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ABSTRACT. An integer d > 2 is called a self-replicating degree
of a group G if there exist a subgroup H < G of index d and a
surjective homomorphism ¢ : H — G with trivial core. These are
precisely the alphabet sizes of self-replicating (recurrent) actions
of G. We investigate self-replicating degrees of crystallographic
groups and compare them with self-covering degrees, that is, inte-
gers d for which G contains a subgroup of index d isomorphic to G.
Geometrically, the latter are precisely the degrees of self-coverings
of the flat orbifold R"/G. We establish a method for describing the
self-covering and self-replicating degrees of crystallographic groups
and obtain explicit polynomial descriptions for all plane and space
groups.

Introduction

Crystallographic groups are discrete, cocompact groups of isometries of
Euclidean spaces. They arise naturally in the study of crystals and peri-
odic structures and play an important role in crystallography as well as
in several areas of mathematics. The fundamental properties of crystal-
lographic groups were described by Bieberbach (1910-1911). Specifically,
every n-dimensional crystallographic group contains a maximal, finite-
index, free abelian normal subgroup of translations isomorphic to Z™.
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Furthermore, in each dimension, there are only finitely many crystallo-
graphic groups up to isomorphism, thereby answering the first part of
Hilbert’s 18th problem.

In this paper, we indirectly consider self-similar actions of crystallo-
graphic groups. Broadly speaking, an action of a group on a space of
words is self-similar if the restriction of the action to any natural sub-
space resembles the global action of the group. Self-similar actions pro-
vide a natural connection between algebra, automata theory, and fractal
geometry, and play an important role in geometric group theory and dy-
namical systems. Self-similar actions have been investigated for a wide
variety of group classes, including abelian groups [1-3], nilpotent groups
[4-6], polycyclic groups [7], metabelian and solvable groups [8—11], affine
groups [12], arithmetic groups [13], and many others. Recently, it was
shown [14] that a finitely generated virtually abelian group G' admits a
self-replicating action if and only if G is crystallographic. In this paper
we address a natural follow-up question: which degrees can occur for the
self-replicating actions of a given crystallographic group?

For our purposes, we do not need the precise definition of a self-similar
action, but rather its connection with virtual endomorphisms. A virtual
endomorphism of a group G is a homomorphism ¢ : H — G, where
H < G is a subgroup of finite index. A group G admits a self-similar
action that is transitive on the alphabet if and only if it admits a virtual
endomorphism with trivial core, that is, with no nontrivial ¢-invariant
normal subgroup in G [15, Proposition 2.7.5]. The degree of the action,
defined as the size of its alphabet, is equal to the index [G : H]. If the
virtual endomorphism is surjective, the action is called self-replicating
(or recurrent). Accordingly, an integer d > 2 is a self-replicating degree
of a group G if and only if there exist a subgroup H < G of index d and
a surjective homomorphism ¢ : H — G with trivial core.

The present paper continues the investigation begun in [16], where
we described all virtual endomorphisms of the plane group pg — the
fundamental group of the Klein bottle — determined which of them
have trivial core, and computed the possible degrees of its self-similar and
self-replicating actions. Here we develop a method, based on the point
group, the translation lattice, and the defining cocycle, that applies to
every crystallographic group, and we carry it out explicitly for all plane
and space groups.

We study virtual endomorphisms of crystallographic groups in Sec-
tion 1. In particular, we show that every surjective virtual endomorphism
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of a crystallographic group is an isomorphism, and establish a criterion
for its core to be trivial. Consequently, if d is a self-replicating degree of
a group G, then G contains a subgroup of index d isomorphic to G. We
call an integer d > 1 a self-covering degree of G if it contains a subgroup
of index d isomorphic to G; geometrically, these are precisely the degrees
of self-coverings of the flat orbifold R"/G. Thus, every self-replicating
degree is a self-covering degree, but the converse does not hold in general,
as the triviality of the core imposes an additional condition.

In Section 2, we develop a computational method for determining
the self-covering and self-replicating degrees of a given crystallographic
group. The sets of admissible degrees are described as the values attained
by computable polynomials subject to polynomial constraints. In Sec-
tions 3 and 4, we treat the two- and three-dimensional cases, providing
an algorithm for computing the degrees. The complete results for all 17
plane groups and all 230 space groups are collected in the appendix. The
naming conventions are taken from the International Tables for Crystal-
lography, Volume A [17], hereafter abbreviated ITA. The source code
used for the computations is available at [18].

Acknowledgments. The author expresses sincere gratitude to his
scientific supervisor, levgen Bondarenko, for suggesting the problem ad-
dressed in this paper and for providing valuable guidance throughout the
work.

1. Crystallographic groups and their virtual endomor-
phisms

We briefly recall the necessary background on crystallographic groups; a
detailed exposition can be found in [19].

Let Aff(n) denote the group of affine transformations of R”, and let
E(n) < Aff(n) denote the group of Euclidean isometries. The group
Aff(n) admits the decomposition Aff(n) = GL,,(R) x R™, and every ele-
ment can be written in the form (A, a), where A € GL,(R) and a € R".
The group operation is given by

(A,a)(B,b) = (AB, Ab + a).

Definition 1. A crystallographic group of dimension n is a discrete co-
compact subgroup of E(n). Crystallographic groups of dimension 2 are
called plane groups, and those of dimension 3 are called space groups.
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The algebraic structure of crystallographic groups is described by the
following classical theorems of Bieberbach.

Theorem 1 (Bieberbach). 1. Let G < E(n) be a crystallographic gro-
up. Then the subgroup of translations GN(E xR™) is a free abelian
group of rank n, and it is a mazimal abelian normal subgroup of
finite index in G.

2. Two crystallographic groups of dimension n are isomorphic if and
only if they are conjugate in the affine group Aff(n).

3. For everyn € N, there exist only finitely many isomorphism classes
of crystallographic groups of dimension n.

For a crystallographic group G, its translation subgroup is T(G) =
GN(E xR"), and the corresponding subgroup L(G) = {v € R" : (E,v) €
T(G)} = T(G) is called the translation lattice of G. The point group
P(G) is the image of G under the natural projection onto GL,(R). By
the Bieberbach theorems, there is a short exact sequence

0—-L—>G—P—0,

where L = L(G) 2 Z" and P = P(G) is a finite subgroup of GL,(R).

Conversely, given a finite subgroup P < GL,(R) and a P-invariant
lattice L < R"™, the crystallographic groups fitting this sequence are clas-
sified, up to affine conjugacy, by the cohomology group H!(P,R"/L) =
H?(P, L). Thus, an arbitrary crystallographic group can be represented
as a triple G = (P,L,a), where [a] € HY(P,R"/L), that is, a : P —
R™/L satisfies a(AB) = a(A)+ Aa(B). Two cocycles o and ' represent
the same cohomology class if and only if they differ by a 1-coboundary,
meaning o' (A) = a(A) + Am — m for some m € R"/L. Choosing repre-
sentatives of a(A) in R™ for A € P, we may write:

G={(A,a(Ad)+t)|AeP teL).

If the cohomology class of « is trivial, i.e. a(A) = Am — m for some
m € R"/L for every A € P, the group G is isomorphic to the semidirect
product P x L and is called symmorphic. More details on group coho-
mology and its applications to crystallographic groups can be found in
[19, 20].

The following properties of crystallographic groups will be used be-
low.
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Lemma 1 (cf. [21, Theorem 2]). Every normal subgroup of a crystallo-
graphic group is either trivial or infinite.

Lemma 2. FEvery finite-index subgroup of a crystallographic group is
crystallographic.

Proof. Immediate from the definition: discreteness and cocompactness
pass to finite-index subgroups. O

Lemma 3. Let G be a crystallographic group and H < G be a subgroup
isomorphic to G. Then T(H) =T(G)NH and |G : H =[T(G) : T(H)].

Proof. The equality T(H) = H N T(G) follows directly from the defi-
nition of the translation subgroup. Since G and H are isomorphic, the
Bieberbach theorem implies that P(G) = P(H). On the other hand,
P(H) < P(G) and hence P(H) = P(G). Then [H : T(H)] = |P(H)| =
|P(G)| = |G : T(G)]. The index of T'(H) in G can be expressed in two
ways as

G:TH)=[G:H|H:TH) =[G:TG)T(G):T(H).
The equality [G : H] = [T(G) : T(H)] follows. O

Lemma 4. Let G be a crystallographic group, H < G a subgroup of
finite index, and ¢ : H — G a surjective homomorphism. Then ¢ is an
isomorphism.

Proof. Let h(-) denote the Hirsch length of a group, and let K be the
kernel of ¢. Since ¢ is surjective, h(H) = h(G) + h(K). As H < G
has finite index, h(H) = h(G). Hence, h(K) = 0, and therefore K is
finite. Since K is a normal subgroup of H and H is crystallographic
by Lemma 2, Lemma 1 implies K is trivial. Hence ¢ is injective, and
therefore an isomorphism. O

By the second Bieberbach theorem and Lemma 4, every surjective
virtual endomorphism ¢ : H — G of a crystallographic group G is in-
duced by conjugation with an affine element (A,t) € Aff(n):

o(g) = (A,t)_lg(A, t) for g€ H= (A, t)G(A,t)_l.

The action of ¢ on the translation subgroup T'(H) is determined by the
linear part A:

H(E,v) = (A, t)"HE,v)(A,t) = (E,A ') for (E,v) € H.
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It follows that L(H) = AL(G) < L(G), and by Lemma 3,
[G:H]=[T(G): T(H)] =[L(G) : L(H)] = [L(G) : AL(GQ)] = | det(A)].

Therefore, the set of self-covering degrees coincides with the set of ab-
solute values of determinants of matrices occurring as linear parts of
surjective virtual endomorphisms. To determine the self-replicating de-
grees, it remains to analyze the simplicity condition.

Theorem 2. Let G < E(n) be a crystallographic group, and let a =
(A,t) € Aff(n) be such that aGa~' < G. Consider the virtual endomor-
phism ¢ : H = aGa™! — G defined by ¢(g) = a~‘ga. Then ¢ is simple if
and only if no eigenvalue of A=' is an algebraic integer (equivalently, the
characteristic polynomial of A~ is not divisible by a nonconstant monic
polynomial with integral coefficients).

Proof. We may assume that the translation lattice of G is Z™. Since
aGa~' < G, we have AZ™ < Z™, and hence A has integer entries. Con-
sider the virtual endomorphism 1 : AZ" — Z", ¢(v) = A~ v, of the
group Z"™, which is the restriction of ¢ to the translation lattice. By
Proposition 2.9.1 of [15], the maximal w-invariant subgroup of Z™ is
given by

K(yp)= () AmzZ".
m=1

By Proposition 2.9.2 of [15], K(¢)) = {0} if and only if A~! has no
eigenvalues that are algebraic integers. It remains to show that ¢ is
simple if and only if K (¢) = {0}.

Assume that K(¢) # {0}. Since aGa~! < G, the linear part A nor-
malizes the point group P of G, that is, AP = PA. Hence each subgroup
A™7Z™ is P-invariant, and therefore so is K (v¢). Since P-invariant sub-
groups of the translation lattice give rise to normal subgroups of G, the
subgroup E x K(1) is a nontrivial normal subgroup of G. Moreover,
E x K(v) is ¢-invariant by construction. Therefore, ¢ is not simple.

Conversely, let K be a nontrivial normal ¢-invariant subgroup of G.
By Lemma 1, K is infinite and therefore contains a nontrivial translation.
Let m = lem{ord(B) : B € P}. Then ¢ € T(G) for every g € G.
Consider the subgroup K, = (¢, g € K) < T(G). Since K is nontrivial,
normal in G, and ¢-invariant, it follows that K, is also nontrivial, normal
in G, and ¢-invariant. Identifying K,, with the corresponding subgroup
of the translation lattice, we obtain a nontrivial 1-invariant subgroup of
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Z"™. Hence K,, < K(¢), and therefore K (1)) # 0, which completes the
proof. O

Corollary 1. An integer d > 2 is a self-replicating degree of a crystal-
lographic group G < E(n) if and only if there exists a = (A,t) € Aff(n)
with | det(A)| = d such that aGa™' < G and no eigenvalue of A~ is an
algebraic integer.

We now obtain an upper bound for self-replicating degrees of crys-
tallographic groups.

Corollary 2. Let G be a crystallographic group of dimension n with
point group P. Then G has a self-replicating degree at most (|P| + 1)™.

Proof. We may assume that the translation lattice of G is Z™. Let m
be any positive integer that annihilates the defining 1-cocycle [o] €
HY(P,R"/Z") of G, meaning mv € Z" for all (B,v) € G. Note that
m = |P| always satisfies this property by standard group cohomology
(see [20, Ch. III, Cor. 10.2]).

Define the scalar matrix A = (m+ 1)E and the affine transformation
a = (A,0). Conjugating an arbitrary element (B,v) € G by a gives:

a(B,v)a"! = (B, Av) = (B, (m + 1)v) = (E,mv)(B, v).

Since mv € Z", the term (E,mwv) is a lattice translation, implying
aGa™' < G. The unique eigenvalue of A~! is #ﬂ’ which is not an

algebraic integer, making det(A) = (m + 1)" a valid self-replicating de-
gree. ]

Corollary 3. 1. Every symmorphic crystallographic group of dimen-
sion n possesses a self-replicating degree at most 2".

2. Every plane group possesses a self-replicating degree at most 9.
3. Every space group possesses a self-replicating degree at most 343.

Proof. For a symmorphic crystallographic group, the defining cocycle is
trivial. Hence the proof of Corollary 2 applies with m = 1, yielding a
self-replicating degree at most 2.

For plane groups, the defining cocycle is annihilated by m = 2, yiel-
ding a degree at most (2 + 1) = 9. For space groups, the cocycle is
annihilated by a universal scalar m = lem(2, 3,4, 6), yielding a degree at
most (12 + 1)3 = 2197. We can improve the bound by observing that
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no group contains cocycle denominators divisible by both 4 and 3. As a
result, every space group admits annihilation factor m < 6, which gives
a degree at most (6 + 1)3 = 343. O

2. Computing self-replicating degrees of crystallographic
groups

In the previous section we characterized the self-covering and self-repli-
cating degrees of crystallographic groups. We now develop a computa-
tional method to determine these values for a given group. Hereafter we
use N to denote the set of positive integers excluding 0.

Let G be a crystallographic group given by the tuple (P, Z", «). An
integer d > 1 is a self-covering degree of G if and only if there exists
an affine transformation a = (A,t) € Aff(n) such that d = | det A| and
aGa~' < G. This condition splits into three parts:

(PC) Point group compatibility: APA™! = P.

(LC) Lattice compatibility: AZ™ < Z"™, which means A must have integer
entries.

(CC) Cocycle compatibility: for every B € P,

a(ABA™Y = (E — ABA Yt 4+ Aa(B) mod Z".

To determine the possible values of | det A|, we first describe the integer
matrices A satisfying (PC) and then determine which of them admit
a translation ¢ satisfying (CC'). Note that for symmorphic groups the
condition (CC) is trivial.

The integer matrices A satisfying (PC) can be described as follows.
Let o € Aut(P). Consider the system of linear equations over Z:

XB=0(B)X forall BeP,

where X € M,(Z) is the unknown matrix. The solution set A, is a
finitely generated Z-module. Hence, one can compute integral matrices
X1,..., X, € X, such that every X € X, can be written as

m
X =) uX;, €l (1)
=1
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The set X' of all matrices A € M, (Z) satisfying (PC') is the union of X,
over all o € Aut(P).

Next, we determine which matrices X € X admit a translation ¢ satis-
fying (CC). Let o € Aut(P) and write X € X, as the linear combination
(1). Then (CC) is equivalent to the following system of congruences in
the unknowns z1,...,z, € Z and t € Q™:

> 2 Xia(B) - a(0(B)) = (¢(B) - E)t (modZ"), BeP. (2
=1

For each B € P, denote the left-hand side of (2) by bp(x1,...,z,) € Q,
and let Mp = 0(B) — E € M,(Z). Collecting these congruences for all
B € P yields the system

Mt=b (modZ"), (3)

where the matrix M = (Mp)gep and the vector b = (bp)pep are ob-
tained by stacking the matrices Mp and the vectors bp, respectively, over
all B € P, and N = n|P|.

Proposition 1. The congruence system (3) is solvable fort € Q™ if and
only if v'b € Z for every vector v € ZN satisfying v’ M = 0.

Proof. Suppose first that (3) is solvable. Then Mt = b + z for some
t € Q" and z € ZV. Hence, for every v € Z satisfying v' M = 0, we
have

O=v' Mt=v'b+0v'z,

which implies v'b = —v'z € Z.
Conversely, consider the Smith normal form of M:

UMV = D = diag(ds, ..., d,0,...,0), d; >0,

where U € GLy(Z) and V € GL,(Z). The condition Mt —b € ZN
is equivalent to Dt' — ¥ € ZV, where ' = V=t and b/ = Ub. For
1 < i < r, the congruence d;t; = b, (mod Z) always has a rational
solution t; = b} /d;. Thus, the system is solvable if and only if b} € Z for
every ¢ > r.

Let u; denote the i-th row of U. For ¢ > r, the corresponding i-th
row of D is identically zero, implying u; M = 0. By assumption, this
gives b, = u;b € Z for every i > r. Therefore, the transformed system is
solvable, and equivalently, so is the original system. O
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The preceding proof reduces the solvability of the system (3) to a
finite check using the Smith normal form UMV = D of M.

Corollary 4. Let u;(M) denote the i-th row of U. The system Mt =b
(mod Z") has a rational solution if and only if u;(M)b € Z for all i >
rank(M).

This gives us a constructive way to eliminate the rational vector ¢
from the system (2), reducing it to a finite system of linear congruences
in the integer variables z;. Let b(x1,...,x,,) be the stacked column
vector

bp(21, ... 2m) = Y _ 2 X,a(B) — a(o(B)).
=1

By the corollary, (2) is solvable for ¢ if and only if
uj(M)b(z1,...,2,m) =0 (mod Z) for all j > rank(M). (4)

Solving this system and substituting the general integer solution back
m

into X = > z; X, yields a finite, computable set of integral basis matrices
i=1

Yo, Y1,...,Y;. The subset )V, C X, consisting of all matrices satisfying

conditions (PC)—(CC) is then parameterized by

k
Y=Yy+> uYi €l (5)
=1

The determinant of Y can be expressed as a polynomial with integral
coefficients f,(y1,...,yx). Ranging over all o € Aut(P), this gives a
finite collection of computable polynomials associated to the group G.

Finally,let Y = |J Y, denote the union of these solution spaces.
o€Aut(P)
We obtain the following description for the sets of self-covering and

self-replicating degrees:

SCD(G) ={|det A|: A€ Y and det A # 0} =
= {’fU(ylw : ayk)| YV € L,o € AUt(P)afG(yh s )yk’) 7é 0}7
SRD(G) = {|det A| : A € Y, det A # 0,and no eigenvalue of A~! is an
algebraic integer}.

The set of integer values of a multivariate integer polynomial generally
admits no simple or computable arithmetic description. Determining
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whether a given integer d belongs to SCD(G) amounts to deciding the
solvability of the Diophantine equation |f,(y1,...,yx)] = d for some
o € Aut(P). By Matiyasevich’s theorem on Hilbert’s Tenth Problem,
such questions are undecidable for arbitrary polynomials. It remains
open whether this problem is decidable in our specific geometric setting:

Problem 1. Let G be a crystallographic group.

(1) Given an integer d > 1, is it decidable whether there exists a
subgroup H < G of index d such that H = G7 Equivalently, does the
orbifold R"/G admit a self-covering of degree d?

(2) Given an integer d > 1, is it decidable whether G admits a self-
replicating action over an alphabet of size d?

Despite the potential undecidability of this problem in arbitrary di-
mensions, the algebraic complexity of the polynomials f, remains low in
dimensions 2 and 3. In the final sections, we restrict our attention to the
two- and three-dimensional cases, where explicit computation of these
parameterizations completely resolves the problem.

3. Plane groups

There are 17 plane groups (also known as wallpaper groups). We com-
puted the set of matrices ) satisfying conditions (PC)-(CC) for each
group. For the groups pl and p2, we have ) = My(Z), and thus every
positive integer occurs as a self-covering degree. For all the other plane
groups, the polynomials f, depend on at most 2 variables and the equa-
tion |f,| = d can be solved explicitly. Table 1 presents the computed
matrices ), the polynomials f, together with explicit excluded values
that describe SRD(G) for every plane group, and finally the minimal
possible values of SRD(G).

To describe the set of self-replicating degrees, we reduce the eigen-
value condition to a simpler arithmetic criterion.

Proposition 2. Let A € My(Z) and det(A) # 0. No eigenvalue of A~}
is an algebraic integer if and only if det(A)#+1 and det(A)+tr(A) # —1.

Proof. The characteristic polynomials of A and A~! are

xa(z) = 22 — tr(A)z + det(A) € Z[z],
o tr(4)

1
Xami(@) =27 = der(A)" T der(a) € Qlz}.
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If det(A) = £1, then x4-1(x) € Z[z] and its roots are algebraic integers.
If det(A) £ tr(A) = —1, then A~! has an eigenvalue 1 or —1.

Conversely, assume x 4-1(x) is divisible by a monic polynomial p(z) €
Zlz]. If degp(z) = 2, then p(x) = x4-1(x) and det(A) = 1. If
degp(r) = 1 and p(z) = = — a, then a is an integer eigenvalue of A1
Now a~! is a root of a monic integer polynomial y 4(x). Since a and a~!
are both algebraic integer, we have a = £1 and

Xa(£]) =1 F tr(A) + det(A) =0 = det(A) F tr(A) = —1.
O

We define the affine linear form g, (y1, .. ., yx) as the trace of a matrix
Y € ), written in the form (5). Then SRD(G) admits the following
characterization:

SRD(G) ={|fo(y1,-..,yr)| : 0 € Aut(P) and y; € Z such that
fo(yr, - ue) € 40,1, =1} and (fo £ g0)(y1, -, y) # —1}.

For the groups pl and p2, every integer d > 2 occurs as a self-replicating
degree. For all other plane groups, the polynomials f, and g, depend
on at most 2 variables; thus the excluded values f, ¢ {0,1,—1} and
fo £ 9o # —1 can be computed explicitly. Table 1 presents the computed
polynomials f,, the excluded set of integer solutions that violate these
inequalities, and the smallest self-replicating degree for each group.

Example 1. The plane group p2mg (ITA No. 7) is generated by

(2152 21

The matrices X satisfying condition (PC') have one of two forms:

A= 0 @ , Ay = o 0 ,  xo, 11 € L.
zo O 0 =

Solving the system of congruences arising from (CC'), we find that there
are no solutions for matrices of the form A;. For matrices of the form
Ay, we obtain xg = 2yo + 1 and x1 = y; for yg,y1 € Z. Therefore, the
set of matrices satisfying both (PC) and (CC) is given by:

290+1 O
= S Yo,Y1 EZL p
Y {( 0 y1> Yo, Y1 }
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and the set of self-covering degrees is
SCD(G7) = {|(2yo + D)y1] : yo,y1 € Z and (2yo + 1)y1 # 0} = N.

By Proposition 2, the condition that no eigenvalue of A, ! which is
an algebraic integer is equivalent to the system

(2y0 + 1)3/1 7& 07 :l:la
(2yo +)y1 £ (2yo + 1 +y1) # —1.

The solution set is given by:
yo & {~1,0} and y ¢ {~1,0,1}.
Consequently, the set of self-replicating degrees is given by:
SRD(G7) ={(2yo+1)(y1+1) |yo,y1 € N} = {6,9,10,12,14,15,18,...},

which consists of all composite positive integers that are not powers of 2.
In particular, the smallest self-replicating degree of G7 is equal to 6.

Example 2. The plane group p3 (ITA No. 13) is generated by

an=((1 210)-(o 01)- (8]0

The matrices X satisfying (PC') have one of the following two forms:

A1:<—x0 x0+x1>7A2:<900+$1 —960)7 20,71 € Z.

I Lo Lo L1

The group Gi3 is symmorphic, i.e. Gi3 = P x Z?, and the condition
(CC) is vacuous. Observe that |det(A;)| = |det(As)| = |23+ zox1 + 23]
Therefore, the set of self-covering degrees is given by:

SCD(G13) = {|ag + zox1 + 23| : 2o, x1 € Z and 23 + zox1 + 23 # 0} =
={1,3,4,7,9,12,13,16,19,21,25...}.

These are precisely the positive Loschian numbers (OEIS A003136): the
integers d such that, in the prime factorization of d, every prime factor
p =2 (mod 3) has an even exponent.
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By Proposition 2, the condition that no eigen value of Al_1 is an
algebraic integer is equivalent to the system

T2+ xoxy + 27 #0,£1,
—(22 + zozy + %) # —1.

The excluded set of solutions is:

(x07x1) ¢ {(O’O)a (07 1) ) (_17 1) ) (17 _1) ) (_L 0) ) (17 0) ) (07 _1)} :
The analogous conditions for Ay give the system

a;g + xor1 + x% #0,+£1,
22 4 zowy + 23 & (w0 + 221) # —1,

having the same solution set. The values of |23 + zox1 + 23| evaluated
at all integer pairs (zg,z1) € Z? outside of the 7 excluded pairs are all
Loschian numbers greater than 1. Consequently, the set of self-replicating
degrees is given by:

SRD(Glg) = {|x% + xox1 —i—.’L‘%’ :x9, 21 €EZ
and |z§ + zox1 + 21| £ 0,1}

In particular, the smallest self-replicating degree of G13 is equal to 3.

4. Space groups

Space groups can be classified in two main ways: algebraically into 219
abstract isomorphism classes, or geometrically into 230 classes, defined
by orientation-preserving affine conjugation. Note that we use the ITA
naming convention [17], which is based on the geometric classification.

We computed the set of matrices ) satisfying conditions (PC)—(CC)
together with the corresponding multivariable polynomials f, for each
group. Although every polynomial f, is cubic and cannot be solved
explicitly in general, we show how to reduce the problem to the two-
dimensional case and apply Proposition 2.

Consider an arbitrary integral 3 x 3 matrix

Trog I1 X2
A= r3 T4 X5
T X7 Iy
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Its characteristic polynomial is
xa(z) = 23 —tr(A)2® + 7(A)x — det(A), where
T(A) = xorg — 123 + TOXY — ToT + T4Tg — T5X7

is a sum of determinants of the three principal 2 x 2 minors of A. Con-
sequently,

(z) = i 7(4) z? tr(A) L= :
XA-1 det(A) det(A) det(A)

Let G be a space group with translation lattice Z3 and point group
P < GL3(Z). Let Y(y1,...,yr) € Vo be a family of matrices satisfying
conditions (PC)—(CC), written in the form (5) for a fixed automorphism
o € Aut(P). Our computations show that, for every space group G and
every o € Aut(P), one of the following holds:

(1) tr(Y) =7(Y) = 0;
(2) Y is block triangular.

The only exceptions are, similarly to the two-dimensional case, the groups
Pl and P — 1 (Nos. 1 and 2 in ITA) that have point groups consisting
of scalar matrices. Likewise plane groups pl and p2, these space groups
admit every positive integer > 1 as a self-covering degree and every posi-
tive integer > 2 as a self-replicating degree. The complete list of the
families Y € ), is omitted due to their large variety.'

Consider the first case. Since 7(Y) = tr(Y) = 0, the characteristic
polynomial of Y1 reduces to

i !
det(Y)

Xy-1(z) = :
Hence, if |det(Y)| > 1, then xy-1(z) is not divisible by any nonconstant
monic polynomial with integral coefficients. It follows that every value
of f, = det(Y) with |f,| > 1 is a self-replicating degree. The complete
list of f, falling into this case are provided in Table 9 in the appendix.

Consider the second case. Without loss of generality, assume that Y
has the following form:

o C C -1 _ Cil d
() =)

!The source code used to generate the complete list of ), is provided in [18].
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where C' € My(Z). Then f, = det(Y) = ps g, where py(y1,...,yx) is an
affine linear form and ¢, (y1,...,yx) = det(C) is a quadratic polynomial.
Moreover,

Xy-1(z) = xc-1() <ff - ;) = <$2 - ;gt((cc))m " det1(0)> (m - 119> '

We now apply Proposition 2. Put g,(y1,...,yx) = tr(C). Then the
subset of SRD(G) corresponding to the fixed automorphism o is

{ |(Poqo) (Y1, ---yk)| : yi € Z such that
pa(yla---yk)v(IO‘(yla"'yk) ¢ {Oala_l} (6)
and (g £ g0)(y1,.--yk) # —1 }.

Therefore, the contribution of o to SRD(G) is completely determined by
the triple (ps, 45, g5 ), whereas the product f, = psqs determines the cor-
responding self-covering degrees. The complete list of triples (ps, ¢s, 95)
for all space groups is given in Tables 2-8 in the appendix.

In summary, to determine the self-covering and self-replicating de-
grees of a given crystallographic group G, locate the corresponding group
number in Tables 2-9. Since a group may appear in several rows, corre-
sponding to different automorphisms o € Aut(P), each row contributes a
subset of both SCD(G) and SRD(G). For each row of Table 9, the poly-
nomial f, determines the corresponding contributions to both SCD(G)
and SRD(G). For each row of Tables 2-8, the product f, = psq, de-
termines the contribution to SCD(G), whereas the corresponding triple
(Ps, Qo go) determines the contribution to SRD(G) via (6). The re-
sulting SCD(G) and SRD(G) are obtained by taking the union of the
contributions over all rows corresponding to G.

Finally, the Diophantine equations arising in the conditions of (6)
admit explicit solutions. In most cases, they reduce to quadratic Dio-
phantine equations in two variables, which already appear in Table 1
together with their solution sets. However, there are four exceptional
kinds of matrices that require a separate analysis. The first two are

20 0 Al 20 0 2 Z1
X = 0 2z O , Xo= Z9 20+ 220 —21
zz 0 z4 23 0 24

The matrix X; occurs in the symmorphic groups Nos. 3, 6, and 10, and
in modified form in Nos. 4, 7, 11, 13, and 14, after substituting the
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solutions of the cocycle compatibility condition. Likewise, X9 occurs in
the symmorphic groups Nos. 5, 8, and 12, while the modified versions
occur in Nos. 9 and 15.

The remaining two matrices contain minors that do not appear in
the plane case:

20 0 0
Xz=| 20+221 20+221 22+4xn |,
—Z0 — %1 zZ9  —Z20 — 221
20 0 0
X4 = 21 0 zp+2z%
z9 2o+ 229 0

The matrix X3 has ¢, = —(20 + 221)2 —2(20 4+ 221)22. It occurs in the
symmorphic groups Nos. 22 and 69, and, with some variations, in the
group No. 70. The matrix X has g, = —(20 + 2 21)(20 + 2 2z2). It occurs
in the symmorphic groups Nos. 23 and 71, and, with some variations,
in the groups Nos. 24, 72, 73, and 74. In both cases, g, is a quadratic
polynomial in three variables.

Example 3. The space group P12;/m1 (ITA No. 11) is generated by:
-1 0 0]0 -1 0 00
G11:< o1 off ], 0 -1 0}0 ,61,62,63>.
0 0 —11]0 0 0 —-110
From Table 2 we obtain a single triple p,, ¢, and g, that describes
SRD via the equation (6):
Po(Yo---ys) =292+ 1, qo(yo---ya) = =13 + Yoy,

9o (Yo - - - y4) = Yo + Ya.

It is clear that the pair (¢, g,) falls into the special case for the plane
groups Nos. 1 and 2, and every integer d > 2 occurs in the set

{lao(yo - ya)l + ao(yo- .- ya) € {0,1, =1}, (g6 = 95)(v0 - - - ya) # —1}.

Combining with the condition py(yo...ys) ¢ {0,1,—1} we get the fol-
lowing description of SRD:

SRD ={(2k+1)(m+1) : k,m € N} ={6,9,10,12,14,15,18, ...},

which is, similarly to the plane group p2mg from the previous section,
the set of all composite positive integers that are not powers of 2. In
particular, the minimal self-replicating degree is 6.
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Example 4. The space group I2; 2721 (ITA No. 24) is generated by:
-1 0 0] 1 -1 0 0
G24:< 0 -1 0[—3 |, 11 0 ,61,62,63>.
0

1 01 0 0 —1
For the sake of succinctness, we consider only two families of matrices
from Y for Ga4. The first family falls into the case tr(Y) = 7(Y) = 0; its
determinant is the cubic polynomial No. 7 in Table 9:

N[—NI—= O

fro,y1,y2) =4 (290 — 1)ys +4y5 +2(2y0 — L)w
+4(2y5+ (2yo — Dyr +yo — 1)y2 — L.

It factorizes as

Jo (o, y1,y2) = (2y0 — 1)(2y2 + 1) (2yo + 2y1 + 2y2 + 1),

so all its values are odd. Conversely, every odd integer n is attained:
taking yo = ”T“, Y1 = —”TH, yo = 0 gives fo = n-1-1 = n. Since
tr(Y) = 7(Y) = 0, every value with |f,| > 1 is a self-replicating degree,

and hence
SCDy ={1,3,5,...}, SRD; ={3,5,7,...}.

The second family is block-triangular, with the triple (p,, o, g ) from
Table 2:

pa(yﬂvylayQ) — _2y1 - 17
4o (Y0, 1, 92) = 493 — 2(2yo + Dy1 —2(2yo + Vy2 — 1, g, = 0.

The polynomial ¢, factorizes as
4o = (20 +1)(2y0 — 2y1 — 242 — 1),

so both p, and ¢, take only odd values. Since g, = 0, the eigenvalue
condition (6) reduces to py,qs ¢ {0,1, —1}, that is, |ps|, |¢-| > 3.

For the self-covering degrees no such restriction exists: taking yo = 0,
Y1 = —"T‘H, Yo = ”T_l gives ¢, = 1 and p,q, = n, so every odd integer
occurs, and

SCDy ={1,3,5,...}.

For the self-replicating degrees, write an odd composite number as d = ab
with a,b > 3 odd, and take yo = 0, y; = —QTH, Yo = “T_b; then p, = a

and g, = b, so d is attained. Hence

SRD, = {9,15,21,25,27,...}
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is the set of odd composite numbers.

Observe that the substitution yg — —y1, y1 — —y2 — 1, yo — Yo
is a bijection of Z? that transforms f, into p, - ¢»; in particular, the
two determinant polynomials have the same set of values, and SCD; =
SCDy. Nevertheless, the two families contribute differently to SRD:
SRDy C SRDs, since, for example, 5 € SRD; but 5 ¢ SRDy. This
shows that the eigenvalue condition has to be verified for each family
separately and cannot be read off from the determinant polynomial alone.

Note that these two families do not exhaust the sets SCD(G24) and
SRD(G24). To compute them completely, one must repeat the procedure
for every row of Tables 2-8 and 9 corresponding to the group No. 24.

Example 5. The space group I —43d (ITA No. 220) is generated by:

-1 00| 1 -1 0 o0]o0
G220=< 0 -1 0|—3 |, 11 of],

1 01| 0 00 1|3

10 20 1 2 0|3

00 —-1{0 ], 0 —=10/0 ,61,62,63>.

01 =110 0 -1 1|0

The matrices X satisfying the condition PC have one of 24 possible
forms. Consider one of them:

—X0 0 -2 o
A= 0 —X0 o
0 0 i)

The point group of Gagp has 24 elements, so both congruence systems (2)
and (4) are too big to include. Nevertheless, there are some comments
that should be given regarding congruences appearing in the (CC') con-

1 0 0|—3
dition. After conjugating the element -1 0 -1 % we get
-1 -1 0| 1
the following sub-system of congruences:
2a0+2a1 — % dy) %
% o = —% mod Z3.
—ap — a1+ To —3

It is a rare case when we cannot simply fix a trivial translation a =0 €
73, as it leads to a contradiction: the row %a:o = —% forces x¢ to be odd
integer, while simultaneously zg = —% forces xg to be fractional.
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The resulting matrix A’ that satisfies (CC') condition has the follo-
wing form:

—2y0+3 0 —4yy+6
A = 0 —2yp+3 290 — 3
0 0 299 —3

A’ is a block-triangular matrix and the respective triple of polynomials
are (can be found in Table 8):

p=2yo—3, q=4y5 —12yo+9, g=—4yo+6.

The solution to the condition on eigenvalues (¢ £ g) # —1 is a finite set
of roots yo ¢ {1,2}, which combining with [p| # +1 gives us set of cubes
of odd integers:

SRD = {(2y0 — 3)(4y5 — 1290 +9) : wo ¢ {1,2}}
={(2k—3)° : ke N,k ¢ {1,2}}.

Again, to compute the full sets SCD and SRD, one must repeat this
process for every entry of the Tables 2-9 that contains the group No. 220.

5. Algorithm specification

In this section we describe the implementation details used to compute
the sets SCD(G) and SRD(G) for plane and space groups, following
the mathematical scheme of Section 2. The implementation is written in
Python on top of SageMath [22] and uses the GAP package Cryst [23]
as the source of crystallographic data. The full source code is at the
author’s GitHub [18].

Normalization of the group

For a given ITA number n and dimension dim € {2,3}, the group G =
SpaceGroupOnLeftIT(dim, n) is constructed via the GAP Cryst package.
Since the translation lattice L(G) is in general not the standard lattice,
we conjugate the generators by the translation basis matrix returned by
TranslationBasis. After this change of basis we may assume L(G) =
Z™, so that the group is represented as a triple G = (P, Z", «).

The point group P is finite, and its elements are enumerated by a
breadth-first search over the generating set with inverses, storing for
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every element a word in the generators that produces it. The cocycle is
stored as a lookup table o : P — Q™, and membership of an element
(B,v) in G is decided by the two conditions B € P and v — «(B) € Z™.

Finding the normalizer (PC)

The first stage computes all matrices A € GL,,(Q) satisfying APA™1 =P,
i.e. the normalizer of the point group in GL,(Q), in the form of para-
metric symbolic matrices.

Let P = (g1,...,gr). Brute-force enumeration of all maps P — P is
impractical. Every automorphism o € Aut(P) is determined by the ima-
ges of the generators, and the image o(g;) must have the same order as g;.
We therefore group the elements of P by their order, enumerate all tup-
les of candidate images (h1,...,hx) with ord(h;) = ord(g;) (discarding
tuples with repeated elements), and keep a tuple only if the map g; — h;
extends to a homomorphism with trivial kernel, i.e. an automorphism.

For every automorphism ¢ obtained in this way, we introduce a sym-
bolic nxn matrix X = (x;;) of indeterminates and solve the homogeneous
linear system over Q:

XB=0(B)X forall BeP.

The solution space is a vector subspace of Q"Z, returned in parametric
form; if the determinant is zero on the solution space, the family is
discarded. Renaming the free parameters canonically, we obtain a finite
list of symbolic matrices

m—1

Xo(Z0s- ooy Tm—1) = Z z; X, X; € M,(Q).
=0

To match the description (1) of the set &, we also need to address the
restriction X; € M,,(Z), which will be done later.

(LC), (€CC) and solving over Q/Z

Condition (LC') requires the entries of A to be integers. Substituting
the parametric matrix X, (zo,...,Zm—1), every entry is a rational linear
form in the z;, and we must determine for which integer values of the
parameters all entries are integral. This is a homogeneous system of
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linear congruences
Xo(x) =0 mod M, (Z),

that is, a system of linear equations over the quotient module Q/Z.

Solving it, we get the admissible parameters as a sublattice of Z™,

x = ) zjvj. Substituting these expressions back into X, gives the
J

lattice-compatible family

A(zo, ... 25-1) = Y _zA;,  Aj € My(Z),
J

with free integral parameters z; (renamed canonically as 2o, 21, ... ).

For symmorphic groups the cocycle is trivial and (CC') imposes no
restrictions. Otherwise, for a lattice-compatible parametric matrix A(z)
we determine the restrictions on the parameters z; given by the cocycle
compatibility (2). The implementation forms the finite system of linear
congruences (4):

uj(M)b(z0,...,26-1) =0 (mod 1), Jj>,

in the integral indeterminates z; only. Note that this is an inhomogeneous
linear system of equations over Q/Z.

The same auxiliary problem arises in the algorithmic classification of
crystallographic groups up to affine equivalence, where the first cohomo-
logy group H'(P,R" /L) parameterizing the space-group types with fixed
point group P and lattice L is computed by solving such congruences. It
is treated in the CARAT interface [24] and in the algorithm of Plesken
and Schulz [25] through Hermite/Smith normal form.

We solve these systems by lifting them to the integers with extra
free variables. Given Mz = b mod Z" with M € My(Q) and b € QV,
let m be the least common multiple of the denominators of M and b.
Introducing an auxiliary integral vector y € Z", the congruence is equiva-
lent to the integral linear system

—my + (mM)xz = mb.

The general solution of the homogeneous system (i.e. b = 0) is the right
kernel of the augmented matrix My, = (—mE|mM ). The kernel basis is
returned in echelon form and the auxiliary variables y are placed first. As
a result, the free variables of the solution are exactly the auxiliary vari-
ables together with the genuinely free parameters, and each dependent
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parameter is an integral linear combination of them. The inhomogeneous
system also requires a particular solution, which we compute using Sage-
Math’s solve_right over Z.

Simplicity test and quadratic Diophantine equations

Some notes should also be added regarding solvers of the Diophantine
equations that appear in the simplicity test. For the computed families
Y (y) for plane groups these are quadratic Diophantine equations in at
most two variables (the only exceptions being the groups pl and p2, for
which f, is a quadratic form in four variables). Such equations are deci-
dable and can be solved automatically; we use the algorithm of Grunewald
and Segal [26] (see also its algorithmic implementation by Alpern [27]),
as provided by SageMath’s solve_diophantine. The implementation
solves f,(y) = 1 and (fs £ g5)(y) = —1 over Z and collects the (finite)
sets of excluded parameter values.

Recovering the virtual endomorphism: the translation part t

The stages in Section 2 produce only the linear part A of the conjugating
affine element, which is all that is needed to determine the degree sets
SCD(G) and SRD(G). To actually recover the self-replicating action
one must also produce a translation part ¢ € Q™ and build the virtual
endomorphism by conjugation by an element (A, t). For a fixed integral
matrix A € ), the cocycle condition (3) becomes a system over Q/Z:

Mt=b (modZ"), b= Aa(B) — a(o(B)),

in the unknown rational ¢ only.

The method follows the cong_solve function of the aforementioned
CARAT [24,25], which solves a homogeneous system of linear congru-
ences Az = 0 (mod Z") for z € Q". The system is similarly lifted
to the (mod m) congruences for the least common multiple of denomi-
nators. It is then simplified using Smith normal form decomposition
(UMV)V =% = Ub. For a one-dimensional equation d;z; = b; mod m
the general solution is z; = Z—i + %, where n is an arbitrary integer.
Transforming back by V yields t = tg + VR + VN, where R is the basis
of the lattice of solutions and IV is the basis of the nullspace. Note that
the lattice is isomorphic to Z", while the nullspace is isomorphic to Q" ",
where 7 is the rank of M.
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1.

Appendix

No. ITAey fo MinSRD | Excluded values
1 ( ZZ gt ) [yoys — y1ye| 2
9 (.1/0 ;1/1) yoys — 1 2
v s Yoys — Y1yl
(-1,-1), (=11), (~1n)
3 (yg ,“) lyoui| 1 @) €s  @m, (11, (D)
u (1,-1), (1) :nezZ
(-1,0), (-1,1), (-L,n)
1 wo Y loo2u1 — 1) 6 W ¢ @, L0, 1LY
( 0 _2M+1) e o (n,0), (n,1) : neZ
0 (-1,1), (L,n), (-2m—1,m)
5 (z‘: v+ 2 ) [0 + 2y1)vol 4 (y0,31) ¢{ ((*11~0;~ (1,(—]1())j (*27n+1-mZ) }
7 —1l,n), N n,me
(-1,-1), (-1,1), (-1L,n)
6 (u;; ’0) [yoy1 2 (Yo, 1) ¢ (L,n), (1,1), (n,-1)
u (1,-1), (n,1) : neZ
0.1, L, @D
. (—2y0+(1] z/?) [2yo— Ly 6 (yo, 1) g{ (77,(‘71;‘ (16713), (n.lZ) }
7 0,n), , — tneE
8 o 0T L lew-nen+l |3 (0.1) ¢ {0.-1), (0.0). (1,-1). (1,0)}
2y —1 0
( Y 2y ) (yo.y1) € {(=1,0),(-1,1),(1,-1),(1,0)}
0 P [~42 — 250w N (-L1). (Ln), (-2m—1,m)
< Y 0 ) [(yo +2y1)y0l (o,y1) € { (=L0), (1,-1), (=2m+1,m)
Y1 Yo+2u (-1,n), (1,0) cnme’l
o [ (e I3 + 3l 2 (0. 3) ¢ {(~1.0).(0.-1). (0.1). (1L,0)}
L) 2] ,
< 0 yo ) [yol* yo & {-1,1}
—% 0
2| (L) ) | ewer 9 w ¢ {-1,0}
w o n
13 ( Yo+y —v ) [=6 = o +m)m| |4 (yo.91) & {(~1,0),(~1,1),(0,~1),(0,1), (1, ~1),(1,0)}
' < % 0 (o +y1)yo + 47| ' (yo,31) € {(=1,0),(=1,1),(0,-1).(0,1), (1, -1) ,(1,0)}
Y1 Yoty
14 ( U:; 7‘1/8 [yol® 4 yo & {-1,1}
5| () ol® i wé(-11)
Yo Y
16 ( -y w+un > (yo +y1)vo + v7| 3 (yo,91) & {(=1,0),(=1,1),(0,=1),(0,1), (1, =1),(1,0)}
( w0 ) 5 — (o +ym| | (yo,91) ¢ {(=1,0),(~1,1),(0,-1).(0,1), (1, 1), (1,0)}
Yoty —Yo
Yo —Yo
17 ( v 0 lyol® 3 yo ¢ {-1,1}
< Y% !/u) 3|u3]
2Y0 —Y%

Table 1: Self-replicating and self-covering degrees for the 17 plane groups.

For each group, the table gives the group number, the corresponding
matrices in Y, the polynomials f,, the excluded integer values arising
from the conditions f, # 0,£1 and f, £ g» # —1, and the smallest
self-replicating degree.

!A positional number of the plane group in the International Tables for Crystal-
lography, Volume A (ITA).
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Groups No.! Do o 9o
3,6,10 Y2 —Y1Y3 + Yoya Yo+ Ya
4 —2y2+1 —Y1y3 + Yoya Yo+ ya
58,12 Yo+ 2y —2y1y3 + Yoya Yo+ ya
7 Y2 2y1y3 — 2yoya + Yo Yo—2ys+1
9 Yo+ 242 2y193 — 2Yoy4 + Yo Yo —2ys+1
11 2y2+1 —Y1Y3 + Yoya Yo+ ya
13 v2 —2y1y3 + 2yoya + Yo Yo+2ys+1
14 2y2+1 —2y1y3 + 2Yoya + Yo Yo+2ys+1
15 Yo+ 242 —2y1y3 + 2Yoya + Yo Yo+2ys+1
16,47 Yo —Y1Y2 0
16,2547 Yo Y1y2 y1+y2
16,2547 Y2 —YoY1 0
16,47 Y —Yoy2 0
17,27,49 Yo 2y1y2 + 1 nt+2y2+1
17,27 2yy — 1 —you1 0
18,50 —2yo+1 (2y1 + Dy 2y1+y2+1
18 Yo 2(2y0 — Dy +2y0— 1 0
19,48 2y0—1 22y + 1y —2y1 — 1 0
19,56,60,64 | 2yo + 1 22y + Dya+2y +1 21 +2y2 +2
19 2y; — 1 —22yo+ Dy —2yo — 1 0
19 2y1 — 1 —2(2y0 — Dy2 +2yo — 1 0
20,37,63,66 | 4o 2 (o +2y0)y2 + 4o + 241 Yo+ 2yt 2yp + 1
20,37 2y — 1 —Y5 — 240y 0
21,65 290 —2y1y2 0
21,35,65 Yo (Yo +2y1)ye Yo+2y1 +yo
21,65 2y —2yoy2 0
21,35,65 U2 —y2 — 2y 0
22??12“ % Y3+ 290y + 2 (yo + 2y1)y2 290+ 291 + 20
22,42,69 Yo +2y1+2y —Y5 — 240y 0
22,69 % 3 — 4oy —4y7 —2(yo +2y)pe 0
2223,69,71 [ yo+ 2y —3 — 24042 0
23,71 Yo —u3 —2yoy1 — 2 (yo + 24 0
23,4471 Yo +2y2 —13 — 2y 0
24 —2y; — 1 dys—2(2y0+ Dy —2(2yo+ )y —1 [0
24 2y — 3 —dyoyr —4y7+22y1 —3)y2+ 6y +9 | 290 +2y2— 6
24 290 —3 dyoyr +4y7 —2(2y1 —3)y2—6yo—9 | 0
24 2y + 2y 1 3 497 —2(2y0 + 3y — 9 0
26 Yo —2y1y2+ 1 =2y +1
28,51 2yo+1 Y1y2 1+
29,31 290+ 1 —2y1y2 + 1 i — 2y + 1
30,57 Y% —2@2y —1Dya—2y1 +1 —2y1+2y2+2
32 2y0+1 —(2y1 — Dy 2y1+yp+1
32,50 Y2 2(2yo+ y1 —2yo — 1 0
33,62 2y + 1 22y —Dya—2y1 +1 —2y1 — 2y +2
34,61 2y0+1 22y -y -2y +1 2y +2y2 +2
34 2y — 1 2(2yo + y1 —2yo — 1 0
36 Yo —2(yo+2y1)y2 +yo + 241 Yo+2y1 — 2y +1
38 2y —2yoy1 0
38 Yo vi+ 24y 2y1+ 2y
39 Yo dyf+2@y + 1y +4y +1 4y +2y2+2
40 290+ 1 i +2y192 2¢1+ 242
41 2yo+1 4y +2Q2y +Dya+4y +1 dyi +2y2 +2
43 2y0—2y1+2y2+1 | 2(2yo — 1)yr +2yo — 1 0
43 —2yp— 2y +1 dyoyo —4y3 —2yo + 1 —2y0+2

Table 2: The polynomials p,, ¢,, and g, for space groups Nos. 3-43

LA positional number of the space group in the International Tables for Crystal-
lography, Volume A (ITA).

2Groups Nos. 1 and 2 are not included since they fall into a separate reduced case:
every matrix belongs to the point group normalizer.
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Groups No. | py o o

45 —2y0 -2y +1 493 +2(2y0 — Dy —2(2y0 — Dyo —4yo + 1 —4dyo —2y1 +2y2 +2
45 240+ 2y +2y2+1 | 43— 22y + Dy — 1 0

46 —2yo+1 4yd =22y — Dy —2(2y0 — 291 — Vy2 —dyo + 1 —dyo+2y1 +2y2+2
48 —2y0+1 22y +y2 +2y1 +1 2y1+2y2+2

48 2y +1 2(2y0+ Dy1 —2y0 — 1 0

48 2y + 1 2(2y0+ 1)y2 —2y0 — 1 0

49 2y2 +1 —Yoy1 0

52,58 —2yo+1 =22y —1yz — 2y +1 —2y1+2y2 42

53 —2yo+1 2y192 + 41 y1+2y2+1

54 2y +1 2y192 + 41 y+2y2+1

55 —2y0+1 =2y - Dy2 2y +yp+1

55,59 Y2 ~2(2y0+ )y — 20— 1 0

56,58 2y2 +1 —2Q2yo+ 1)y —2y0— 1 0

59,67 290+ 1 (251 + Dy2 2y +y2+ 1

66 292 +1 ~5 — 2401 0

67 Y2 —Ayd +2(2y0 + yr —4yo — 1 0

68 —2y0+1 =2(2y0—2y1 — Dy2 =2y +2y1 +1 —2y0+2y1 +2y2 +2
68 2ys+1 —2(2y0 — V)y1 +2y0 — 1 0

70 2yp— 3 —2Q2yo+3)y —22y1 —3)y2+6y0+9 —2y0+2y1 —2y2— 6
70 ~2y1 —2y2 -3 —2(2yo —3)y1 + 650 — 9 0

70 2y0 -3 493 —8yoyr +4uT +2 (240 — 241 +3)y2 — 9 0

70 2y0—3 2(2y0+2y1 = 3)y2 +6yo +6y1 — 9 0

72 —2yo+1 —4yg —2(2y0 — Dy +2 (290 + 251 + )y + 1 2y1+2y2 +2

72 290+ 2y1 +2y2— 1 | 4yd+2(6yo — Dy1 +8y7 — 1 0

73 —2y+1 —4(yo—Dy1 +4y3+22y1 + Dy2 — 2y + 1 —2yo+4y1 +2y2 +2
73 2y — 292 +1 43 —22y - Dy —1 0

73 2y — 1 Ay + Dy —4yf —2(2y1 — Dy2 — 290 — | 0

73 —2y0—4y1 +5 =2 (2yo+2y1 +5)y2 — 10y — 10y1 — 25 0

74 290+ 1 2(2y0+ Dy + 22y + Dya + 2y0 + 1 290 +2y1 +2y2 +2
74 —2y0 + 2y — 1 —dyd +2(2y0 + y1 —4yo — 1 0

75,8183 | 2 ¥+t 240

75,8183 | e —y5 -yt 0

76 —dy2+1 v+t 210

76 —4y -1 -y — 41 0

77 “2y2+1 w0+t 240

7784 2y — 1 —3 — vt 0

78 4y +9 w5+ ot 240

78 4y -9 5 — i 0

79,82,87 | yo+ 292 —u3 + 2yomn — 243 0

79.82,87 | Yo +2u2 u3 — 2yoy1 + 247 290 — 2y

80 dyo—2y2 + 1 —4y3 22y~ Dy 207 + 2Ry + 2y — Do — 295 -1 |0

80 241 +4y2 -3 295 = 2290 +3)y1 + 297 +4(yo —y1 +3)y2 + 4y + 640 +9 | —2y0+2y1 —4y2 — 6
84 29y + 1 w5+ ot 240

85 v 295 + 297 — 240 — 21 + 1 —2y0 — 291 +2

85 Yo —298 — 297 +2y0 — 241 — 1 0

86 2y + 1 293 —4(yo— Dy +4y7 —2yo + 1 —2y0+ 4y +2

86 2y2 +1 72y3+4(y0*1)y174yf+2y071 0

Table 3: The polynomials p,, ¢,, and g, for space groups Nos. 45-86
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Groups No. Do s o
88 dyo+2y1 —3 [ 2058 +6(Ryo+ yn +2y7 +2(6yo+2y1 +3)y2 +2y3 + 2450 +9 | —8yo— 241 — 242 — 6
83 2y, +5 —4y3+22yo+5)y1 —2y7 +2(2y0 — 291 +5)yo — 245 — 25 0
89,99,123 U 22 20
89,99,111,115
123,149,150,156 N
157,162,164,177 | V1 % 0
183,187,189,191
5142599.111‘110 " P 0
89,99,123 v 242 0
89,99,111,115
123,149,150,156
157,162,164,177 Yo —Yoy1 —Yo + Y1
183,187,189,191
89,99,111,115
123,149,150,156
157,162,164,177 Yo Yoy1 Yo + Y1
183,187,189,191
90 v —Ayg +12¢0 -9 0
90 " 4y +12y9+9 0
90,125,129 2y0—1 —(2y — Dy —2yo+yi+1
Toron T 2w+ @30+ 2y 4y +1
91 4y +1 2y; 2y0
91 4y —1 —2 0
91 dy1 +1 v2 0
91,95 dy —1 —2y2 0
91 Yo —4yoy1 —3yo —yot+4y1 +3
91,95 4y —3 2_’1}5 2y
91,95 Yo 4yoyr + Yo yot+4y +1
92 4y — 1 —dy2+12y9— 9 0
92 4y +1 42 +12y0+9 0
92 2y0—1 —4(2yo—1)y1 —6yo +3 —2yo+4y +4
92,96 2y0+1 42y + 1y +2y0+1 2y0+4y1 +2
93,103,124 2y — 1 22 20
?351,?;;;112‘131 a1 2 0
R L 0
93,103,124 2y —1 242 0
93,101,103,105
116,124,131,132
158,159,163,165 | yo 29041 + Yo —yo—2y1 —1
184,185,186,188
190,192,193
93,103 2y +1 2y 20
93,103 —2y1 +1 —242 0
93,112,116,131
158,159,182,185 | 4o —2y0y1 + Yo yo—2y1+1
186,188,194
94 2y +1 —Adyg + 12409 0
94 2y —1 Ay +12y0+9 0
94 2y0— 1 2(2yo — Dyr +2y0 — 1 —2y0 — 21
94,114,135 2y + 1 —2(2yo + Dy1 +2yo + 1 290 —2y1 +2
95 4y +3 —2 0
95 iy -3 % 0
95 Yo —4yoy1 + 50 —yo+4y1 =5
95 4y +5 2yy 2%
95 4y1+3 -2 yg 0
96 4y +3 —Ayi+ 12y 9 0
96 dy1 =3 4 yg +12yo +9 0
96 2yp— 1 —4(2yo— Dy +10yo — 5 —2yo+4y —4
97,107,119,121 o
139 Yo +2y1 Yo 0
97,107,139 290+ 2y 22 20
?:/5;,107"”9‘12] Yo y3 + 2y0m 290 +2y1
97,107,139 241 22 0
97,107,139 2y0+ 2y —2y2 0
97,107,139 2y 29 2y

Table 4: The polynomials p, ¢-, and g, for space groups Nos. 88-139
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135,137,140

Groups No. Do Qo Jo
97,107,119,121 .
139 %o —y5 — 2y001 24
08.130.136.1¢ .
98, 130,136,137 |, ) 1Ayt 1 0
138
98,122 2yo— 1 —8y2 =22y — Dy1 +2y0 1 290 +2y1 +2
98,108,126,134
. 2y0+1 =22y +1)y1 —2y0 — 1 —2y0 +2y1

98

—2yo—2y1+1

4y +6(2y0 — Dy1 +8y7 —4dyo +1

—4yo—6y1+2

100,113,117,127

Y1

—dyg —dyo—1

0

100,125,127 1 dyd +4yo+1 0

101,112,116 2y — 1 ve 0
101,103,105,124

132,163,165,184 | o —2yoy1 — Yo —Yo+2y1 +1
190,192,193

102,114,135 2y — 1 —4y —dy -1 0

102 2y — 1 4yt +dyo+1 0

102 290 — 3 —2(2y0 —3)y1 — 2w +3 —2yo+2y1 + 4
102,104,106,108

118,120,128,130 | 250 + 1 2(2y0 + V1 + 290 + 1 2y0 4291 +2
133,138,140

103,105,116,124

132,158,159,163 | , ;

165182184186 | V1 H1 4 0
190,192,193,194

194‘1106,118,128 211 4 g1 0

36

104,106,108,126

128,133,134,135 | 2y + 1 dyd +4yo+1 0

140

109 —2yp+3 12 +4Qy +3)y +4y2 + 12y +9 |0

109,110 2yo+1 2(2yo+ Dy1 —2yo — 1 —2y0—2y1
109,110 290+ 1 —8y2+22y+ Dyt —2y0 +1 290 —2y1 — 2
109 —2y—3 —8y2+2(2yo +3)y1 —6y0 +9 290 —2y1 — 6
110 —2y0+3 1692 +4(dyo+3)y1 +4yf +24y0+9 [0

110 —2y0—2y1 -3 | —4yF =62y + Vy1 —Sy; +9 2y — 6
112,182,185,194 | yo 2yoy1 — Yo —yo—2y1 +1
113,117 —2yp+1 (2y0 — D 290+ — 1
113,117,129 " A —dy+1 0

114,120 —2yo+1 —22yo—Dy1 +2yo — 1 240 — 21
114,118,120 2y +1 dyd —dyo+1 0
118,122,133,137 | —2yo + 1 2(2y0 — Dy1 —2y0 +1 2y0+2y1 — 2
122 2y + 1 36y —4(6yo+ Dyr +4y7 + 12y +1 | 0

122 —2y—5 4yp —2(2y0 +5)y1 — 25 4y — 2y
125,129 o —dy? Ay — 1 0

125 2yo+1 —(2yo + Dy —2yo+y —1
126,130,134,138 | 291 + 1 —dy+dy—1 0
126,130,134,138 | —2yo + 1 —2(2y0—Vy1 —2y0 + 1 —2y0+ 2y +2
133,137 2y + 1 —4yZ +dyy— 1 0

136 290+ 3 —2(2y0+3)y1 —2y0 — 3 —2yo +2y1 — 2
136 2y —3 2(2y0 —3)y1 +2y0 — 3 2y0+2y1—2
141 290 — 3 —8y8 —2(2y0 — )y +6y0+9 299 +2y1 +6
141 —2y0—2y1—3 [4(yo+3)y1 + 47 + 6y +9 —2yo—4y1 —6
141 202y +1 [ 4o — Dy — 4y +2y0 -1 240

141 2y t+dy —1 [ 42 —4Qy+ Dy +4y7 +4y + 1 0

142 —2y— 1 —8y8 —2(2yo + Dys —2yo + 1 —2y0—2¢1 +2
142 —2y0+1 —8y2+22y — Dy +2y0 +1 2y0—2y1 +2
142 —2yp+1 8yg —2(2yo— Dyr — 290 — 1 6yo— 2y

142 —dyo—2y1—3 |4y +12yo+9 0
143,147,168,174 N N

175 Y2 —Y§ — Yoyr — yi 0
143,147,168,174 N N

175 Y2 Yo + yoyr + i 290+ y1
144,172 3y —1 —u8 — yoy1 — 3 0

144,172 3y +1 20+ y1
145,171 3y —4 0

145,171 —3y2+4 Yo + yoyr + ui 290+ y1
146,148 Yo+ 3y —y+3yoys — 343 0

146,148 Yo +3y2 ygj — 3%y + 3 y? 2y0 —3y1
149,150,156,157

162,164,177,183 | 1 2 i
187,189,191

Table 5: The polynomials p,, ¢», and g, for space groups Nos. 97-191
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Groups No. Do Qo 9o
151,152,181 3y -2 v %o
151,152,181 3y +1 ve Yo
151,152,181 —Yo =3Yoy1 — Yo Yo—3y1 —1
151,152,181 Yo 3yoy1 —2yo —Yo—3y1+2
151,152,181 3y —1 - 0
151,152,181 Yo —3yoy1 + Yo Yo —3y1 +1
153,154,180 3y -8 v %
153,154,180 3y +4 v %
153,154,180 —Yo —3yoy1 —4yo Yo —3y1 —4
153,154,180 w 3y0y1 — 840 “yo—3y1 +8
153,154,180 —3y1—4 —y2 0
153,154,180 Yo —3yoy1 +4y0 Yo—3y1+4
155,160,166 ) Yo +3yom 2yo+3u
155,160,166 240+ 3y —2 0
155,160,166 Yo+ 3y I —Y0
155,160,166 20+ 3y I Yo
155,160,166 Yo —2 — 3yom 3y
158,159,182,186 |, | B )
188,194 h Yo Yo
158,159,163,165
182,184,185,186 | 2y, + 1 v3 Yo
190,192,193,194
161,167 290 —3 —y3 — 6yoyr — 997 0
161,167 2y —3y1—1 | 42 +3Cy + Dy +dyo+ 1 Ay + 3y +2
161 2y — 1 A3 +62y0— Dy1 +9y7 —4dyo+1 | —2y0—3y1 + 1
161,167 290 — 3 ¥ +6yoy1 +9u7 Yo +3y
161 2yo+3y1—1 | —dyg—3(2yo—yi +4yo—1 =3y
167 2y0+ 1 Ay +6Cy+ Dy +9yF +4yo+1 [ 2y —3y — 1
167 2yo+3y+1 | 4y =32y + Dy1 —4dyo— 1 —3y1
169 —6y2 +25 V3 + yoyr + v} 20+ 01
169 —6y2 — 25 Y3 — Youy1 — Ui 0
170 —6y2 — 35 Y2+ yoy1 + 43 2y0 + 11
170 —6y2 +35 Y5 — yoy1 — y7 0
173,176 2y +1 Yo + yoyr + ui 2y0+ 1
173,176 2y — 1 Y5 — Yoy1 — y7 0
177,183,191 1 3ve 30
177,183,191 " —342 0
177,183,191 " 3y2 0
178 —Yo —6yoy1 —61yo Yo — 6y — 61
178 —6y1 +61 3y2 390
178 —6y; —1 —Y 0
178 —6y1 + 61 2 Yo
178 Yo Gyoyr —4Tyo —yo — 6y +47
178 —6y; — 139 —342 0
178 —6y; — 1 -3 yg 0
178 —6y1 + 155 342 0
178 —6y1 + 109 3up 0
178 —6y; — 155 3y2 310
178 —6y1 —T7 va Yo
178 Yo —6yoy1 +yo Yo -6y +1
179 —Yo —6yoy1 — 595 yo Yo — 6y1 — 595
179 —6y; + 595 3y2 3y
179 —6y, — 505 e 0
179 —6y1 + 595 yg Yo
179 w 6y0y1 — 108540 —yo — 6y1 + 1085
179 —6y; — 1405 —342 0
179 —6y; — 505 —3y2 0
179 “6y1 + 1925 312 0
179 —6y; + 1345 31/5 0
179 —6y; — 1925 3y2 30
179 —6y; — 1115 yé Yo
179 Yo —6yoy1 + 505y yo — 6y1 + 505
180 —3y1+4 32 310
180 3y —4 —3y2 0
180 -3y +38 342 0
180 —3y1+4 3y 0
180 3y -8 3 30
181 =3y +1 3¢ 3y0
181 3y —1 —3y2 0
181 3y +2 348 0

Table 6: The polynomials p,, ¢,, and g, for space groups Nos. 151-181
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Groups No. Do do 9o
181 =3y +1 | 3y 0
181 —3y1—2 | 3y 3y
182,184,192 2y —1 | 3y, 3w
182,184,192 2y —1 | =34 0
182,184 2y +1 | =342 0
182 —2y1+1 |3y, 0
184,192 2y + 1 3y 0
184 2y — 1 3y 30

195,196,197,200
202,204,207,209
211,215,216,217
221,225,229

195,196,197,200
202,204,207,209
211,215,216,217
221,225,229

195,196,197,200
202,204,207,209
211,215,216,217
221,225,229

108,199,201,203
205,206,208,218
219,220,222,223
224,226,227,228
198,201,203,208
210,214,218,219

Yo -3 0

Y% w0 0

o u 20

—2yo—1 | —4y2—4dy—1 0

e — — 412 —
920922923924 | 290 1 dyo+dyo—1 0
226,227,228,230
198,199,201,203
3.2 2 4 b
608210214 |y o

218,219,220,222
223,227,228 230
198,199,201,203
205,206,208,218 | 2yo+1 | 442 +4yo+1 dyo+2
220,223,224,227
198,199,201,203
206,208,210,214
218,219,220,222 | —2yo+1 | 4y2 —4dyo+1 0
223,224,226,227
228,230

198,199,201,205
206,208,210,214
218,219,220,222
223,224,228,230
198,199,206,210

290—1 | 4y5 -4y +1 —dyo+2

—2y0+3 | —4y2+12y%-9 |0

226,227,228

532’206’21“1220 —2y0—3 | 4yf+1290+9 —4yo—6
5221328,2141220 “2y0+5 |4y5 -2y +25 |0
199,206,210,214

219,220,226,227 | 2yo + 3 —4y2—12¢9o-9 |0
228,230

199,206 2y0— 156 | 4y —60yo +225 | —dyo +30
210,227,228 —2yo+5 | —4yZ+20yo—25 |0

210 —2y0—7 | —4yi 28y —49 |0

210 —2yo— 13 | 492 + 5290+ 169 | 0
;}0‘214‘219’220 —2y0+3 | 4yf — 1290 +9 0

30

212,213 —Adyo+3 | —16y3 +24yo—9 |0
212,213 dyy— 1 —163 +8y—1 |0

212 dyo— 11 [16y5—88yo+121 [0

212 dyo+9 16y2 +T2yo+81 | 8yo + 18
212,213 Tyo—3 692 —24yo+9 |0
212,213 dyo+3 —16y2 —24yo—9 |0

212 —dyo—1 | —16y2 —8yo—1 0

212 4yo—5 7161/(2)+'10y0725 0

212 —dyo+1 [16y2 —8yo+1 0

212 4yo—T7 [ 16y —56y0+49 [0

212 —dyo+1 [ 16y2 —8yo+1 8yp — 2

Table 7: The polynomials p,, ¢,, and g, for space groups Nos. 181-212
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Groups No. Do o 9o
213 dyo+5 |16y +40y+25 [0
213 dyo+1 16y2 +8yo+1 8yo+2
213 dyo— 15 | 1692 — 120y +225 | 0
213 dyo—9 [ 1692+ T2y —81 [0
213 —dyo+9 16y -T2y +81 |0
213 dyo—3 |16y —24yo+9 —8yo+6
214,220,226,230 | 2yo—3 |4y3— 12y +9 4y, — 6
214,230 2yo — 13 | 4y2 — 520 + 169 —4yo + 26
214,230 —2yo—5 | —4y2 —20yp—25 |0
226,227,228 2y0+3 |42 +12y0+9 0
227,228 2990 —9 |4y =36y +81 0
227 2yo—5 | 4y2 —20yo +25 4yp — 10
227 —2y0 — 7 [ 4y3 +28yo +49 0

Table 8: The polynomials p,, ¢,, and g, for space groups Nos. 213-227

No. | fo Groups No.
1 Yoyry2 16,47

2 2290 — Dy +2(2 2y — Dy1 — 290+ 1)y2 — 20 + 1 19

3 [ —2Qyo+ Dy +2(22yo+ Dy1 — 250 — )ya + 290 + 1 19

4 4yoy1y2 21,65

5 [ wo+2u3u +2(48 +200u1)y2 22,23,69,71
6 | yg+4ygy +4yout +2 (v5 +2y0y1)y2 22,69
[E Dy3 +4y3 +2(2y0 — Dyr +4 (255 + 2yo— Dy +90— Dy — 1 24

8 v — 4y —3yE + 1298 — 12 (298 —3y0)sn — 2 (448 +2(2yo — 3)y1 — 9ya +36y0 — 27 | 24

9 [ 2Qy+1y—2(2Qyo+ 1)y — 2y — Dya +2y0 +1 48,61

10 2@y + Dyt — 222y + Dyi + 290+ Dyo + 290+ L 18

11 | —12(yo—8)y1 — 1257 — 2 (4 (yo — B)ys + 447 — Gyo + 9y + 18g0 — 27 70

12 [ 83— 4@y —3)F+ 1203 +82y3 —3yo)y1 — 248 —2(2yo —3)y1 — Nyz + 18yp — 27 70

13 [ —4y3 —22yo+ Dy —2 (443 +22yo + Dy — Dya + 1 73

14 [ -4y —3)yi +12(2y0 —3)y1 +2(2(2y0 — 3)y1 — 6yo +9)y2 — 18y + 27 73

195,196,197,200
202,204,207,209
211,215,216,217
221,225,229

198,199,201,203
205,206,208,210
16 | —8yd — 1293 —6yo— 1 214,218,219,220

15|y

198,199,201,203
205,206,208,210
17 | —8yd + 123 — 6yo +1 214,218,219,220
222,223,224,226
227,228,230

198,199,205,206
18 | 8yd + 3642 +5dyo +27 214,219,220,226
227,228,230

198,210,219,220

19 | 8y —36y3 + 5dyo — 27

227,228
20 | —8ys + 108 yZ — 486y + 729 199,206
21 [ 8y —60y3 +150y0 — 125 210,220,227
22 | 8yd —8dyf + 294y, — 343 210
23 | —64yJ — 14447 — 108yo — 27 212,213
24 [ 64yf + 48y + 1290 + 1 212,213
25 | 64yd — 336y + 588y, — 343 212
26 | —64y — 912¢3 — 4332 yo — 6859 212
27 | —64yd + 482 — 1240+ 1 212,213
28 | 6433 — 144y + 108yo — 27 213
20 | —64yd + 43297 — 972yo + 729 213
30 | 64yg +432y2 + 972y + 729 213
31 [ —8ys + 25292 — 2646y + 9261 214,230
32 | 8yl + 10813 + 486y + 729 214,227,230

33 | —8u3 T 13252 — 726y + 1331 227

Table 9: The polynomials f, for space groups
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