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On tensor products of indecomposable
representations of the cyclic group of prime order
p over the ring Z,[[x]]
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ABSTRACT. Let C, be a cyclic group of prime order p, let
R = 7Z,[[z]] be the ring of formal power series in one indeterminate
x with coefficients in the ring Z, of p-adic integers, and let RC),
be the corresponding group ring. We determine the decomposi-
tions into indecomposable summands of the tensor products over
R of all indecomposable RC),-modules that are free as R-modules.
The resulting formulas cover tensor products involving the regular
and cyclotomic modules, as well as two infinite families of mutually
contragredient indecomposable modules of R-rank p, including ten-
sor squares and mixed products. For odd p, the proof is based on
exact sequences, suitable reductions of modules, and decomposi-
tions of symmetric and exterior squares. The case p = 2 is covered
by earlier direct computations.

Introduction

Tensor products of representations provide a standard construction in
the representation theory of finite groups, and their decomposition into
indecomposable summands is a natural problem. Over splitting fields
of characteristic zero, this problem is closely related to character theory
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and the structure of representation rings. Over non-field coefficient rings,
however, the situation is considerably more complicated, since represen-
tations need not be completely reducible and the decomposition problem
depends essentially on the arithmetic structure of the coefficient ring.

The systematic study of such decomposition problems in the modu-
lar case is naturally formulated in terms of the Green ring, or modular
representation algebra, whose addition and multiplication are induced
by direct sums and tensor products, respectively. This approach was
developed by J. A. Green in [I] and became a standard framework for
the study of tensor products in modular representation theory, including
representations of cyclic p-groups.

In the integral p-adic setting, tensor products of representations of
finite groups were investigated in a series of works by P. M. Gudivok,
V. P. Rud’ko, and their collaborators. In particular, they obtained de-
composition formulas for tensor products of certain indecomposable rep-
resentations of cyclic p-groups over the ring of p-adic integers. An early
contribution in this direction is due to V. P. Rud’ko [2], who studied
the rational tensor algebra of modular representations of cyclic p-groups.
Further results concerning tensor products of integral p-adic representa-
tions of finite groups were obtained by P. M. Gudivok, S. F. Goncharova
and V. P. Rud’ko [3]. The methods and results developed in this line of
research were subsequently presented in the monograph by P. M. Gudi-
vok and V. P. Rud’ko [4] devoted to tensor products of representations
of finite groups. These works provide an important background for de-
composition problems for tensor products over p-adic and related local
coefficient rings.

The present paper extends this line of research to representations
of the cyclic group of prime order p over the formal power series ring
R = 7Zy[[z]], where Z, is the ring of p-adic integers. We determine the
decompositions into indecomposable summands of the tensor products of
all such indecomposable representations that are free as R-modules. The
first three decomposition formulas in Theorem 1 follow from the results
of Rud’ko [2|. The remaining formulas, involving the two infinite families
of mutually contragredient indecomposable representations of R-rank p,
are established in the present paper and include tensor squares and mixed
tensor products.

The proof proceeds in several steps. First, suitable exact sequences
relating the indecomposable modules are established and used, together
with Schanuel’s lemma and the Krull-Schmidt cancellation theorem, to
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determine several products involving the trivial, cyclotomic, and regular
modules. Reduction modulo powers of x is then used to treat tensor pro-
ducts of modules with distinct indices. For odd p, the tensor squares are
obtained by decomposing them into their symmetric and exterior squares
and determining these summands separately. The remaining mixed pro-
ducts with equal indices are then derived from the exact sequences, while
the case p = 2 follows from the direct computations in [5].

This paper is dedicated to the memory of V. P. Rud’ko. The ideas de-
veloped here originated in his memorable talks delivered over the years at
the algebra seminar of Uzhhorod University and in numerous discussions
of the problems he proposed.

1. Preliminaries and main result

Throughout the paper, let p be a prime, let R = Zp[[z]], let C), = (a)
be the cyclic group of order p, and let RC), be its group ring over R. As
usual, we identify the identity element of C, and the identity element
of R with the identity element 1 of the group ring RC),. Let I' = RC),
denote the regular RCp-module. For each positive integer ¢, let I'; be the
RC),-module that is free as an R-module with R-basis u1, ..., u,, with
respect to which the corresponding matrix representation of Cp is given

by
~ i T
€ z'eq

where £ is the companion matrix of the p-th cyclotomic polynomial
p(y) =y 4+ +y+1, e =(1,0,...,0)€ RFL

For ¢ = 0, the module arising from this construction is isomorphic to the
regular RC),-module; more precisely, I'g = I'. With respect to the above
basis, the action of a is given by

auj = Uj41, Jj=1...,p=2
AUp—1 = —Up — -+ — Up_1, (2)
alup = xiul + Up.
In what follows, let I'; denote the RCj,-module contragredient to I';,
let Ag denote the RCp-module affording the trivial R-representation, and

let Ay = (u1,...,up—1) denote the RC)-submodule of I'; whose corre-
sponding R-representation is given by a +— €.
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It was shown in [6] that the RC,-modules Ag, Ay, T', T, and I’}
(1 € N) form a complete list of pairwise non-isomorphic indecomposable
RC),-modules affording R-representations of the group C),.
For an arbitrary RC),-module M and any positive integer n, we shall
use nM throughout to denote the external direct sum
M®---dM.
n copies

The notation 0M will indicate the absence of such a summand in a de-
composition.

Since Ay is the trivial RC,-module of R-rank one, for every RC)-
module M that is free as an R-module, we have

AO@RMgM.

Theorem 1. For arbitrary positive integers i and j with i < j, the fol-
lowing decompositions of tensor products of indecomposable RCy,-modules
that are free as R-modules hold:

A1 ®@r AL = Ag D (p—2)T,
A epT = (p—1)T,
I'erl = pl,

A @pli =17 @ (p—2)L,

A epTi =10 (p—2)T,

Fopli =T @I} =l

ioplyj=el; e (p-—2)T,
D @pl; =TT @rl; 2T @l =T ®@g T,

Remark 1. Since the tensor product over R is symmetric up to RC)-
module isomorphism, products that differ only by the order of their fac-

tors are not listed separately. The first three formulas are included for
completeness and follow from the results of Rud’ko [2].

Example 1. Let p = 3. Then, for arbitrary positive integers ¢ and j with
1 < 7, the decomposition formulas in Theorem 1 involving the modules
I'; and I'] take the form

A @pT =TT, A @pl =TT,
'opl; 2T'@r 'y =30,
and

rz@Rrjgri®Rr;¢gr;®Rrj2F3®3F§2F¢@F;@F.
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2. Proof of the main result
Lemma 1. There exist exact sequences of RC),-modules
0— Ay —T — Ay —0, (3)

00— A — T — Ag—0. (4)

Moreover, for every positive integer i, there exist exact sequences of RC)-
modules
0—TI;, —Tel —-TI; —0, (5)

0—TI; —-Tel —TI;,—0. (6)

Proof. To prove the existence of the exact sequences (3) and (4), consider
the R-submodules Aj and A} of the regular RCp-module I with R-bases

l+a+a®>+---4+at

and
a—1, a®>—a, ..., P tP—aP72

respectively. A direct verification shows that Aj, and A} are RCp,-submodules
of I and that the following isomorphisms hold:

/ /
()%AO; A12A17

[/A) = Ay, /A = A.

This proves (3) and (4).

To prove the existence of the exact sequence (5), consider, for an
arbitrary fixed positive integer ¢, the RCp-submodule I"; of the free RC)-
module I' ® I with RC)-basis ¢} = (1,0), e}, = (0,1), generated by the
elements (a—1)e} and 2’} + (14+a+---+aP~!)e}. The RCp-submodule
I'! is a free R-module with R-basis

2

ull = (a’ - 1)6/17 u,2 = (a - a)e/b ) u;)—l = (ap—l - ap—?)e/b

u, =a'e) + (1+a+---+a"")e.
It is easy to verify that, with respect to the R-basis uy, ..., u,, the matrix
of the action of a on I, coincides with the matrix in (1). Therefore,
the correspondence uy — uj for k = 1,...,p defines an RC),-module
isomorphism I'; = T".
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In the quotient module (I' @ I") /T, the elements
uj = —e) + 15, uy=eh+T5, ..., uy =aP%eh 4+ T

form an R-basis with respect to which the matrix R-representation of C,,

is given by ‘
1
o <é z @gp—l), (7)

where e,_1 = (0,...,0,1) € RP~!. On the other hand, the contragredient
module I} admits an R-basis with respect to which the action of a is given
by the same matrix. Hence, (I' @ I')/T"; = I'f. This completes the proof
of the existence of the exact sequence (5).

Finally, to prove the existence of the exact sequence (6), we proceed
similarly. Let ©; be the RC),-submodule of I' ® I" generated by the ele-
ments (1+a+---+aP e} and (a — 1)e) + x'e). Indeed, the elements
V) = (1+a+-+a e} and v, = (aF71 — a7 2)e + zlab2¢] for
k = 2,...,p form an R-basis of ©;, with respect to which the matrix
R-representation of C), coincides with (7). Hence, ©; = I'}.

Moreover, in the quotient module (I' ® I")/©;, the elements

/ / -2 / /
e1+0;, ae;+06;, ..., a1 +0; —e+0;

form an R-basis with respect to which the matrix R-representation of C),
coincides with (1). Therefore, (I'®T')/0; = I';. This completes the proof
of the existence of the exact sequence (6). O

Lemma 2. Let M be an RCy,-module that is free as anR-module of rank n.
Then
I'ogr M = nl.

Proof. The assertion follows directly from the proof of [4, Lemma 3.1]. [
Corollary 1. Let i be a positive integer. Then
F®RF1- gF®er %pr.

Proof. Since the RCp-modules I'; and I'j are free R-modules of rank p,
the result follows immediately from Lemma 2. O

Lemma 3. For every positive integer i, one has
A@rTi =T @ (p—2)I (8)

and
A epli=Te(p-2)T. (9)
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Proof. Tensoring the exact sequence (4) over R with I';, we obtain an
exact sequence

00— A1 ®prl —TI'erl; — Aygr I, — 0.
Since Ag @p I'; 2T and I' @ I'; = pI', this gives
0— A ®rl; —pI' — T, — 0. (10)

On the other hand, taking the direct sum of (6) with the split exact
sequence
0—pP-2T— (-2 —0—0,

we obtain
0—TIie(p@P-2)I —pI' —T; — 0. (11)

Since pI' is a free, hence projective, RC,-module, Schanuel’s lemma
applied to the exact sequences (10) and (11) gives

(Ay@pTy)@pl = (If & (p—2)T) @ pl.

Therefore, by the Krull-Schmidt cancellation theorem, we obtain (8).
The second isomorphism is obtained in the same way, replacing I';
by I'f and using the exact sequence (5) instead of (6). Alternatively, it
follows by dualizing the first isomorphism and using the standard iden-
tification (M ®r N)* = M* ®g N* for R-free modules of finite rank,
together with A7 = Ay, I =T, and (I'})* = T;. O

Lemma 4. Let i and j be positive integers such that i < j. Then
ioplj=lel; e (p-2)r. (12)

Proof. We shall use the following standard fact. Let M be an RC),-
module which is free as an R-module of finite rank, and let N be a
projective RCy,-submodule of M. If an R-basis of N can be extended to
an R-basis of M, then the inclusion N — M is R-split. Hence, since
projective RCj,-modules are relatively injective with respect to R-split
exact sequences, N is an RC)-direct summand of M.

For each positive integer k, the module I'y, contains Ay as an RC)-
submodule whose R-basis can be extended to an R-basis of I'y. Therefore,
the tensor product I'; @ gI'j contains the RCj-submodule A1®r A1, whose
R-basis can be extended to an R-basis of I'; @ I';.
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Since Ay ®r A1 = Ag @ (p — 2)T', the module I'; ® T'; contains
a projective RCp-submodule isomorphic to (p — 2)I', with an R-basis
extendable to an R-basis of I'; @ gI';. Hence, by the standard fact recalled
above, (p —2)I' is an RC)-direct summand of I'; @ T';.

After splitting off the direct summand (p — 2)T', it follows from the
classification of R-free indecomposable RC),-modules that each remaining
indecomposable direct summand of I'; ® g I'; is isomorphic to one of the
modules Ag, Ay, I', I'y, I'; (k € N).

For a positive integer j, put R; = R/Rx?. If M is an RC),-module,
then by M) we denote the R;C)-module MU) = M /27 M. Clearly, for
every positive integer k > j, one has

T = AD g AP = AP g A, (13)

Reducing the isomorphism (8) modulo 2/, we obtain, for every positive
integer 1,

(A 2T = @HD @ (p - 2)R;C,. (14)

Combining the isomorphisms (13) and (14), and using the natural iso-
morphism

(T; ®r Fj)(j) >~ (1;)¥) @R (I‘j)(j),
we obtain

(T; ®r pj)(j) o (pi)(j) ®r, (Agj) ® Ao)
= ([T & ()Y @ (p - 2)R,C)p.

Comparing this reduction with the possible reductions of the remaining
indecomposable summands listed above, and using the Krull-Schmidt
theorem, we conclude that these summands are I'; and I'f. Thus we
obtain (12). O

Corollary 2. Under the same assumptions on i and j, one has
F1®RF; %F;‘ ®RI‘j %I‘;‘ ®RF; 2F2®RF]

Proof. Tt remains to prove the mixed case. Repeating the reduction ar-
gument used in the proof of (12), we note that

I ESWNTEIN
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Hence

1%

(T; ®r p;)(a’) (pi)(j) ® R (p}%)(j)
(T)Y @r, (M@ AY)

= ()% & ()9 ® (p - DR,y

1

As in the proof of (12), comparison with the possible reductions of the
remaining indecomposable direct summands gives

Liorl;=liol; o(p—2)I.

Dualizing the two decompositions obtained above and using the standard
identifications recalled earlier, we get

F;k ®RF;{§F1 ®Rl“j, F;k ®RF]§F1 ®RF;
Thus all four tensor products are isomorphic. ]

To study the tensor square I'; ® gI';, we consider the symmetric square
S%(T';) and the exterior square /\%(Fz) of the R-module I';. We recall the
definitions of these notions for an arbitrary R-module M; see [7].

Let M be an R-module. The symmetric square of M is defined by

S2R(M):(M®RM)/<{u®v—v®u\u,vGM})R.

The image of u ® v in S%(M) is denoted by u ® v.
The exterior square of M is defined by

AR(M) = (M @p M)/ {u@u|ue M})p.

The image of u ® v in /\?%(M) is denoted by u A v.
Assume from now on that p is odd. Since 2 € R*, the following
well-known isomorphism holds:

M @p M = SH(M) & Nj(M).

The generator a of the group C), acts on S% (M) and /\?{(M ) according
to the formulas

a(u ®v) = (au) © (av), a(u Av) = (au) A (av),

where u,v € M. Thus, S%4(M) and /\%(M ) acquire natural RC)-module
structures.



128 TENSOR PRODUCTS OF INDECOMPOSABLE REPRESENTATIONS

Lemma 5. Let p be an odd prime. Then
SR(A1) = IHT, AR(A) = Ao @ 25T

Proof. Let P be the ideal of R generated by p and x. Then R/P = F,,
where IF, is the finite field with p elements. For each k£ with 1 < k < p,
let V}, denote the indecomposable [F,,C),-module of dimension k over IF,,.
For an RC,-module M, denote by M the quotient F,Cp-module M =
M/PM.

It is straightforward to verify that

Ro=Vi, A=V, T=v, LeET=noel.,

for every positive integer 1.
Since

Sh(A1) 2 S% (A1) 2 S, (Vo-1),

and, by [8], , »
Sk, (Vp-1) = 55V,

it follows that

S%(A1) = AV,
By the classification of indecomposable R-free RC),-modules recalled above
and the Krull-Schmidt theorem, this implies S%(A1) p%lf. Hence, we
obtain the first isomorphism in the statement of the lemma.
Finally, since, on the one hand, A; ®r A1 = A @ (p — 2)I', and, on
the other hand,
A1 ®r A1 22 SH(AL) & AR(AY),

the Krull-Schmidt theorem, together with the first isomorphism, yields
Ni(A1) = Ao & BT,

Thus, the second isomorphism in the statement of the lemma also follows.

O
Lemma 6. Let p be an odd prime. Then, for every positive integer i,
S%(Iy) =Ty @ BT

Proof. It follows immediately from the construction of the RCy,-module
A1 that
Sh(A1) C SR(T),
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and that the elements uq © up,...,u, © u, extend the R-basis
up Ouy, up Oug, ug OU, ..., UL OUp—1, ..., Up—1 O Up—1

of the RCp-module S%(A1) to an R-basis of the RC,-module S%(T;).

Consider the quotient module
A = Sg(:) /Sh(A),

and denote its elements of the form u ® v + S%(A1) by u® v. Then, for
k=1,...,p—2, we have

aug © up = aug © aup = Upy1 © (Up + Tlu1) = Ugt1 © Up,

since z'ug11 © uy € SH(A1). For k= p — 1, we obtain

aup—1 O Up = aup—1 © auy

= (—ur — - —up—1) © (up + 2'uy)

=—u Oup — U2 OQUp —+++ — Up_1 O Up.

Finally, for k = p, we have

aup © up = aup O auy

= (up + ztu1) © (up + x'u1)

=up O up + 22Uy © Up.

The last equalities follow from the fact that both x%(uy + -+ up—1) ©uy
and z%u; ® ug belong to S%(Aq).

It follows from the above computations that, with respect to the R-
basis u; © up,...,up, ©®u, of A, the action of a is represented by the

matrix ‘
g 2zle]
0 1 '

By the assumptions of the lemma, 2 € R*. Therefore, replacing the last
basis element u, ® u, by 271u, ® u, yields the matrix representation (1).
Hence, A = T';. Since the R-basis of S%(A1) extends to an R-basis of
S%(T';), the short exact sequence

0 — S%(A) — SH(I) — A — 0

splits over R. Moreover, S%(A;) %F is relatively injective with
respect to R-split exact sequences. Hence

SR(T:) = Sh(A) @ Ty,

which, together with Lemma 5, completes the proof of the lemma. O
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Lemma 7. Let p be an odd prime. Then, for every positive integer 1,
Na(T:) =T; @ 23°T.

Proof. As in the proof of the preceding lemma, for every positive integer
1, we have

NR(A1) € AL(T).

Moreover, adjoining the elements ui A up, ..., up—1 A u, to the R-basis
up Aug, ur Aug, ug Aug, ..., U AUp—1, ..., Up—2 NUp_1

of the RCy,-module /\QR(Al) yields an R-basis of the RCp-module /\%(FZ)

For a fixed integer j satisfying 1 < j < p, we compute the orbit of the
element u; A uj under the action of the group C). For k =0,1,...,p—1,
we have

U1 N Uk, 0<k
ak(ul/\uj) — —Up7j+1/\8, k:p_]a
uk-f—l/\uk-i—j—pa pij+1§k§p727

—sAuj_1, k=p—1,

where s = u; +---4+up—1. Now suppose that p > 3. It is straightforward
to verify that the elements of the orbit in (15) are linearly independent
over R. For j = 2,...,%, set v; = w1 A u;. Since the orbit Cpv; is
linearly independent over R, it forms an R-basis of the RCp-submodule
RCyv;. Therefore, the RC),-homomorphism

pj: I' — RCyvj, o — vy,
is an isomorphism. Thus RCpv; = T'. Next, let
M = RCpva + - -+ RCpvp-1.
2

It follows from (15) that ux A u; € M for all integers 1 <k <l <p-—1

such that | — k # p%l and [ — k # pT—H. Let N denote the R-submodule
of M whose R-basis consists of all such elements. One verifies directly
that adjoining the elements

UL NS, ..., Up=3 NS, SAUpt3, ..., SAUp_1
2 2

to the R-basis of IV yields an R-basis of M.
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The above complementary set can be replaced by one adapted to the
action of C,. Put

w1 = U1 N\ Up+1 + Uy A Up+3, Wy = UL N Up+3 + U2 N\ Up+3.
2 2 2 2

By the definition of N, for r =0,1,..., %, we have

a"w; = upp1 As  (mod N), a"wy = sAupts, (mod N).
2
Consequently, adjoining the elements
p=5 p=5
w1, awy, ..., @ 2 W1, W2, AW2, ..., @ 2 W2

to the R-basis of IV yields an R-basis of M.

Since rankg(RCyv;) = p for each j = 2,..., 5=, and

p=1
2
rankg M = Z rankp(RCpv;),
j=2
p—1

2
the natural epimorphism @ RC,v; — M is an isomorphism, since its
=2
domain and codomain are free R-modules of the same finite rank. Hence

M = RCpvo @ --- ® RCpvp—1 = P37,
2

As in the proof of the preceding lemma, consider the quotient RC)-
module

A= Ng(Ti)/M,
and denote the coset u Av+ M by u A v, for u,v € I';.
In the RC,-module A, consider the following set of elements:

ur A uptr, up Ay, aur Ay, ..., "% N up. (16)
2

Put z = us Aupt1, y = ug Auy,. Since wi, wa € M, we have
2

az = Uy N\ Upts = W2 — UL N\ Up+3
2 2

=Wy — w1 + Ul ANUpt1 = UL N\ Upt1l = 2.
2 2

Since ‘
akup:up+$z(ul+"'+uk)7 ngép_27



132 TENSOR PRODUCTS OF INDECOMPOSABLE REPRESENTATIONS

we obtain
k

aky = Upy1 N Up — zt ZUT N Uky1.
r=1
By the definition of IV, all summands in the latter sum belong to N C M,
except possibly when

p—1 p+1
k+1l—reqn" —b.
{ 2 2
_ .. . _ptl
For k£ > %, the sum of the two remaining terms is a* Twy € M.
Hence
Ug1 A Up, Oéké?7
aFy = upn Aup — 12, k= %,
2
Uk41 N\ Up, Pl <p<p-2.
Summing these equalities, we obtain
p—2
a?ly = —5A Up = — Zaky —x'z.
k=0

The representatives of the elements in (16), together with the R-basis of
M described above, form an R-basis of A%(T;). Therefore, the system
(16) is an R-basis of A. With respect to this basis, the matrix represen-
tation of A is obtained from the matrix in (7) by replacing its upper-right
block by its negative. Replacing z by —z, we obtain precisely the matrix
in (7). Hence A = T'f. Moreover, the chosen representatives of the basis
elements in (16) determine an R-linear section of the canonical projection

Na(Ti) — A.
Therefore, the short exact sequence
O—>M—>/\?{(Fi)—>A—>O

splits as a sequence of R-modules. Since RC), is a symmetric R-algebra,
the regular module I' = RC), is relatively injective with respect to R-split
exact sequences. Therefore, M = %F is relatively injective, and the
above sequence splits as a sequence of RCj,-modules. Consequently, for
p >3,

Ar(Ti) = M@ A>T @2
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Finally, suppose that p = 3. Put
Z = u1 N\ us, Yy = u; A\ us.

Then
az = z, ay = us ANug — 2'z,

so that z,y, ay form an R-basis of /\%(FZ) Moreover,
alay) = —y — ay — z'z.

After replacing z by —z, these relations coincide with those determining
the matrix representation in (7) for p = 3. Therefore,

Ar(Ti) =T7.
This completes the proof of the lemma. O

We now complete the proof of Theorem 1 for odd p. Combining
Lemmas 6 and 7, we obtain

Dy @ Ty 2 SH(T) © AR() =T T @ (p - 2)T

It remains to consider the mixed product with equal indices. Ten-
soring the exact sequence (6) over R with I';, and using Corollary 1, we
obtain

O—>Fi®RF: —2p' — T, ®rI'; — 0.

On the other hand, taking the direct sum of the exact sequences (5) and
(6) with the split exact sequence

0—0—pP-2' —(p—2T —0,
we obtain
0—I;ol) — (p+2) —T;®@rT; — 0.
Schanuel’s lemma and the Krull-Schmidt cancellation theorem yield
Lierly =Tl @ (p—2)L.

By symmetry and duality, the same decomposition holds for I'f ®g I';
and I'; @p I';.

Thus, Theorem 1 holds for every odd prime p. The case p = 2 is
verified by direct computation of the tensor products of the corresponding
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matrix representations, as shown in [5]. This completes the proof of the
theorem.

The possibility of obtaining a complete tensor product table in the
present setting relies essentially on the classification of indecomposable
R-free representations of the group C,. As shown in [6], the repre-
sentation problem for a finite p-group H over Z,[[x]] is wild whenever
|H| > p. Moreover, it is already wild for every nontrivial finite p-group
over Zy[[x1, ..., Zm]] whenever m > 1. Thus, the construction of analo-
gous complete tensor product tables for all indecomposable represen-
tations encounters the difficulties inherent in wild representation type.
Possible extensions would therefore have to focus on particular explicitly
described classes of modules.
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