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On some non-nilpotent Leibniz algebras of
dimension 3 and their automorphism groups

Leonid A. Kurdachenko, Oleksandr O. Pypka,
and Igor Ya. Subbotin

ABSTRACT. Let L be an algebra over a field F' with the binary
operations + and [,]. Then L is called a (left) Leibniz algebra if it
satisfies the (left) Leibniz identity: [a, [b,c]] = [[a,b], ] + [b, [a, c]]
for all a,b,c € L. A linear transformation f of L is called an endo-
morphism of L if f([a,b]) = [f(a), f(b)] for all a,b € L. A bijective
endomorphism of L is called an automorphism of L. The main
goal of this article is to describe the structure of automorphism
groups of certain types of non-nilpotent three-dimensional Leibniz
algebras over an arbitrary field F'.

Introduction

Let L be an algebra over a field F' with binary operations + and [,].
We say that L is a (left) Leibniz algebra if it satisfies the (left) Leibniz
identity

[a, [b, c]] = [[a, b], c] + [b, [a, c]]

for all elements a,b,c € L [2]. The term “Leibniz algebra” first appeared
in the book [14] and in the article [15]. The modern theory of Leibniz
algebras includes numerous results concerning their structure, classifi-
cation, and properties; these results can be found, for instance, in the
books [1] and [10].

We recall that Leibniz algebras form a broad generalization of Lie al-
gebras. On the other hand, if L is a Leibniz algebra such that [a,a] =0
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for every element a € L, then L is a Lie algebra. Equivalently, Lie
algebras can be characterized as anticommutative Leibniz algebras. Al-
though many results for Lie algebras have analogues in the theory of
Leibniz algebras, there are also substantial differences between these two
classes of non-associative algebras; see, for example, the survey artic-
les [3, 4, 12, 17].

Let f be a linear transformation of a Leibniz algebra L. The map f
is called an endomorphism of L if f([a,b]) = [f(a), f(b)] for all elements
a,b € L. A bijective endomorphism of L is called an automorphism of L.
It is well known that the set Aut[)(L) of all automorphisms of L forms
a group under composition; see, for example, [9].

Describing the automorphism groups of algebraic structures is a fun-
damental and important problem in algebra, and Leibniz algebras are no
exception. It is natural to begin with Leibniz algebras whose structure
is already well understood. The first such class consists of one-generated
Leibniz algebras. The automorphism groups of infinite-dimensional one-
generated Leibniz algebras were described in [13], while the finite-dimen-
sional case was considered in [9].

The next natural step is to consider low-dimensional Leibniz algebras.
The case of dimension 2 is rather simple. Up to isomorphism, there are
only two non-Lie Leibniz algebras of dimension 2 (see [4]); only non-zero
products are displayed:

o Leij(2,F)=Fay @ Faa, [a1,a1] = ag;
o Leix(2,F)=Fai ® Fay, [a1,a1] = [a1,a2] = as.

The automorphism groups of these Leibniz algebras were described in
the paper [11].

The situation for three-dimensional Leibniz algebras is considerably
more complicated. The most comprehensive description of such algeb-
ras over arbitrary fields can be found in [8]. Below we list the three-
dimensional Leibniz algebras of the form Fa; & Fas @ Fas whose auto-
morphism groups have already been determined. Only non-zero products
are displayed:

o Leii(3,F) [a1,a1] = a2, |a1,a2] =as [l1];

o Leix(3,F): [a1,a1] =ag [l1];

o Leis(3,F): [a1,a1] = [a1,a2] =ag [6];

o Leiy(3,F) [a1,a1] = a3, |a2,a2] = Xaz, A#0 [7];
o Leis(3, F) [a1,a1] = a3, [a1,a2] = as+ Aag [5];
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° L6i6(3,F) H [al,al] = [ag,al] = as [16].

In this paper, we extend our investigation to several further types of
three-dimensional Leibniz algebras.

1. Preliminaries and remarks

We recall some necessary definitions.

Let L be a Leibniz algebra over a field F. The algebra L is called
abelian if [a,b] = 0 for all a,b € L. If A and B are subspaces of L, then
[A, B] denotes the subspace generated by all products [a, b], where a € A
and b € B.

A subspace S of L is called a subalgebra of L if [a,b] € S for all
a,bes.

A subalgebra I of L is called a left ideal of L if [b,a] € I for all a € T
and b € L. Similarly, [ is called a right ideal of L if [a,b] € I for alla € I
and b € L. A subalgebra I of L is called an ideal of L if it is both a left
and a right ideal.

Denote by Leib(L) the subspace generated by all elements [a,al,
where a € L. It is easy to verify that Leib(L) is an ideal of L. This
ideal is called the Leibniz kernel of L.

The left center ¢'*(L) and the right center (*'8"(L) of L are defined
as follows:

¢*™(L) ={a € L|[a,b =0 for each b € L},

¢"eh (1) = {a € L | [b,a] = 0 for each b € L}.
We observe that the left center of L is an ideal, whereas this is not
necessarily true for the right center. The right center is a subalgebra of

L; in general, the left and right centers are distinct.
The center (L) of L is defined as follows:

((L)y={a€L]|][a,b =0=][b,a] for each b € L}.

The center is an ideal of L.
The lower central series of L is defined by

L=y(L)=2(L) >...7(L) 2 Ya+1(L) = ... 77 (L),

where v1(L) = L, y2(L) = [L, L], Ya+1(L) = [L,va(L)] for all ordinals «,
and

W) = () (L)

p<A
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for every limit ordinal A\. We say that L is nilpotent if there exists a
positive integer k such that (L) = (0).

Let L be a Leibniz algebra over a field F', let A be a subalgebra of L,
and let G = Autj(L). We put

Ca(A) ={a € G| a(zx) =x for every x € A}.

Let L be a non-nilpotent three-dimensional Leibniz algebra. As usual,
we assume that L is not a Lie algebra, so that Leib(L) is nonzero. Thus,
there are two possible cases: dimp(Leib(L)) = 2 or dimp(Leib(L)) = 1.

Consider the first case. Let K = Leib(L). Since L is not a Lie algebra,
there exists an element aq such that [a1,a1] = a3 # 0. By the structure
of two-dimensional Leibniz algebras, either [a1,a3] = [a3,a1] = 0, or one
can choose an element a; such that [a3,a;] = 0 and [a1, a3] = az. Put
Ay = Fay @ Fas. The case in which the subalgebra A is nilpotent was
studied in [5]. We now suppose that the subalgebra A; is non-nilpotent,
that is, [a3,a1] = 0 and [a1, a3] = as.

Since the subalgebra K is abelian of dimension 2, we have K =
Fas @ Fb for some element b. It is not hard to see that the subalgebra
(ag) is an ideal of K. Since an abelian Leibniz algebra is a Lie algeb-
ra, the assumption that the factor algebra L/Fas is abelian leads to a
contradiction with the equality Leib(L) = Fas & Fb. Hence, the factor
algebra L/Fag is non-abelian. Therefore, L/Fas has a coset ¢ + Fas
such that (¢, Fag) = Leib(L) and

[a1 + Fas,c+ Fas] = c+ Fas.
Put ¢ = ag. Then [a1,a2] = ay + Aag for some scalar A € F. Since
ay € Leib(L), we have [ag,a;] = 0.

If A =0, then the subalgebra Fas is an ideal of L, and we obtain the
following type of Leibniz algebras:

Lei7(3,F) = Fay; ® Fay @ Fag, where
la1,a1] = [a1,a3] = a3, (a1, a2] = a,
lag, a1] = [az, az] = [a2,a3] = [a3,a1] = [a3, a2] = [a3,a3] = 0.

In other words, Lei7(3,F) = L is the sum of the ideal Ay = Fay and
the non-nilpotent one-generated Leibniz algebra Ay = Fai; & Fas of
dimension 2. Moreover,

[A1, Ay] = Ay, Leib(L) = Fas @ Fas = [L, L] = ¢**(L),
¢UE(L) = (L) = (0).



L. A. KURDACHENKO, O. O. PypkaA, I. YA. SUBBOTIN 223

If A # 0, then we obtain the following type of Leibniz algebras:

Leig(3, F) = Fay; ® Fay @ Fag, where
la1,a1] = [a1,a3] = a3, [a1,a2] = az + Aa3, 0#AEF,
[az, a1] = [ag, as] = [az, a3] = [a3, a1] = [as, a2] = [a3, a3] = 0.

In other words, Leig(3, F') = L is the sum of the ideal Leib(L) = Fas @
Fag and the non-nilpotent one-generated Leibniz algebra A; = Fa1®Fas
of dimension 2. Moreover,

[A1, Leib(L)] = Leib(L), Leib(L)=[L,L] = Cleft(L),

¢"EM(L) = ¢(L) = (0).

In the next section, we discuss the structure of the automorphism
groups of these Leibniz algebras.

2. The automorphism groups of Leir(3, F') and Leig(3, F')
Denote by = the canonical monomorphism of Aut(j(L) in M3(F').

Theorem 1. Let G be an automorphism group of the Leibniz algebra
Leiz (3, F). Then G is isomorphic to a subgroup of GL3(F') that consists
of matrices of the form:

1 0 0
ay P2 o ,
az Pz 1+as

a9, as, B2, B3 € F. Furthermore, G is isomorphic to the group GLa(F).
Moreover, it is a product of two subgroups C; = Cg(ay), Co = Cg(ag),
and Z(C1) is the set of matrices of the form

1 0 0
0 ﬁQ 0 ;
0 ps 1

Bo, B3 € F, and Z(Cy) is the set of matrices of the form

1 0 0
a9 1 a9 y
as 0 14 as
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ag,a3 € F. A subgroup Ci is a semidirect product of a normal sub-
group Cs, which is isomorphic to the additive group of a field F', and a
subgroup Cy, which is isomorphic to the multiplicative group of a field
F; a subgroup Co is a semidirect product of a normal subgroup, which
s isomorphic to the additive group of a field F', and a subgroup that is
isomorphic to the multiplicative group of a field F'.

Proof. Let L = Leiz(3,F) and let f € Aut[j(L). By [9, Lemma 2.1],
f([L,L]) = [L, L], so that

fla1) = a1 + azag + asas,
f(a2) = Baaz + Baas,
f(az) = 202 + y30a3.

Then

flaz) = f(lar, a1]) = [f(a1), f(a1)]
= [a1a1 + azaz + azaz, ara; + azaz + azas]
= a?[ay, a1] + cranlay, as] + ajaslay, as)
= a%ag + ajagag + ajasas
= qioag + (oz% + ayaz)as,
flas) = f([ar, a3]) = [f(ar), f(as3)]
= [a1a1 + azaz + azaz, y2a2 + Y3a3]
= a1elar, az] + a1ysfas, as]
= a17202 + a17y3a3,
flaz) = f(la1, a2]) = [f(a1), f(az)]
= [ana1 + azas + azas, fraz + B3a3]
= a1f2(ay, az] + a1f3la1, as]

= a1 f2a2 + a1 53a3.

Thus, we can see that

2
ajopar + (af + cqasz)as = agyeaz + y3as = Y202 + Y303,
a1 fB2a2 + a1 fzaz = Paaz + B3as.

It follows that

2
a1 = 012 = Y2, O + 13 = 173 =73, a1f2 = B2, a1f3 = [3.
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If we suppose that oy = 0, then f(a;) € Fag @ Fas. Since we
have f(a2), f(as) € Fas @ Fag, then f(L) < Fay @ Fas — in particular,
f(L) # L — and we obtain a contradiction with the fact that f is an
automorphism of L. Hence, a; # 0. It follows that as = 7s.

If we suppose that both 82 = 72 = 0, then f(a2) € Faz and f(a3) €
Fas, so that f([L,L]) < Fag. On the other hand, dimp([L, L]) = 2, and
we, again, obtain a contradiction with the fact that f is an automorphism
of L. Hence, (B2,72) # (0,0). It follows that a1 = 1 and then 14+ a3 = ~3.

Denote by = the canonical monomorphism of Aut(j(L) in M3(F').
Then Z(f) is the following matrix:

1 0 0
az P2 ;
ag B3 1+ as

a2, (g, 62753 € F.
Conversely, let f be a linear transformation of L, having in a basis
{a1,a9,a3} the matrix above. Let x,y be the arbitrary elements of L,

xr = §1a1 +&202 +E&3a3, Yy = nia1 +1n2az +n3a3, where &1, 82,83, m1,1m2, 13 €
F'. Then

[z, y] = [§1a1 + Eaaa + E3a3, may + 202 + n303]
= &imlar, ar] + &imelar, as] + Eumsar, as]
= {1maz + §1m2a2 + 11303
= &1meaz + (§1m + &1nz)as = Einzag + &1(m + n3)as,
f(z) = f(§1a1 + 202 + E3a3) = &1 f(ar) + &af(a2) + &3 f(as)
= &1(a1 + agaz + azaz) + §2(Braz + F3a3) + E3(azaz + (1 + as)as)
=&a1 + (§&rao + &fr + E3an)as + (§1az + &8 + &3 + §3a3)as,
f(y) = mar + (mog + n2f2 + n3a2)as + (niaz + 1283 + 13 + n3a3)as.

Therefore,

f([z,y]) = f(&amaz + & (m +m3)as) = &z f(az) + &i(m + n3) f(as)
= &1ma(Baaz + B3a3) + &1 (m + n3)(azaz + (1 + az)az)
= (&1m2P2 + &1(m + m3)az)as + (§1m2f3 + &1(m +n3) (1 + a3))as,
[f(x), f(v)]
= [§1a1 + (§1a2 + §202 + E3an)az + (§1a3 + &283 + &3 + §303)as,
mai + (mas + 0262 + m3az)as + (Mas + 0283 + 13 + n3as)as)
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= &imlar, a1] + & (mag + m282 + n3az)[a1, az]
+&1(mag + n2f3 + 13 + n3as) a1, a3
= &imaz + E1(mag +n2f2 + nzaz)az + 1 (mas + n2Ps + 13+ n303)az
= {1(mag + n2B2 + nzaz)ag + §1(n + mas + m2B3 + 13 + n3asz)as.

We can see that f([z,y]) = [f(z), f(y)]. It follows that a linear transfor-
mation f having in a basis {a1, as,as} the above matrix is an automor-
phism of a Leibniz algebra.

Denote by ® the mapping of Z(G) in GLy(F') defined by the rule:

1 0 0 3 o
a9 52 Qa9 —>( 2 2 >

1
o5 By 1+ as B3 1+ as
We have:
1 0 0 1 0 0
az P2 Yo K2 o Y2 =
az B3 1+as v3 k3 1473
1 0 0
a2 + B2y2 + 0273 B2r2 + azks3 Bav2 + a2(1 4 73)
as + Bsyve + (1 +as)ys Pske+ (1 +az)ks  Bsya+ (1+as)(1+73)

and

B2 Qa2 R2 72
Bz 1+as k3 1473

_ < Baka + aak3 Boya + az(1 + 73) )
Bakg + (14 az)ks Bzye+ (14+a3)(1+73) )

These equalities show that a mapping ® is a homomorphism. Clearly,
Ker(®) consists only of the identity matrix. Finally, let

< o1 o1 )
o21 022
be the arbitrary element of GLa(F). Consider the matrix

1 0 0
012 011 012
o —1 o091 09
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This matrix is a preimage of the matrix above by the mapping ®. More-
over, both these matrices have the same determinants. It follows that
the last matrix belongs to Z(G), so that a mapping ® is an isomorphism.

Let C; = Cg(ay), Cy = Cg(az). Then Z(C1) is the set of matrices of
the form

1 0 O
0 /82 0 )
0 B 1
B2, B3 € F, and Z(Cy) is the set of matrices of the form
1 0 0
(65)] 1 a9 5
az 0 14 ag
ag, a3 € F. We have:
1 0 0 1 0 O 1 0 0
oy 1 092 0 kKo O = 092 K9 + 092K3 092
o3 0 1+o03 0 kg 1 o3 (1+03)I€3 1+ 03
If
1 0 0
az P2
a3 ,83 1+ a3

(1]

is an arbitrary matrix of Z(G), then we obtain

1 0 0 1 0 0 1 0 0
a9 52 a9 = (o] 1 g2 0 K2 0 s
as B3 1+as o3 0 1+ 03 0 k3 1

where 09 = ag, 03 = a3, k3 = [f3(1 + ag)_l, Ko = [y — agf3(1 + 043)_1.
Thus, we can see that a group G is a product of the subgroups C; and Cs.

Furthermore, a subgroup C7 has a normal subgroup Cs such that
=(C3) is the subset of matrices of the form

1 0 0
01 0|,
0 B 1

which is isomorphic to the additive group of a field F', and a subgroup
Cy such that Z(Cy) is the subset of matrices of the form

1 0 0

0/8207
0 0 1
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which is isomorphic to the multiplicative group of a field F. Moreover,
(' is clearly a semidirect product of C3 and Cj.
Now, consider the group =(C3). It is the set of matrices of the form

1 0 0
a9 1 a9 y
as 0 14 as

ag, a3 € F. Denote by ® the mapping of =Z(Cy) in GLy(F') defined by

the rule:

1 0 0

ay 1 (6% — < 1 o2 ) .

as 0 1+4asg 0 1+as
We have:

1 0 0 1 0 0

a1 o Y 1 7

as 0 14+ as v3 0 1473

1 0 0
= az+vy2+azys 1 ’72+042(1+’Y3)

as + (1 + 053)’}/3 0 (1 + ag)(l + ’73)

and

I L 7 (1 rta(lts)

0 1+as 0 1413 0 (I+a3)(l+9s) /-
These equalities show that a mapping ® is a homomorphism. Clearly,
Ker(®) consists only of identity matrix. Finally, let

1 o2
0 o9
be the arbitrary element of GLa(F). Consider the matrix

1 0 O

012 1 o012
0‘22—1 0 g929

This matrix is a preimage of the matrix above by ®. Moreover, both
these matrices have the same determinants. The last matrix belongs to
=Z(G), so a mapping @ is an isomorphism.
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In turn, clearly Z(Cs) is a semidirect product of a normal subgroup
that consists of matrices of the form

1 o012
0 1 ’

(i.e., a subgroup UT,(F')) that is isomorphic to the additive group of a
field F' and a subgroup that consists of matrices of the form

1 0
0 o099 )’
which is isomorphic to the multiplicative group of a field F. O

Theorem 2. Let G be an automorphism group of the Leibniz algebra
Leig(3,F). Then G is isomorphic to a subgroup of GL3(F') that consists
of matrices of the form

1 0 O
0 /61 0 )
Bi—1 [ B

B1, B2 € F. Furthermore, G is abelian, G = C x A such that Z(C) is the
set of matrices of the form

O O =
Q = O

0
01,
1

o € F, and Z(A) is the set of matrices of the form

1 00
0o B 0|,
g-1.0 8

B € F. A subgroup C is isomorphic to the additive group of a field F,
and a subgroup A is isomorphic to the multiplicative group of a field F'.

Proof. Let L = Leig(3,F) and let f € Aut[j(L). By [9, Lemma 2.1],
f([L,L]) = [L, L], so that

f(a1) = ara1 + avas + asas,

f(a2) = Baaz + Baas,

f(a3) = y2a2 + y3a3.



230 ON LEIBNIZ ALGEBRAS AND THEIR AUTOMORPHISM GROUPS

Then

flas) = f(la1, a1]) = [f(a1), f(a1)]
= [a1a1 + aoag + agas, ara + asgag + agas]
= a?lar, a1] + ayasfar, as] + arasfar, as]
= alaz + ajas(ag + Aaz) + ajazas
= ajagas + (af + Aajas + ajas)as,
flas) = f(la1, a3]) = [f(a1), f(a3)]
= [a1a1 + azaz + azaz, y2a2 + Y303]
= a172[a1, az] + aqyslar, as]
= a17e(ag + Aa3) + a1y3a3
= ar172a2 + (Aa1y2 + a1v3)as,
fla1, a2]) = [f(a1), f(az)] = [a1a1 + azaz + azas, Braz + Bsas]
= a12[a1, az] + a1f3lai, as]
= ai1f2(az + Aaz) + a1 83a3
= aifaz + (Aa1f2 + a133)as,
f(la1, a2]) = f(az + Aaz) = f(a2) + Af(as)
= Baag + B3az + A(y2a2 + y3a3)
= (B2 + Me)az + (B3 + My3)as.

Thus, we can see that

aranay + (02 4+ Aayan + ajas)as =
a1y202 + (Ao ye + 1y3)as = Yea2 + Y3a3,
a1B2az + (Aa1fB2 + a1 f3)as = (B2 + Ay2)ag + (B3 + Ay3)as.

It follows that

aag = a1yy = Yo, aF + Aajag + ajaz = Aagye + a1y3 = 73,
a1f2 = P2+ Ay2, daqfa + 1Pz = B3 + Mys.

If we suppose that oy = 0, then f(a;) € Fas & Fas. Since we
have f(a2), f(as) € Fas @ Fag, then f(L) < Fay @ Fas — in particular,
f(L) # L — and we obtain a contradiction with the fact that f is an
automorphism of L. Hence, a; # 0. It follows that as = 7».

If we suppose that both f2 = v = 0, then f(a2) € Fag, and
f(a3) € Fas. We obtain that f([L,L]) < Fas. On the other hand,
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dimp([L,L]) = 2, and we, again, obtain a contradiction with the fact
that f is an automorphism of L. Hence, (f2,72) # (0,0). Then, if we
suppose that fs = 0, we will see that Ays = 0. Since A\ # 0, we obtain
that v = 0, which is impossible. It follows that 2 % 0. Suppose that
Y9 = 0. Since B2 # 0, we obtain that a; = 1. If 79 # 0, then from
a1y = 2, we obtain that vy = 1. Thus, in every case, a; = 1. Then we
obtain an equation B = B2+ Ay2 or Ay2 = 0. Since A # 0, we obtain that
2 = 0. Then as = 0, and we obtain 1 4+ ag = 3, A\B2 + B3 = [3 + \7s.
The last equation implies that A\Fs = Ay3. Since A # 0, we obtain that
B2 = 3.

Denote by = the canonical monomorphism of Aut()(L) in M3z(F').
Then Z(f) is the following matrix

1 0 O
0 52 0 )
Bo—1 B3 pBo

B2, B3 € F. Since this matrix must be non-degenerate, 82 # 0.
Conversely, let f be a linear transformation of L, having in a basis
{a1,a9,a3} the matrix above. Let x,y be the arbitrary elements of L,

x = &1a1 +&20a2+E3a3, y = mai +1n2a2+n3a3, where £, 82,83, m1,m2, 13 €
F. Then

[z,y] = [§1a1 + &aa2 + §3a3,ma1 + n2ag + n3as)]
= &imfar, a1] + &inelar, az)] + &1m3lar, as)
= &imas + &imz(az + Aag) + §insas
= &impaz + (§1m + Aime + §1m3)as

and
f(z) = f(&ra1 + §2a2 + §3a3) = &1 f(a1) + &af(a2) + &3 f(as)
= &i(a1 + (B2 — 1)as) + &2(B2az + Bzaz) + &3(Faas)
= {rar + &ofraz + (&1(B2 — 1) 4 283 + £352)as,
f(y) = mar + m2f2a2 + (1 (B2 — 1) 4+ 1203 + n362)as.
Therefore,

f(x,y]) = f(&ameaz + (§1m + Az + &imz)as)
= &imaf(az) + (E&om + Az + &n3) f(as)
= &1m2(Beaz + B3as) + (E1m + Aéinz + 1m3) Beas
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= {inpfaas + (11283 + B2&im + AP + &11382)as,
[f(x), f(y)] = [§1a1 + &282a2 + (§1(B2 — 1) + &283 + &362)as,
mai + n2f2a2 + (M (B2 — 1) + n283 + n362)as]
= &imlar, ar] +&mefalar, az] 4+ E1(n (B2 — 1) + 1283 + n3B2)[a1, as]
= §1mas + EmePa(az + Aaz) + E1(m (B2 — 1) + 283 + n3f2)as
= &1mafaaz + (11 + &1 + E1ni B2 — Eum + E1m2f3 4 E1m32)as
= §1m2feaz + (§1m2B2A + §1m1 B2 + E1m2Bs + §1m382)as.

We can see that f([z,y]) = [f(z), f(y)]. It follows that a linear transfor-
mation f having in a basis {a1, a2, a3} the matrix above, is an automor-
phism of a Leibniz algebra L.

The equality

1 0 O 1 0 0

0 5 0 0 c 0

-1 ~ B c—1 Kk o
1 0 0 1 0 0
= 0 Bo 0 = 0 Bo 0
f—1+4+pB(c—1) yo+ Pk fBo Bo—1 ~o+ Bk fo

shows that a group G is abelian.

According to the proof above, a subspace Fas is G-invariant. Let
C = Cg(Fasz). Then we can see that =(C) is the set of matrices of the
form

1 0
0 0|,
0 1

QQ)—!O

B € F. It is not hard to see that
of a field F.

Denote by A the preimage by = of the set of matrices of the form

is isomorphic to the additive group

1 00
0o g8 0|,
p-1 0 p
B € F. We have:
1 0 0 1 00
0 5 0 0 o 0
-1 0 p c—1 0 o
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1 0 O 1 0 O
- 0 o 0 |= o o o0
B—14+p8(c—-1) 0 pBo Bo—1 0 fo

We can now see that Z(A) is a subgroup of GL3(F), so that A is a
subgroup of G.
Moreover, the mapping, defined by the rule

B € F, is an isomorphism of the multiplicative group of F' on Z(A).
Thus, we obtain that A is isomorphic to the multiplicative group of a
field F.

Furthermore, the equality

1 0 0 1 0 0 1 0 0
0 g 0 | = 0 8 0 0 1 0
-1 o B -1 0 p 0 7o 1
shows that G is a product of the subgroups C' and A. Moreover, this
product is direct. O
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