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On combinatorial properties of minimal posets
with nonnegative Tits quadratic form
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ABSTRACT. In this paper, we study combinatorial properties
of finite posets connected with the negativity of their Tits quadratic
form. We calculate the coefficients of transitivity for all minimal
posets with nonnegative Tits quadratic form (such posets are called
N P-critical and their number is 115 up to isomorphism and dua-
lity). Some relationships between these coefficients and the heights
of posets are established.

1. Introduction

When studying the representations of quivers, P. Gabriel [1] introduced a
quadratic form gg(2) = qq(21, . . ., 2,) for any finite quiver Q = (Qo, Q1)
with the set of vertices Qg and the set of arrows Q1:

go2) =Y =) uz,

i€Qo i—7]

where n = |Qo| and i — j runs through @;. This form was called the
Tits quadratic form of the quiver Q). P. Gabriel proved that a connected
quiver is of finite representation type over a field if and only if the corre-
sponding non-oriented graph is one of the Dynkin diagrams, and if and
only if its Tits quadratic form is positive. This Gabriel’s work laid the
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foundations of a new direction in the representation theory. The direc-
tion deals with the investigation of the relationships between properties
of representations of various objects and properties of quadratic forms
associated with these objects.

In [2], Yu. A. Drozd showed that a finite poset S is of finite represen-
tation type if and only if its Tits quadratic form

qs(z) :zg—FZz?—F Z zizj—zOZzi

i€S i<j;i,j€S i€s

is weakly positive, i.e., positive on the nonzero vectors with nonnegative
coordinates (matrix representations of posets were introduced in [3]; see
also [4]-[10]). In contrast to quivers, the posets with weakly positive and
with positive Tits quadratic forms do not coincide. Therefore investiga-
tions related to posets with positive Tits form are natural. In [11], the
author together with V. M. Bondarenko classified all posets having posi-
tive Tits quadratic form and the minimal posets with nonpositive Tits
quadratic form (they are called respectively positive and P-critical).

We have a similar situation for quivers and posets of tame type. Ac-
cording the papers [12,13], a connected quiver is of tame infinite type if
and only if the corresponding non-oriented graph is an extended Dynkin
diagram. On the other hand, the connected quivers with nonnegative,
but not positive, Tits form coincide with the quivers, the corresponding
graphs of which are extended Dynkin diagrams [14]. A poset S is of tame
type if and only if its quadratic Tits form is weakly nonnegative [15].
Since (in contrast to quivers) the classes of posets with weakly nonnega-
tive and with nonnegative Tits forms do not coincide, the investigations
related to posets with nonnegative Tits form are also natural. In [16], the
author together with V. M. Bondarenko classified minimal posets with
nonnegative Tits quadratic form, which were called N P-critical.

The present paper, which is a natural continuation of the papers
[17,18] on positive and P-critical posets, is devoted to the investigation
of combinatorial properties of N P-critical posets.

2. Main result

Let S be a poset and S% := {(z,9) |z,y € S,z < y}. Elements z and y
are called neighboring if (z,y) € S2 and there no z satisfying z < 2z < y.
Denote by 1, = ny,(S) the order of the set S% and by n. = n.(S) the
number of pairs (z,y) of neighboring elements of S. On the language of
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the Hasse diagram H (S) of S (that represents S in the plane), n. is equal
to the number of all its edges and n,, to the number of all its ways going
bottom-up, up to parallelism (i.e. with the same start and terminate
vertices). The ratio k; = k¢(S) of the numbers n,, — n. and n,, is called
the coefficient of transitivity (if n, = 0, one assumes that k; = 0); see,
e.g., [18].

The main result of this paper is the following theorem (h denotes the
height of a poset, i.e. the maximum length of its subchain).

Theorem 1. Let S and T be N P-critical posets. Then
(1) ke(T) > ke(S) if h(T) > h(S) +2;
(2) ke(T) > ke(S) — & if H(T) = h(S) + 1;
(3) ke(T) > ki (S) — % if h(T) = h(S) + 2.

Since dual posets have the same coefficient of transitivity, under the
proving of the theorem we can use the classification of N P-critical poset
not only up to isomorphism, but simultaneously also up to duality.

3. Classification of IN P-critical posets

For subsets X, Y of a poset S, we denote by X UY their direct sum (i.e.
X UY, where x € X and y € Y are always incomparable). From Dil-
worth’s theorem it follows that any poset can be represented in the form
L™, X, where all X; are chains and there is allowed additional relations
y < z for the elements belonging to different components (which it is na-
tural to write up to transitivity). By A, Bs, Cs we denote, respectively,
the chains a1 < ... <as, b1 < ... <bs, 1 <...<cs.

The N P-critical posets were classified in [16]. We formulate the cor-
responding theorem with another numbering of the posets.

Theorem 2. The N P-critical posets are exhausted, up to isomorphism
and duality, by the posets
of order 5
NP1 =A1UByUCy,a1 < by,a1 < co,by < ca,c1 < by;
NP o=A1UB1UCIUDs,a1 <do,by <do,c1 < do;
NP 3s=A1UBi1UCIUD{UFE; NPy1 = As U B3,a1 < by, by < as;
NPyo=A1UBysUCy, a1 < by,by < ca,c1 < by
NP3 =A1UB3UC1,a1,¢1 <by; NPyy= A1 UB3UC,a1,c1 < bg;
NP5 =A1UB3sUCt, a1 < b3, b1 <ay,bi <c,c1 < bs;
NPyg = A1UB1UCTUDy; NPy 7 = AjUB1UCUD 1, by < ¢o,dy < co;
of order 7
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NP3 = A3 By,a0 < bg; NP3o= Aol By, a0 < bs;
NP33=AoUBs,a0 < by; NP3y = A3 By, a0 < by;
NP35=A3UB4,a1 < bi,a3 < bg; NP3g = AsUBy,a1 < by,a3 < by;
NP37 =AU By UC3; NP3g = Aol Bo LUUC3, by < c3;
NP3g=A1 UB3UCs3,a1 < b3, by < c3;
NP310=As U By LUC3,a1 < by,by < co,c1 < as;
NP311 = A1 UBy IOy, by < c3; NP319 = A1 U By UCy, by < cy;
NP313=A1UB3UC3, b1 <cq,b3 < c3;
NP3y = A1 UB3UC3, a1 < bg,by < co;
NP315 = A UBsUCo, a1 < by,bg < co;

of order 8
NPy1=A4UBy,a1 <by; NPyo= AsU Bs,a1 < by;
NP3 =A3UDBs,a1 <bg; NPyy= AsU Bs,a3 < bs;
NP5 =AoUBg,a1 < bz; NPyg= Aol Bg,a1 < by;
NPy7=A1UB7,a1 <by; NPyg= A1 UB7,a1 < bs;
NPyg=AsUBg,a1 < b1,as < by; NPy1g = AsUBg, a1 < by,as < bs;
NPy11 = A3U Bs, a9 < by,a3 < by; NPy1s = A1 LU B UCy;
NPy13 = AsUB1UCY, by < ¢cq; NPy1g = A1UB3UCY, a1 < ba, by < co;
NP5 =A1UB3UCy, a1 < by,by < c3;
NPy1g =AU Byl Cy a9 < by, by < c3;
NPy17 = AslUBolUCy, a9 < ba, by < cg; NPyig = Aol UB1UCs, by < ¢y4;
NPy19 = AsliB1UCs, b1 < ¢5; NPyog = AslUUBoUUCy, by < ¢1,by < ¢4;
NPyor = A1 UByUC5,a1 < bo,by < c3;
NPyos = A1UBslICs, a1 < ba, by < cq; NPyosg = A1UB1UC, b1 < c4;
NPyoy = A1UB1UCg, b1 < ¢5; NPyos = A1UBsUCs, b1 < ¢1,by < ¢45
NPjos=A1UByLUCs,b1 < c1,ba < c5;

of order 9 (part 1)
NPs1=A4UBs,a1 <by; NPso= A4 Bs, a0 < bs;
NPs3=A3U Bg,a1 < bs; NP5 4 = A3 Bg,ao < bg;
NPs5=Ao U B7,a1 <by; NPsg = Ao LU B7,a1 < bg;
NPs7=AoUB7,a0 < b7; NPsg = A1 U Bg,a1 < bs;
NPsg=A1UDBg,a1 <by; NPs19g = Ay U B7,a1 < by,as < bz,
NPs11 = Ay U Br,a1 < bi,as < by;
NPs15 = A3 U Bg,as < by,a3 < bs;
NPs13=A4UBs5,a3 < by,a4 <bg; NPs14= A4 U B UCy, by < e3;
NPs15 = A4, UByLUC3,b1 < ¢1,by < ¢35
NP5 = A1 UBsUCy, a1 < ba,by < ey;
NPs17 =A3U B UCs, b1 <c3; NPs1s=As UB1 UCs, b1 < c3;
NPs19=A3U By Uy, b1 <cq,by < c3;
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NPso0= A1 UB3UCs5,a1 < by, by < 55
NPsor = A1 UB5sUCs,a1 < by,by < c3; NPsog = A1 LU By UCg;
NP5 03 = AoliB11UCg, b1 < ¢3; N P59y = AsUUBoUUCs, by < ¢1,by < ¢35
NPso5 = Ay LU B3I Oy, by < ¢1,b9 < ¢35
NP5 = A1 UByLUCg,a1 < by, by < co;
NPso7 = A1UBsLICG, a1 < ba, by < ¢cg; NPsog = A1LUB1UC7, by < c3;
NPso9 = A1UB1UC7, b1 < ¢7; NPs39 = A1UBLICs, b1 < ¢1,by < c3;
NPs31=A1UB3UC5, by < cq,by < c3;

of order 9 (part 2)
NP1 =A4UBs5,a1 < byg,as < bs; NPso = AsU Bg,a1 < by, as < bg;
NPs3=AosUB7,a1 < by,as <bg; NPsyg = AsUBr,a1 < ba,as < by;
NPs5=AoUB7,a1 < bg,as < by; NPsg = AgU B3, a1 < by, ag < bs;
NPs7=Ag U B3, a5 < by, ag < bs;
NPss = A3 Bg,a1 < by,as < by,ag < bs;
NPsg= A4 Bs,a0 < by,a3 < by, ag < b3;
NPs190=A3U By U Cy, b1 < co,by < ¢35
NPs11 = Ay UByLUC3,b1 < ¢o,by < ¢35
NPs10=A1UB4sLUCy, a1 < bg, by < eyq;
NPs13 =A3U Byl Cy, a9 < by, by < co;
NPs14=A3UBsUC3,b1 <cq,b < co,by < c3;
NPs15 = A3U B3 LUCs,a3 < b3, by < c¢1,b < co;
NPs16 = AsUBslUCo, a1 < by; NPs17 = AolUBslCs, by < c9,by < c3;
NPs18=A1UB3UCs,a1 < bg,by < cs;
NPs19=A1UBsUC3,a1 < bg, by < c3;
NPso0 =AU By LUC5,a1 < ba,by < co;
NPso1 =AU B3Oy, b1 < cq,by < co,b3 < c3;
NPs00 = Ay U B3lUCy,as < b3, by < c1,by < co;
NPso3 = A4 UB3lUCy, a4 < b3, by < c1,by < co;
NPsos = A1 UByUCg,b1 < co; NPgos = A1 U By UCg, b1 < cp;
NPso5 = A1 UByLUCg,b1 < co,by < ¢35
NPsor = A1 UB3UCs,a1 < bg, by <eq;
NPsos = A1 UBglUCy, a1 < by, by < co;
NPso9g = A1 UB3LUCs, b1 < c¢1,by < ¢o,b3 < e3;
NPs30=A1UBysUCYy, by < cy,b3 < co,bg < c3;
NPs31 = A1 UB3sUCs,a1 < b3, by < cp,b < co;
NPs30=A1UB;UCq, a1 < bsg, by <cq;
NPFPs33=A1UB;UCy, a1 <br,by <.



M. V. STYOPOCHKINA 265

4. Calculation of the transitivity coefficients.
Proof of Theorem 1

We first calculate the coefficients of transitivity k; of the N P-critical
posets, which are indicated in Theorem 2. The coefficients k; are calcu-
lated up to the fifth decimal place. If the number of decimal places is
less than five, then the decimal fraction is finite, and if it is five, then
infinite. When two decimal fractions are equal up to five digits, then
they are generally equal.

The following holds for the posets from Theorem 2:

N h| ne | nw | ke N h | ne | ny ke
NP3 1|0 0 | 0| NPo| 2] 4 4 0
NP9 | 2|5 5 | 0|| NPy | 3| 4 5 0,2
NP1 |26 6 | 0| NP7 |3]| 5 7 1 0,28571
NPy | 2| 1 1 |0 | NPs5|3|5 7 1 0,28571
NP7 12| 3 3 10| NP3|3]| 4 7 | 0,42857
N h | ne | Ny k¢ N h | ne | Ny k¢

NP37; | 3| 4 5 0,2 NP3;1 | 4] 6 | 13 | 0,53846
NP0 |31 71 9 (02222 NPyqq | 4| 5 | 11 | 0,54545
NP3g | 3| 5 7 1028571 || NPsg | 5| 7 | 15 | 0,53333
NP3;g | 3| 6 9 1033333 NP35 | 5| 7 | 17 | 0,58824
NP319 | 4] 5 9 |0,44444 || NP33 | 5| 6 | 15 0,6

NP3i3 | 4] 6 | 11 | 045455 || NP34 | 5| 6 | 15 0,6

NP314 | 4] 6 | 11 | 045455 || NP3o | 5| 6 | 17 | 0,64706
NP3i5 | 4| 6 | 11 | 0,45455

N h| ne | Ny ke N h | ne | Ny ke

NPyy7 | 4] 7 | 111036364 || NPy1g | 5| 6 | 13 | 0,53846
NPy13 141 6 |10 0,4 NPys | 5| 7 | 16 | 0,5625
NPyig | 4] 7 | 12 | 041667 || NPyy | 5] 7 | 16 | 0,5625
NPi1o| 4] 5 9 |0,44444 || NPyo | 5| 7 | 17 | 0,58824
NPyi5 | 4| 7 | 13 10,46154 || NPgog | 6 | 7 | 17 | 0,58824
NPy1ga | 4] 7 | 14 0,5 NPyos | 6] 7 | 18 | 0,61111
NPyy |4 7 | 151063333 || NPyg | 6| 7 | 19 | 0,63158
NPyog | 5| 7 | 13 | 0,46154 || NPyog | 6 | 6 | 17 | 0,64706
NPy1g | 5] 6 | 12 0,5 NPy | 6] 7 | 20 0,65
NPyo | 5] 7 | 14 0,5 NPyo3 | 6] 6 | 18 | 0,66667
NPyor | 5] 7 |15 (0,53333 || NPy1o | 7] 8 | 24 | 0,66667
NPyog | 7| 8 | 25 0,68 NPyg | 7| 7 | 24 | 0,70833
NPg11 | 7] 8 | 25 0,68 NPy7 | 7T 7 |25 0,72
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N h | ne | Ny k¢ N h | ne | Ny k¢
NPsi5 | 4| 8 | 14 | 042857 || NPsos | 6 | 8 | 22 | 0,63636
NPsi4| 4] 7 | 14 0,5 NPso3 |6 7 | 20 0,65
NPsi6| 4] 8 | 16 0,5 NPsg | 7| 8 | 24 | 0,66667
NPs18 | 5| 7 | 14 0,5 NPs7 | 7| 8 | 24 | 0,66667
NPs19| 5] 8 | 16 0,5 NPsog | 71 7 | 22 | 0,68182
NPsoo | 5] 8 | 16 0,5 NPs30 | 71 8 | 26 | 0,69231
NP5y | 5| 8 | 18 | 0,55556 || NPs31 | 7| 8 | 26 | 0,69231
NPso | 5| 8 | 18 | 0,55556 || NPss | 7| 8 | 28 | 0,71429
NPsop | 5] 8 | 18 | 0,55556 || NPsog | 7| 7 | 26 | 0,73077
NPsi17 | 5| 7 |16 | 05625 || NPs11 | 81 9 | 30 0,7
NPso7 | 6] 8 | 18 | 0,55556 || NPsg | 8 | 8 | 30 | 0,73333
NPs3 | 6] 8 | 20 0,6 NPs190| 81 9 | 34 | 0,73529
NPs4s | 6] 8 | 20 0,6 NPs12 | 81 9 | 34 | 0,73529
NPs924 | 6| 8 | 20 0,6 NPs13 |81 9 | 34 | 0,73529
NPsos | 6] 8 | 20 0,6 NPsg | 8| 8 | 34 | 0,76471
NPso | 6] 6 | 16 | 0,625

N h| ne | Ny ke N h | ne | ny ke
NPsq11 | 4] 8 | 13 ]0,38462 || NP7 | 5| 8 | 19 | 0,57895
NPFPsi4| 41| 9 | 15 0,4 NPFPso | 6| 9 | 21 | 0,57143
NPsi0| 4] 8 | 15| 0,46667 || NFPsor | 6 | 8 | 19 | 0,57895
NP0 | 4] 8 | 15 | 0,46667 || NPsos | 6 | 7 | 17 | 0,58824
NP3 | 4] 8 | 15| 0,46667 || NPs31 | 6 | 9 | 23 | 0,60870
NPsi5 | 4] 9 | 17 | 0,47059 | NPsos | 6 | 8 | 21 | 0,61905
NPFPsog | 5| 8 | 14 | 0,42857 || NFPso9 | 6 | 9 | 25 0,64
NPs16 | 5] 7 | 13 ]0,46154 || NP3 | 6 | 9 | 25 0,64
NPFPs1s | 5| 8 | 15 | 0,46667 || NFs2a4 | 6 | 7 | 21 | 0,66667
NPsoz | 51 9 | 17 | 047059 || NPsog | 6 | 8 | 25 0,68
NPs1 |5 9|19 052632 | NFPss | 7] 9 | 25 0,64
NPFPso1 |51 9|19 (052632 NFPsg | 7] 9 | 25 0,64
NPsoo | 51 9 | 19052632 || NPsss | 7| 8 | 23 | 0,65217
NPFPs19 | 5] 8 | 17 1052941 || NFsgq | 7] 9 | 29 | 0,68966
NPs7 |71 9 |29 |0,68966 || NPsso | 7| 8 | 27 | 0,70370
NPsg | 7|10 | 33 | 0,69697 || NPss | 7| 9 | 33 | 0,72727
NPFPsg | 7|10 | 33 | 0,69697

For calculation the coefficients from the tables we need the following
lemmas (see [17] or [18]).

Lemma 1. Let S = 57 USy. Then
Ne(S) = ne(S1) + ne(S2), Mw(S) = nyw(S1) + Ny (S2).
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Lemma 2. Let S = A,,. Then
ne(S) =m—1, ny,(9) = @ZLm,

Lemma 3. Let S = {A,, U By,a; <bj}. Then
(a) ne(S) =m+n—1;
(b) ny(S) = L=t =n Gy 54 1),

Lemma 4. Let S = {A,, UBy,a; < bj,ay < by}, where i < i',j < j'.
Then
(a) ne(S) =m+n;
() muy($) = C=IHEIL 4 — 4 1) +i(j — ).
Lemma 5. Let S = {A,,UB,UCs,a; < bj,bjr < ¢, where j > j'. Then
(@) ne(S) =m+n+s—1;
(b) nw(s) — (mfl)m+(n;1)n+s(571) —i—Z(TL _j + 1) +jl(8 _ k + 1)

Lemma 6. Let S = {Am U By, a; <bj,aiy1 < bji1,ai42 < bjra. Then
(@) ne(S)=m+nt1;
(b) ny(S) = tm=mtm=n (G 9y — (5 — 1) — (2 + 1).

Lemma 7. Let S = {A,,UB,UCs,a; < bj,bjy < cg, bjryq < cpy1, where
j >4 +1. Then

(a) ne(S) =m+n+s;

(b) muy(5) = LRt D l) (g — 4 1) + (7 + 1) (s — k) + 5.

Namely, the transitivity coefficients indicated in the tables follows
from the following Lemmas:

Lemmas 1, 2 for NP3 7, Lemma 3 for NP3 — NP3 4, Lemmas 1-3
for Npgvg, NP3_11, NP3,12, Lemma 4 for NP3,5 — NP3,6, Lemmas 1, 2, 4
for NP3.13, Lemma 5 for NP3.9, NP3.14, NP3.15;

Lemmas 1, 2 for NPy 12, Lemma 3 for NPy1—NP,g, Lemmas 1-3
for NP4_13,NP4.18 - NP4.197NP4.23 - NP4‘24, Lemma 4 for NP4.9 -
NP4,11, Lemmas 1, 2, 4 for NP4.20, NP4.25, NP4,26, Lemma 5 for NP4.14—
NPy17, NPy21 — NPy oo;

Lemmas 1, 2 for N P5 92, Lemma 3 for NP5 1— N P59, Lemmas 1-3 for
NP5 14, NP5 17— NP5 18, N P53, NP5 98 — N Ps5 29, Lemma 4 for NP5 19—
NP5,13, Lemmas 1, 2, 4 for NP5.15, NP5,19, NP5.24 — NP5.25, NP5.30 —
NP5_31, Lemma 5 for NP5.16, NP5_20 - NP5'21, NP5.26 — NP5.27;

Lemmas 1-3 for N P16, NPso4 — NPFPg.95; Lemma 4 for NPsq1 —
NP6_7; Lemmas 1, 2, 4 for NP6.10 — NP6.11,NP6_17,NP6.26; Lemma 5
for N Ps.12 — N FPs.13, NPs.is — N Ps.20, N Ps.27 — N Ps.28, N Ps.32 — N FPg 335
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Lemma 6 for NPG_g — NPG_Q; Lemmas 1, 6 for NP6.14, NP6.21, NPG_QQ —
NP6_30; Lemma 7 for NP6.15, NP6.22 - NP6.23, NP6A31.

The coefficients in the cases NPi;, NP; and NP3 19 are proved by
direct calculations.

Given the lexicographic notation in the tables, it is easy to check that
Theorem 1 follows from them.
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