k >0, c € {1,2}*), then
‘Bb’ = |Aa11E20| < |Aa1%20‘ = ’Cb|’

where < follows by (2).

Now, since |Aq1| < |Aql, T'(all) < T'(al) and T'(al2) < T'(a2), we
get I'(al) < I'(a). In dual way, one can show that I'(a2) < I'(a). So any
subtree of I' is less than or equal to the parent tree of this subtree, thus
I' is monotone.

Sufficiency. Let a € {1,2}* and 4,j € {1,2} with ¢ # j. Let the
subtrees I'(ai) and I'(a) of I' represent {Bp}yeqi 2y« and {Chlpeqi o)+,
respectively. Since I'(ai) < T'(a),

| Aaijo| = |Bjp| < |Cjp| = [Aagpl-

Hence (2) holds, that is, I" is an L-family. O
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Definition 6. For n € IN we will write I'” to mean an L-family over
a set with n elements. Let I'™ = {A4,} be an L-family with n > 2. Let
s, t €4{1,2,...,n} with s + ¢ < n. We denote by Qs the set of all pairs
(%, T?) of L-families I'* and I'* such that:
(a) T* =T"(a) and I'* = T"(b) for a,b € {1,2}* such that A,NA, = &;
(b) if s > 1 then I'*(2) < I'*, and if ¢ > 1 then T'!(1) < I'%,

Example 3. Figure 4 shows a pair of L-families (I'*, I'®) that does not
belong to ()4,5. To simplify the picture we denote the nodes of the trees
by their cardinalities.

. 4 5. 5
VAN VAN
1 3 3 2
/\ /\ /\
1 2 2 1 1 1
/\ /\
1 1 1 1
(1) 3 I (2) 3

2 2
/ N\ / N\
1 1 1 1
FIGURE 4. I'* and I'® such that (T%, T'°) ¢ Qu 5.

As the picture shows, I'* and I'°(1) do not satisfy the condition
(1) < T* (2 > 1 in the first position). However, I'> and T'#(2) satisfy
the condition T'#(2) < I'°.

Fix a total order < on an n-element set X and denote by @, the
number of L-families over X.

Proposition 2. The number Q,, of all distinct L-families I' on the totally
ordered set (X, <), with | X| = n, is given by the formula:

Q=1 Qun= Y Qs if n>2.
v

Proof. Obviously, Q1 = 1. Let n > 2. Let I'™ be an L-family over (X, <)
and let I'* = I'™(1) and I'¥ = I"(2). It is clear that s +¢ = n. Using
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Proposition 1, we get I'* < I, T < ', whence I'¥(2) < T, T%(1) < I'* and
thus (', T?) € Q4. It is then clear that the mapping I — (F”(l),F”(z))
is a bijection from the set of L-families over (X, <) onto the union of the
sets Qs with s+t = n.

Second variant of proof, using the first definition of an L-family (con-
dition (2)): Since I'" is an L-family, if |A;| > 1 then |Aj9s| < |Agp| for all
b € {1,2}*, therefore I'*(2) < I'*. Analogously we obtain I'/(1) < I's.

Thus, I'*,T" € Qs and Qpn, = > 14—y, [Qsl, for n > 2. O

We give the initial values of Q),,, n € N below. To calculate them we
have used a computer programm.

n |[1]2[3]4]|5,6 | 7]8]9]10
Qn|1]1(2]3]6]10|18 32|58 | 101

3. The number of £-cross-sections of 7,

Suppose a € {1,2}* is an arbitrary word. The word obtained from a
by replacing each 1 by 2 and each 2 by 1, is denoted by a.

Definition 7. Let I'y = {4,}, I's = {B,} be L-families over X; and X,
respectively. We say that I'; and I'y are similar if

Va € {1,2}" |Ay| = |Ba| or Va € {1,2}* |Ay| = | Bal-
The similarity of L-families I'y and I' is denoted by I'y ~ I's.

The relation of similarity is clearly an equivalence and partitions the
set of all L-families over the n-element set into disjoint equivalence classes.

Lemma 2. Let <y, <o be strict total orders on X, T'y = {Ay}, T's = {B,}
be arbitrary L-families over (X, <1) and (X, <2), respectively. If L = Ll;ll,
Lo = LEQQ are corresponding & -cross-sections of 7, then Ly = Lo if and
only if one of the following conditions is satisfied:

(i) ' =1y (Z e. I'1 ~T'y and <1 = <2),’

(11) I'y ~Ty and <9 = <1_1.

Proof. Sufficiency. Obviously (i) implies Ly = L. Suppose (ii) holds.
Then A, = Bg foralla € {1,2}*. To prove that L; = Lo, it suffices to show
that o/]?f = a]\B}E for all @ € {1,2}* and M C X with M # @&. We proceed
by induction on |M|. Let M = {m}. If A, = &, then B = A, = &, and
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SO 0‘11?4& — g = aM If A, # @ then dom (afj‘) = A, = Bz = dom (aﬁa)

Bz S
and for all x in the common domain, za ’;‘/[ m = xa,f, which implies

a‘]?/[a = a]\B;[
Let |M| > 1 and suppose that the statement is true for all M; C X

with | M| <M. Again, if A, = @, then Bz=A,=d, and so aAM :@:aﬁ?

Suppose that A, # @ and let (M) = Ay, b € {1,2}*. Then B; = A, = (M),
and so

Ag _ Aal
a]\jl - a]\ihAbl U aMﬂAz,g’
Ba _ Bal Bas olaz
ayf = aMamA Ua MamA— MmA U aMmA—

. . . Aal o Bﬁ o BE
By the inductive hypothesis, a7, = ap/n,_ and aMﬁAb2 ApfRA:

bl
Ba
Thus aM =,y

Necessity. Let Ly = La. According to [5, Corollary 4], I'y and
Uaer, X/ ker a coincide as unindexed families of sets. The same result is
true for I's and L. Since L1 = Lo, it follows that I'y and I's are the same
as unindexed families of sets.

If <1 = <9, then I'; and Iy coincide as L-families, so (i) holds. Suppose
<9 = <f1. Then A, = Bz for all a € {1,2}*, which implies I'; ~ I'9, so
(ii) holds.

To complete the proof we show that in all other cases one gets a
contradiction. Let <; # <9 # <;~ ! Since Iy and I'y are the same
as unindexed families of sets, we have either Ay = B; and Ay = By or
A1 = By and Ag = By. First suppose that A; = B;, i € {1,2}. Let

x,y € X such that x <; y, y <2 . Then (“}61 é‘f) € Iy (Bl BQ) =

(@1 ‘202) € Lo and we get a contradiction with L; = Lo.

Suppose now that Ay = By, Ay = B;. Let x,y € X such that <y y
and x < y. In this case we have (A1 A2> e L (%1 %2> = (“}B? Al) € Lo.
The last is impossible since L1 = Lo.

Theorem 2. The number of different £ —cross-sections in the semigroup
Tn, n =2, equals Qp - 5

Proof. Let Ar and Ay be the sets of L-families over X and £-cross-
sections in 7, respectively. Since there are n! strict orders on X and
Q@ L-families for each strict order <, |Ar| = @), - n!. Define a mapping
w: Ar — Ap by Tw = L. By Theorem 1, w is onto. Suppose that
INw =Tow with T'y # T'y. Let T'y = {A,} and 'y = {B,}. By Lemma 2,
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we have B, = Az for every a € {1,2}. Thus w is two-to-one, and so
A =5 = Q, - 4. O
4. The classification of £-cross-sections of 7,

up to isomorphism

It is well known that not all £-cross-sections in semigroup 7 (X) are
isomorphic to each other (see [4]). We now investigate when two L-families
correspond to isomorphic £-cross-sections. Throughout this section let
L; and Ly be two £-cross-sections of T (X,,); I't = {A.}, 2 = {B,} be
the L-families associated with Li and Lo, i.e. L1 = ng and Ly = LI);Q.

Note that if | X| < 3 all the possible £-cross-sections are isomorphic
and all the possible L-families are similar. The following is true for an
arbitrary finite set X.

Lemma 3. IfI'y ~ 'y, then L1 = Lo.

Proof. If |Ay| = | B, for all a € {1,2}*, then set
0:T1 =T9: A, — B,

and if |A,| = |Bg| for all a € {1,2}*, then set
0:T1 —>TIy: A, — Bj.

Without loss of generality we can assume that |A,| = |B,l, for all
a € {1,2}*. Let z,y € X be arbitrary elements and A, = {z}, 4, € T'1,
a € {1,2}*. Set

VX > X:x—ys Al ={y}.

It is clear that this mapping is a bijection, and for all a € {1,2}*, we
have A1) = A0, where Ay = {avp | x € Ay} Let

T:Li = Ly @ =y o,

Now we verify that ¢/ € L2. To be more precise, we show that ¢/ =
Q(im )y for @ € Ly with o7 = ¢'. Let a € {1,2}* be an arbitrary element
such that A, # @. Consider the image of B, under the map ¢'. Since 1)
is a bijection, we have

(Ba¢) = ((Aa) (¥ 00)) = (Aal0¥)) = ((Aap)¥)). (2)
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We denote by M the image of ¢, so p=aps. Let M ={my,ma,...,my}
for my, mo,...,my € X. By definition of ap; we have

Ay Ay, Ay,
on—oz{m }Ua{m }U...Ua{mk}

for suitable by, ba, ..., b € {1,2}*. In virtue of arbitrariness of a € {1,2}*
1 (2) we obtain (B, ¢') = ((Ap,0)) = ({m}), 1 < i < k. Since By, 1 <
i < k, are pairwise disjoint and | By, UBy,U. .. By, | = [Ap, UAp,U. .. Ay, | =
| X |, we get By, U By, U...By, =X, consequently im (¢) = (im ¢)).
Now to prove ¢’ = @(im )y it suffices to show ¢'|p, = AR o for
all a € {1,2}*. We proceed by induction on |[(A.p)¥¢|. If B, = @, then
Plp. = @ = ali e 1 [Bal = |Aa| # 0 and (Aep)y = {m} then

dom (ai‘fa@)w) = B, = dom (¢'|5,) and by (2)

(im (¢'],)) = (Aa)¥) = ({m}),
thus, for all z in the common domain, x¢'|g, = m = xozi“la@ » which

implies ¢'|p, = aa‘aw) "

Let [(Aqp)?Y| > 1 and suppose the statement is true for all M; C X
with My # & and | M| < |(Aap)t]. Again, if B, = &, then ¢/|g, = @ =
afga@)w. Suppose B, # &, then, clearly, ¢'|p, = ¢'|B,, U ¢'|B,,- By the

inductive hypothesis ¢'|g,, = 54 Loy and @ "By = af Ay Lhus
/ B(Ll B(LQ Ba *
¢, = Y a0y Y Y Amo)s = XA for all a € {1,2}".
Hence,
B1 BluBQ

¢ = A, o0 U Ak = Akt = lmeys € LY

Since a7 = oy, M C X and 9 is bijective, we get 7 is bijective too.
Finally, for all 8,v € L1, we have

(B)r(v)T =~ (B = (By)T N

To prove the converse we first need some preparations.

Let 7 : L1 — Lo be an isomorphism. In both L; and Lo, the set
{c; | * € X} of constant transformations is the minimum ideal. Thus,
7 maps {¢; | * € X} onto {¢; | x € X}. For z € X, denote by z’ the
element of X such that c,7 = ¢,.

If A, € I'y and = € A, is an arbitrary fixed element, then denote
by ¢(Aq,x) the transformation in L; with the image (X \ A4q) U {z}.
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Whenever we say that L = Lo, we will assume that 7 is an isomorphism
from Lq to Ls.

It is clear, that if Ty ~ Ty, then |A,0| = | Ba| (|A40| = |Ba|). Obviously,
if L1 = Lo, then |I'1| = |TI'2|. We show in following Lemma, that if L; = Lo,
then for every set in I'; there exists a unique set in I's with the same
cardinality.

Lemma 4. Let Ly = Ly. For every A, € I'1, v € A,, the following
statements hold true:
() 0(Aa, ) 31, = idxyas (Aa @), = oo
(ii) there exists By € T'9 such that |A,| = |By| and o(Aq,x)T =
@(Byr, '), where ¢, 7 = ¢y

Proof. (i) For every A, € T'1, x € A,, consider the elements (A, x) € Ly
such that

im (p(Aa, ) = (X \ Ag) U {z}.
If Ay = X we get ¢(Aq,x) = ¢z, and (A, x) = idx if |A4| = 1.
Suppose A, # X, |As| > 1. In this case denote subsets of I'; as
follows: put X = X; W X7, if A, C X|; X] = XowW X5 if A, C X35 ...,
etc., until we get, for a natural p, that X, ; = X, & X and A, = X},
where C' = DW E means that C = DU F and DNE = @.
In the proof of [5, Lemma 4, (ii)] it was shown that

o, = <X1 Xa o Xp X;,) €L, (3)

T1 T2 ... Tp z’p

where 2, € X, xj € Xj, 1 <j <p. Since X \ 4, = X1 UXoU...UX,,
and x € A, = X, with X, N X; = @ for all 1 < i < p, we get

im (p(Aq, z)op) = im (op).
From ¢(A,, x)op, o) € L1, we obtain ¢(A,, x)op = op. The last equality is
true for every o, as in (3), which is only possible if ¢(Aq4, )| x\ 4, = idx\ 4,5
©(Ag, )[4, = Ca-
(ii) Let o,t € Aq, z € X \ Aq. On the one hand,
(C2p(Aa, 2))T = .7 = o and (c27)(p(Aa, 2)7) = cz(p(Aa, 2)7), (4)
s0 ¢y (¢(Aq, )T) = c,r. On the other hand,

(ctp(Ag, )T = 7 = ¢ and (1) (¢(Ag, 2)T) = cv(p(Ag, x)T), (5)
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50 ¢y (p(Ag, 2)7) = cpr. Consider 2'(p(Aq, 2)7) ™! € ker p(Ag, z)7. For all
t € Ay, z€ X\ Ay we have ¢,y # ¢y (since x # 2), ¢/ (p(Aq, x)T) = Cyr,
ey (p(Ag, )T) = cpr. It follows that

o' (p(Aa,2)7)7H = {t' |t € Ad},

and so {t' | t € A,} € X/kerp(Aq, x)7. By [5, Corollary 4], I's and
Uaer, X/ kera are the same as unindexed families of sets, thus there
exists By € I'y, for some o' € {1,2}*, with By = {t' | t € A,}. Due
to bijectivity of 7, we have |A,| = |By|. Furthermore, by (4) and (5),
(p(Aa; 2)7)|x\B,, = idx\p, and (p(A4, 2)7)|B,, = cu, ' € By. Hence,
©(Ag, )T = @(By, ') and ¢ = ¢, 7. O

Denote the set of all nonempty subsets of X by U(X).

Lemma 5. Let L1 2 Lo, ¥ : U(X) - U(X): M — M < apyt = ay.
The following statements hold true:

(i) for all A, € Ty, Agb € T'y;

(ii) for all A, € Ty and B € Ly, (Auf)yY = Agh(BT).

Proof. (i) It is clear that if |A,| = 1, then Ay9 € I's. Let Ay > 1
and o = oy, € L. Let © € A, be an arbitrary fixed element,
and ¢(Ag,2)T = @(By, '), By € Ty, @' € By, |Aa] = |By|. Since
ap(Ag, ) = ¢z, we have (a7)p(By,x') = ¢y, therefore im (ar) C By.
Suppose that rk (o) > rk (a7) and denote by ' the transformation from
Lo with im (8') = By

Let § € L; such that im (§) C A,. Just as in [5, Lemma 4,(iv)] it can
be shown, that there exists v € L; with im (v|4,) = im (§). We denote
this transformation by 4°. Thus, for all § € L; with im (§) C A,, there
exists 7% € Ly such that § = ay°.

Let B = @77 Since B'o(By,z') = ¢, it follows that
(B'o(By,2"))77t = Bp(Aq, ) = ¢z, hence im (3) C A,. Thus, 8 = ad?,
whence ' = (ar)(0°7). But

rk (8') = rk ((a7)(6°7)) < 1k (a7) < 1k ().
The latter contradiction proves that rk (a) = rk (7). Hence |im (a1)| =
|Ay| = |By| and im (a7) C By, which implies im (ar) = B,. Thus,
s, T = ap,, hence Ay = By € I'a.

(ii) Suppose that A, € I'1 and 8 € Ly. Let as,7 = ap,,, By € I's.
Denote 37 by 3’. Then

(a,8)7 = (aa,B)T = (aB,,)B = arpwB = aa,pp
which implies (4,0)1Y = Ag¥(S7) by the definition of . O
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Corollary 1. Let L1 = Lo, v be the function from Lemma 5. Then, for
all Aa, Ay eTy:

(1) [Aa| = [Aa®|;

(ii) Zf Aa - Ab, then Aal/J - Abl/J,'

(iii) if Ay N Ap = &, then Az N App = @.

Proof. (i) Let Ag € T'1, z € Ay, and (¢(Aq, )T = p(Ba, 2') for By € T'o,
x’ € By, with |A,| = |By| (see Lemma 4, (ii)). The proof of Lemma 5,
(i) implies that Agy = Byr. So |Aq| = |Ag].

(ii) Let A, C Ay and z € A be an arbitrary fixed element. Suppose
(p(Ap, 2))T = @(By,2') with By € T'g, 2/ € By. By Lemma 4, (ii),
¢, T = ¢y, consequently {z}¢ = {z'}. On the one hand,

(Aatp(Ap, 2))p = {2} = {z'}.

On the other hand, by Lemma 5, (ii),

(Aap(Ap, 2))1b = (Aat)(0(Ap, 2)7) = (Aat))p(By, 2').

So (Ag¥)p(By, 2') = {z'}, which is implies A1) C By = Apt).

(iii) Let A,N A, = @. Fix z € Ay and let (p(Ayp, 2))7 = ¢(By, 2’) with
By €Ty, 2 € By. Suppose y € A, is an arbitrary element, and ¢,7 = ¢,.
By definition of ¢ then we have {y}¢ = {y’}. On the one hand,

(yo(Ap, 2))0 = {y} = {¢'}, where v/ # 2.

On the other hand, by Lemma 5, (ii),

{y}e(Ap, 2))v = {y}¥)(e(Ap, 2)7) = {y'}o(By, 2).
So y'o(By,2') =4y, y' # 2 for all y € A,. Thus
{y/ ’ Cy = CyT, Y € Aa} NAyp = {y/ | Cy = CyT, Y € Aa} N By = 3.

By (ii) of this Corollary {y'} = {y}¢ C A,. Since 7 is a bijection, we
have

[ Aol = {y' [ ey = ey7, y € A}
By (i), we get |Aq| = |Aqv], thus Ay ={y' | ¢y = ¢yT, y € Ay} Hence
Aa’(ﬁ N Ab’(ﬁ = . O

Now we are ready to prove

Lemma 6. If L1 = LQ, then Fl ~ FQ.
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Proof. The result is clearly true if | X | = 1. Suppose that | X| > 2. Consider
the restriction of the function v from Lemma 5 to I'; (which we will also
call ¢). By (i) of Lemma 5, ¢ : I’y — TI's. It easily follows from Corollary 1
that either A1¢p = By and Ay = By or A1y = B and Ay = Bj.
Suppose that A1) = By and Ao = By. We will prove by induction on
la| that for all a € {1,2}*, Ayp = B,. We already know that this is true
if [a| = 1. Let k > 1 and suppose that A, = B, for every a € {1,2}*
with |a| < k.

Note, that for all 7, n € N if |A;| = 1 or |4y = 1, 41, A3 € T’y
then the structure of I'; is uniquely determined in virtue of (2). Thus, if
Ly = Lg(l = Lo, then we get immediately that I'; ~ I's.

Assume further that |A;|, |Az| > 1. We will prove by induction on |a|
that for all a € {1,2}* A,¢p = B, or Az = Bs.

Suppose, that condition A, = B, or A,y = Bg holds for all A, € I'y,
la| < k, k € N. Without loss of generality set A1) = By, for all A, € 'y,
B, €Ty if |a| <k, ke N.

Let bi € {1,2}*, |bi] = k and Ap; € T';1. As has been shown in [5,
Lemma 4, (ivl}, there exists a transformation v € Ly such that Ayy = Ay,
i.e., v[a, = aiy . According to Definition 3,

O/ji’i = aﬁl‘:;‘lﬂAbil U aﬁlb)?mAbﬁ = O/Iilb):l U 0/2232’
so Apjy = Auij, j € {1,2}. Moreover, by the induction hypothesis, the
following conditions hold:

(OéAb’)/)T - (OéAbi)T = QA = OBy,

(aa, )7 = (@a,7)(77) = (a,p)(77) = @B, (7).
Consequently, ap, (y7) = ap,,, and so By(y7) = By,;. Since y7 € Lg, we
have (y7)|p, = agzi. According to Definition 3,

By, __ _ Bp Bpa _ . Bp B2
By, = ¥ByiNByi U ByiNByiz — YByi U Y Byo

SO Bbj(’y’i') = Bbija Jj € {1,2}.

Now, on the one hand, we have Ay (y7)=(Apj7)0=Ap;v, j€{1,2},
by (ii) of Lemma 5. On the other hand, using the induction hypothesis, we
get Awlﬁ(’yT) = Bbj(’}/T) = Bbij;j € {1, 2}. Thus, Abz’jw = Bbijaj € {1, 2}.
Since Apj is an arbitrary element with |bj| = &, we get A = B, for all
ce{l,2}* || =k+1, Ac € T';. So for all a € {1,2}* Ay = B,.

In a dual way, we can prove that if A1y = By and Ay = By, then
Agp = Bg for every a € {1,2}*. Since |A,| = |Aq¢| for every a € {1,2}*
(by Corollary 1), it follows that I'y ~ I's. O
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Now Lemmas 3 and 6 yield

Theorem 3. Two £-cross-sections of I, are isomorphic if and only if
the L-families associated with them are similar.
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