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Automorphism groups of three-dimensional
Leibniz algebras: a complete description

Leonid A. Kurdachenko, Oleksandr O. Pypka,
and Mykola M. Semko

ABSTRACT. Automorphism groups are among the most natu-
ral structural invariants of an algebra, and their explicit determina-
tion is a basic problem in the structure theory of Leibniz algebras.
In a series of earlier papers, automorphism groups were obtained
for several classes of low-dimensional, one-generated, nilpotent,
and non-nilpotent Leibniz algebras. In the present paper we com-
plete this picture for three-dimensional non-Lie left Leibniz algebras
over arbitrary fields. We use a refined organization of the three-
dimensional classification into sixteen isomorphism types, inclu-
ding parameterized families. Previously known cases are not recom-
puted; instead, they are incorporated by reference, with changes of
basis recorded when necessary. For the remaining types we deter-
mine the automorphism groups explicitly through a direct analysis
of the automorphism conditions. Particular attention is paid to ex-
ceptional parameter values and to characteristic two. A final table
summarizes the automorphism group of every type in the classifi-
cation.

1. Introduction

The automorphism group of an algebra records its internal symmetries
and is one of the most natural invariants attached to its multiplication.
Besides its intrinsic group-theoretic interest, the automorphism group
preserves characteristic ideals and canonical series, acts on subalgebras
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and ideals, and often provides useful information for classification and
isomorphism problems. In the setting of Leibniz algebras, general proper-
ties of automorphisms and derivations, including analogues of the multi-
plicative and Jordan—Chevalley decompositions in the finite-dimensional
complex case, were studied by Ladra, Rikhsiboev and Turdibaev [1].
Automorphisms also play a substantial role in the structural theory de-
veloped for Leibniz algebras; see, for example, [2] and the references
therein.

The determination of automorphism groups becomes especially con-
crete in low dimension, where one can combine structural information
with explicit matrix calculations. In our earlier paper [3], together with
related arbitrary-field classification work such as [4], a detailed analy-
sis of three-dimensional non-Lie Leibniz algebras over arbitrary fields
was carried out. A subsequent reconsideration of the case division in
that paper, together with the identification of isomorphic presentations
and a refinement of several parameter and characteristic restrictions, al-
lows the resulting list to be organized more economically into sixteen
types, including parameterized families. We use this refined organiza-
tion throughout the present paper. The one- and two-dimensional cases
are elementary and have already been treated in the low-dimensional
automorphism literature [6, 7]; we therefore restrict attention here to
dimension three.

There is by now a substantial collection of results on automorphism
groups of Leibniz algebras. Finite-dimensional one-generated Leibniz
algebras were studied in [5,7]. Automorphism groups of several low-
dimensional and nilpotent Leibniz algebras were obtained in [6,8,9, 11],
while non-nilpotent three-dimensional cases were considered in [10, 13].
Di Bartolo, La Rosa and Mancini [12] described, over fields of charac-
teristic different from two, the automorphism group of the non-nilpotent
non-Lie Leibniz algebra with one-dimensional derived subalgebra, in ar-
bitrary finite dimension. More recently, Kaygorodov and Lopatin [14]
determined the automorphism group of every three-dimensional non-Lie
Leibniz algebra over the complex field as part of their study of polynomial
invariants.

These results leave a natural gap. For a number of three-dimensional
types, the automorphism group was known only over the complex field,
only under a characteristic restriction, or only through a more general
structural description. The purpose of the present paper is to close this
gap over arbitrary fields. We do not repeat proofs for cases already com-
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pletely described in the literature. Instead, Table 1 records the full list,
the available references, and precisely which cases require new arguments.
The main conclusion can be stated as follows.

Theorem 1.1 (Main theorem). Let L be a three-dimensional non-Lie
left Leibniz algebra over an arbitrary field F. Then Aut(L) is explicitly
determined by the formulas proved or cited in the present paper and sum-
marized in Table 2. In particular, all characteristic-two cases and all
parameter families in the refined sixteen-type classification are covered.

2. Preliminaries and the sixteen types

Throughout the paper, F is an arbitrary field unless a characteristic re-
striction is stated explicitly. All Leibniz algebras are left Leibniz algebras,
SO

[, [y, 2]] = [z, y], 2] + [y, [, 2]] (1)
for all x,y,z € L. The Leibniz kernel

Leib(L) = ([z,z] | x € L)p

is an ideal contained in the left center ¢ left(L). The derived subalgebra
is denoted by [L, L] and the center by ((L).

An automorphism of L is an invertible linear map f : L — L satisfy-
ing

fayl) = [f (), fw)]  (z,y € L).

We will use the following standard facts in the same form as in our earlier
papers on automorphism groups.

Lemma 2.1. Let L be a Leibniz algebra and let f € Aut(L). Then
F(Leib(L)) = Leib(L),  f([L, 1)) = [L,T],
and f preserves the left center, the right center, and the center of L.

Let G = Aut(L) and let A be a G-invariant subspace of L. As usual,
we put

Ca(A)={f € G| f(a) =a for every a € A}
and, if A is an ideal of L,

Ca(L/A)={f e G| f(z) € x+ A for every x € L}.
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Lemma 2.2. If A is a G-invariant subspace of L, then Cg(A) is a
normal subgroup of G. If A is an ideal of L, then Cg(L/A) is also a
normal subgroup of G.

Fix a basis a1, a9,a3 of L. By = we denote the canonical monomor-
phism of Aut(L) into GL3(F) determined by this basis. Thus, the j-th
column of =(f) consists of the coordinates of f(a;). All products that
are not explicitly displayed are zero. We write FT for the additive group
of F and F* for its multiplicative group.

The three-dimensional non-Lie algebras used in this paper are listed
in Table 1. The table simultaneously records the literature status of
their automorphism groups. The parameter identifications displayed in
the second column are part of the classification and prevent repetitions
of isomorphic algebras.

Table 1. The refined sixteen-type list and the status of the automor-
phism problem

Type  Nonzero products and Previous Status in the
restrictions description of present paper
Aut(L)
I [a1,a1] = a3 [6,14] previously
known
L, [a1,a1] = [a1,a2] = a3 [8,11,14]; an previously
isomorphic known

presentation is
used in part of
the literature

Li3(a) [a1,a1] = [a2,a1] = a3, [14], over C extended to
[a1,a2] = aas; a #0,—1, arbitrary
a~at

Ly [a1,a1] = [a2, a1] = a3, [14], over C extended to
[a1,a2] = —as arbitrary

Ls(8) [a1,a1] = a3, [az, a2] = Bas; [9] previously
X2 + B has no root; 8 modulo known
(F*)?

Le¢(8) [a1,a1] = [a1,a2] = a3, no complete obtained here
[a2,az2] = das; X2 4+ X + 6 has  arbitrary-field
no root description located

Ly [a1,a1] = as, [a1,a2] = az, [14], over C extended to
[az2,a1] = —as arbitrary

Ls(\)  charF = 2; [a1,a1] = Aas, no complete obtained here

[a1, a2] = [az,a1] = a2, description located

a2, a2] = az; N = (A + %) /s
fort € F, s F*
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Table 1 (continued)

Type  Nonzero products and Previous Status in the
restrictions description of present paper
Aut(L)
Lo [a1,a1] = [a1,a3] = a3 [12] if characteristic 2
charF # 2; [14] completed here
over C
Lio(r) reF*; a1, a1] = as, [14], over C extended to
[a1,a2] = a2, [az,a1] = —axz, arbitrary F and
[a1,a3] = ras all r
L1y charF # 2; [as, a2] = as, [14], over C obtained for
[a1,a2] = a2, [az,a1] = —az, arbitrary T,
[a1,a3] = 2a3 charF # 2
Lz [a1,a1] = a2, [a1,a2] = a3 [5-7,14] previously
known
Lis [a1,a1] = a2, [a1,a2] = a2 + as [5,7,10,14]; previously
different known
presentations occur
Lia(p) p€F*; [ar,a1] = [a1,az2] = az, [13] for p = 1; [14] general
[a1,a3] = pas; p~ p~ over C parameter
completed here
Lis [a1,a1] = a2, [a1,a2] = a2 + as, [5,7,13,14]; previously
[a1,as3] = a3 different known
presentation in [13]
Li6(B,7) [a1,a1] = a2, [a1,a2] = as, one-generated explicit 3 x 3

la1, as] = Baz + vas;
X?% — X — B irreducible;
(B,7) ~ (B, )

type-1I structure
in [5,7]

form obtained
here

Remark 2.3 (Changes of basis in previously published cases). Some pa-
pers cited in Table 1 use multiplication tables different from the repre-
sentatives fixed here. We record a few changes of basis that will be useful
when comparing formulas.

If a published representative of Lo is written as

le1,e1] = [e2, e1] = e3,

then

ayp = €1, ap = €1 — €, a3 = €3

gives the table used here.
A common presentation leading to L3 is

le1,e1] = e3, le1, ea] = ez + Aes.
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For any A\ € TF, the basis
a; = e + ez, az = ez + (A + 1)es, az = —e3

gives [a1,a1] = a2 and [ai, as] = az + as.
The algebra Li4(1) is written in [13] in the equivalent form

le1,e1] = [e1, e3] = es, le1, e2] = ea;

one only interchanges es and es.
Finally, a presentation used for L5 is

le1,e1] = [e1,e3] = e3, [e1, €2] = €2 + Aes, A # 0.
The change
a; =e1 + ez — (1+ Nes, as = ea, as = \es
gives the table of Li5 in Table 1.

3. Automorphism groups in the case dimpLeib(L) = 1
and L is nilpotent

The automorphism groups of L, Lo, and Ls(3) were described previ-
ously; see Table 1. Therefore, in this section we consider only Ls(«), Ly,
and L6(5).

3.1. The Leibniz algebra L3(«)

Theorem 3.1. Let L = L3(«), where a # 0, —1, and let G = Aut(L).
If a # 1, then E(G) consists of all nondegenerate matrices of the form

a1 0 0
IBi ; zl ﬁ2 0 ; alaﬁQ € }an 043,63 e . (2)
as B3 a1B2

Moreover, G contains a normal subgroup isomorphic to F* x F* and a
subgroup isomorphic to F* x F*, and G is their semidirect product.

If a« = 1, then charF # 2 and, in addition to the matrices in (2), the
group Z(G) contains all nondegenerate matrices of the form

(65) 20&1 0
gy —Oo 0 , al(al + 2042) 75 0. (3)
az P33 ar(og + 2a9)
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In this case G is a semidirect product of a normal subgroup isomorphic
to T x FT and a subgroup which is a semidirect product of F* x F* by
a group of order two. The nontrivial element of the latter group inter-
changes the two multiplicative factors.

Proof. Let f € G. By Lemma 2.1,
f(Leib(L)) = Leib(L) = Fas.
Hence
fla1) = anay + agas + asas,
f(a2) = Brar + Paas + Bzas,
f(a3) = 73as3.

Since f is an automorphism,

V3 # 0, 1B — anfy # 0.

We now use the defining products of L successively.
First,

v3a3 = f(a3) = f([a1,a1]) = [f(a1), f(a1)]
= [a1 + agaz + azaz, aya; + azas + azas]
= a?la1, a1] + arazfay, as] + azaq[az, a1

= (a% + (1 + &)oaz)as.

Therefore
3 =af + (1 + )iz, (4)
Next,
y3a3 = f([az,a1]) = [f(a2), f(a1)]
= [Bra1 + Baag + B3a3, a1a1 + azaz + azas)
= fraifay, a1] + fraslar, az] + Baaifag, a1
= (Bioa + aBrag + Paar)as,
S0
v3 = fraq + Bear + afras. (5)
Further,

avsag = f([ar, az]) = [f(a1), f(a2)]
= a1 f1]ar, a1] + aq Balar, az] + azfifaz, ai]
= (11 + a1 By + azf1)as,
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and hence
ays = o181 + a1 Be + azf. (6)

Finally,
0 = f(lag, a2]) = [f(az), f(a2)] = (B + (1 + a)B1B2)as.

Thus
B1(Br+ (14 a)p2) =0. (7)

Suppose first that 51 = 0. The nondegeneracy of the matrix of f
implies that o # 0 and 2 # 0. Equality (5) gives

Y3 = 1P
Combining this equality with (4), we obtain
a1fy = of + (1 + a)aras.
Since a1 # 0 and 1 4+ « # 0, it follows that

B2 — a1
1+a

a9 —

Substitution in (6) gives an identity. Therefore Z(f) has the form (2).
Suppose now that 8; # 0. By (7),

B1=—(14+ a)bs. (8)
In particular, B2 # 0. Moreover,
1Bz — azB = Ba(a1 + (1 + a)az) # 0.
Using (8) in (4) and (5), we get
v3 = ai(a1 + (1 + a)az) = —afe (o + (1 + a)ag).
The last factor is nonzero, and hence
a1 = —afs.
Substituting this equality and (8) into (6), we obtain

Ba(a = D(a+1) (a1 + (1 + a)as) = 0.
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Since B2 # 0, a # —1, and the last factor is nonzero, we have a = 1.
Consequently char F # 2. Moreover,

o =—P2,  f1=2a,
and the matrix of f has the form (3). Its determinant is
—ai(ag + 2a9)?,

so the condition in (3) is exactly the nondegeneracy condition.
We verify the converse. By bilinearity it is enough to check the pro-
ducts of the basis elements. For a matrix of the form (2), put

-
1= ia
Then
[f(a1), f(a1)] = (af + (1 + @)a1q)as = a1 faas = f(as),
[f(a2), f(a1)] = c1fBeas = f(a3),
[f(a1), f(a2)] = aa1Beas = af(as),
[f(a2), f(a2)] =0

All products containing f(a3) are zero because a3 belongs to the left and
right center of this algebra. Hence every nondegenerate matrix in (2)
defines an automorphism.

Now let @ = 1 and let f have a matrix of the form (3). Thus

fla1) = ciar + azas + asas,
f(a2) = 2c1a1 — ajag + Psas,
f<a3) = al(al -+ 2042)0,3.

Using
[a1,a1] = [az, a1] = [a1,a2] = ag, [ag, as] = 0,
we obtain
[f(a1), f(a1)] = (of + 20102)as = f(as),
[f(a2), f(a1)] = (207 + 20102 — af)az = f(a3),
[f(a1), f(a2)] = (20f — af + 2a102) a3 = f(as),
[f(a2), f(az)] = (4o

403 — 203 — 204%)@3 =0.
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Again all products containing f(ag) are zero. Therefore every nondegene-
rate matrix in (3) also defines an automorphism.

It remains to describe the group structure. Put

C = Cq(L/Fas).

Then C' consists of all automorphisms whose matrices are

1
0
T

S = O

0
0], r,u €.
1

By Lemma 2.2, C' < G. Moreover,

1 0 0 1 0 0 1 0 0
0 1 0 01 0] = 0 1 0
r ou 1 s v 1 r+s u+ov 1

Hence the correspondence of this matrix to (r,u) is an isomorphism
C=F" xF*.

Assume first that o # 1. Let D be the set of all automorphisms
whose matrices have the form

A 0O O
g A A € FX
1+a 1% 0 ) s K

0 0 Ap

A direct multiplication gives

A 0 O N 0 0 AN 0 0
w—A o — N ) p — AN )
0 = — 0
1+« 14+« a 1+« e
0 0 A 0 0 Ny 0 0 Vuy

Thus D is a subgroup and the correspondence of this matrix to (A, )
is an isomorphism D = F* x F*. Every matrix in (2) is a product of an
element of C' and an element of D, and C' N D = {1}. Therefore

G=CxD.
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For completeness, direct conjugation gives

A0 0\ /1 o o A0 o\ " 1 0 0
X o {01 o[22 4 0| = 0 Lo
1+« r ou 1 1t+a r—'u_Au Au 1

0 0 A 0 0 A A PN

Finally let & = 1. We use the same subgroup D and consider

1 2 0
r=[0 -1 0
0 0 1

Then 72 = 1. Direct multiplication shows that

A0 0 uo0 0
p—A -1 A—p
—_— p— —_— A
B P 0
0 0 Au 0 0 Au

Thus conjugation by 7 interchanges the two multiplicative parameters.
Put
H=(D,T).

Since 7 normalizes D, we have D 4 H, DN (1) = {1} and
H = D(1).

Hence H is a semidirect product of D = F* x F* by the group (r) of
order two.

It remains only to check that this subgroup is a complement to C.
Let an automorphism from the second family (3) be given. Put

A=y, w= a1+ 2ao.

Then A, # 0, and

A A 0 0 a7 20[1 0
L; 0 |7=|a —a 0
0 0 Au 0 0  aj(ag +2a2)

Since aj(aq + 2ag) # 0, there exist unique r,u € F such that

a1 + aou = as, 2041 — aqu = fP3.
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Therefore every matrix in (3) belongs to CH. The matrices in (2) already
belong to CD < CH, so G = C'H. From the displayed forms of C' and
H we also have C' N H = {1}. Since C < G,

G=CxH,

where H is the semidirect product described above. This completes the
proof. O

3.2. The Leibniz algebra L,
Theorem 3.2. Let L = Ly and G = Aut(L). Then Z(G) consists of all

matrices
a1 0 0
as o1 0], a1 €F*, as,a3,03 €. 9)
as B3 aof

This formula is valid in every characteristic. Moreover, G is a semidirect
product of a normal subgroup isomorphic to F™ x F* and a subgroup
isomorphic to FT x FX,

Proof. Let f € G. Since Leib(L) = [L, L] = Fas is invariant under every
automorphism, we may write

fla1) = acnay + azag + asas,
f(a2) = Brar + Paaz + Bzas,
f(az) = y3as.

The matrix of f is nondegenerate, so

73 # 0, a1y —azf #0.

The equality [az, az] = 0 gives

0 = [f(a2), f(a2)]
= Bila1, a1] + B1B2[ar, az] + Bafilaz, a1]

2
= 61(13-

Hence 81 = 0. Consequently a1 # 0 and s # 0. Next,
v3a3 = f([a1, a1]) = [f(a1), f(ar)]

2 2
= ajaz — a1oea3 + asaiiaz = jas,
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s0 y3 = af. Also
v3a3 = f(laz, a1]) = [f(a2), f(a1)] = Bacras.
Thus B = a;. Finally,
[f(a1). f(a2)] = —afaz = —f(as),

so the relation [a1,as] = —ag is automatically satisfied. No condition is
imposed on a9, as, B3. We have therefore obtained exactly the matrices
in (9).

Conversely, let f be a nondegenerate linear transformation having
the matrix (9). Direct calculation gives

[f(a1), f(a1)] = ajaz = f(a),
[f(a2), f(a1)] = aiaz = f(a3),
[f(a1), f(az)] = —ajaz = — f(az),
[f(a2), f(a2)] = 0.

Every product involving f(as3) is zero. Hence f preserves all products

of the basis elements and therefore is an automorphism. Notice that no

division by 2 occurs, so the same argument is valid in characteristic two.
We now describe the group structure. Let C' = Cg(L/Fag). Then

1
=) ={ (o
.

and C < G by Lemma 2.2. Clearly C =2 Ft xFT. Let D be the subgroup
formed by the matrices

A0 O
e A 0|, ceF, XeF*.
0 0 N

Multiplying two such matrices, we obtain

A0 0\ /pu 0 O A 0 0
cA A0 du p 0l =|(c+d)Iug I 0
0 0 A2/ \o o w2 0 0 ()

Thus D =2 F* x F*. Every element of G can be written as a product of
an element of C' and an element of D, and C' N D = {1}. Consequently

G=CxD.
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The action is obtained directly from

-1

A0 O 1 00 A0 O 1 0 0

cA A0 0 1 0 cA A0 = 0 1 0

0 0 A2 rou 1 0 0 A Ar—cu) Au 1
This proves the theorem. ]

3.3. The Leibniz algebra Lg(6)

Theorem 3.3. Let L = Lg(8), where the polynomial X2 + X + 6 has no
root in F, and let G = Aut(L). Then Z(G) consists of all matrices

(65} —(5&2 0
o o1+ Qo 0 , (10)
Qs ﬁg Oé% + arag + 50&%

where ay, e, a3, B3 € F and (a1, ag) # (0,0).

Let E =T(0), where 0> — 0+ = 0. Then G is a semidirect product
of a normal subgroup isomorphic to F™ x F* and a subgroup isomorphic
to the multiplicative group E*.

Proof. Let f € G. As Leib(L) = [L, L] = Fag is invariant under f, we
have
fla1) = ara1 + agaz + azas,

fla2) = Bra1 + Braz + Bzas,
f(az) = v3as.

The nondegeneracy of f gives

73 # 0, a1y —agf #0.

From [a1,a;1] = a3 we obtain

v3a3 = [f(a1), f(a1)]
= a3y, a1] + ayazfa, as] + ailaz, ]
= (a% + ajag + 5a§)a3.

Thus
v3 = a? + ayan + dal. (11)
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Using [ag,a1] = 0, we get

0 = [f(a2), f(a1)]
= Braalar, a1] + Braz(ar, ag] + Baaslaz, az)
= (Bi(oq + a2) + bana)as,

whence
Bi(a1 + az) + dazfa = 0. (12)
Further,
vsaz = f([a1,a2]) = [f(a1), f(a2)]
= (a1B1 + a1f2 + bz f3a) as,
S0

a1 + (aq + dag) B2 = 3. (13)

Equations (12) and (13) form a linear system in /31, f2. Its determinant
is

(al + 042)(041 + 50&2) —dojog = O(% + ajog + 5(1% = 3.

Since 3 # 0, the system has a unique solution. Applying Cramer’s rule
and using that its determinant is 3, we obtain

0 50&2
v3 a1+ dag
pr= "1 = Gy
V3
and
ar+ay 0
aq 73
fBg = ———— =0a1 + 0.
73
Finally,

[f(a2), f(a2)] = (BF + BiBa + 653) a3
= 5(04% + oo + 5a%)a3 = df(as),
so the last defining relation gives no additional restriction. We have
obtained the matrices in (10).

Conversely, suppose a linear transformation has the matrix (10). If
(a1,2) # (0,0), then

oz% + ajag + 504% #0.
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Indeed, if s # 0, then aj/as would otherwise be a root of X2 + X + 6;
and if ap = 0, then o # 0. Hence the displayed matrix is nondegenerate.
Direct calculation gives

[f(a1), f(a1)] = f(a3),
[f(a1), f(a2)] = f(a3),
[f(az2), f(a1)] =0,

[f(a2), f(a2)] = éf(as)

All products containing f(a3) are zero. Thus the transformation is an
automorphism.
We now describe the group structure. Let

C = CG(L/IFGQ;)

Then C' is a normal subgroup of G and
1 00

=(C) = 01 0f:ruelF
r ou 1

Therefore C' = F™ xFT. Let D be the subgroup consisting of the matrices

p —0q 0
q ptyq 0 7 (p,q) # (0,0).
0 0 p>+pg+6g?

Every element of G is a product of an element of C' and an element of
D, and CND = {1}. Hence G =C x D.

It remains to identify D. Since X2 — X + 4 is irreducible whenever
X2 4 X + 4 is irreducible, let E = F(6), where

02 —0+6=0.
Define
d:EX —D
by
p —dq 0
P(p+qf)=1q p+q 0

0 0 p>+4pg+6d¢®
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If p,q,p',q €T, then

(p+a0)(p' +d'0) = (pp' — dqq') + (pd + ap’ + q4')0.

On the other hand, direct multiplication of the corresponding matrices
gives the matrix obtained from the same two coeflicients

pp' —6qq,  pd +aqp’ +qq.

Thus @ is a homomorphism. It is injective, because ®(p+¢qf) = I implies
p =1 and ¢ = 0, and it is surjective by the definition of D. Therefore

D~ E*.

Finally, let an element of C' have parameters r,u, and let an element
of D have parameters p,q. Direct conjugation shows that the resulting
element of C' has the matrix

1 0 0
0 1 0
r(p+q) —uq rég+up 1

Thus the action of D on C' is also explicitly determined, and the proof
is complete. O

4. Automorphism groups of the remaining algebras with
one-dimensional Leibniz kernel

4.1. The Leibniz algebra L
Theorem 4.1. Let L = L7 and G = Aut(L). Then Z(G) consists of all

matrices
1 0 O
az B2 0], B e F*, ag,a3 €F. (14)
a3 0 1

Moreover, G is a direct product of a subgroup isomorphic to F* and a
subgroup which is a semidirect product of F* by F*; the multiplicative
group acts on the additive group by ordinary scalar multiplication.

Proof. Let f € G. We have

Leib(L) = Fas, [L, L] = Fas @ Fas.
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Both subspaces are invariant under every automorphism. Hence

f(a1) = ara1 + anaz + azas,
fla2) = Baas + B3as,
f(asz) = v3as,

where «;827v3 # 0. Using [ag, a1] = —ag, we obtain

—Braz — Bzaz = f([az,a1]) = [f(a2), f(a1)]
= [62@2 + B3as3, aray + aag + agag]

= —aq faaz.
Since B2 # 0, it follows that
o] = 17 ﬁg =0.

Next,
v3a3 = f([a1, a1]) = [f(a1), f(a1)]
= [a1 + aag + azasz, a1 + agag + 0430,3]
= a3 + aga2 — (ieas = as.

Thus 3 = 1. The relation [a1, az] = ag is then preserved automatically:

[f(a1), f(a2)] = [a1 + aas + asas, P2az] = Peas = f(az).

Therefore the matrix of f is exactly (14).
Conversely, let f have the matrix (14). Then

[f(a1), f(a1)] = a3z = f(a3),
[f(a1), faz2)] = B2az = f(a2),
[f(a2), f(a1)] = —Braz = —f(a2),

and all other basis products are zero. Hence f is an automorphism.
Let C1 be the subgroup consisting of the matrices

1 00
010}, cel,
c 0 1

and let C be the subgroup consisting of the matrices

1 0 0
b u 0], belF, wueF*.
0 0 1
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For ¢,d € F,
100 1 00 1 00
010 01 0])= 0 1 0],
c 0 1 d 0 1 c+d 0 1
so C1 = F*. Furthermore,
1 00 1 00 1 00 1 00 100
010 b u 0)=|b u 0)J=1|b u O 01 0
c 0 1 0 01 0 1 0 01 c 0 1

Thus Cy and Cy commute. Also C1NCy = {1}, and every matrix in (14)
has the displayed product form with

c=as, b= as, u = Pa.

Hence G = C1C5 and
G = 01 X CQ.

Inside Cs, let

and

0
D= 0) :uelF~
1

o O =
o2 O

Then N @ F*, D 2 FX, NN D = {1}, and every element of Cs is a
product of an element of N and an element of D. Their conjugation is

1 00 100\ /1 0 0 1 00
0 u 0 b 1 0 0 vt o]l=|u 1 0
0 0 1 0 0 1 0 0 1 0 0 1

Thus N < (5 and Co = N x D, with the usual scalar action of F* on
F*. This proves the theorem. O
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4.2. The characteristic-two algebra Lg(\)

Theorem 4.2. Assume that charF = 2, let L = Lg()\), and let G =
Aut(L). Then Z(G) consists of all matrices

1 0 0
az B2 0, B2 € F*, az€eF, (15)
as asfBs 3
where
a5 = A(B5 - 1). (16)
Proof. Let f € G. Since
Leib(L) = Fas, [L, L] = Fas & Fas,

we can write
f(a1) = ara1 + ana + azas,

f(a2) = Paas + Bzas,
f(az) = ysas,
with a1 8273 # 0. The equality [a1, as] = ag gives
Boaz + Bzaz = f([a1,az]) = [f(a1), f(a2)]
= [a1a1 + apaz + azas, fraz + B3as]

= a1 3202 + asfas.
Therefore
ap =1, B3 = azfBs.
Using [ag, ag] = a3, we obtain
vsaz = f(ag) = [f(a2), f(az)] = B3as,
s0 3 = B2. We also use [ag,a1] = ag. Since charF = 2,
flaz2) = f([az, a1]) = [f(a2), f(a1)]
= [B2a2 + azf2a3, a1 + azas + azasg]
= [aaz + azfzas3,
so this relation imposes no additional restriction. Finally,
ABjaz = f(Aaz) = f([a1,a1)) = [f(a1), f(ar)]
= [a1 + azaz + azaz, a1 + azaz + azas]

= a3 + azas + asas + a%ag =(A+ ag)ag.
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Hence
ab = A(B5 —1).

This gives exactly the matrices in (15).
Conversely, take a nondegenerate matrix from (15). Then

[f(a1), f(a1)] = (A + a3)az = AB3az = Af(as),

[f(a1), f(a2)] = Braz + aaBeas = f(a2),

[f(a2), f(a1)] = Braz + aafeas = f(a2),

[f(a2), f(a2)] = Bzas = f(a3)
All products involving a3 are zero. Thus the displayed matrices are
precisely the automorphisms. O

Corollary 4.3. Under the assumptions of Theorem .2 the following
assertions hold.

1. If X is not a square in F, then G = F~.

2. If X is a square in F, then Lg(\) = Lg(0), and G is a semidirect
product of a normal subgroup isomorphic to FT and a subgroup
isomorphic to F*. The element u € F* acts on z € F* by z > u?z.

Proof. Since charF = 2, we have

B35 —1=(B—1)%

Suppose first that A is not a square in F. If 85 # 1, then the equality

a5 = A(B3 — 1)

2= (5)
C\B—1)

a contradiction. Hence 82 = 1, and then ay = 0. Thus the automorphism
group consists of the matrices

gives

cel,

o O
O = O
= o O

which form a group isomorphic to the additive group F*.
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Now suppose that A is a square in F. By the parameter equivalence
in Table 1, the algebra Lg()) is isomorphic to Lg(0), so it is enough to
consider A = 0. Theorem 4.2 gives

1 0 0
=2(G) = 0 u O0|:celF, ueF™
c 0 u?
Let C be the subgroup
1 00
01 0):ceF
c 01

and let D be the subgroup

2

1 0 O
0 v 0]:ueF*
0 0 wu

Then C = F*, D 2 FX, CnN D = {1}, and every element of G is a
product of an element of C' and an element of D. Moreover,

10 0 1 00\ /1 0 0 1 00
0 u O 010 0wt 0]=(0 10
0 0 w2/ \c 0 1 0 0 w2 uwle 0 1

Therefore C < G and G = C x D, where u € F* acts on ¢ € F' by
¢ — u?c. This also describes the automorphism group of every Lg(\) for
which X is a square in F. O

4.3. The Leibniz algebra Lg in characteristic two

For charF # 2, the automorphism group of Lg is contained in the result
of Di Bartolo, La Rosa and Mancini [12]. We therefore consider only the
missing case charF = 2.

Theorem 4.4. Assume charF = 2, let L = Lg, and let G = Aut(L).
Then =(G) consists of all matrices

1 0 0
ay P2 0], az €F, fBa,v3 € F*. (17)
-1 0

Moreover, G is a direct product of a subgroup isomorphic to F* and a
subgroup which is a semidirect product of F™ by F*.
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Proof. Let f € G. Here
Leib(L) = [L, L] = Fas, ¢(L) = Fas.

Therefore
f(a1 = 1a1 + Q209 + azas,

where v f827y3 # 0. Using [a1, as] = a3, we obtain

v3a3 = f([a1,a3]) = [f(a1), f(a3)] = a1v3as.

Thus oy = 1. Next,

v3az = f(lar,a1]) = [f(a1), f(a1)]
= a1 + agag + asas, a1 + azaz + agas]
= (1 + ag)ag.

Hence a3 = 3 — 1, and we obtain (17).
Conversely, for every nondegenerate matrix in (17),

[f(a1), f(a1)] = v3a3 = f(a3), [f(a1), f(a3)] = y3a3 = f(a3),

and every other product of basis images is zero. Hence all displayed
matrices define automorphisms.
Let C} be the subgroup consisting of the matrices

1 0 0
b u 0], beF, wueF*,
0 0 1

and let Cy be the subgroup consisting of the matrices

1 0 0
0 1 01, teF~.
t—1 0 ¢
The correspondence
1 0 0
1 — 1
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is an isomorphism Cy = F*, because

1 0 0 1 0 0 1 0 0
0 10 0 1 0] = 0 1 0
t—1 0 ¢ s—1 0 s ts—1 0 ts
Inside C1, put
1 00 1 00
N = b 1 0):belF3}, D= 0 u 0] :ueF~
0 0 1 0 0 1

Then N @ F+t D X=F*, NND = {1}, and every element of C; belongs
to ND. Moreover,

1 00 100\ /1 0 0 1 00

0 u 0 b 1 0 0 vt o]l=|u 1 0

0 0 1 0 0 1 0 0 1 0 0 1

ThusNﬁlClandClszD.
Finally,

1 00 1 00 1 00
b uw 0 0O 1 0)=| b w O
00 1/ \t—=1 0 ¢ t—1 0 ¢

1 00 1 00

= 0o 10 b u 0

t—1 0 t) \0 0 1

Hence C and Cs commute. Their intersection is trivial, and every matrix
in (17) is the displayed product with

b= as, u = fa, t="3.
Therefore G = C1Cy and
G = C1 x Oy,

as asserted. O
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4.4. The Leibniz algebra Lo(7)

Theorem 4.5. Let r € F*, L = Lio(r), and G = Aut(L). Then E(G)
consists of all matrices

1 0 O

a2 62 0 ’ Qg € ]Fa 62a73 € FX' (18)
v3—1 0

r V3

Moreover, G is a direct product of a subgroup isomorphic to F* and a
subgroup which is a semidirect product of F™ by F*. In particular, the
abstract automorphism groups are isomorphic for all r #£ 0.

Proof. Let f € G. We have

Leib(L) = Fas,  [L,L] = Fas @ Fas.
Hence
f(a1) = ara1 + anaz + azas,
f(a2) = Baas + Bsas,
f(asz) = v3as,
where ayf27v3 # 0. From [ag,a1] = —ag we get
—Baas — B3az = f(laz,a1]) = [f(az2), f(a1)]
= —a1faasz.
Therefore
o] = 1, 53 = 0.
Now
ysa3 = f([a1,a1]) = [f(a1), f(a1)]
= [a1 + aag 4+ aszasz, a1 + agas + Oégag]
= a3 + agag — azag + ragag = (1 4 ras)as.
Thus
o3 —1
o3 = —0,
r

The relation [a;, as] = as gives

[f(a1), f(a2)] = Braz = f(a2),

and the relation [aj, as] = rag gives

[f(a1), f(a3)] = ry3asz = rf(as).
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Hence there are no additional restrictions and we obtain (18).
Conversely, every nondegenerate matrix in (18) satisfies

[f(a1), flar)] = f(as),
[f(ar), flaz)] = f(az),
[f(a2), f(a1)] = —f(az2),
[f(a1), f(az)] = rf(as),

and all remaining basis products are zero. Thus it defines an automor-
phism.
Let C} be the subgroup consisting of

1 0 0
b u 0], beF, wuecF*,
0 0 1

and let Cy be the subgroup consisting of

1 0 0
0 101, teF~.
t—1/r 0 t
The correspondence
1 00
1 —
t—1)/r 0 t
is an isomorphism Cy = F* | since
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0)= 0 1 0
t—-1)/r 0 t (s—1)/r 0 s (ts—1)/r 0 ts
Inside C1, put
1 00 1 0 0
N = b 1 0)|:befF,, D= 0 u 0] :ueF~*
0 0 1 0 0 1

Then N @ F+t, D 2F* NnND= {1}, and every element of C; belongs
to ND. Moreover,

1 00
0
0

100\ /1 0 0 00
u 0 b 1 0 0 vt o]l=|u 1 0
0 1 0 0 1/ \o 1 0 1
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Thus N < Cj and C; = N x D.

Finally,
1 00 1 00 1 0 0
b u 0 0 1 0] = b u 0
0 0 1 t—1/r 0 t t—1/r 0 t
1 0 0 1 00
= 0 10 b u 0
t-—1/r 0 t 0 0 1

Hence '} and Cs commute. Their intersection is trivial, and every
matrix in (18) is the displayed product with

b:ag, UZBQ, t=73.

Therefore
G = Cl X CQ.

This decomposition does not depend on the value of r # 0, so all groups
Aut(L1p(r)) are abstractly isomorphic. O
4.5. The Leibniz algebra Lq;

Theorem 4.6. Assume charF # 2, let L = Ly, and let G = Aut(L).
Then =(G) consists of all matrices

1 0 0
“ Pr O G eF, By eF*. (19)
Q

—?2 —asfe 3

Moreover, G is a semidirect product of a normal subgroup isomorphic to
F* and a subgroup isomorphic to F*, where the latter acts by ordinary
scalar multiplication.

Proof. Let f € G. Since
Leib(L) = Fas, [L, L] = Fas @ Fag,

we write
fla1) = anar + azas + asas,
f(a2) = Baaz + Baas,
f(a3) = 7y3as,
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where ;82773 # 0. The relation [ag, as] = a3 gives

v3a3 = [f(ag), f(ag)] = Bias,
S0
V3 = (3.
Next,
Boaz + Bzaz = f([a1,az]) = [f(a1), f(a2)]
= a132a2 + (a2P2 + 2a1/33)as.
Since f2 # 0, we obtain

ap =1, f3 = —aBs.
We also use [ag,a1] = —ag. We have
—Baaz — Bzaz = f([az, a1]) = [f(az), f(a1)]

= [faaz + f3a3, a1 + apas + asas)
= —faz + azfaas.

Thus again 83 = —as 82, so no additional condition is obtained. Finally,
because [a1,a1] = 0,

0= [f(a1), f(a1)]

= [al + avag + asasz, a1 + aag + agag]

= (a3 + 2a3)as.

Thus
2

@2
5
The relation [a;, a3] = 2a3 is then automatic, because

[f(a1), f(a3)] = 2B3as = 2f(as).

We have obtained (19).
Conversely, for a matrix in (19) we have

a3 =
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Hence every displayed nondegenerate matrix defines an automorphism.

Let C' be the subgroup consisting of the matrices obtained by putting
P2 = 11in (19), and let D be the subgroup obtained by putting as = 0.
Then

1 0 0
C = b 1 0|:beFj=Ft,
—v2/2 —b 1
and
1 00
D= 0 u 0] :uelF* ) 2XF~X
0 0 u?
Indeed, direct multiplication gives
1 0 0 1 0 0 1 0 0
b 1 0 c 1 0f= b+c 1 0
—b2/2 —b 1) \=c?/2 —c 1 —(b+e)?/2 —(b+c) 1
Moreover,
1 00 1 0 0\/1 0 0 1 0 0
0 u 0 b 1 ojJfo vt o0 |= ub 1 0
0 0 w?/\-b?/2 —b 1J\O 0 wu? —(ub)?/2 —ub 1

Thus C <4 G, CND = {1}, and every element of G belongs to CD.
Therefore G = C x D, with the usual scalar action of F* on FT. ]

5. Automorphism groups in the case dimy Leib(L) = 2

The automorphism groups of Lio, L13, and Li5 have already been de-
scribed in the papers cited in Table 1. We do not repeat their proofs.
The case L14(1) was also treated in [13]. Thus it remains to consider the
other values of the parameter in L14(p) and to give a completely explicit
three-dimensional form for the one-generated type-11 algebra Lig(/3,7).

5.1. The Leibniz algebra Li4(p)

Theorem 5.1. Let L = L14(p), p € F*, and let G = Aut(L).
If p = 1, the previously known result [15], written in the present basis,
18
1 0 0
=(G) = u—1 u s|:ut—vs#0,, (20)
v 1

[
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and G = GLy(F).
If p # 1 and either charF =2 or p # —1, then

1 0 0
E(G) = u—1 u 0| :uteF*,, (21)
0 0 ¢

and G =2 F* x F*.
If charF # 2 and p = —1, then, in addition to the matrices in (21),
Z(G) contains all matrices

-1 00
1 0 s|, s,y € F*. (22)
y y 0
In this case G is a semidirect product of F* X F* by a group of order two,

and the element of order two interchanges the two multiplicative factors.

Proof. The case p =1 was proved in [13]; we only rewrite the published
result in the present basis. The correspondence

1 0 0
U S
— u—1 u s
v t
v vt

is a bijection from G'Ly(F) onto the group in (20). If

u s u ¢
A - <’U t> 9 B - <,U/ t/> 9
then the product of the corresponding 3 x 3 matrices is

1 0 0
uu' +sv' —1 wu' +sv' us’' +st’ |,
vu' + tv’ vu' + v v+t

which is exactly the matrix corresponding to

wu' + sv' us’ + st/
AB = <vu' +t' ws' +tt )

Thus the correspondence is a homomorphism. Since it is already bijec-
tive, it is an isomorphism, and hence

Aut(L14(1)) = GLo(F).
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Assume from now on that p # 1, and let f € G. Since
Leib(L) = [L, L] = Fay @ Fag
is invariant under every automorphism, we have
f(a1) = a1a1 + azas + azas,
f(az) = Baaz + P3as,
f(as) = y2a2 + 7303,
where
a1(B2v3 — B372) # 0.
From [a1, a1] = a2 we obtain
Baaz + Bsaz = [f(a1), f(a1)]
= a%[alaal] + aragfar, az] + arasfar, as]
= a% + a1a2)a2 + a1pazas.
Thus
Ba = a + ajas, B3 = aipas. (23)
Using [a1, a2] = ag, we have
Baaz + Bsaz = [f(a1), f(az)]
= a1 fas + a1pPBsas.
Hence
(1 — al)ﬁg = O, (1 — O[lp)ﬁg =0. (24)
Finally, from [a1, a3] = pas we obtain
py2a2 + pysaz = [f(a1), f(as)]
= a172a2 + a1p7303,
SO
(p— 1)y =0, (1 —a1)pys =0. (25)
Suppose first that a; = 1. Since p # 1, equations (24) and (25) give
B3 =0, 72 = 0.
By (23),

ag = 35 — 1, ag = 0.
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The nondegeneracy condition gives fB2y3 # 0. We obtain the matri-
ces (21).
Suppose now that a; # 1. Equations (24) and (25) give

62:07 73:0

Hence the nondegeneracy condition implies 832 # 0. Therefore the
remaining equations in (24) and (25) yield

a1p = 17 a1 = p.

Consequently p? = 1. Since p # 1, this is possible only when char F # 2
and p = —1, and then ay = —1. From (23) we get

az =1, B3 = as.
Thus the additional automorphisms are precisely the matrices (22).

We now verify the converse explicitly from the defining products. For
a matrix (21),

[f(ar), flar)] = flaz),  [flan), flaz)] = flaz),  [flar), f(as)] = pf(as).
Now let p = —1 and let f have a matrix of the form (22). Then
flar) = —a1 +az +yas,  flaz) =yas,  f(as) = sas.

Using
[a1, a1] = [as, az] = ay, a1, ag] = —as,

we obtain

—
<
=
~—
g

(a1)] = a2 — ag + yaz = yaz = f(az),
(a1), f(a2)] = —ylar, as] = yaz = f(az),
[f(a1), f(a3)] = —sla1, az] = —saz = —f(as).

Since Fas @ Fag < ('*f*(L), all other products are zero. Hence every
displayed nondegenerate matrix is an automorphism.

If p # 1 and either charF = 2 or p # —1, then the group consists
only of the matrices (21). Multiplying two such matrices gives

1 0 0 0 0 1 0 O
u—1 u 0 v—1 v 0)=(uw—-1 w 0
0 0 t 0 s 0 0 ts
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Therefore the correspondence of this matrix to (u,t) is an isomorphism
onto F* x F*.

Let now charF # 2 and p = —1. Denote by H the subgroup consisting
of the matrices (21), and put

-1 0 0
=11 0 1
1 10

Then 72 = 1. Every matrix in (22) belongs to 7H, and every element of
G belongs either to H or to 7H. The two sets do not intersect, because
otherwise 7 would belong to H. Finally,

1 0 0 1 0 0
7lu—-1 w 0|7 =|[t—=1 ¢t 0
0 0 t 0 0 u

Thus H 9 G, H 2 F* x F*, and G is a semidirect product of H by
the subgroup (7) of order two; conjugation by 7 interchanges the two
multiplicative factors. O

5.2. The Leibniz algebra Lq¢(3,7)

Theorem 5.2. Let L = Lig(B3,7), where X% —~X — 3 is irreducible over
F, and let G = Aut(L). In particular, 5 # 0.
If v # 0 or charF = 2, then Z(G) consists of all matrices

1 0 0
v(a—1)

b— T B (a,b) # (0,0). (26)
a;l b a+b

If E =TF(0), where 0? = 40 + 3, then G = E*.
If charF # 2 and v = 0, then, in addition to the matrices in (26),
the group =(G) contains all matrices

1 0 o0
“boa =B by £ (0,0). (27)
1—a b —a

B

In this case G is a semidirect product of E* by a group of order two; the
nontrivial element acts on E by a + bl — a — bo.
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Proof. Let f € G. Put K = Leib(L) = Fas @ Fas. Since K is invariant

under every automorphism,

fla1) = cnag + azag + asas,
fla2) = B2az + B3as,
f(a3) = y2a2 + Y303,

where

a1(B2y3 — PB3y2) # 0.

We now apply the defining products one by one.
From [a;, a1] = ag we obtain

Braz + Bzaz = f(az) = [f(a1), f(a1)]
= a%[al,al] + aqazfar, ag) + arasfar, as
= aj(a1 + Basg)as + a1 (az + yasg)as.
Thus
B2 = ai(a + Bas), B3 = ai(ag +yas).

From [a1, as] = az we get

Yeaz + v3asz = f(az) = [f(a1), f(az)]
= a12(a1, az] + a1B3lai, as]
= a18B3az + a1(B2 + vB3)as.
Hence
Y2 = 1883, ¥3 = a1 (B2 +Bs)-
Finally,
f(Baz +~a3) = f([a1, as]) = [f(a1), f(a3)].

Comparing the coefficients of as and as, we obtain

BB2 4+ yy2 = a1873,
BBs 4+ vy3 = ai(y2 +773)-

(28)

(29)

We now extract the restriction on ;. The four scalar equalities (29)—(31)

may be written together as

<52 72) (0 5>:a (0 ﬂ> (52 72)
B3 v3) \1 v "1 4 \B )
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The first matrix is nondegenerate because f induces an automorphism of
K =TFag ®Fas, and the second matrix has determinant —f3 # 0. Taking
determinants of the displayed equality therefore gives

det(f|x)(—B) = a3 (—B) det(f|k),

and hence
a% =1

Multiplying the displayed matrix equality on the left by the inverse of
the first matrix, we obtain

<0 5) . (52 ’Y2>_1 (0 5) <52 ’Yz)
I~ "\Bs s 1 v)\Bs 13/
0p

1 v) are inverse to one

The two matrices on the right which surround (

another. Taking traces gives

v = ay7.
Thus
o2 =1, (a1 — 1)y =0. (32)
First suppose that a; = 1. Put

fo=a,  Pz=b

Then (29) gives
Y2 =06b,  3=a+~b.
From (28),
a=1+ pas, b= a+yas,

and therefore ) ( D
a— v(a —

, ap=b— ——-—~.
B ? 3

This gives the matrices (26). Their determinant is

a3 —

a® + yab — Bb2.

If this determinant were zero and b # 0, then a/b would be a root of
X? + vX — B, which is obtained from the irreducible polynomial X? —
vX — B by replacing X with —X. This is impossible. If b = 0, then
(a,b) # (0,0) gives a # 0. Hence every matrix in (26) is nondegenerate.
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Conversely, for a matrix (26), direct calculation gives

[f(a1), f(a1)] = aaz + baz = f(az),
[f(a1), f(a2)] = Bbaz + (a + vb)az = f(as3),
[f(a1), f(a3)] = Bf(az) +~f(a3).

All products with left factor f(az) or f(a3) are zero because K < ¢'*f(L).
Thus these matrices are automorphisms.

By (32), the case a; = —1 can occur only when charF # 2 and vy = 0.
In this case, put again f2 = a and 3 = b. Equalities (29) give

Y2 = —[3b, V3 = —a,

while (28) gives
a=1- Bas, b= —as.

Hence
1—a

5 9

and we obtain the second family (27). Its determinant is

ag = —b, oz =

a? — b2,

If b # 0 and this determinant were zero, then a/b would be a root of

X2 — 3. Since here v = 0, this is precisely the polynomial X2 — X — §3,

which is irreducible by hypothesis. This is impossible. If b = 0, then

(a,b) # (0,0) gives a # 0. Hence every matrix in (27) is nondegenerate.
For such a matrix we have

f(a1) = —ay — bag + ! ; aag7
f(az) = aaz + bas,
f(a3) = —pBbaz — aas.

Using [a1,a1] = ag, [a1,a2] = a3, and [a1, a3] = Baa, we obtain

1), f(a1)] = aaz + baz = f(az2),
[f(a1), f(a2)] = —Bbaz — aaz = f(as3),
[f(a1), f(a3)] = Baaz + Bbaz = B f(az).

All products with left factor f(az) or f(a3) are zero because K < ¢'*f(L).
Therefore every matrix in (27) defines an automorphism.

—
S
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It remains to describe the abstract group. Let C be the subgroup
formed by the matrices (26). Let E = (), where

0% = ~0 + .

Define
®:.E* —C

by sending a + b to the matrix (26) with the same coefficients a,b. We
show directly that ® is an isomorphism. If

(a4 b0)(c+ db) = (ac + bd) + (ad + be + vbd)0,

then multiplication of the corresponding matrices gives exactly the mat-
rix (26) with parameters

ac + Bbd, ad + bc + vbd.
Therefore ® is a homomorphism. If ®(a + b0) = I, then the lower right
2 x 2 block gives a = 1 and b = 0, so the kernel is trivial. Every matrix
in C occurs from some nonzero a + b, and hence ® is surjective. Thus

C=E”.

If v # 0 or char[F = 2, only the case a; = 1 is possible, so G = C.
Suppose now that charF # 2 and v = 0. Put

-1 0 0
=10 1 0
0 0 -1

Then 72 = 1, every matrix in (27) belongs to 7C, and every element of
G belongs either to C or to 7C. Moreover, direct multiplication gives

T®(a+b0) 7! = d(a — bh).
Consequently C < G, C N (1) = {1}, and G = C(r). Hence G is a

semidirect product of E* by a group of order two; the nontrivial element
acts by the field automorphism a + b0 — a — b6. O
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6. Complete summary

For convenience, we collect the results in one table. In the rows corres-
ponding to previously known cases, the published formulas are rewritten
in the basis fixed in Table 1. No new claim of priority is intended for
those rows.

Table 2. Automorphism groups of all three-dimensional non-Lie Leibniz

algebras in the refined list

Type Description of Aut(L)

Source

L ):deFX,QquF}

a0 0
{(bdo
cea?

{(Bede b)) raterm 20}

Formula (2); for a = 1 the additional matrices (3)
occur. The normal subgroup C¢(L/Fas) is
isomorphic to F™ x FT; the corresponding
complement is F* x F*, with an additional factor
of order two for o = 1.

Lo
L3(Oé)

Formula (9); a semidirect product of F* x F* by
FT x F*.

Z 2 0 a b # 0,0 2 =1 d F
ca 0 :
c d a2+pb2 ( ) ) ( ) )7 € , G4 €

Formula (10); a semidirect product of F* x F* by
E*, where E =TF(f) and 6> — 0 +6 = 0.

Formula (14); a direct product of F* and the
semidirect product F* x F* with the usual scalar
action.

Formula (15). If X is not a square in F, then
Aut(L) 2 F*. If ) is a square in I, then the group
has a normal subgroup isomorphic to F* and a
complement isomorphic to F*; conjugation sends z
to u?z.

Formula (17); a direct product of F* and the usual
semidirect product F* x F*.

[6]

[8,11]
Theorem 3.1

Theorem 3.2

9]

Theorem 3.3

Theorem 4.1

Theorem 4.2,
Corollary 4.3

[12] if
charF # 2;
Theorem 4.4 if
charF = 2
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Table 2 (continued)

Type  Description of Aut(L) Source

Lio(r) Formula (18); a direct product of F* and the usual Theorem 4.5

semidirect product F* x F*.

L1 Formula (19); the semidirect product Ft x FX with Theorem 4.6
the usual scalar action.

a 0 O
L2 {(ba2 03>:a€]FX,b,c€IF} [5-7]
caba

Lis {(ilibS) b 1, ceIE‘} [7,10]; see
bt Remark 2.3
Lis(p) GL2(F)if p=1; F* x F* in the generic case; for [13] for p =1,
charF # 2 and p = —1, a semidirect product of Theorem 5.1

F* x F* by a group of order two which interchanges otherwise
the factors.

100
Lis {(b‘“llgo):GEva be]F} [7,13]; see
Tattba Remark 2.3
Li6(B,v) Let E=T(0), 6> =~0 + 5. Then Aut(L) = E*, Theorem 5.2;
except when charF # 2 and « = 0, in which case compare [5,7]

Aut(L) is a semidirect product of E* by a group
of order two. The matrices are (26) and (27).

Remark 6.1. The table also shows that the automorphism group does
not determine the isomorphism type of a three-dimensional Leibniz al-
gebra. For example, the parameter r distinguishes the algebras L1o(r),
whereas the abstract automorphism groups obtained in Theorem 4.5 are
isomorphic for all r # 0.

1]

2]
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