(© Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 42 (2026). Number 1, pp. 13-34
DOI:10.12958 /adm2506

On certain classes of commutative g-dimonoids

Volodymyr Gavrylkiv, Inna Hlushak, Kateryna Koporkh,
Natalia Mazurenko, and Oksana Mykytsey

Communicated by A. Zhuchok

ABSTRACT. We study g-dimonoids, which are algebraic struc-
tures equipped with two associative binary operations satisfy-
ing a prescribed system of axioms. We develop a construction of
g-dimonoids based on inflations of semigroups, construct several
new classes of 2-dinilpotent commutative g-dimonoids, and investi-
gate the isomorphism problem for these classes. As an application
of these results, we obtain a structural description of all commuta-
tive g-dimonoids of order 3, up to isomorphism.

Introduction

Jean-Louis Loday introduced the concept of a dialgebra in [17] while
seeking a class of (linear) algebras related to Leibniz algebras in the same
way that associative algebras are related to Lie algebras. Recall that a
Leibniz algebra is a linear algebra over a field whose bracket operation
[,] satisfies the Leibniz identity

[z, 4], 2] = [[z, 2], y] + [, [y, 2],

but is not required to be anticommutative.
Loday’s approach was to distinguish the left and right multiplications
by introducing two associative binary operations, denoted by - and .
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He observed that if these operations satisfy the following three axioms:

(xdy)dz=z4(yF 2), (D)
(xkFy)dz=aF (y =), (Do)
(xdy)Fz=zF (yF 2), (D3)

then the bracket defined by [z,y] = * 4y — y I z satisfies the Leibniz
identity.

Accordingly, Loday defined a dimonoid [17] as an algebraic struc-
ture (D, -, F) consisting of a set D equipped with two associative binary
operations - and F satisfying axioms (D1), (D2), and (Ds). Since dial-
gebras are the linear analogues of dimonoids, many results on dimonoids
have direct applications in the theory of dialgebras [1,3,17,18,25]. Di-
monoid theory was systematically developed in a long series of works of
A. Zhuchok beginning in 2008 (see, e.g., [28,32, 33], among others) and
received a significant impetus after the publication of his two monographs
in 2011 [27], and 2014 [29].

T. Pirashvili [21] introduced the concept of a duplex, a generalization
of dimonoids, and constructed the free duplex. The properties of free
dimonoids were employed in [17] to characterize free dialgebras and to
study their cohomologies. In [16,35], the notion of a dimonoid was used
to define and investigate (one-sided) dirings. Furthermore, dimonoids
are closely related to restrictive bisemigroups, considered by Schein [24],
and doppelsemigroups, introduced by A. Zhuchok (see, e.g., [6,31,30]).

In [7-12,14], several classes of dimonoids, doppelsemigroups, and ex-
tensions of doppelsemigroups were constructed and studied. Among nu-
merous results, these works provide isomorphism criteria for the cor-
responding classes, structural classifications of objects of small orders,
descriptions of their automorphism groups, and enumerations of pair-
wise nonisomorphic structures of small orders. The methods developed
for studying isomorphisms in these classes are also employed in the study
of the structures considered in this paper.

In [19], the notion of a generalized dimonoid (or g-dimonoid) was
introduced as an algebraic structure (D, ,F) consisting of a set D en-
dowed with two associative binary operations - and F that satisfy the
axioms (D;) and (Ds3). The construction of the free g-dimonoid was also
described therein. Every semigroup (D,-) can naturally be regarded
as a g-dimonoid (D, -, ), referred to as the trivial g-dimonoid. In this
sense, g-dimonoids constitute a generalization of semigroups.
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An associative 0-dialgebra [22], that is, a linear space over a field
equipped with two associative binary operations 4 and F satisfying the
same axioms (D;) and (Ds3), can be viewed as a linear analogue of a
g-dimonoid. Given the central role of dimonoids and g-dimonoids in the
study of Leibniz algebras, dialgebras, and associative 0-dialgebras, their
investigation by semigroup-theoretic methods constitutes a natural and
promising line of research.

In [39], a free n-nilpotent g-dimonoid was constructed, the least n-nil-
potent congruence on a free g-dimonoid was examined, and a charac-
terization of a free g-dimonoid was obtained. The construction of the
free commutative g-dimonoid together with the description of the least
commutative congruence on a free g-dimonoid was provided in [37]. Fur-
thermore, Yu. Zhuchok [40] determined all isomorphisms between the
endomorphism semigroups of free commutative g-dimonoids and proved
that every automorphism of such an endomorphism semigroup is quasi-
inner. In [20], Cayley-type theorems for g-dimonoids were established
using left and right actions of sets and the concept of a dialgebra. More
recently, A. Zhuchok [26] described the least dimonoid congruence and
the least semigroup congruence on the free (commutative, n-nilpotent)
g-dimonoid. This year, the determinability problem for free g-dimonoids
was solved in [38].

In [13], the duality and isomorphisms of g-dimonoids are studied.
Several new classes of g-dimonoids are introduced, their automorphism
groups and halos are determined, and a complete classification, up to
isomorphism, of all two-element g-dimonoids is obtained. In addition,
all rectangular commutative g-dimonoids are completely characterized.
Examples of commutative iso-dual nonabelian g-dimonoids and of non-
commutative nonabelian rectangular g-dimonoids that are not dimonoids
are also constructed. Finally, the numbers of all pairwise nonisomorphic
g-dimonoids of orders up to 5, and of all pairwise nonisomorphic com-
mutative, abelian, and rectangular g-dimonoids of orders up to 6, are
determined by computer-assisted calculations.

This paper is organized around three main results. First, we intro-
duce a construction of g-dimonoids based on inflations of semigroups.
Next, we establish several classes of 2-dinilpotent commutative g-dimo-
noids, derive isomorphism criteria for the g-dimonoids in these classes,
and determine which members of these classes are dimonoids. Finally,
these results are applied to obtain a structural description of all commu-
tative g-dimonoids of order 3, up to isomorphism.
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1. Preliminaries

First, we recall several definitions and constructions concerning semi-
groups that will be used in the sequel.

An element z of a semigroup S is called a left zero (resp. a right zero)
in S if za = z (resp. az = z) for any a € S. An element 0 is called a
zero if 0 is a left zero and a right zero.

A semigroup S is called a null semigroup [15] if there exists an element
0 € S such that xy = 0 for all z,y € S. In this case 0 is a zero of S.
By Ogo we denote a null semigroup with zero 0 on a set .S. The null
semigroups Ogo and Or= are isomorphic if and only if |S| = |T'|. If S is
a set of cardinality |S| = k, we use the notation O, for a representative
of the class of semigroups isomorphic to Ogo.

A semigroup S with zero 0 is called nilpotent if S"*! = {0} for some
n € N. The least such n is called the nilpotency index of S. For n € N, a
nilpotent semigroup of nilpotency index < n is called n-nilpotent [30,34].

Let S be a semigroup and let T" be a subsemigroup of S. A surjective
map 7 : S — T is called a retraction if r(a) = a for every a € T.
Equivalently, r is an idempotent, that is, 72 = r. In this case, T is called
a retract of S. A semigroup S is called an inflation of its subsemigroup
T (see [2, Sec. 3.2]) if there exists a retraction r : S — T such that
r(a)r(b) = ab for all a,b € S. In the described situation S is often
referred to as an inflation of T with retraction r. It is immediate from
the definition that if S is an inflation of 7', then S? C T.

We now recall the terminology and notation related to g-dimonoids
that will be used throughout the paper.

Let (D,H,F) be a g-dimonoid. Define new operations ¢ and 7 on
D by
t4y=ykFz and zFy=y-u.

It is immediate to check that (D, 4% +?) is a new g-dimonoid, called the
dual g-dimonoid of (D,,F), which we denote by (D,,F)?. It follows
that the unary duality operation d : (D,,+) — (D,H,F)? is involutive
in the sense that ((D,,F)))? = (D,4,F). In fact, (D,4,F)% is a g-
dimonoid if and only if (D, ,F) is a g-dimonoid. As usual, a g-dimonoid
(D,,F) is said to be self-dual if (D,,F)¢ = (D,,F).

A g-dimonoid (D, ,F) is called commutative [37] if both semigroups
(D,H) and (D,) are commutative.
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A map ¢ : Dy — D> is called a homomorphism from a g-dimonoid
(D1,1,F1) to a g-dimonoid (Da, Ha,t29) [40] if

p(a -1 b) = p(a) 42 p(b) and (a1 b) = p(a) 2 p(b)

for all a,b € D;.

A bijective homomorphism 1 : D; — Do is called an isomorphism
from a g-dimonoid (D;,-1,F1) to a g-dimonoid (Dg,2,F2). If there
exists an isomorphism from a g-dimonoid (D;,-1,F1) to a g-dimonoid
(D2, 2,t2), then (D1, 1,t1) and (Dg, H2,F2) are said to be isomorphic,
denoted (Dy,1,F1) = (D2, 2,F2). An isomorphism ¢ : D — D is
called an automorphism of a g-dimonoid (D, -,t). By Aut(D,,F) we
denote the automorphism group of a g-dimonoid (D, H,+).

A g-dimonoid (D, ,}F) is said to be iso-dual if it is isomorphic to its
dual g-dimonoid (D, H, ).

The notion of an n-dinilpotent dimonoid was first introduced in [30]
(see also [34]). Let us recall below this and other necessary defini-
tions from [30]. An element 0 of a dimonoid (D, ,F) is called zero, if
dx0=0=0xdfor all d € D and * € {4,F}. A dimonoid (D, ,t)
with zero is called dinilpotent, if (D, ) and (D,}F) are nilpotent semi-
groups. A dinilpotent dimonoid (D, -, ) is called n-dinilpotent, if (D, )
and (D, ) are n-nilpotent semigroups. Replacing the word “dimonoid”
with “g-dimonoid” in the definitions of dinilpotent and n-dinilpotent di-
monoids, and relaxing the requirement of a single common zero 0 to
allow two (possibly distinct) zeros 04 and O, one for each component
semigroup, one obtains the definitions of dinilpotent and n-dinilpotent
g-dimonoids. We will give examples of 2-dinilpotent g-dimonoids in
Section 3.

For a g-dimonoid (D, ,F), if S and T denote the semigroups (D, )
and (D, ), respectively, then S | T stands for the g-dimonoid (D, ,+)

2. Inflations and g-dimonoids

In this section, we present a method for constructing g-dimonoids based
on the notion of inflations of semigroups.

Let r : S — T be a surjective map. A subset P C S is called a
transversal of r if P contains exactly one representative from each fiber
r=1(t), teT.
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Proposition 1. Let (S,-) be an inflation of a semigroup T with retrac-
tionr : S — T, and let P = {p, | t € T} C S be a transversal of r.
Define a binary operation x on S by

THY = Pr(z)r(y) T,y €S

Then (S,x) is a semigroup, and P is a subsemigroup of (S,x). Moreover,
the semigroup (S,x) is an inflation of P with retraction

p:S =P p(x) =Dy
and there exists an involutive isomorphism from (S,-) onto (S,*).

Proof. We first prove that the operation * is associative. Let x,y,z € S.
Then (2 * y) *x 2 = Py(auy)r(z)- Since 7(p) =t for each t € T', we have

r(xxy) = 1(Pr@)ry)) = T(@)r(Y).

Hence (:C * y) * Z = Pir(z)ry)r(z)- Similarly, XT * (y * Z) = Pr(z)(r(y)r(2))
Since multiplication in T is associative, it follows that

(T Y) * 2 = Pr@)r(y)r(z) = Pr@)(r(y)r(z) = T * (Y * 2).

Consequently, (S, ) is a semigroup.
Now let pg, p, € P. Since r(p;) =t and r(p,) = u,

Pt * Pu = Dr(pe)r(pu) = Ptu € P.

Hence P is closed under «, and therefore is a subsemigroup of (5, x).
The map p : § — P is surjective by definition of P. Moreover, for
every T € S,

p2<$) = p(p(.%')) = p(pr(x)) = pr(pr(z>) = DPr(z) = p(%)
Next, for all z,y € S,
p(.ili‘) * p(y) = Pr(z) *pr(y) = pr(pT(z))r(pT(y)) = Pr(z)r(y) = T*Y.

Thus p is a surjective idempotent map satisfying p(z) x p(y) = x * y
for all x,y € S. Therefore, (S, ) is an inflation of the subsemigroup P.

To complete the proof, we construct an involutive isomorphism from
(S,-) onto (S, *).
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Define a map ¢ : S — S by (t) = pt, ¥(p) =t for every t € T,
and 9 (z) = z for all remaining elements of S. Clearly, ¢ is an involutive
bijection in the sense that 1% = idg and r(y)(z)) = r(x) for every z € S.

Now let z,y € S. Since (5,-) is an inflation of T, it follows that
z-y=r(z)r(y) € T. Hence

@ZJ(iU ) y) = Pr(z)r(y) = Pr(v()) r(v(y) = w(ff) * ¢(y)

Therefore, 1 is an involutive isomorphism from (S, -) onto (5, *). O

We now pass to g-dimonoids.

Theorem 1. Let (S,-) be an inflation of a semigroup T with retraction
r:S =T, and let P = {p; | t € T} be an arbitrary transversal of r.
Define binary operations on S by

1y =y, T EY = Dr(ayr(y)-

Then (S,4,F) is a g-dimonoid whose component semigroups (S,-) and
(S,F) are isomorphic. Moreover, (S,,F) is iso-dual whenever (S,) is
commutative, and it is a dimonoid if and only if p; =t for all t € T3.

Proof. Since (S, ) coincides with the original semigroup (S, ), the ope-
ration - is associative. By Proposition 1, the operation I is associative
as well.

It remains to verify axioms (D;) and (D3). For arbitrary z,y,z € S,
we have (x 4y) 4z = (xy)z. Since S is an inflation of 7, it follows that
r(zy) = r(r(z)r(y)) = r(z)r(y), and therefore

(zy)z = r(zy)r(z) = (r(z)r(y))r(z).

On the other hand, z + (y I 2) = Z py(y)r(z). Since r(p;) =t for every
t € T, we obtain

TPr(y)r(z) = T(@) T(Pr(y)r(z)) = (@) (r(y)r(2)).
Since multiplication in T is associative, (r(z)r(y))r(z) = r(x)(r(y)r(z)).

Hence (z 4y) 4z =2 4 (y I 2), and axiom (D;) holds.
Next,

(zAy)F 2= (2Y) b 2 = Dray)r(z) = Plr(a)r(y)r(z)-
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Furthermore,

(Y F 2) =2 F Pry)rz) = Pr@) ripyyec) = Prr@y)r)-
Again, associativity of multiplication in T yields
(xdy)Fz=aF (yF 2).

Thus axiom (Ds3) also holds. Therefore, (S,,F) is a g-dimonoid whose
component semigroups (S, ) and (S,F) are isomorphic by Proposition 1.

Next, assume that (S, ) is commutative. By Proposition 1, there
exists an involutive isomorphism ¢ : S — S from (S,-) onto (S,F).
Hence (S,F) is also commutative. Therefore,

Yz Hy) =v(@) FYly) = v(y) - o(z) = () 44 P(y).

Taking into account that v is involutive in the sense that ¢? = idg,
we conclude that

why =) F () = () F49y)).

Applying 9 to both sides yields

Pz y) =) 4 v(y) = b(y) 4 o) = @) F ().

Therefore, 1 is an isomorphism from (S,,F) onto its dual g-dimo-
noid (S, ,F)%, and hence (S,,F) is iso-dual.

Finally, we determine when axiom (D3) holds. We have

(x H y) A1z = Pr(z)yr(y) # = r(pr(x)r(y)) 7’(2’) = (r(a:)r(y))r(z),

where the second equality follows from the defining property of an infla-
tion. On the other hand,

zH(y 42) = Prayryz) = Priyr(yz) = Pr@)(r(y)r(=) = Plr(@)r)r(z)-

Therefore, axiom (Dj) is equivalent to t = p; for every element
t = (r(x)r(y))r(z). Since r is surjective, this is equivalent to p; = ¢
for all t € T3. Hence (S, ,) is a dimonoid if and only if p; = ¢ for all
te T3 O

The next proposition provides a criterion for two g-dimonoids arising
from different transversals to be isomorphic.
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Proposition 2. Let P = {p; | t € T} and Q = {¢ | t € T} be
two transversals of an inflation (S,-) of a semigroup T with retraction
r: S = T. Let (S,4,Fp) and (S,4,Fq) be the g-dimonoids obtained
from P and @, respectively, by the construction of Theorem 1. Then
(S,4,Fp) = (S,4,Fq) if and only if there exists an automorphism 1 of
the semigroup (S, ) such that

Y(Dr@)r(y) = Crw(@) rww)
forallxz,y € S.

Proof. Suppose that ¢ : S — S is an isomorphism from (S,,Fp) to
(S,4,Fq@). Since x 4y = zy in both (S,H,Fp) and (S, ,+Fq), it follows
that ¢ is an automorphism of the semigroup (S, -).

Furthermore,

Y(zbpy) =v() b ¥(y)
for all z,y € S. By the definitions of -p and ¢, this is equivalent to

V(Pr(2)r(y)) = Dr(@)) r(v(y))

for all z,y € S.
Conversely, suppose that 1 is an automorphism of the semigroup
(S, -) satisfying
(Preyrw) = Crwe) rwm)
for all z,y € S.
Since % is an automorphism of (.5, -) and

V(@ tpy) = V(Pr@)iry) = Crw@) rww) = @) Fo (),

it follows that ¢ is an isomorphism of g-dimonoids (S,,Fp) and
(S,4,Fqg). This completes the proof. O

Corollary 1. Under the assumptions of Proposition 2, assume in addi-
tion that every automorphism 1 of the semigroup (S,-) commutes with
the retraction r, that is, r o) =1 or. Then the g-dimonoids (S,,+p)
and (S,,Fq) are isomorphic if and only if there exists an automorphism
Y of the semigroup (S,-) such that Y (p;) = qyq) for every t € T2,

Proof. By Proposition 2, the g-dimonoids (5, H,p) and (S,,Fg) are
isomorphic if and only if there exists an automorphism v of (S,-) satis-
fying

(Pr(eyr()) = dr(pe) rwm)



22 ON CERTAIN CLASSES OF COMMUTATIVE ¢g-DIMONOIDS

for all z,y € S.
Since 1 commutes with the retraction r and 1 is a semigroup auto-
morphism,

and hence
w(pr(z)r(y)) = Qy(r(z)r(y))

for all z,y € S.
Since every element of T2 can be written as 7(x)r(y) for suitable

z,y € S, the latter condition is equivalent to ¥(p;) = qy) for every
teT? O

3. Some classes of 2-dinilpotent commutative g-dimonoids

In this section, we construct several classes of 2-dinilpotent commutative
g-dimonoids and investigate the isomorphism problem for g-dimonoids
in these classes.

Proposition 3. Let D be a set with |D| > 3, and let a,b,04 € D and
a,c,0- € D be pairwise distinct within each triple. Define two binary
operations - and - on D by

b ) = = ] = =
x_|y:{? Zf$ y a? and C(,"_y:{c’ fo y a’?

04 otherwise O~ otherwise.

Then (D,,F) is a 2-dinilpotent commutative g-dimonoid. Moreover, it
s a dimonoid if and only if 04 = Or.

Proof. Both operations are clearly commutative.
Since b # a and 04 # a, we have

(zdy)dz=03=24(y2)

for all z,y,z € D. Hence  is associative.
Similarly, since ¢ # a and O # a, we obtain

(xkFy)kFz=0-=2at (y+2)

for all z,y,z € D. Thus | is associative.
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It follows that every triple product in (D, ) equals 04, and every
triple product in (D,F) equals O-. Hence both component semigroups
are 2-nilpotent, and therefore (D, ,F) is a 2-dinilpotent g-dimonoid.

Furthermore, since x 4y € {b,04}, ytF z € {¢,0-}, and none of the
elements b, 04, ¢, and O equals a, we obtain

(rdy)dz=03=24(yFz) and (zdy)kz=0=at (yF 2).

Hence axioms (D7) and (Ds3) hold.

Finally, since z - y € {¢,0-} and neither ¢ nor 0- equals a, it fol-
lows that (x - y) 4 2z = 04 for all z,y,2z € D. On the other hand,
y 14 z € {b,04} and neither b nor 0 equals a, whence z F (y - z) = O
for all z,y,z € D. Therefore, axiom (D3) holds if and only if 04 = 0.
Consequently, (D, ,F) is a dimonoid if and only if 04 = 0. O

The following proposition provides a criterion for the isomorphism of
g-dimonoids defined above.

Proposition 4. For each i € {1,2}, let D; be a set with |D;| > 3, let
a;, b, 044 € D; and a;, ¢;,0r; € D; be pairwise distinct within each triple,
and let (D;, i, ;) be the g-dimonoid defined by

b; ife=vy=aq Ci ifr=vy=a;
x#y:{z, fr=y=a, xhy:{z, fr=y=a,

04, otherwise Or; otherwise.

Then (D1,-1,1) = (D, 2,2) if and only if there exists a bijection
Y : Dy — Do such that

Y(ar) = az, Y(b1) = ba, ¥(c1) = c2, ¥(0471) =042, (0 1) = O .

Proof. Suppose that ¢ : D1 — Dy is an isomorphism from (D7, 1,F1) to
(D2, 2,t2). Then 1) is simultaneously an isomorphism of the semigroups
(D1,1) and (D3, ), and of (Di,F1) and (Ds,F2). Hence it preserves
their zeros, that is, 1(0-1) = 042 and (0 1) = O 2.

Since a; - a1 = by, we obtain ¥ (ay) H2 ¥(a1) = ¢(b1). Taking into
account that ¢(04 ) = 02 and by # 01, we conclude that ¢ (b1) # 0 2.
Hence ¥(a1) = ag, since ag is the unique element x € Ds such that
x 42 & # 045. Consequently, ¥(b1) = be. Similarly, 1 (c1) = ca.

Conversely, let ¢ : D; — Dy be a bijection satisfying

P(a1) = ag, Y(b1) = ba, P(c1) = c2, ¥(041) =042, Y(0-1) = O 2.
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If (2,4) = (ar, a1), then
Y(x H y) =v(b) = b2 =az %2 a2 = ¥(x) B2 ¥(y).
If (2,y) # (ar, a1), then
Yz A y) = ¥(041) = 042 = ¥(x) f2 P(y).

Hence 1 preserves <. The verification that 1 preserves F is analogous.
Therefore, 7 is an isomorphism. O

Corollary 2. Let (D,,F) be the g-dimonoid defined in Proposition 3.
Then (D,,t) is iso-dual if and only if

b=0 < c=04.

Proof. Since (D,H,F) is commutative, its dual g-dimonoid (D, H,F)? is
given by
4y =zt vy, sty =24y.

Hence

vy — c, ifx:g{:a, and zHdy = b, ifx:y:a,
O otherwise 04 otherwise.

Applying Proposition 4 to (D,,F) and (D,H,F)¢, we conclude that
(D,,F) is iso-dual if and only if there exists a bijection ¢ : D — D
satisfying

@/J(a) = a, ZZJ(b) =C, ZZJ(C) = b, @/1(0_1) = 0|_, ’lb(0|_) = 0_|.

Since a, b, 04 are pairwise distinct, and a, ¢, 0- are pairwise distinct,
we have

a#b7 CL#C, a#047 CL#OF, b#047 C#OF‘

Moreover, the equalities b = ¢ and 04 = 0~ do not cause any inconsis-
tency, since in either case the prescribed images coincide. Thus the only
possible incompatibility occurs when exactly one of the equalities b = O
and ¢ = 04 holds. Therefore, the above conditions define a bijection on
the distinguished elements if and only if

b=0 < c=04.

Such a bijection extends arbitrarily to a bijection of D, completing the
proof. O
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The following proposition was proved in [13].

Proposition 5. Let (D, ) be a null semigroup with zero 0 and (D,F) be
an arbitrary semigroup. An algebraic structure (D,,F) is a g-dimonoid
if and only if e Fyt2=0F 2 for all x,y,z € D.

Proposition 6. Let D be a set with |D| > 3, and let a,c,0- € D be
pairwise distinct. Let (D,-) be a null semigroup with zero 04, where
04 # a, and define the binary operation = on D by

- ¢, ifr=y=a,
€T =
Y O~ otherwise.

Then (D,H,F) is a 2-dinilpotent commutative g-dimonoid. Moreover, it
is a dimonoid if and only if 04 = Or.

Proof. The operation I is clearly associative and commutative. Since
¢ # a and 04 # a, we have

(rFy)Fz=0-=04Fz

for all z,y,z € D. Hence, by Proposition 5, (D,,F) is a commutative
g-dimonoid.

Moreover, (D, ) is 1-nilpotent, and (D, F) is 2-nilpotent since every
triple product in (D, F) equals O-. Therefore, (D, ,F) is a 2-dinilpotent
commutative g-dimonoid.

Finally, since (D, ) is a null semigroup,

(xFy)-z=0q4
for all x,y,z € D. Moreover,
xbk(y-dz)=xF04=0

because 04 # a. Therefore, axiom (D3) holds if and only if 04 = 0.
Consequently, (D, ,F) is a dimonoid if and only if 04 = 0. O

The proof of the following proposition is analogous to that of Propo-
sition 4 and is therefore omitted.

Proposition 7. For each i € {1,2}, let D; be a set with |D;| > 3, let
a;, ¢i, O € Dj be pairwise distinct, let (D;, ;) be a null semigroup with
zero 04; # a;, and define the binary operation =; on D; by

- Ci, Zf T =Y = a,
rriy= .
’ Or; otherwise.
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Then (D1,-1,1) = (D, 2,2) if and only if there exists a bijection
¥ : D1 — Do such that

Y(a1) = az, YP(e1) =c2, P(041) =042, P(0-1) =04 2.

4. Commutative g-dimonoids of order 3

In this section, we focus on describing, up to isomorphism, all commu-
tative g-dimonoids of order 3.

Among the 19683 possible binary operations on a three-element set
S, precisely 113 are associative. In other words, there exist exactly 113
distinct three-element semigroups. However, many of these semigroups
are isomorphic, and as a result, there are essentially only 24 pairwise
nonisomorphic semigroups of order 3, see [4,5]. Among these 24 pair-
wise nonisomorphic semigroups of order 3, there are 12 commutative
semigroups.

Lists of all pairwise nonisomorphic commutative semigroups of or-
der 3 and their automorphism groups are presented in Table 1.1 taken
from [4]. In this table, the notation ST denotes a monoid obtained from
S by adjoining the extra identity 1 (whether or not S is a monoid), and
S0 denotes a semigroup obtained from S by adjoining the extra zero 0
(regardless of whether S has a zero). The notation M stands for the
semigroup obtained from a monoid M with identity 1 by adjoining an
extra element 1 by putting 1 *m = m 1 = m for all m € M and
1% 1 = 1. The notation M, ,, refers to a finite monogenic semigroup of
index r and period m, L,, denotes the linear semilattice {0,1,...,n—1}
of order n endowed with the operation of minimum, C), stands for the
cyclic group of n-th roots of 1, and O] denotes the semigroup of order n
with zero in which exactly m nonzero elements are idempotents, and all
other products are equal to zero. More details about these semigroups
can be found in [5].

S | Cs| 03| Mgy | CF' | C) | Mgy | O3 |03 | Ls | C5F° | 03 | OF
An@S) |GG a o lalalalalalalala

Table 1.1: Nonisomorphic commutative 3-element semigroups and their
automorphism groups

The following theorem, established in [9], provides a complete classi-
fication of all pairwise nonisomorphic commutative dimonoids of order 3.
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Theorem 2. Up to isomorphism, there exist 14 three-element commu-
tative dimonoids: 12 trivial dimonoids and a pair of mutually dual non-
trivial dimonoids, namely M3 1 § O3 and O3 [ M3 1.

In [13], computer-assisted calculations established that there are 22
pairwise nonisomorphic commutative g-dimonoids of order 3. In view of
Theorem 2, it follows that exactly 8 pairwise nonisomorphic commutative
g-dimonoids of order 3 are not dimonoids. In what follows, we construct
all eight of these g-dimonoids as an application of the results established
in Sections 2 and 3.

The first two commutative g-dimonoids are described using the fol-
lowing theorem, established in [13].

Theorem 3. Let S be a set, and 0 € S, z € S. An algebraic struc-
ture Ogo § Og= = (S,4,F), where (S,4) and (S,F) are null semigroups
with zeros 0 and z, respectively, is an iso-dual commutative g-dimonoid.
Moreover, if 0 # z, the g-dimonoid Ogo § Og= is not a dimonoid.

Commutative g-dimonoid #1. Let S = {0,1,2}. According to
Theorem 3, an algebraic structure Ogo { Ogq1 = (S,,F), where (S, )
and (S,F) are null semigroups with zeros 0 and 1, respectively, is an
iso-dual commutative g-dimonoid of order 3, which is not a dimonoid.

Commutative g-dimonoid #2. Let S = {0,1,2}, and let D = {1, 2}.
If (D,H,F) is a g-dimonoid, then the algebraic structure (D, ,+)*0 ob-
tained from D by adjoining an extra zero 0 ¢ D, defined by

04d=d40=0=0Fd=dF0 forallde DuU{0},

is a g-dimonoid as well, see [13]. By Theorem 3, the algebraic structure
Op1 §Op2 = (D,H,F), where (D, ) and (D, ) are null semigroups with
zeros 1 and 2, respectively, is an iso-dual commutative g-dimonoid of
order 2 that is not a dimonoid. Consequently, adjoining the extra zero 0
yields the three-element algebraic structure (Op1 § Op2) ™0, which is also
an iso-dual commutative g-dimonoid but not a dimonoid.

The next three g-dimonoids are obtained by applying the inflation
construction developed in Section 2.
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Commutative g-dimonoid #3. Let S = {0,1,2} be the semigroup
given by the following Cayley table:

which is an inflation of the cyclic subgroup 7' = {0,2} with retraction
r(0) =7r(1) =0, r(2) =2.

The semigroup (S, -) is isomorphic to C’2i from Table 1.1.
Choose the transversal P = {1,2}, that is, pp = 1 and ps = 2. By
Theorem 1, the operations
z Ay =y, rhy:= Pr(z)r(y)
yield the g-dimonoid given by the following Cayley tables:

Since T3 = T and py # 0, Theorem 1 implies that this g-dimonoid is
not a dimonoid. On the other hand, as (S5, ) is commutative, the same
theorem shows that it is iso-dual.

Consider also the canonical transversal ) = {0,2}, where ¢y = 0 and
g2 = 2. By Theorem 1, this transversal yields the trivial dimonoid S.
The semigroup (5, -) has only the identity automorphism (see Table 1.1),
which clearly commutes with the retraction r. Therefore, we may apply
Corollary 1. However, the identity automorphism ) does not satisfy the
condition. Indeed,

Y(po) =po = 1% 0= qo = qy(0)-
Hence, by Corollary 1, the g-dimonoids determined by the transver-
sals P = {1,2} and @ = {0, 2} are not isomorphic.

Commutative g-dimonoid #4. Let S = {0,1,2} be the semigroup
given by the following Cayley table:
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which is an inflation of the cyclic subgroup T' = {0, 1} with retraction
r(0) =0, r(1) =r(2) =1.

The semigroup (S, -) is monogenic of index 2 and period 2 generated by
the element 2.

Choose the transversal P = {0,2}, that is, pp = 0 and p; = 2. By
Theorem 1, the operations

zHy:=xy, rhy:= Pr(z)r(y)

yield the g-dimonoid given by the following Cayley tables:

Since T3 = T and p; # 1, Theorem 1 implies that this g-dimonoid is
not a dimonoid. On the other hand, as (.S, H) is commutative, the same
theorem shows that it is iso-dual.

Consider also the canonical transversal @ = {0,1}, where ¢y = 0 and
q1 = 1. By Theorem 1, this transversal yields the trivial dimonoid S.
The semigroup (S, -) has only the identity automorphism (see Table 1.1),
which clearly commutes with the retraction r. Therefore, we may apply
Corollary 1. However, the identity automorphism 1 does not satisfy the
condition. Indeed,

Y(p1) =p1=2#1=q = qu)-

Hence, by Corollary 1, the g-dimonoids determined by the transver-
sals P ={0,2} and Q = {0,1} are not isomorphic.

Commutative g-dimonoid #5. Let S = {0,1,2} be the semigroup
given by the following Cayley table:

which is an inflation of the subsemigroup T' = {0, 2} with retraction

r(0) =r(1) =0, r(2) = 2.
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The semigroup (S, -) is isomorphic to O3 from Table 1.1.
Choose the transversal P = {1,2}, that is, pp = 1 and p; = 2. By
Theorem 1, the operations

zHy:=xy, rhy:= Pr(z)r(y)

yield the g-dimonoid given by the following Cayley tables:

Since T2 = T and pg # 0, Theorem 1 implies that this g-dimonoid is
not a dimonoid. On the other hand, as (.S, ) is commutative, the same
theorem shows that it is iso-dual.

Consider also the canonical transversal @ = {0,2}, where ¢p = 0 and
g2 = 2. By Theorem 1, this transversal yields the trivial dimonoid S. The
semigroup (5, -) has only the identity automorphism v (see Table 1.1),
which clearly commutes with the retraction r. Therefore, we may apply
Corollary 1. However,

Y(po) =po =1%# 0= qo = qy(0)-

Hence the condition of Corollary 1 is not satisfied. Consequently, the
g-dimonoids determined by the transversals P = {1,2} and Q = {0,2}
are not isomorphic.

The remaining three g-dimonoids are obtained by applying the con-
structions developed in Section 3.

Commutative g-dimonoid #6. Let S = {0,1,2} be the semigroup
given by the following Cayley table:

The semigroup (.5, ) is monogenic of index 3 and period 1 generated by
the element 2.

The multiplication of S is of the form described in Proposition 3 with
a=2,b=1,and 04 =0.
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Since a, ¢, 0~ must be pairwise distinct, there are exactly two possi-
bilities:

(¢,00) =(1,0) or (c,00)=(0,1).

By Proposition 3, the first choice yields the trivial commutative di-
monoid (5,4, ), whereas the second choice yields a 2-dinilpotent com-
mutative g-dimonoid, which fails to be a dimonoid by Proposition 3, since
04 =0%# 1 =0-. The latter is given by the following Cayley tables:

The above g-dimonoid is iso-dual by Corollary 2, since

b=1=0- <= ¢=0=04.

Commutative g-dimonoids #7 and #8. Let S = {0, 1,2} be the null
semigroup with zero 0. We construct commutative g-dimonoids using
Proposition 6.

Since a # 04 = 0, there are two possible choices for the distinguished
element a, namely a =2 or a = 1.

We first consider the case a = 2.

Since a, ¢, 0- must be pairwise distinct, there are exactly two possi-
bilities:

(c,0-) = (1,0) or (c,0-)=1(0,1).

The first choice yields the commutative dimonoid isomorphic to
O3 § M3 1, whereas by Proposition 6 the second choice yields a 2-dinilpo-
tent commutative g-dimonoid given by the following Cayley tables:

Its dual g-dimonoid has Cayley tables
_|d
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Thus, we obtain a pair of dual commutative g-dimonoids that are not
isomorphic. Moreover, by Proposition 6, neither of them is a dimonoid.

Now consider the second possibility ¢ = 1. Since a,c¢, O~ must be
pairwise distinct, we obtain the commutative dimonoid isomorphic to
O3 [ M3 and the 2-dinilpotent commutative g-dimonoid given by the
following Cayley tables:

By Proposition 7, the latter g-dimonoid is isomorphic, via the trans-
position ¥ = (12), to the commutative g-dimonoid, which is not a di-
monoid, obtained above for a = 2. Consequently, the two choices of a
determine the same isomorphism class of commutative g-dimonoids that
are not dimonoids.
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