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ABSTRACT. We introduce the class of network semigroups.
These are based on networks that extend the notion of a directed
graph. This class properly contains the class of graph inverse semi-
groups. We investigate the structure of network semigroups. We
show that two network semigroups are isomorphic if and only if the
underlying networks are isomorphic.

Introduction

The concept of a network provides a fundamental framework for model-
ling complex systems in which entities and their interactions are repre-
sented abstractly. Traditionally, such systems are described by graphs,
where vertices represent entities and edges encode pairwise (dyadic) in-
teractions between them. This classical framework has proved highly
successful in a wide range of areas, including algebraic structures associ-
ated with graphs [5,21]. However, it has become increasingly clear that
many real-world systems cannot be adequately captured by pairwise in-
teractions alone. In particular, complex systems arising in biology, social
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sciences and data science often exhibit higher-order interactions, invol-
ving simultaneous relationships among more than two entities [7-9, 16].

Motivated by these developments, the theory of higher-order net-
works has emerged as a natural generalisation of classical graph theory.
One prominent approach models higher-order interactions via simplicial
complexes, where interactions are encoded by simplices of arbitrary di-
mension [6]. Another direction, which is particularly relevant in appli-
cations involving flows or transformations, considers networks in which
both the source and the range of an interaction are subsets of vertices,
not necessarily singletons [9]. Such structures extend directed graphs
by allowing multi-source and multi-target relations, thereby providing a
flexible framework for describing non-dyadic and nonlinear interactions.

In this paper we focus on a class of higher-order networks in which
relations connect subsets of vertices to subsets of vertices. Our aim
is to investigate the algebraic structures naturally associated with such
networks, and in particular to study the semigroups arising from them
and their structural properties.

Throughout, a network T' = (V, T, s, r) consists of a set of vertices V,
a set of relations T', together with mappings s,r : T'— P(V'), where P(V)
is the power set of V' and any relation ¢ € T' is composed of an ordered
pair (s(t),r(t)), where s(¢) and r(t) are disjoint non-empty subsets of V,
called the source and the range of t, respectively. If, in addition, each
t € T satisfies the condition that s(¢) and r(t) are singleton subsets of
V', then T reduces to a (simple directed) graph, and we identify it with
its underlying graph structure and refer to it simply as a graph. In this
paper we restrict attention to networks with finitely many or countably
infinitely many vertices and relations.

Let ' = (V,T,s,r) be a graph. A path in T' is a finite sequence
p = tytg - - - t, of relations such that r(t;) = s(t;+1) foralli =1,...,n—1.
Ash and Hall [5] introduced the class of graph inverse semigroups as-
sociated with such paths. These semigroups generalize the polycyclic
monoids [20] and play an important role in the theory of graph algeb-
ras [21]. The algebraic investigation of structures generated by paths
in graphs has developed into an active area of research, revealing deep
connections with semigroup theory, ring theory, and operator algebras
(see, for example, [1-5,14,17] ).

For general networks, there is a natural extension of the notion of a
path. Namely, a sequence p = t1ts - - - t,, of relations is admissible whene-
ver r(t;)Ns(ti+1) # 0 for each i = 1,...,n—1. This broader notion reflects
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the higher-order interactions inherent in networks. It is therefore natural
to ask what algebraic structures arise from such generalized paths.

Motivated by the construction of graph inverse semigroups, we asso-
ciate to each network a semigroup generated by paths and their formal in-
verses, subject to suitable relations. The resulting semigroup is obtained
as a quotient of a path-generated semigroup and is shown to be a right
x-abundant semigroup. In the sense of Fountain, this places it within
the framework of unary (or %-) semigroups [13]. Such structures form a
rich class encompassing, for example, right adequate, right h-adequate
and right ample semigroups [11, 13]. Furthermore, in the special case
where the network is a graph, the constructed semigroup coincides with
the corresponding graph inverse semigroup (see Proposition 2), showing
that our construction properly extends the classical theory.

The paper is organized as follows. In Section 1 we recall the neces-
sary preliminaries on semigroup theory, with particular emphasis on right
abundant semigroups. We also introduce paths in a network and discuss
basic properties, together with the notion of network homomorphisms.
In Section 2 we define, for a given network I', the semigroup Qr generated
by paths in I', and prove that Qr is a right x-abundant semigroup (see
Theorem 2). Furthermore, we construct two subsemigroups St and Rp
of Qr determined by paths satisfying additional conditions, and establish
that St is right ample (see Proposition 4) and that Rr is a fundamental
inverse semigroup (see Corollary 2), with Rp C Sp C Qp. Section 3 is
devoted to congruence-theoretic aspects. We define a proper ideal I of
Qr (and similarly for St), and show that the relation p; = (I x I) U1q,
is an idempotent-separating congruence on Qr. We also provide suffi-
cient conditions under which Qr fails to be x-congruence-free as a unary
semigroup (see Theorem 4). In addition, we obtain analogous sufficient
conditions ensuring that Sr is not *-congruence-free and that Rp is not
congruence-free (see Theorem 5). Finally, in Section 4 we investigate the
structure of idempotents in Qr via the natural partial order. As an ap-
plication, we prove that two networks are isomorphic if and only if their
associated network semigroups are isomorphic (see Theorem 6).

1. Preliminaries

For the convenience of the reader, we recall some basic definitions and
results concerning (right) abundant semigroups and networks. Further
details may be found in [9,11,12,15].
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1.1. (Right) abundant semigroups

We recall the definitions of the relations £* and R*. Let S be a semi-
group. We denote the set of idempotents of S by E(S). For a,b € S,
define

al*b < Vr,y € St (ax = ay <= bz = by),

and
aR*b <= Vr,y € S*(za =ya < xb=yb).

Then L* is a right congruence and R* is a left congruence.
Lemma 1. Let e € E(S) and a € S. The following are equivalent:
(i) eL*a;
(ii) ae = a and ax = ay implies ex = ey for all x,y € S*.

The dual statement holds for R*.
Recall that £ and R denote Green’s relations on S. Then £ C L*
and R C R*. Moreover, for regular elements a,b € S,

al'b < alb, aR*b < aRb.

In particular, if S is regular, then £* = £ and R* = R.
A semigroup S is called right abundant if every L*-class contains an
idempotent.

Definition 1. A right abundant semigroup S is called right x-abundant
if each L*-class of S contains a unique idempotent.

Let S be a right x-abundant semigroup. For each a € S, denote by a*
the unique idempotent in the £*-class of a. Then * defines a unary opera-
tion on S, and hence S may be regarded as an algebra of type (2,1). In
this setting, a homomorphism between right x-abundant semigroups is
understood to be a mapping that preserves both the multiplication and
the unary operation * (equivalently, the relation £*). When necessary,
such homomorphisms will be referred to as (2, 1)-morphisms. In particu-
lar, every semigroup isomorphism between right *-abundant semigroups
preserves the unary operation *.

Definition 2. A semigroup S is right ample (formerly right type A) if
it is right abundant, its idempotents commute, and ea = a(ea)* for all
a€ S andec E(S).
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Since the idempotents of a right ample semigroup commute, they
are closed under multiplication and hence form a semilattice. Further-
more, each L*-class contains at most one idempotent, and thus every
right ample semigroup is right x-abundant. Moreover, when regarded
as unary semigroups, the class of right ample semigroups constitutes a
quasi-variety of right #-abundant semigroups [13].

Dually, one defines left ample semigroups. A semigroup is ample
(formerly type A) if it is both left and right ample. In particular, every
inverse semigroup is ample, where for a € S, af = aa™! and a* = a " 'a,
with a' the unique idempotent in the R*-class of a and a~' the inverse
of a. Thus ample semigroups may be viewed as the abundant analogue
of inverse semigroups.

Lemma 2. Let S be a right ample semigroup with semilattice of idem-
potents E(S), and let Reg(S) denote the set of regular elements of S.
Then Reg(S) is an inverse semigroup and a subsemigroup of S.

Proof. Since every idempotent is regular, E(S) C Reg(S). To show that
Reg(S) is a subsemigroup, it suffices to prove closure under multiplica-
tion.

Let a,b € Reg(S). We have a £* a* and bL* b*. Since a,b,a*,b* are
regular, it follows that a £La* and b Lb*. As L is a right congruence, we
obtain ab L a*b, and hence (ab)* = (a*b)*. Since S is right ample, we
have a*b = b(a*b)*. Applying the unary operation * to both sides yields
(a*b)* = (b(a*b)*)*. Using bLb*, it follows that (b(a*b)*)* = b*(a*b)*,
and therefore (ab)* = (a*b)* = (b(a*b)*)* = b*(a*b)*. Consequently,
ab La*b = b(a*b)* Lb*(a*b)* = (ab)*, so abis L-related to an idempotent.
Hence ab € Reg(S). Therefore Reg(S) is a subsemigroup of S. Since
its idempotents form a semilattice, it follows that Reg(S) is an inverse
semigroup. [

Lemma 3 ([15]). Let S be a semigroup with set of idempotents E(S),
and let a be a regular element in S, where b is an inverse of a. Then
ab,ba € E(S) and abR a Lba. Moveover, if E(S) is a semilattice and a
s a regular element in S then the inverse of a is unique.

1.2. Generation and presentation

We now recall the notion of a semigroup generated by a non-empty set X.
The free monoid X* on X consists of all words over X with operation of
juxtaposition. We use ¢ to denote the empty word. The free semigroup
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X%+ on X is X*\{e}. A non-empty word is denoted by z1z2 - - - z,,, where
z; € X for 1 < i <n. For any two words @ = x1Z2 - Ty, B = Y1Y2" " * Ym
of XT, we use af3 to denote the juxtaposition of o and 3, that is a3 =
T1T -+ Tply1y2 -« Ym. If @ = Bu, where o, 8, u € X*, 5 is called a prefiz
of «, and a proper prefix if 1 is not the empty word . For any two
non-empty words «, 3 in X+, we say that «, 8 are prefir comparable if
one of «, A is a prefix of the other.

Let R be a binary relation on X*. The quotient semigroup X/ R,
where R? is the smallest congruence on X+ containing R, is said to be
the semigroup generated by X subject to relations R. We use the formal
equality 4 = v to mean that (u,v) € R. We denote the Rf-class of
r e Xt by [z].

We conclude this subsection with basic notions on rewriting systems;
see [10,23] for details.

Let A be a non-empty set and — a binary relation on A. The pair
(A, —) is called a rewriting system. Denote by % the reflexive and tran-
sitive closure of —, and by <> the equivalence relation generated by —.
For = € A, write [z] for its <> -class. An element 2 € A is irreducible
or reduced if there is no y € A with # — y. If z = y and y is irre-
ducible, then y is called a normal form of z. A rewriting system (A, —)
is noetherian if there is no infinite sequence o — 1 — T2 — - -+ in A.
A rewriting system (A, —) is confluent if for all w,z,y € A,

wSz, w—y = Jze Asuch that z > 2, y = 2,
and locally confluent if for all w,x,y € A,

w—z, w—y = Jze Asuch that z > z, y = 2.
Lemma 4 ([10]). Let (A,—) be a rewriting system.

(i) If (A, —) is noetherian and confluent, then every <>-class contains
a unique normal form.

(ii) If (A, —) is noetherian, then it is confluent if and only if it is locally
confluent.

Let S be a semigroup with presentation (X : u; = v;,i € I), where
u;,v; € XT. This presentation induces a rewriting system (X', —) with
rules

ruy — rviy  (x,y € X*, i eI).
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Then ¢ is the congruence on Xt generated by R = {(u;,v;) : i € I}, and
hence S = Xt/ &. In particular, if (X, —) is noetherian and confluent,
then every element of S admits a unique normal form over X .

1.3. Networks

In this subsection we give some basic definitions and results of networks.
For further details, of both background and technicalities, we refer the
reader to [9] and [22].

Definition 3. A network is a quadruple I' = (V, T, s,r) consisting of a
non-empty set V of vertices, a non-empty set T' of relations, and map-
pings s,r : T — P(V), where P(V) denotes the power set of V', such
that for each ¢t € T', the subsets s(¢) and r(¢) are non-empty and disjoint.
Each element ¢ € T is identified with the ordered pair (s(¢),r(t)), where
s(t) and r(t) are called the source and the range of t, respectively.

Let I' = (V,T,s,r) be a network. If for all ¢ € T, the sets s(t) and r(¢)
are singletons, we identify I' with the underlying simple directed graph
and refer to it simply as a graph. In a graph, a relation corresponds to
an edge connecting two vertices, whereas in a general network, a relation
connects two disjoint non-empty subsets of V.

For a network I' = (V, T, s, r), define

T°={ACV|3teT, A=st)or A=r(t)} UV,
and for each A € T?, set
s(A) = A=r(A).

Remark 1. Here we include V' C TY to account for isolated vertices
v € V in the network I, i.e., those for which there exists no ¢t € T with
v € s(t) or v € r(t). If T is a graph, then T° = V, since the source and
range of each relation are singleton sets.

Definition 4. Let I' = (V,T,s,r) be a network. A path in I' is a finite
sequence o = tity - --t, with t; € T UTP such that r(t;) Ns(tiy1) # 0 for
1 < i < n. The source and range of « are defined by s(«) = s(¢;) and
r(a) = r(t,), respectively.

Elements of T are regarded as trivial (empty) paths. Let P(T') de-
note the set of all paths in I', together with a zero element 0.
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Definition 5. A path a = tite---t, € P(I') \ {0} is called linear if
r(t;) = s(tiy1) for all 1 <i < n.

Let LP(T') denote the set of all linear paths in I'. Then 7° C LP(T)
and 0 ¢ LP(T"). If I is a graph, then every non-zero path is linear, and
hence P(I') = LP(T") U {0}.

For non-zero paths a = ¢1---t, and 8 = y1 - - - Yy, their concatena-
tion af is defined as the sequence ty---t,y1 - yYm. Then the following
lemma is immediate, and its proof is omitted.

Lemma 5. Let I' = (V,T,s,r) be a network. Then:
(i) ifa=ty--t, € LP(I'), thent;---t; € LP(') foralll <i < j <n;

(il) aB € P(T')\ {0} if and only if r(a) N's(B) # 0;
(iii) if o, B € LP(T) with r(«) = s(B), then a8 € LP(T).

Definition 6. Let I' = (V1, 11, s,r) and A = (Va,Ta,s,r) be networks.
A homomorphism ¢ : I' — A is a pair of maps ¢ = (¢v, ¢r), where
¢y : Vo — Va and ¢ : Tt — Ta, such that for all ¢ € Tp, s(t)p =
{voy 1 v es(t)} =s(tor) and r(t)p = {voy 1 v €x(t)} =r(tér).

Let I' = (Vp,1Ir,s,r) and A = (Va,Ta,s,r) be networks. A homo-
morphism ¢ = (¢v,¢r) : I' — A is called an isomorphism if both ¢y
and ¢ are bijections. In this case, I' and A are said to be isomorphic,
and we write [' & A.

Proposition 1. Let I' = (Vp,Tp,s,r) and A = (Va,Ta,s,r) be net-
works. If ¢ = (¢v,¢r) : I' — A is an isomorphism, then its inverse
I (cb‘_/l, qﬁ;l) : A — T is also an isomorphism.

Proof. Since ¢ = (¢v, ¢r) is an isomorphism, both ¢y and ¢ are bijec-
tions, and hence gb‘_/l and <Z>:Fl are well-defined bijections. It suffices to
show that ¢! is a homomorphism.

Let ¢ € Ta. Since ¢r is surjective, there exists ¢ € Tt such that
t' = t¢r. Then

S(t') = s(tér) = {voy s v e s(t)}.
Applying gb‘jl, we obtain
{woy' 1w es(t)} =s(t),

and hence s(t )¢~ = s(t'¢7!). Similarly, r(t')¢~! = {wey' : w € r(t)}
=r(t (;5;1). Thus ¢! is a homomorphism, and therefore an isomorphism.
O
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2. The semigroup Qr

The aim of this section is to construct a semigroup using paths in a
network.

Let ' = (V,T,s,r) be a network. The set of inverse edges is defined
as

T'={ttteT},

which is in bijection with T and disjoint from 7. For each ¢t € T', the
corresponding t ' € T~ is a formal symbol with

s(t™h) =r(t), () =s(t),

and it is distinct from any element of T', even if (r(t),s(t)) € T.
Moreover, for any vertex A € T°, we set A~! = A.
Let {0} be disjoint from TOUT UT~!. Extend the source and range
maps by defining
s(0) =r(0) =0,

and define the involution on 0 by
0~ =0.

Definition 7. Let I' = (V,T,s,r) be a network. The semigroup Qr is
given by the presentation Qr := (X : R), where

X=1uTuT'U{0},
and R consists of the following relations:
(NR1) s(t)t=t=tr(t)fort e T°UTU T
(NR2) tita =0if r(t1) Ns(t2) =0 for t1,t0 € T°UT UT;
(NR3) 7'ty =0 if t; # to for ty,ty € T}
(NR4) t~ 't =r(t) fort € T}
(NR5) t'A=0ifs(t)# AfortcT and A TY

(NR6) 0z =0 =20 for all z € X.
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By (NR6), the semigroup Qr defined in Definition 7 has a zero ele-
ment 0. For A, B € T°, we regard the product AB as a path from A to
B whenever AN B # 0.

For a graph T, the associated graph inverse semigroup was introduced
by Ash and Hall [5] as the set of pairs (a, ) with «,8 € P(I") and
r(a) = r(f). Paterson [21] subsequently gave a presentation of this
semigroup and proved that the two constructions are isomorphic. In [21],
the graph inverse semigroup I(T") of a graph I' = (V, T, s, r) is defined as
the semigroup generated by TOUT UT ! together with a zero 0, subject
to the relations:

(V) uv = dypu for all u,v € T
(E1) s(t)t =t = tr(t) for each t € T}
(E2) r(t)t~t =t =t"1s(t) for each t € T;

(CK1) t7 g = 84y4,r(ty) for all ty,to € T,

where ¢ is Kronecker Delta.

Remark 2. Let I' = (V,T,s,r) be a graph, that is, a network in which
s(t),r(t) € V for all t € T. Then the semigroup Qr defined by (NR1)-
(NR6) coincides with the graph inverse semigroup I(I"). Indeed, in this
case T° = V, and all sources and ranges are single vertices. Conse-
quently:

(i) By (NR2), for u,v € V we have wv = 0 whenever u # v, while
uu = u by (NR1). Hence uv = dy,u, which is precisely the vertex

relation (V).

(ii) Relation (NR1) gives s(t)t =t = tr(t) for all t € T, which is exactly
(E1), and dually yields (E2) for ¢t*.

(iii) Relations (NR3) and (NR4) combine to give

tl_ltg _ I‘(tl) t1 = t9,
0 tl 7& t27

which is precisely the Cuntz—Krieger relation (CK1).
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(iv) Relation (NR5) reduces to
t1A=0 for AcV, A#s(t),

which simply enforces that products involving ¢t~ and a vertex
vanish unless the vertex matches the source of . This is consistent
with the vertex relation (V).

(v) Relation (NR6) provides a zero element.

Proposition 2. IfI" is a graph then Qr is the graph inverse semigroup
I(T).

Let I' = (V,T,s,r) be a network. If o = titp---t, € P(I') \ {0},
where t; € TUTY, then « is a word over 70 UT UT~!. We define

a b=t

If T is a graph, then every element of the graph inverse semigroup I(I")
admits a unique representation of the form a3~!, where o, 8 € P(T).
Motivated by this, we show that each element of Qr has a unique normal
form a3~!, analogous to the graph inverse semigroup case.

Let ' be a network and consider X = T°UTUT~!U{0}. Define the
rewriting system (X, —) using the following reduction rules (R1)-(R6)
corresponding to (NR1)-(NR6):

(R1): s(t)t —t, tr(t)—t, tcT'UTUT !,

(R2): zy — 0, z,y e TPUTUT™L, r(z)Ns(y) =0,
(R3): z~ly—o, xv,yeT, x#uy,

(R4): 'y —r(y), zyeT,x=y,

(R5): a2 ly =0, reT,yeT? s(x)#vy,

(R6): 0z —0, 20—0 Vo e X.

Proposition 3. The rewriting system (X+,—) is confluent.

Proof. Let X = T UT UT~1 U {0} and consider the rewriting system
(X*+,—) defined by rules (R1)-(R6). To prove confluence, it suffices to
consider the one-step overlapping case

(tltg)tg = tl(tztg), t1,ta,t3 € X,

that is, considering the situation
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t1tats

/N

uts tv

we must show in each case that there exists w with
uts t1v
¥
w )
where = is the reflexive and transitive closure of —,

We consider all possible combinations of rules applied to t1t5 and
tots. Since Ox = z0 = 0 for all z € X, if at least one of ¢1,%9,t3 is O,
then(t1t2)ts = 0 = t1(t2t3). Hence, it suffices to consider the case where
ti1ty and tot3 satisfy one of the relations (R1)—(R5). Observe that it is
impossible for both ¢;te and tat3 to satisfy (R3), (R4), or (R5) simulta-
neously. Therefore, there are exactly seven nontrivial cases to consider.

In each of the following cases, the dual situation (obtained by inter-
changing the roles of t1t9 and tot3) can be verified analogously, and will
therefore be omitted.

We verify in each case that there exists an element w such that utg*—w
and tjv = w, where tito — u and tots — v.

Case 1. Both t1ty and tot3 satisfy (R1).
Suppose that t1t2 — w and tots — v by (R1). Then four subcases
arise.

(i) Suppose that t; = s(t2) and to = s(t3). Then t; =t = s(t3) € TY,
u = t9 and v = t3. Hence

uts = tat3 — t3, tiv = t1ts — t3.

Thus both expressions reduce to w = t3.

(ii) Suppose that t; = s(t2) and t3 = r(t2). Then u = v = t5. Hence
uts = tat3 — t9, t1v = t1tg — to,

and we take w = to.
(iii) Suppose that to = r(t1) and t = s(¢3). Then u = t; and v = t3.
Hence
ut3 = t1t3, thv = t1t3,
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so both expressions coincide. Let w = tyt3.
(iv) Suppose that to = r(t1) and t3 = r(t3). Then tz3=to=r(t;) € T°,
u = t1 and v = t9. Hence

uts = t1t3 — t1, t1v = t1ta — t1.

Thus both reduce to w = ;.

Case 2. t1t9 satisfies (R1) and tot3 satisfies (R2).
Suppose that t1t2 — u and tat3 — v by (R1) and (R2), respectively.

(i) If t1 = s(t2) and r(t2) Ns(t3) = 0, then u =t and v = 0. Hence
uts = tots — 0, tiv = t10 — 0,

so we take w = 0.
(ii) If to = r(t1) and r(ta) Ns(t3) = 0, then r(t;) =ty = r(tz) € TY,
u = t1 and v = 0. Hence

uts = t1t3 — 0, tiv =610 — O,

and again w = 0.

Case 3. t;t9 satisfies (R1) and tot3 satisfies (R3).
In this case t1 = s(t3), to € T7', t3 € T and ty # tgl. Then u = ¢
and v = 0. Hence

uty = tots — 0, tiv =10 — 0,

sow = 0.

Case 4. t;t9 satisfies (R1) and tot3 satisfies (R4).
Here t; = s(t3) and to = t3'. Then t; = r(t3), u = t3 and v = r(t3).
Hence
uts = toty — I‘(tg), tiv = tlr(tg) — I'(t3).

Thus w = r(t3).

Case 5. t;t9 satisfies (R1) and tot3 satisfies (R5).
Here t; = s(ta), t2 € T~', t3 € T? and r(t3) # t3. Then u = to and
v = 0. Hence
uts = tots — 0, tiv =10 — 0,

sow = 0.

Case 6. t1to satisfies (R2) and tot3 satisfies (R2), (R3), or (R5).
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In all such cases we have u = 0 and v = 0, and hence
uts — 0, tiv — 0,

sow = 0.

Case 7. t;t9 satisfies (R2) and tot3 satisfies (R4).
Then r(t;) Ns(t2) = 0, s(t2) = r(t3), and so u = 0 and v = r(t3).
Hence
uts = Otg — 0, tiv = tlr(tg) = tls(tg) — 0,

sow = 0.

This completes the verification. O

The reader may ask why we do not define the product on 79 by
AB = AN B. We show that such a definition leads to a failure of
confluence. Let t € T and let A € TV satisfy r(t~!) € A. Suppose
that the product on TV is given by set-theoretic intersection, that is,
AB = ANB for all A, B € T°. Then, using (NR1) and (NR5), we obtain

tlr(tHA =t r(tT)A s A = 0.
On the other hand, interpreting the product via intersection yields
A=t e HA) =t e ) NA) =t () =t

where we use r(t~1) N A = r(t~!). Hence two distinct irreducible out-
comes are obtained, and so (X, —) fails to be confluent.

By contrast, the rewriting system (X*,—), where X = T° U T U
T-1 U {0}, is clearly noetherian. It follows from Lemma 4 that every
element of Qr admits a unique normal form as a word over X.

We next describe these normal forms. Observe that if a € P(T")\ {0},
then any reduction of « involves only relations of type (R1), and hence
preserves both s(a) and r(«). Consequently, every non-zero path reduces
to a unique irreducible path.

A path a = tity---t, with t; € T U T (1 < i < n) is said to be
reduced (or irreducible) if no adjacent pair admits a reduction, that is,
ti #r(ti—1) and t;—1 # s(t;) for all 2 <i < n.

Lemma 6. Let I' = (V,T,s,r) be a network. For any o € P(T") \ {0},
let &/ be the unique reduced path with [a] = [/]. Then s(a) = s(a’) and

r(a) =r(d).
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We remark that the reduction of a linear path is again linear, and
that 0 is irreducible. Define

RP(I") ={a € P(I') : « is reduced},

and
RLP(I") ={a € LP(T") : v is reduced}.

Then TUT? C RLP(T') C RP(T), and
RLP(T) ={ty -ty :t; €T, v(t;) =s(tir1) (1 <i<n)}uT’.

Lemma 7. If o =t ---t, € RLP(T"), then every subword t;---t; (1 <
i <j<mn)also lies in RLP(T).

Theorem 1. Fach element of Qr has a unique normal form of one of
the following types:

@) [,  Gi)[F71 () [es7'], (i) [0,

where a € RP(T'), B € RLP(T)\TY, and in (iii) one has r(a)Nr(B) # 0.
In particular, for A € T°, the normal form of [A] is [A], while [A7!]
reduces to [A].

Proof. Let [w] € Qr. By Proposition 3, we may assume that w is reduced.
If w # 0, then w contains no subword of the form z~ly with z € T,
y € TUTO, nor of the form z~'y~! with 2,y € T such that yz is not
linear. It follows that w is of the form a, 371, or o371, where a € RP(T),
B € RLP()\ T and in the latter case r(a) Nr(B3) # 0.

Finally, if A € T°, we have A~! = A, and hence any occurrence of
A~! reduces to A. Therefore, the normal form of [A] is [4], and [A™}]
has the same normal form. O

A word a8~ with a € RP(T), 8 € RLP(T) and r(a) = r(B) is
called a right normal form. In particular, 0 is in right normal form.

Each element of types (i)—(iii) in Theorem 1 can be written uniquely
in the form [a3~!] with « € RP(T'), 3 € RLP(T') and r(a) = r(j3). More
precisely, one has

[a] = [af™Y] with 8 = r(a),

and

(67 =[ap™"] with a =r(f).
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Furthermore, if an element is given in the form [o37!], then

g1 = {[aﬁ—l] if r(0) = x(8),

(B!  otherwise,

where u = ar(p).

Corollary 1. Fach element of Qr admits a unique representative of the
form aB~ in right normal form, where o € RP(T'), B € RLP(T') and

r(a) =r(B).
Lemma 8. If « € LP(T') \ {0}, then [a~ta] = [r(a)].

Proof. The claim is immediate if o € T'U TY by (NR1) and (NR4).
Let « = ty---t, with r(t;) = s(t;41) for 1 < i < n. Then repeated
applications of (NR4) and (NR1) yield

o) = [t 1t ] = [ ] = [2(t)] = [r(a)):
O

Lemma 9. Let [af71], [ur~] € Qr \ {[0]} be such that af~' and pv=!
are in right normal form, where a, u € RP(T') and B,v € RLP(T"). Then

laur~l]  if B =r(a) € T° and r(a) Ns(y) £ 0,
@B i B £ T, p=r(v) =s(B),

™ i BET and p =B,

aév™'] if B¢ T° and p = B€ for some € € RP(T),
a(vn)™] if B ¢ T° and B = un for some n € RLP(D),

0] otherwise.

Proof. Let [af™Y],[urt] € Qr\{[0]} be such that a3~! and uv~! are in
right normal form. We proceed by a case analysis, according to whether
BeTOor B¢ T and whether € T% or p ¢ T°.
Case 1. € T°. Then 3 = r(a).

If x(a) N15(s) = 0, then by (NR2), a6~ ][] = -
If 2(a) N's(x) # 0. then by (NR1), [of "] = [ar(ay-1] =
[apv1].
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Case 2. 3¢ T" and pu € T°. Then pu = r(v).

If s(8) = p, then by (NR1), [af~"][p "] = [af~'v"!] = [a(vB)7'].
Otherwise, by (NR5), the product is [0].

Case 3. 3¢ T" and u ¢ T°.
(i) Suppose that 8 and p are prefix comparable.

(al) If 4 = B, then using Lemma 8, r(a) = r(5) and (NR1), we get
[~ = [ar™].

(a2) If p = pE for some £ € RP(I'), then using Lemma 8, r(a) = r(8)
and (NR1),
[l = [a(8718)er 1] = [ar(B)ev™"] = [agr ™).

(a3) If p = pn for some n € RLP(T), then u € RLP(T) and r(u) =
s(n). By Lemma 8 and (NR1),

(B ™ = [on™ 5™ v = Jan™

(ii) Suppose that 8 and p are not prefix comparable. Write S=x122- - -z,
and (= y1y2 - - Yn, where x; € T and y; € TuUTO.

(al) If 1 # y1, then B~y — 0.

Indeed, if y; € T, then a:l_lyl — 0 by (NR3). If y; € T°, then either
y1 # s(x1), so :Eflyl — 0 by (NR5), or y3 = s(z1), in which case, since
p is reduced, y; # s(y2) and hence

7 yiye — 27 s(y2)y2 — 0

by (NR5). Thus 8~tu — 0, and so [aB~ ] [ur~1] = [0].

(a2) Otherwise, let k > 2 be minimal such that xj # y; and z; = y;
for 1 <j<k—1. Then

1 -1 —1/..-1 -1
...xk+1xk ('/Bk;—]_.”xl xl...xk_l)yk...yn'

Since f € RLP(I'), we have r(z;—_1) = s(x;), and hence

B =ua,

:c,;_ll e xflxl s xp—1 = r(xp_q)
by Lemma 8. Thus

-1 -1 -1 -1
B — xy, T 1T Yk Yne
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Since zp # yi, if yr € T then x,;lyk — 0 by (NR3); if y, € T°, then
reducedness of p implies r(yx_1) # Yk, but 51 = yr—1 and r(rg_1) =
s(zk), so s(zx) = r(yg—1) # yr. Hence x;lyk — 0 by (NR5). Therefore
B~ — 0.

Consequently, [a87 1 [ur1] = [a(B~ u)r~1] = [0].

Combining all cases yields the result. O

Lemma 10. The set of idempotents of Qr is
E(Qr) = {laa™"]: a € RLP(T")} U{[0]}.
Moreover,
E=E@Qr)\{[4]: AeT% = {laa™] :a € RLP(I)\ T°} U {[0]}
s a subsemilattice of Qr.

Proof. It is immediate that [0] € E(Qr). By Lemma 8 together with
(NR1), for every a € RLP( ) the element [aa ™! is idempotent.

Conversely, let [a87!] € Qr \ {[0]} be idempotent, where a3~! is in
right normal form. Then [a37!]? = [a37!], and hence, by Lemma 9, one
of the following cases occurs.

(i) If B = r(a) € T° then [a] = [aB7!] = [aB7!]?> = [aa], which
implies that o € T°. Thus a = 8 € RLP(T).

(ii) Assume now that 8 ¢ TY. If a = r(B8) = s(3) € T°, then
[a371] = [87!], which is not idempotent, a contradiction. Hence o ¢ T°.
If a = f3, then clearly [af~!] = [@a™!]. Otherwise, either a = B¢ for
some & € RP(T") or 8 = an for some n € RLP(T).

If @ = B¢, then [af™!] = [aBf71)? = [a€B7!], and since B!
in right normal form, it follows that [a] = [a€] or [¢871] = [871]. As
a € RP(I') and f € RLP(T') \ {[0]}, this forces £ = r(a) = r(f),
contradicting the reducedness of @ = €.

If 8 = an, then [af~"] = [a(Bn)~"], so [B] = [Bn]. Since g ¢ T°,
we deduce that n = r(8) € T, again contradicting the reducedness of
B = an.

Hence neither of the above cases can occur, and we conclude that
a = € RLP(T). Therefore [a371] = [aa™1], and so E(Qr) = {[aa™!] :
a € RLP(T")} U{[0]}.

Finally, let [aa™!],[387!] € E'\ {[0]}. By Lemma 9,

3871 if B = af for some & € RLP(T),
[aa™Y[BB =< [aa™!] ifa=pora=pn for somen e RLP(I),

0] otherwise.
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In particular, the product is commutative and again lies in E. Hence E
is a semilattice. O

Remark 3. Let A, B € T° with A # B. Then [A],[B] € E(Qr). Howe-
ver, if AN B # (), then [AB] ¢ E(Qr), and moreover [A][B] # [B][A]. It
follows that, in general, F(Qr) is neither closed under multiplication nor
commutative; in particular, F(Qr) need not form a subsemigroup of Qp.

Lemma 11. Let [a87] € Qr be such that a~" is in right normal form.
Then [aB™Y] is regular if and only if « € RLP(T) or [aB~!] = [0].

Proof. Tt is clear that [0] is regular. Suppose that « € RLP(T"). Then,
using (NR1) and Lemma 8, we obtain

[~ [Ba ap™ "] =[ar(B) (o )87 = [a(a™ )37
lar(a)B™] = [aB71],

where r(a) = r(3). Thus [Ba~!] is an inverse of [«37!], and hence [a37 1]
is regular.

Conversely, let [a37!] € Qr\{[0]} be regular, and suppose that [y 1]
is an inverse of [a3~!], where both a3~1 and uv~! are in right normal
form. Then [a3~!][ur~!] is a non-zero idempotent, and so [a3~1][ur 1]
= [¢¢71] for some ¢ € RLP(T). By Lemma 9, it follows that « is a prefix
of ¢, and hence « € RLP(I") by Lemma 7. O

Lemma 12. Let o, 3 € RLP(T) with r(a) = r(B). Then [Ba™!] is the
unique inverse of [a871] in Qr.

Proof. Since o, 3 € RLP(T) and r(a) = r(3), both a7t and fa~! are
in right normal form. By Lemma 11, [a~!] is an inverse of [a57!].
To prove uniqueness, let [ur~!] be any inverse of [a37!]. Then

[l a7 = [aB71], (1)
and [puv~!] is regular. Hence, by Lemma 11, u € RLP(T).
We analyse the product [a3~1][ur~1].
Case 1. B € T°. Then 8 = r(a), and by Lemma 9, [af~!][ur~1] =
[apv™1], whenever r(a) Ns(u) # (). Hence
[l a7 = [apr™[as ™.

Applying Lemma 9 again, the left component of the product[aur—1][a37!]
is ap (or an extension thereof). For (1) to hold, this must coincide
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with «a, which forces p = r(a) = B. Substituting © = [, we obtain
[aB Y [ur™1] = [ap~Y[Br~!] = [ar™!], and hence

[av ™™ = [ap7").
Since € RLP(T'), a further application of Lemma 9 yields v = . Thus
(™) = [Ba™].

Case 2. ¢ TY. Since B, u € RLP(T'), Lemma 9 shows that a non-zero
product can occur only in one of the following cases:

(i) p=r(v)=s(B);
(i) p=5;
(ifi) p = B¢ for some & € RP(T);
(iv) B = pn for some n € RLP(T).
If (i) holds, then [af~][ur~1] = [a(vB8)~"], and hence
[~ [ Nap™"] = [a@p) [as™].

For (1) to hold, Lemma 9 forces v3 = a, and thus [v~!] = [Ba™!].
Consequently,

[~ = [s(8) Ba™'] = [Ba” 1]

If (iii) holds with non-trivial &, then [af~!][ur~!] = [aér™!], and
hence
o Naf™"] = [agr™][as™"].
By Lemma 9, the left component is a (or an extension thereof), which
cannot equal «. Hence (1) cannot hold.
If (iv) holds with non-trivial i, then [a8~![ur™1] = [a(vn)~!], and
similarly the product in (1) cannot reduce to [a37!], a contradiction.

Therefore the only possible case is (ii), namely p = . Substituting
into (1), we obtain [a871][Bv7][aB871] = [aB~!]. Asin Case 1, repeated
application of Lemma 9 yields v = «.

Thus in all cases ¢ = f and v = a, and hence [pr~!] = [Ba™}].
Therefore [fa~!] is the unique inverse of [a3~1]. O

Lemma 13. Let [a371] € Qr \ {[0]} be regular, where a3~ is in right
normal form. Then o, 3 € RLP(T) and [ca™ Y| R [aB7Y] L [BB7Y], where
[aa™1], [8871] € E(Qr).
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Lemma 14. Let [@371] € Qr\{[0]} be such that aB~! is in right normal
form. Then [aB~ Y L*[BB7Y].

Proof. Let [af~] € Qr \ {[0]} with ™! in right normal form. Then
B € RLP(T), and hence [387!] € E(Qr) by Lemma 10. Moreover,
a8~ = [af™].

To verify that [af~Y L* 387}, let [xlyfl], [my;l] € Qr be such
that z1y; ' and zay, ' are in right normal form and [af~'[z1y; ] =
o8 [ay; 1], We show that [86~"Jfzay; ] = 186~ feou3 1]

First assume that 8 = r(a) € TY. Then [837!] = [r(a)]. By
Lemma 9, the equality [a87[z1y;!] = [aB~![x2y; '] implies either
r(a) Ns(z1) = 0 and r(a) Ns(z2) = 0, or r(a) Ns(z1) # 0 and r(a) N
s(w2) # 0. In the former case, [r(a)|[z1y; '] = [r(a)][z2y; ] = [0]. In the
latter case, [ax1y; '] = [axay; '], and since a € RP(T) it follows that
r(@)a1y; "] = [r(a)wayy '] Thus (B8~ [z1y; ] = (B8~ wayy ']

Assume now that 3 ¢ T9. We proceed by a case analysis according
to whether x; or 9 belongs to 79,

(i) If 21,20 € TY, then using Lemma 9, the equality [aﬁ_l][wlyfl] =
[ |[x2yy '] implies that either 21 = x2 = s(3) or x1 # s(3) and xy #
s(8). In the former case, the equality [af~[z1y;'] = [@87 [y, ]
yields [a(y18)71] = [a(y28) 7], and since a € RP(T") we obtain

[r(e)(y18) "] = [r(a)(y2B)~"].
Using r(e) = r(B), this gives [8(y18)~"] = [B(y28) "], that is,
188~ [z1y; '] = (887 [ways .

In the latter case, both products [38~!][z;y; '] are equal to [0] for i = 1,2.

(ii) Suppose that either z; € T° and 2o ¢ T, or x; ¢ T° and
9 € TY. Since the latter situation is dual to the former, it suffices
to consider the case where 1 € T? and zo ¢ T°. By Lemma 9, the
equality [aB[z1y7 "] = [aB™][x2yy '] implies that either z; = s(3)
and z9 is prefix-comparable with 3, or 1 # s(3) and x5y is not prefix-
comparable with 3. In the latter case, both products are equal to [0],
and the conclusion is immediate.

Assume therefore that 21 = s(8) and that xy is prefix-comparable
with 8. By Lemma 9, [af~![z1y; '] = [a(y18)"!] and there exist three
subcases for xo and S.

(al) If B = x, then, by Lemma 9, [af~!|[z2y, '] = [aws '], Hence
la(y18)~Y] = [ay, ']. Since a € RP(T), we get

[r(@)(118) 7] = [r(a)yy '],
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and so [Br(a)(y18) 7] = [Br(a)yy !]. Noting that r(a) = rl(ﬂ), we obtain

[B(y18)7"] = [Byy '), that is, [36~[z1y; '] = [B6~[z2ys '] as required.
(a2) If x9 = Busg for some s € RP(T'), then

(B [zayy '] = [opays '],

and the same argument as in (al) gives
[a(y18) ™1 = [apayy '] = 1B(y1B8) 7] = [Buzyy .

o[B8 Yla1y; '] = (B8 [way ]
(a3) If B = xo9& for some & € RLP(T), then [af [xay, '] =
[a(y262) 1], and arguing as in (al) we obtain

[(18) 7] = [alyeba) "] = BwiB) '] = [By282) "]

o 88~ Ywyi] = (85 lzay ).

(iii) We now suppose that both z1, 29 ¢ T°. If 3 is prefix comparable
with exactly one of 1 and x3, then Lemma 9 yields [aﬁ_l][xlyfl] =+
[af~Y[2z2y5 '], a contradiction. Hence f is either prefix comparable with
both z; and x5, or with neither.

If 8 is not prefix comparable with either x; or xo, then both
lafY[ziy; '] and [B871][ziy; '] are equal to [0] for i = 1,2.

Otherwise, 3 is prefix comparable with both x; and x2. It suffices to
consider the case where 1 = Su; and xo = Sug for some p, g € RP(T')
the remaining cases being analogous. Then [a8~4][z;y; ] = [apiy; '] # [0]
for i = 1,2, and the hypothesis yields [au1y; '] = [apay, '], Since a €

RP(T), we obtain [r(a)uiy; '] = [r(a ),ugygl] and hence [Bu1y; ]
By ) )~ x(9). Notig tht 95 ] = ") o i =
1,2, we conclude that [3874][z1y; '] = [88 ngyQ 1.

Therefore [a371] £* [367!] by Lemma 1. O

Lemma 15. Suppose that [, [ur~] € Qr \ {[0]}, where B~ and

pr~Y, are in right normal form. Then:

() [of~] C* ) if and only if 6 = v;
(ii) if a,u € RLP(T), then [af™ Y| R [ur~"] if and only if o = p

Proof. (i) By Lemma 14, we have [a87 ! £* [337!] and [uv 1] £* [vv1].
Hence [af~ Y] L* [uv™1] if and only if [387Y L* [vv~1]. Since [8371],
[vv~Y € E(Qr), Lemma 11 implies that £* coincides with £ on idem-
potents, and thus [~ '] £ [vr~!]. It is immediate that 8 = v implies



Y. H. WANG, P. Gao, X. M. REN 327

(@B~ £* [ur~1]. Conversely, assume that [387!] £ [vv~1]. We distin-
guish three cases.

Case 1. If = r(a) € T® and v = r(u) € T then [387'] = [f]
and [vr~!] = [v]. The relation [8] L [v] means that [§][v] = [B] and
[v][8] = [v], which forces r(8) = r(v), and hence § = v.

Case 2. If B,v € RLP(I) \ T° then by Lemma 10 the idempo-
tents commute, that is, [387![vr~!] = [vr~Y[387!]. The condition
(8871 £ [vr~1] implies B = v.

Case 3. If one of B,v lies in TV and the other lies in RLP(T') \ T°,
then, say 8 € T° and v ¢ T°, we have [387!] = [8] # [B8~Y[vv 1], so
([887Y, [vv™1]) ¢ L, a contradiction. The symmetric case is analogous.
Hence this situation cannot occur.

Thus 8 = v, and the proof of (i) is complete.

(i) Let a,u € RLP(T). Then [aB7!] and [ur~!] are regular by
Lemma 11. By Lemma 13, we have [0~ R [ea™!] and [ur~ 1] R [up™1].
Hence [a87 YR [uv™1] if and only if [aa YR [uu~!]. Arguing as in
part (i), this is equivalent to a = p. O

Lemma 16. Suppose that u,n € RP(I"), y € RLP(T'), pn = yn, and
(=1 € Qr\{[0]} with uv=1 in right normal form. Then ([yy~'], [ur~1])
¢R".

Proof. Assume that pu,n € RP(T'), y € RLP(I") and u = yn, and let
[uv~t € Qr \ {[0]} be such that ur~! is in right normal form.

Let [@87'] € Qr \ {[0]}, and choose [zy~'],[z1y;'] € Qr in right
normal form such that o = y& = y1& and z€§ = x1& for some £,& €
RLP(T), where y; and p are not prefix comparable. Then

ey e = (2671 = (216671 = 21y NaB ™,

whereas
[y v~ = feqp ™' # (0] = [z1yy ).

It follows that ([aB8~ Y, [ur~1]) ¢ R*.

Now argue by contradiction. If ([yy~!], [ur~!]) € R*, then also
([yy~4, [@B™1]) € R*, and hence ([aB87 ], [ur™!]) € R*, contradicting
the above. Therefore ([yy '], [ur~1]) ¢ R*. O
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Let [yy~ '] € E(Qr) \ {[0]}. By Lemma 10, we have y € RLP(T).
Let u € RP(I') \ RLP(I") be a non-zero element. Then either y is a
prefix of u, or y is not prefix-comparable with u. If y is a prefix of u,
then by Lemma 16, the idempotent [yy~!] need not be R*-related to
[iv~1] € Qr. If y is not prefix-comparable with g, then by Lemma 9 we
have [yy~!][ur~1] = [0]. It follows that there exists an R*-class of Qr
which contains no idempotent, and hence Qr is not left abundant. On
the other hand, by Lemma 15 (i) and Lemma 14, each £L*-class of Qr
contains a unique idempotent. Therefore, we obtain the following.

Theorem 2. The semigroup Qr is a right *-abundant semigroup with
zero.

Put
Sr={[af™'€Qr: ae RP('), f € RLP()\T°, r(a) = r(B)}U{[0]}.
Then the set

E=E@Qr)\{[4]: A€ T ={laa™]: a € RLP(')\ T°} U {[0]}

coincides with the set of idempotents of Sp. It follows from Lemma 9
that Sr is a subsemigroup of Qr. Moreover, since 3 € RLP(T') \ T for
every [a371] € Sr, the multiplication in St can be described as follows:
for all [af~!], [ur~!] € Sr,

[a(wB)™] i 1= x(v) = s(B),
lav™] it B=4p

laf ™ =< [ar™] if u = B¢ for some ¢ € RP(T),
[a(vn)~Y] if B = un for some n € RLP(T),
0] otherwise.

Proposition 4. The semigroup St is a right ample semigroup with zero.

Proof. By Lemma 10 and Lemma 14, the semigroup Sr is right abundant
and its set of idempotents forms the semilattice F = {[aa™!] : a €
RLP(T)\ T°} U {[0]}. Thus it suffices to verify the right ample identity
ea = a(ea)* for all e € E and a € Sr \ {[0]}.

Let e = (7Y € F and a = [af7!] € Sr\ {[0]}. By Lemma 9, the
product [£7Y[aB7!] is equal to [aB7!] if @ = € or a = &u for some
p € RP(I), is equal to [¢(8n) 1] if € = an for some n € RLP(T), and is
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[0] otherwise. Consequently, ([€£7![aB871])* = [387!] in the first case,
[(Bn)(Bn)~!] in the second case, and [0] otherwise.

A direct computation, again using Lemma 9, shows that [a8~!][837!]
— o] and [af][Bn(Bn) "] = [6(Bn)'] whenever £ = an, while
in the remaining case both products are equal to [0]. It follows that
[aB71([€€7[aB™Y])* coincides with [£€71][aB7!] in all cases. Hence
ea = a(ea)*, and therefore Sr is right ample with zero. O

By Lemma 11, if a, 3 € RLP(T) with r(a) = r(8), then [a37!] is
regular. Define

Rr ={[af 1€ Sr:a,f € RLP(T)\ T" and r(a) = r(5)} U {[0]}.

Then E C Rr, and by Lemma 2 the set Rr is an inverse semigroup of St.
Moreover, by Lemma 15, the Green’s relation H = LNR is trivial on Rp.
Recall that a semigroup is fundamental if the only congruence contained
in H is the identity congruence [19]. Hence we obtain the following.

Corollary 2. The semigroup Rr is a fundamental inverse semigroup
and a subsemigroup of St.

3. The congruence-free case

The aim of this section is to investigate congruence-free conditions on
Qr. We will consider congruences to be semigroup congruences, unless
stated otherwise. Congruences compatible with both the multiplication
and the unary operation * will be referred to as *-congruences.

We begin by recalling that a semigroup is said to be congruence-free
if it admits precisely two congruences, namely the identity congruence
and the universal congruence. A congruence p on a semigroup S with
set of idempotents F(S) is called idempotent-separating if ep # fp for
all distinct e, f € E(S). A non-empty subset I of S is an ideal if ST C I
and 15 C I, and such an ideal is said to be proper if I # S.

Lemma 17. Let [ = {[aB87 Y] € Qr : a € RP(I')\ RLP(I")} U {[0]}.
Then I is a proper ideal of Qr. Moreover, the relation py = (I x I)Ulg,
s an idempotent-separating congruence on Qr.

Proof. By Lemma 9, the set I is closed under multiplication in Qr, and
clearly Qr \ I # 0, so I # Qr. Let [a371] € T and [ww™!] € Qr.
Since @« € RP(I') \ RLP(I'), an application of Lemma 9 shows that
[~ [ur~1] € 1.
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To verify that QrlI C I, consider [uv~!][af7!]. Since a ¢ RLP(T)
and v € RLP(T"), Lemma 7 implies that v # « and v # an for any
n € RLP(T'). Hence, by Lemma 9, the product [uv~1][aB7!] is equal to
[paB~ Y if v = r(u) and r(p) Ns(a) # 0, or to [uév~1] if a = v¢ for some
¢ € RP(T"), and is [0] otherwise.

If v = r(p) and r(u) Ns(a) # 0, then pa € RP(T') \ RLP(T) since
a € RP(T)\ RLP(T), and hence [uaB~1] € I. If a = v¢ for some
¢ € RP(T), then either r(v) # s(§) with r(v) Ns(§) # 0, or r(v) = s(&)
and £ € RP(I") \ RLP(T"). In the former case, since r(u) = r(v), we
have r(p) # s(§) and r(p) Ns(§) # 0, so p& € RP(I") \ RLP(T") and
thus [uév=1] € I. In the latter case, ué € RP(I')\ RLP(T') again follows
directly, and hence [uér~!] € I. In the remaining case the product is
[0] € I. Therefore QrI C I, and so I is an ideal of Qr; moreover, it is
proper.

Finally, by Lemma 10, the only idempotent contained in I is [0]. It
follows immediately that p; is an idempotent-separating congruence on

Qr. O

A similar construction yields a proper ideal of Sr.

Lemma 18. Let I = {[af™'] € Sr: a € RP(I')\ RLP(T)} U {[0]}.
Then I is a proper ideal of St, and pr = (I x I) U 1lg,. is an idempotent-
separating congruence on Sr.

Proof. The proof is analogous to that of Lemma 17, and is therefore
omitted. O

According to Lemma 11, Lemma 17 and Lemma 18, the semigroups
Qr and St fail to be congruence-free whenever they contain non-regular
elements. Indeed, if ¢ € T satisfies |s(t)] > 1 and v € s(t), then vt €
RP(T')\ RLP(T), whence [vtt~!] € Sp C Qr is a non-regular element.
This yields the following result.

Theorem 3. Let I' = (V,T,s,r) be a network. If there exists t € T with
|s(t)| > 1, then neither Qr nor St is congruence-free.

Let I' = (V,T,s,r) be a network. For each subset A C V', the cardi-
nality of the set {t € T': s(t) = A} is called the out-index of A in T', and
is denoted by o(A).

Let S be a right abundant semigroup. An ideal I of S is called
a x-ideal if it is closed under the relation L£*. Viewing S as a unary
semigroup, it is straightforward to verify that if I is a proper x-ideal of
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S, then py = (I x I)U1lg is a unary semigroup congruence on S. Indeed,
if aprb, then either a = b, in which case a* = b* trivially, or a,b € I,
and hence a*,b* € I since I is closed under the unary operation *; thus
a* prb*.

A right x-abundant semigroup is said to be *x-congruence-free if it
admits only two unary semigroup congruences, namely the identity con-
gruence and the universal congruence.

Lemma 19. Let I' = (V,T,s,r) be a network and let t € T be such
that o(r(t)) = 0 and there evists no A € TO\ V with r(t) C A. Then
the principal ideal I = Qr[tt~11Qr generated by [tt~1] is a proper x-ideal
of Qr.

Proof. Let t € T satisfy the stated hypotheses. We first show that
lr(t)] = 1. Indeed, if |r(¢)] > 1, then r(t) € T°\ V and trivially
r(t) C r(t), contradicting the assumption. Hence r(t) is a singleton.

We derive the explicit description of the ideal I = Qr[tt~1]Qr using
Lemma 9.

Let [ap™ Y, [ur~!] € Qr \ {[0]} be such that a3~ and pur~! are in
right normal form. We first compute the product [a371][tt~!]. Since
t,5 € RLP(T"), Lemma 9 shows that a non-zero product can occur only
if either 3 = r(a) € T° and r(a) Ns(a) # @ or B ¢ T° and t are prefix
comparable, namely in the cases f = t, f = t£ for some £ € RP(T"), or
t = fn for some n € RLP(T).

In the former case, we get [a37!][tt~!] = [att~!]. In the later case, the
assumption o(r(¢)) = 0 and |r(¢)| = 1 exclude any non-trivial extension
at r(t). Consequently, neither 5 = t£ with non-trivial £ nor t = n with
non-trivial 7 can occur. Hence only the case 5 = t yields a non-zero
product, and then [af~![tt7!] = [at~!]. Thus every non-zero element
of Qr[tt~!] is of the form [yt~!] with v € RP(T") and r(7) = r(¢).

Next, consider the product [y¢t~!][ur~!]. By Lemma 9, a non-zero
product can occur either when p = r(v) = s(t) or when ¢ and p are
prefix comparable. In the former case we obtain [yt ~!][ur~1] = [y(vt) 7],
therefore the resulting element again has r(v) = r(vt) = r(¢).

In the latter case, prefix comparability yields p = ¢, u = t£ for
some £ € RP(I"), or t = un for some n € RLP(T"). As before, the
condition o(r(t)) = 0 excludes the possibilities p = t£ and t = un, so
that necessarily p = ¢. In this case we obtain [y¢~!][ur~1] = [yv~!], and
clearly r(y) =r(v) = r(t).

Combining the above, every non-zero element of Qr[tt~!]Qr is of the
form [af~!] with a € RP(T), 8 € RLP(T) and r(a) = r(B) = r(t).
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Therefore,

Qrltt Qr = {[e87]: a € RP(T"), 8 € RLP(T),

r(a) =r(8) = r(t)} U{[0]}.

By Lemma 15(i), each L£L*-class in Qr is determined by the second
component in right normal form; hence I is closed under £* and therefore
is a x-ideal. Finally, since s(t) Nr(t) = (), we have [s(t)] ¢ I, so that I is
a proper ideal of Qr. O

The following consequence is immediate.

Theorem 4. Let T' = (V,T,s,r) be a network. If there existst € T such
that o(r(t)) = 0 and there is no A € T°\ V with v(t) C A, then Qr is
not x-congruence-free as a unary semigroup.

Lemma 20. Let I'=(V,T,r,s) be a network with |T|>1, and let t,q € T
be such that o(r(t)) = 0, v(t) # r(q), and there exists no A € T°\'V with
r(t) C A. Then the principal ideal generated by [tt™'] is a proper x-ideal
of Sr.

Proof. Let t,q € T satisfy the stated hypotheses. As in the proof of
Lemma 19, the assumptions imply that |r(¢)| = 1, and hence r(t) € V.

Using the multiplication rule in St together with the condition o(r(t))
= (, the same argument as in Lemma 19 shows that non-zero products
involving [tt~!] arise only in the trivial prefix-comparable case. Conse-
quently, every non-zero element of Sh[tt~1]S] is of the form [a87!] with
a € RP(T'), € RLP(I')\ T, and r(a) = r(3) = r(t). Hence

St 1St = {[aB7'] : a € RP(T), B € RLP(T)\ T°,
r(B) = r(t)} U {[0]}.
By Lemma 15(i), the set I is closed under £*, and thus forms a x-ideal

of Sp. To see that I is proper, observe that r(q) # r(t), so [g¢" '] ¢ I,
and hence I # Sr. d

r(a)

Lemma 21. LetI'=(V,T,r,s) be a network with |T| > 1,and let t,q € T
be such that o(x(t)) = 0, r(t) # r(q), and there exists no A € T°\ V with
r(t) C A. Then the principal ideal Rp[tt—'|Rr generated by [tt™'] is a
proper ideal of Rr, where

Rr[tt™']Rr = {[af™"] : @, f € RLP(D)\T°, r(a) = r(8) = r(t)} U{[0]}.
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Proof. The proof is analogous to that of Lemma 20, restricting to ele-
ments whose components lie in RLP(I')\TY, and is therefore omitted. [

Theorem 5. Let I' = (V,T,r,s) be a network with |T| > 1, and suppose
that there exist t,q € T such that o(r(t)) = 0, r(t) # r(q), and there
exists no A € T°\'V with v(t) C A. Then St is not x-congruence-free as
a unary semigroup, and Rr is not congruence-free.

Proof. By Lemma 20, the semigroup St admits a proper *-ideal I. Hence
the relation p;y = (I x I) U 1g, defines a non-trivial unary semigroup
congruence on Sr, so St is not x-congruence-free.

Similarly, by Lemma 21, the semigroup Rr admits a proper ideal,
which induces a non-trivial congruence. Therefore Rr is not congruence-
free. O

4. Homomorphisms

In this section we investigate the relationship between network homo-
morphisms and semigroup homomorphisms.

Let S be a semigroup with set of idempotents E(S). The natural
partial order on S is defined by

a<b < a=zb=byand za=a

for some x,y € S* (see [18]).

When restricted to F(.S), the natural partial order takes the familiar
form: for all e, f € E(S), we have e < f if and only if e = ef = fe.
In particular, F(S) becomes a partially ordered set under <. Moreover,
if E£(S) is a semilattice, then the order simplifies further, and for all
e, f € E(S) we have

e < f if and only if e = ef.

Lemma 22. Let E(Qr) be the set of all idempotents of Qr and let < be
the natural partial order on Qr. Then the following statements hold.

(i) An idempotent [aa™1] is mazimal in E(Qr) with respect to < if
and only if a € T°.

(i) An idempotent [ca™1] is mazimal in E = E(Qr) \ {[4] : A € T°}
with respect to < if and only if a € T.
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Proof. (i) Suppose that a € T% and [aa™!] < [up™!] for some pu €
RLP(T). Then [up~'] # [0] and [aa™"] = [aa™ ] [up ] = [up” oo™ ).

Since @ € T?, we have a~! = a and hence [aa™!] = [a]. Tt follows that
(o] = [opp™] = [up~'a). If p € RLP(I')\ TV, this is impossible. Hence
p € TV, and the above equalities reduce to [a] = [au] = [ua], which

implies & = p. Thus [aa 1] is maximal in E(Qr).

Conversely, let o € RLP(T') and suppose that [aa~!] is maximal
in B(Qr). Then [aa™!] # [0], and [aa~!] < [s(a)], since [aa™!] =
[s(a)aa™!] = [aa~!s(a)]. By maximality, we obtain [aa™!] = [s(a)],
and hence a = s(a) € T°.

(ii) By Lemma 10, the set E = E(Qr )\{[A] : A € TY} is a semilattice.
Let a € T and suppose that [aa 1] < [t for some p € RLP(T) \
T°. Then [up='] # [0] and [aa™!] = [aa™!][up~t]. By the proof of
Lemma 10, this implies that either @« = p or a = pz for some x €
RLP(T). Since a € T and u € RLP(T) \ T°, the latter possibility
cannot occur, and hence a = p. Therefore [aa™!] is maximal in E.

Conversely, suppose that o € RLP(I')\ T° and [aa~!] is maximal in
E. Then [aa™!] # [0]. Thus we may write a = t3 for some t € T' and
B € RLP(T). By the proof of Lemma 10, we have [aa~!] < [tt71], and
since [tt7!] € E, maximality yields [aa™!] = [tt7!]. As both aa~! and
tt~1 are in right normal form, it follows that o =t € T.. O

Theorem 6. Let I' = (Vp, 11, s,r) and A = (Va,Ta,s,r) be networks.
Then IT' =2 A if and only if Qr = Qa.

Proof. 1t suffices to prove the non-trivial direction. Suppose that 6 :
Qr — Qa is a semigroup isomorphism. Let E(Qr) and E(Qa) denote
the sets of idempotents of Qr and Qa, respectively, and let < denote the
natural partial order on each semigroup. Then 6 restricts to an order-
isomorphism from (E(Qr), <) onto (E(Qa), <).

We first identify the vertices. By Lemma 22(i), the maximal elements
of E(Qr) are precisely the idempotents of the form [A] with A C V¢, and
analogously for Qa. Hence 6 induces a bijection

0:{[A]: AcVp} — {[A]: A CVa}

We claim that for each v € Vp, the element [v]6 corresponds to a singleton
vertex. Indeed, write [v]0 = [B] with B C V. If | B| > 1, choose distinct
uy,uz € B. Then [u;][B] # [0] for i« = 1,2. By Lemma 22(i), there exist
Ay, Ag € TY such that [4;]0 = [u;]. It follows that

[A0]6 = [A]6[)6 = [w][B] £ [0] (i = 1,2),
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whence [A4;v] # [0] and so v € A; for i = 1,2. Thus A3 N Ay # 0, and
hence [A; As] # [0]. However,

[A142]0 = [A1]0[A2]0 = [u1][uz] = [0],

a contradiction. Therefore B is a singleton. Consequently, 6 induces a
bijection
©:Vp = Va, v+ v where [v]0 = [v/].

Next, we identify the relations. By Lemma 22(ii), the maximal ele-
ments of E(Qr) \ {[4] : A € T} are precisely the idempotents [tt~1]
with ¢ € Tr, and similarly for A. Hence 6 induces a bijection

0:{[tt7']:teTr} — {lgg7] : ¢ € Ta}.
Let t € Tt and suppose that [tt71]0 = [qg~!] for some ¢ € Ta. Write
[0 = [zy ™,

where zy~! is in right normal form, that is, x € RP(A), y € RLP(A)
and r(z) = r(y).

We claim that x € RLP(A). Since 6 is a semigroup isomorphism, [t]0
is a regular element of QA with inverse [t71]6. By Lemma 11, an element
of the form [zy~!] admits a (non-zero) inverse only if x € RLP(A).
If z € RP(A)\ RLP(A), then [zy~!] has no non-zero inverse in Qa,
which contradicts the fact that [t71]6 is an inverse of [t]§. Therefore
x € RLP(A), as required. Then by Lemma 12, [t71]0 = [yz~!] # [0],
and hence

[tt716 = [0t 110 = [wy~[ya™ ] = [z27).
Thus [g¢~!] = [z27!], and so ¢ = z. Moreover,
()0 = [t711]0 = [ya~'ay "] = [yy '],
which implies that y € TR and hence y = r(y). Therefore
16 = [zy™"] = [2] = [ql.
It follows that 6 induces a bijection

YT — Th, t — q where [t]0 = [q].
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Finally, we verify that ¢ and i preserve the source and range maps.
Let t € Tr. From the preceding computations we have

()]0 = [r([t]0)] and  [s(t))0 = [s([]0)].
We now justify the description of [r(¢)]0. Clearly,
[r(t)]0 C {[v]0: v er(t)}.

Conversely, let v € r(t). Then [tv] # [0], and since 6 is a homomorphism,
it follows that [tv]@ # [0]. Hence [v]6 € r([t]#), and therefore [v]6 €
[r(¢)]6. Thus

[r(t)]0 = {[v]0 : v ex(t)}.

Combining this with the identity [r(¢)]0 = [r([t]0)], we obtain

(e(£)]0 = {[v]0 : v € r()} = [e([t]6)].

Since 0 induces a bijection between {[v] : v € Vr} and {[v/] : v/ € Va},
it follows that

p(r(t)) =r(p(t) and  @(s(t)) = s(¥(t)).

Therefore (¢, ) is an isomorphism of networks from I" to A.

The converse implication is immediate, since any network isomor-
phism induces a semigroup isomorphism between the associated semi-
groups. This completes the proof. ]

Since the unary operation * on Qr is determined by the semigroup
structure, namely a* is the unique idempotent in the £*-class of a, eve-
ry semigroup isomorphism between network semigroups automatically
preserves the x-operation. Therefore the isomorphisms considered in
Theorem 6 may equivalently be viewed as semigroup isomorphisms or as
*-semigroup isomorphisms.
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