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ABSTRACT. A ring R in which every x € R is expressible as
addition of ¢ € C(R) and an element z € y/J(R), where \/J(R) =
{z: 2" € J(R) for some n > 1} is called a Cv/J ring. The class
of C+/J rings is a proper subclass of the class of CU rings and
includes CN and CJ rings properly. After developing the basic
properties of Cv/J rings, we connect them with several other rings.
We examine how this concept behaves across different extensions
like matrices, Dorroh extension, T'[R, S], and T'(R, M). We inves-
tigate the condition to characterize the group rings as a C'v/J ring.

Introduction

In this paper, unless explicitly mentioned, R is assumed to be an associa-
tive ring having unity (1 # 0). Recall that the notion of clean rings was
introduced by Nicholson in [12] and was defined as the rings in which
all the elements © € R are expressible as the addition of an idempo-
tent e and unit v satisfying x = e 4+ u. On replacing the idempotent e
by a nilpotent n, we say R is a nil clean ring, the notion unveiled by
Diesl in [4]. In [7], CU rings were introduced recently. We say R is a
CU ring if every element possesses a CU decomposition, i.e., for every
x € R, there is some unit v and a central element ¢ so that x = ¢ + w.
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When a nilpotent n replaces u, we say that R is a C'N ring. Similarly,
on replacing u by j, an element from the Jacobson radical J(R), R is
said to be a C'J ring. The class of CN and C'J rings was introduced in
[8] and [10], respectively. Additionally, in [15], Wang and Chen defined
VJ(R) ={z € R:z" € J(R) for some n > 1}. Note that \/J(R) is a
subset of R, which may even fail to be a subring of R in some cases. For
more properties of \/J(R), [14] can be referred.

All the above constructions motivated us to introduce and explore:
C+/J rings. The class of C'v/J rings is a proper subclass of the class
of CU rings and includes CN and CJ rings properly. The structural
knowledge and elementary properties will be helpful in further study of
ring theory and in defining relationships between various structures more
elaborately. Now we define Cv/J rings.

Definition 1. Any element r of a ring R is said to have a C VI decompo-
sition if there exists ¢ € C'(R) and an element z from /J(R), satisfying
r = ¢+ z. A ring in which every element is Cv/J is called a Cv/.J ring.
Hence, for a Cv/J ring R, R = C(R) + \/J(R).

The main outline of our paper is: In Section 1, we highlight the pro-
perties exhibited by C'v/J rings. We prove that the class of Cv/J rings is
a proper subclass of the class of CU rings, and properly contains the class
of CN and CJ rings. Moving ahead, we show that all uniquely nil clean
rings are Cv/J. We also prove that every strongly m-regular ring having
trivial idempotents is a CU ring. We characterize the ring of all upper
triangular matrices over R, i.e., Tp(R), as CV/.J rings. Section 2 focuses
on the extensions of CvV/.J rings. We discuss about Dorroh extension
D(Z, R) and then exhibit the conditions under which certain subrings of
M3(R) like H, ,(R) are CV/J. Here, M, (R) represents the matrix ring
of order n. In Section 3, we first obtain the condition when /J(RG) N
R = /J(R). Then we investigate the conditions to characterize the
group ring RG as a Cv/J ring.

We represent the set of all idempotents, center and nilpotents of R by
N(R), C(R), and I(R), respectively. Also, T;,(R) and D, (R) represent
the ring of all n X n upper triangular matrices and the upper triangular
matrices of order n whose diagonal entries are equal, respectively. Refer
[9,11] for any other unexplained definition or notation.
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1. Properties of Cv/J rings

We present some examples of Cv/J rings and C'v/J elements.
1. Every commutative ring is a cVJ ring.
2. The radical ring is always a C'v/J ring.

3. The nilpotent and unipotent elements of a ring R are Cv/J ele-
ments.

4. The center of a ring R is always a C'v/.J subring of R.

Theorem 1. Under a homomorphism ¢, the C/J decomposition of ring
R is preserved.

Proof. For a C+/J ring R, if z € \/J(R), then following [13, Lemma 3.5],
under the homomorphism ¢ : R — P, ¢(z) € /J(P). Now, let a =
¢+ z € R be a CVJ decomposition, where ¢ is a central element and
z € \/J(R). Then ¢(a) = ¢(c) + ¢(z), where ¢(c) € C(P) and ¢(z) €

J(P). O

Building upon prior studies, we define, uniquely C+/J ring as a ring
in which for every a € R, a = ¢ + z, where ¢ € C(R) and z € y/J(R)
uniquely.

Theorem 2. When R is a non-commutative C\/J ring, then the fol-
lowing properties are equivalent:

1. R is a uniquely C\/'J ring.

2. C(R)Ny/J(R) ={0}.
Proof. (1) = (2) Let x € C(R)Ny/J(R) and z € /J(R). If y =1+ 2,

as R is a uniquely C'v/J ring, this decomposition of y should be unique.
However, if y = (1 — )+ (z — 2), then 1 — 2 € C(R). From [13, Proposi-
tion 2.2(vi)], we have z —z € \/J(R). Hence, we have obtained two C+v/.J
decompositions of y, which is not possible. Hence, x = 0, as required.
(2) = (1) If possible, let ¢ +y = d + z where ¢,d € C(R) and
Y,z € \/J(R), then ¢ — d = y — z and this gives c = d and y = z. O

We now establish the relationship among CN, CU, CJ and CV.J
rings. As the set of all nilpotents and J(R) is a subset of \/J(R), evi-
dently, the class of CN and CJ rings is a subclass of the class of Cv/J
rings, and the inclusion is proper. We list the following examples to
validate the same:
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Example 1. 1. Consider a field K, and

Dy(K) = {<g z> :x,yeK}

for any A= <g z>€ Dy(K),A= <§ 2)4—(8 g) .Then <:(§ 2) is cent-

ral in Do(K) and (8 g) is a nilpotent and hence, (8 g) €/ J(Da(K)).

Hence, Dy(K) is a C+/J ring. However, from [10, Example 2.4], Dy(K)
is not a C'J ring.

2. Identified by o(z) = 22, where o denotes the k-endomorphism of
k[x], suppose R = k[z][t;o]. Then R is a Cv/J ring, although it is not
a C'N ring.

It is imperative to note that if /J(R) C C(R), then /J(R) and
J(R) are equal. So in this case, if R is a C'v/J ring, it is equivalent to R
being a CJ ring.

Theorem 3. Every C/J ring is a CU ring.

Proof. In a C+/J ring R, for any a € R, a = ¢ + z, for some central
element ¢ and z € \/J(R). As z € y/J(R), we have, z" € J(R) for some
n > 1 and hence 1 — 2" € U(R). Hence,

1-2"=(1-2)14z2+22+---+2""YH cU(R).

This gives 1 — z is invertible in R and hence, z — 1 is also invertible in R.
Hence, a = ¢+ 2z = (c+ 1) + (2 — 1), where ¢+ 1 is central in R and
z—1€U(R). O]

The converse of Theorem 3 does not hold.

Example 2. Consider a non-commutative division ring, H(R) = {ao +
aii + asj + azk : ag, a1, as,a3 € R}, satisfying the condition 2 = j2 =
k* = ijk = —1. Here, U(H(R)) are non-zero elements of H(R) and R
is the center. If a = 0, we have, 0 = 5+ (—5) and for any non-zero
a € HR), a =0+ a gives a CU decomposition of any a € H(R) and
therefore, H(R) is a CU ring. From [2, Theorem 3.6], \/J(H(R)) = {0}
and this gives that H(R) is not a C+/J ring.
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Hence, the class of C'v/J rings forms a proper generalization of C'.J
and C'N rings and a proper subclass of CU rings.

CN
¥

CJl= CJVJ= CU

Now, we recall strongly m-regular rings. If for every element x in R,
there exists n € Z and a € R such that 2™ = 2"t!a, then R is known as
a strongly mw-regular ring.

Proposition 1. If the only idempotents possessed by a strongly w-reqular
ring are trivial, then R is a CU ring.

Proof. By following the proof of [5, Proposition 2.2], we obtain that under
the given conditions, the ring is local and hence is a C'U ring. 0

The converse of Proposition 1 is false, as let R = {% eQ:q=
2v +1, © € Z, © > 1}, then R fails to be a strongly m-regular ring
because of nil J(R). However, being a local ring, we obtain that R is a
CU ring.

Proposition 2. For any a € R, the following are equivalent:
(i) element a has C\/J decomposition;
(ii) for every invertible p in R, pap~™" has C\/J decomposition.

Proof. (i) = (ii) If @ € R has Cv/J decomposition, then a = ¢ + z,
wherein ¢ is from the center and z lies in \/J(R). Let p € R be invert-
ible, then pap~! = pep~! + pzp~!. Clearly pcp~! is a central element.
By [13, Proposition 2.2(iv)], pzp~' € \/J(R). Hence, pap~—! has Cv/'.J
decomposition.

(ii) = (i) If p is any invertible element, then let pap~! have a Cv/.J
decomposition, then pap~! = ¢ + z, where ¢ is central element and z €
VJ(R). Then a = p~tcp + p~tzp. By [13, Proposition 2.2(iv)], for any
unit p, p~lzp € \/J(R). Next, if z is any arbitrary element from R, as
c is central in R, we have (p~lcp)xr = cx = zc = x(p~lcp). This implies
p~lep is a central element. Hence, we have obtained a decomposition of
a which is CV/J, as required. O

Corollary 1. If M, (D) is a C\J ring, then C(D) has more than n
elements, where D is a division ring.
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Proof. Moving by the method of contradiction, suppose |C(D)| < n. Let
A = diag(cq,ca,...,¢pn), where ¢; € C(D)Vi=1,2,3,...,n. Hence for
some ¢ € C(D), det(A—cI) = 0. This implies that D is not a C+v/.J ring.
So, the total number of central elements is more than n. O

Theorem 4. When R is commutative, A € M, (R) admits a C\/J de-
composition if and only if for some c € R, A —cl,, € \/J(M,(R)).

Proof. Let A € M,(R) admits Cv/.J decomposition. Then there exists
aC € C(My(R)) and Z € \/J(M,(R)) so that A = C' + Z. Being a
central element, C' = cI,, for some ¢ € R. This givesus A —cl, = Z €

\/J(My(R)) for some ¢ € R.

Now, let A — cI,, € \/J(My(R)) for some ¢ € R. As cl, is central
in M,(R), we have A = cI,, + (A — cI,). Hence A admits a CV/.J
decomposition. ]

Corollary 2. For a commutative ring R, a € Tp(R) admits a Cv/.J
decomposition if and only if for some c € R, A—cl,, € \/J(Th(R)).

Proposition 3. The following are equivalent in a commutative ring R:
(i) To(R) is a C/'J ring;

(ii) there exist some ¢ € R so that a—c,b—c € \/J(R) for any a,b € R.

0 b

from T5(R). Then by Corollary 2, <a 8 ¢ b g C> € /J(T2(R)) for some

¢ € R and hence, a — ¢, b — ¢ € \/J(R).
(ii) = (i) For arbitrary elements a, b of R, let there exists some ¢ € R
satisfying a — c € /J(R) and b — ¢ € \/J(R). Then for some r € R, let

a r - c 0 a—c r
A= <0 b> € T»(R). This gives A = (O c> +< 0 bc)' Let

C”z(c 2) ande(aac " >,thenwegetA:C'+Z,where,

Proof. (i) = (ii) For any a,b € R, we consider a matrix A = <a 0)

0 b—c
C' € C(T>(R)) and Z € /J(T2(R). O
Example 3. It can be observed that T5(Z) is not a Cv/J ring. If A =

<g 2) such that a # b, then there is no ¢ € R satisfying a—c¢,b—c = 0.
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We first recollect uniquely nil clean rings. A nil clean ring with
unique e € I(R) and n € N(R) for every = € R satisfying x = e 4+ n is
called a uniquely nil clean ring.

Lemma 1. For a uniquely nil clean ring R, if e € I(R), then R and eRe
are CV'J rings.

Proof. In a uniquely nil clean ring, let a € R and e be an idempotent.
Then a — e = n, with n € N(R). Then by using [4, Lemma 5.5], e
is central in R and hence, R is a Cv/J ring. Then eRe posses a Cv/J
decomposition follows from [4, Lemma 5.7] in hand. O

However, note that every C'v/J ring is not a uniquely nil clean ring,
like Z.

Theorem 5. For a ring R and an integer n > 1, R qualifies as a C/J
ring if and only if Dy (R) also possesses a CV'J decomposition.

Proof. For the necessary part, let any ¢ € R. Hence, for some central
element ¢ and z € y/J(R), we have a = ¢+ z. Let

a blg b13 e bln
0 a b23 e bgn

A=|[0 0 a bsn | € Dy, (R).
0 0 0 ... a

Substituting a by ¢+ z in A shows A as sum of central matrix

diag(c,c,c,...,c)

and
z 512 b13 e bln
0 z bgg e bzn
7 = 0 0 z e bgn
0 O o ... =z

This ensues z € \/J(R). On further using the definition of /J(R),
2™ € J(R). This gives Z™ € J(Dn(R)), i.e., Z € \/J(Dn(R)). Hence
D,(R) is a C/J ring.
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Conversely, consider D, (R) to be a Cv/J ring. Thus, A = C + Z,
where C' = diag(c,c,c,...,c) and

z 512 b13 e bln
0 z 623 e b2n
0 O o ... Z

Then, Z™ € J(Dy,(R)) implies z™ € J(R), which finally gives z €
\/J(R). This results in a = ¢+ z, where ¢ € C(R) and z € y/J(R). O

2. Extensions of Cv/J rings

We begin by recalling the Dorroh extension of ring R by Z, where Z
is the ring of integers. It is denoted D(Z, R) and equals Z & R, where
addition is determined componentwise and multiplication is defined as
follows for any (n1,71), (n2,r2) € D(Z, R):

(n1,71)(n2,m2) = (N1n2, n172 + Nary + 1172).

The unity is (1,0) and the center is {(n c):n€Z,ceC(R)}. It is easy

to verify that \/J(D(Z,R)) = +/J

Proposition 4. For any ring R, R = C(R) + \/J(R) if and only if
D(Z,R) is a Cv/J ring.

Proof. Let R = C(R)++/J(R) and any (n,r) € D(Z, R). Then, r = c+z,
where ¢ € C(R) and z € \/J(R). This gives (n,r) = (n,c) + (0, z) where
(n,c) is central and (0, z2) € /J(D(Z, R)).
Now let D(Z, R) be a Cv/J ring and for any r € R, (0,7) € D(Z, R).
Then (0,7) = (0,¢) + (0, z) where (0, ¢) is central in D(Z, R) and (0, z) €
J(D(Z, R)). This proves that R is a C'v/J ring. O

Consider a ring R and S, its subring. Then,
T[R,S]={(z1,22,23,...,2pn,5,8,8,...):x;€ER, s € §,1 < j<mn,n>1}
It is a ring with componentwise addition and componentwise multiplica-

tion. Observe that C(T[R,S]) = T[C(R),C(R) N C(S)], J(T[R,S]) =
T[J(R),J(R) N J(S9)].
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Proposition 5. For a ring R and its subring S,

VI(TIR, S]) = T/ J(R), VJ(R) N/ J(S)]

Proof. Let
x=(r1,72, ..., 8, 8,...) € VJ(TIR,S5]).
This results in

o = (kL ek SR SR ) e J(TR, 9)).

y'

From the above equation, we obtain that for every ¢, rf € J(R) and

sk € J(R)N J(S). Thus, we have r; € \/J(R) and s € \/J(R)N+/J(9).

Therefore, we obtain

T=(r,72 . T, 5,8,...) € T[\V/J(R),/J(R) N\/J(S)]

and this provides us the inequality

J(T[R, S)) C TV J(R),\/J(R) N~/ J(5)]

Now, assume that

z=(ri,ro, ..., ,5,5,...) € TWV/J(R),\/J(R) N /J(S)]

Hence, for every i, we have r; € \/J(R) and s € /J(R) N +/J(S)
Then, there exists some positive integer k so that ¥ € J(R) V i and
sP € J(R)N J(S). Hence, we have

P = (r,rh P P sP ) e T[J(R), J(R) N J(S))].

y I

This results in

xP = (rf,rh P P sP ) € J(T[R, S))

y I

and hence, z € /J(T'[R, S]). Hence, we have the inequality,

VI(TR,S]) C TIVJ(R), VI (R) N/ J(S)]

O

Proposition 6. For a ring R and subring S, if T[R, S] is a C\/J ring,
then R and S are C\/J. The converse is true when J(S) C J(R).
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Proof. Let T[R,S] be a C V/J ring, consider an = € R and hence, define
X = (2,0,0,0,...) in T[R,S]. As T[R,S] is a Cv/J ring, X = C + Z,
where C' = (c1,¢2,¢3,...,Cn, 8, 8,8,...) is central in T[R, S] and

Z:(Zl,ZQ,Zg,...,Zn,t,t,t,...)

is in /J[T(R, S)]. This gives us a C'v/J decomposition = ¢; + 21 of
where ¢; € C(R) and z € \/J(R) and hence R is a Cv/J ring. Now, we
assume x € S. Following a similar process, we get S is a Cv/J ring. Next,
let R and S are C+/J rings and suppose Y = (1, 2,23, ..., Zpn, 5,5, 5, ...)
be some element in T'[R, S]. Then z; = ¢; + z; for j =1, 2 M, where
¢; € C(R), zj € \/J(R) and s = c+ z, where z € \/J(R)N\/J

¢ € C(R)NC(S). This shows that C = (c1,¢2,c3,. .. cn,c e c.
C(TIR,S]). As J(S) C J(R), Z = (21,22,23,---+2n,2,2,. ) €
VJ(T[R, S]). Hence, TR, S| has a C\/j decomposition and therefore is
CVJ , as required. O

Consider a ring R and let p,q be central in R. We define a subring
of M3(R), S = H, 4 (R) which is defined as:

a 0 O
Hpg(R) = ¢ d e| €e€M3R):a—d=pc,d— f=qe;a,c,d,e,f ER ;.
00 f
Hence, if A = (a;;) € Hpyq)(R), let ag3 = f, then azo = ge + f and
a1,1 = pc+ ge + f. This gives that any element of S is of the form:
pc+qe+ f 0 0
c ge+f e
0 0 f

Following [7], if p,q are central, then the centre and the set of all
units of S are given by

a 0 0

c(S) = c d e|leS:cefeC(R),,
0 0
a 0 0

U(S) = ¢c d eleS:ad feUR)c,ecR
00 f

From [10], the Jacobson radical of S is given by

a 0 O

J(S) = c d eleS:ad feJR)ceeR
00 f
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Lemma 2. Let p,q € C(R) for a ring R. Then

\/ J(H(p,q)(R)):

Proof. Assuming a,d, f € /J(R) gives a"',d", f € J(R) for some
positive integers ni, mg, ng, respectively. Let | = maxz{ni,na,n3} and

€ Hpop(R):a,d, f € J(R);c,e € R

mq 0 0
hence a™,d", f* € J(R). Also, let B = ( n me S ), for arbitrary
0 0 ms3
mi,mo, ms3,n, s in R. This gives
1—almy 0 0
I—A'B= * 1 —d'ms *
0 0 1— flmg

As 1 —almy,1 — d'ma, 1 — f'ms € U(R), we have I — A'B is invertible
and hence A € /J(H, ) (R))-

mi 0 0
On the contrary if A € (/J(H(R)) and let B = [ n m2 s

0 0 ms3

1—almy 0 0
Now for some | > 1, as I — A'B = * 1 —d'ms * €
0 0 1— flmg

U(Hpg(R)), 1 - a'my, 1 — d'mg, 1 — flmg are units and this results in
al,d', f* € J(R) and hence a,d, f € \/J(R). O

Theorem 6. Let p, q be central in R. If

H(pa‘I)(R) = C(H(ZLQ)(R)) + J(H(p,q)(R))7

then R = C(R) + \/J(R). The converse holds if for any A = (a;j) €
H(p,q)(R): az3 € C(R)

Proof. Suppose H(,(R) is a C+/J ring. For any a € R, let A =

a 0 0
(O a O) € H, g (R). Then, as H, ,(R) is a CV/J ring, there exists a
0 0 a

mq 0 0
C=|lm p a1 € C(H(p,q)(R))
0 0 T1
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mo 0 0
and Z = [ n2 p2 q| € /J(Hpgq(R)) such that A have a CcVJ
0 0 ro

decomposition given by, A = C' + Z. Hence, we obtain that my is central
and mg € \/J(R). This gives a C+v/J decomposition of a, a = m; + ma,
proving R is a Cv/J ring. Now, assume that R is a C'v/J ring and let
A = (ai5) € H,q)(R) such that a3 is central in R. For any ¢,e € R and
feC(R), let

pc+qge+ f 0 0

A= c ge+f e

0 0 f

be some element in H,,(R). As R is a C/J ring, we can have ¢ =
c1+ca, e = e1 +eg, where ¢1,e1 € C(R) and ¢, €3 € /J(R) respectively.
Hence, we have

pcr +qger + f 0 0 pca+qea 0 0
A= c1 ger+f e | + c2 qes €2
0 0o f 0 0 0
By taking
pc1+ger+ f 0 0 pca+gea 0 0
C= c1 per+f e | and Z= C2 qea ez |,
0 0o f 0 0 0

we have A = C + Z. As cy,e1,f € C(R) and c2,e2 € /J(R), we get
C € C(Hpq(R)) and Z € |/ J(H ;4 (R)), respectively. O

Remark 1. By Lemma 1, every uniquely nil clean ring is a Cv/.J ring.
The converse need not be true. On considering H g o)(Z), following The-

a 0 0
orem 6, H0)(Z) is a C+/J ring. Suppose A= ¢ a d| € H0)(Z)
0 0 a
admits a uniquely nil clean decomposition. Thus A = E + N uniquely,
e 0 O n 0 0
where £ = | ¢; e di | is an idempotent and N = | cs n do | is a
0 0 e 0 0 n

nilpotent in H(gy(Z). However, note that any element a of Z accommo-
dates a uniquely nil clean decomposition only if a = 0 or a = 1. Hence,
H,0)(Z) fails to be a uniquely nil clean ring.
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For a ring R, where p, g are central, let S = L, ;)(R) be a subring of
M3(R) defined as:

a 0 0
L (R) = { (pc d qe) € M3(R) : a,c,d,e, f € R} :
0 0 f

Following [8, Lemma 3.1(2)], the central elements of L, 4)(R) is given by

a 0 O
C(S)=1q |[pc d qe| :pa=pd, qd=qf; a,d, fcC(R)
0 0 f

and from [10, Lemma 3.2], the U(S) and J(S) is given by

a 0 0

U(s) = pc d gel :a,d,f €U(R); c,e€R},
0 0 f
a 0 0

J(S) = pc d qgel :a,d,f€J(R); c,e €ER
0 0 f

respectively.
Lemma 3. Let R be a ring and p, q be central in R. Then
a 0 O
J(L(I%Q) <R)) = pc d ge | € M3(R) : a,d7 f c J(R) )
0 0 f

Proof. Let a,d, f € \/J(R). Then for some ny,ng,n3g > 1, a™,d"?, f* €
J(R). If | = max{ni,na,n3}, then a', d', f' € J(R). For any

a 0 0
A= |pc d qge| € Lyq(R),
0 0 f

mp O 0
let B=|n ma q | €Lgyg(R) giving,

0 0 ms

1—almy 0 0
I-A'B= x 1 — d'mo 0 € L (R).

0 0 1— flmg
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As 1 —almq,1 — d'ma,1 — flms are units in R, I — a'B is a unit in
Lp,q)(R) and hence, A € /J(L(y ) (R)).

a 0 O
Conversely, assume A = | pc d qe | € y/J(L(pq) (R)). Then, for some
0 0 f
ma 0 0
k> 1, we get, AF € J(Lpg(R)).- Let B=| n ma q | € Lyq(R).
0 0 ms3
Then I — A¥B € U(L(, ) (R)). So, 1 —afmy,1—d*ms,1— f*m3 € U(R)
and this results in a,d, f € \/J(R). O

Lemma 4. Let p, q be central in R. If L, 4)(R) have a CvJ decompo-
sition, then so does R.

Proof. Suppose L, (R) is a C+/J ring. For any a € R, let A = diag(a,a,a)
be some element of L, ;) (R). As A accounts a C V/J decomposition, there

s 0 0
exists some central element C'= | pc1 s ger | in L, 4 (R) and
0 0 s
z 0 O
Z = \pca z qez | €/J(Lpg(R)).
0 0 =z

This shows that a = p + z, where p is central in R and z € y/J(R) and
hence, R is a Cv/J ring. O

However, the converse of Lemma 4 is not true. We will show that
2 00

A= 1|2 3 0] € Lu,1)(Z) does not have any C+/J decomposition in
0 0 4
L(1,1)(Z). If A has any CV/J decomposition, then let A = C' + Z, where
c 00

C S C(L(l,l)(Z)) and A S J(L(l,l)(Z)) If C = 0 0 s then
0 c

SO

Z = 2 3—c¢ 0 , which is not possible.
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Let S = Va(L(;,q) (R)) be a subring of L, 4 (R) defined as

a 0 O
S = 0 a ge| €Lpg(R):a,e€R
0 0 a

Lemma 5. If R is any ring with central elements p and q, then

a 0 O

VIWalLig(R)) = [0 a ge| € Ly (R):a € VIR)
0 0 a
Proof. The proof follows as in Lemma 3. O

Proposition 7. Let R be any ring. Then R possesses a C/J decompo-
sition if and only if Va(L 4 (R)) also have a CV'J decomposition.

a 0 0
Proof. Let R be a Cv/J ring and A = [0 a q¢e| € Va(Lpg)(R)).
0 0 a

Then there exists some ¢ € C(R) and z € y/J(R) such that a = ¢+ z.
Therefore, we have C' = diag(c, ¢, c) is central in Va(L, 4)(R)) and Z =
z 0 0
0 z ge] € \/J(VQ(L(p’q)<R)))7 so that A = C + Z. This results in a
0 0 =z
C+/J decomposition of A and hence, Va(Lpg) (R)) is a CV/J ring.
Conversely, assume V5(L(, 4)(R)) is a Cv/J ring and a € R. Let

Then, there is C Vi decomposition of A such that

c 0 O z 0 O
A=|0 ¢ qge1 |+ |0 2z gqges],

0 0 ¢ 0 0 =z

c 0 O
where [ 0 ¢ ge; | is a central element and
0 0 ¢

0 0
zZ qges | € \/J(VQ(L(p,q) (R)))
0

z

S O W
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This implies z € y/J(R). Also, c is central in R. This proves that R is
CVJ. O

Proposition 8. For a C\/J ring R, let {a,d, f} C R with C/J de-
compositions a = ¢1 + z1, d = co + 29 and f = c3 + z3, respectively,
where c1,ca,cg are central in R and z1, 22,23 € \/J(R). If pc1 = pca and
qca = qcs, then L, ) (R) is a CVJ ring.

a 0 O
Proof. Let A= |pc d qe] € L(p,q)(R) and a = c1+21,d = co+29 and
00 f

f = cs + z3, respectively, where c¢1, co, c3 are central in R and z1, 22, 23 €
VJ(R). As pc; = peg and qea = ges, we obtain A = C' + Z, with central

c 0 0 zz 0 O
element C= (0 ¢ 0| and Z = [pc 20 qe| € /J(Lpqg(R)). O
0 0 c 0 0 =3

Assume s is central in a ring R. The generalized matrix ring K,(R)

over R is defined as the ring of 2 x 2 matrices of the form <g g)

It is a ring with the operations performed componentwise addition and
multiplication given by:

ay I a2 T2 _ ajaz + sriys air + x1b2 (1)
yi bi) \y2 b2 yrag +biy1  sy1x2 +bibz )
According to [6], for a commutative ring R, the center of Ko(R), denoted

by C(Ko(R)) consists of all scalar matrices. Additionally, from [6], for a
commutative ring R,

J(Ko(R)) = {(Z 2) ca.de J(R)}.

We aim to extend this result to \/J(Ky(R)) as mentioned below.

Lemma 6. Let R be a commutative ring. Then

VI (Ko(R)) = {(‘CL 2) € Ko(R) :a,d € J(R)}.

Proof. Let A = <i Z) € /J(Ko(R)). Hence, A" € J(Ko(R)). Follow-
ing the multiplication described for K (R) in equation (1), if s = 0, we
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have the diagonal entries of A™ as a™ and d", respectively. Hence, we
have

An = <‘f CZ;) € J(Ko(R)).

This gives us a”,d" € J(R) and therefore, resulting in a,d as elements
from the Jacobson radical.
Now, we assume that

A:(i Z)e{(i Z)eKO(R):a,de J(R)}.

This gives positive integers m,k such that o™ d* € J(R). If n =
maxz{m,k}, then a",d" € J(R). The diagonal entries of A™ will be
a™,d" and by following the multiplication defined in equation (1), for
s = 0, we have

A" = <“: ;n> € J(Ko(R)).

Hence, A € /J(Ko(R)). O
Remark 2. Given a Cv/J ring R, Ko(R) may fail to be a Cv/.J ring. For

instance, if A = (3 (1)> € Ko(Z) has any Cv/J decomposition. Let C' =

c 0 2—c O
<0 c) be the central element and Z = ( 01— c> € J(Ko(Z))
such that,

6 9)=6 oo %)

—c 0

0 1—c
elements of J(R). This gives 2—¢, 1 —c € /J(Z), and hence, following
[13, Corollary 2.6 and Lemma 2.3], (2 —¢) + (—(1 —¢)) =1 € /J(Z),
which is a contradiction.

n
Hence, <2 > for some n > 1. Hence, (2—c¢)" and (1 —c¢)™ are

Theorem 7. If R is a commutative ring, then R is a C\/J if and only
if Dp(Ko(R)) is a Cv/J ring.

Suppose on a ring R, M is a bimodule. Then T'(R, R, M) is a matrix
ring of the form <R M) T(R,M) is a subring of T(R, R, M) with

0 R
equal diagonal entries, which is isomorphic to the trivial extension R
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and M, i.e., R o« M. Recall that a trivial extension of R and M is a
ring consisting of elements of the form (z,y), where © € R and y € M.

The operations are: addition defined componentwise and multiplication
defined as

(r1,m1)(re, m2) = (r1re, T1m2 + Mmira),
where (r1,m;) and (re,mg) are from R o M. The J(R o M) is the set
of elements (z,y) of R o< M, where x € J(R). The group of units is the

elements of R o« M, where the first component of (z,y) is from U(R).
Utilizing the definition of /J(R), it can be easily proved that

J(Rox M) ={(r,m):re/J(R), me M}.

Theorem 8. For a ring R and bimodule M, R is a C/J ring iff R oc M
is a CV'J ring.

Proof. We begin by assuming R as a C+/J ring. Let (z,y) € R o< M.
Then z € R and there exists some central element ¢ € R and z € \/J(R)
satisfying ¢ = c¢+z. Then (z,y) = (¢,0)+(z,y), where (¢,0) € C(R < M)
and (z,9) € \/J(R < M). Hence, R oc M is a C+/J ring.

If R o« M is a Cv/J ring and (z, ) is an arbitrary element from R oc M.
Then, there exists (¢,m;) € C(R o« M) and (z,m2) € /J(Rx M)

satisfying (z,y) = (¢, m1) + (z,m2). As (z,ma) € \/J(R & M), we have
z€+/J(R). Also, as (¢, m1) e C(R o M), for any element (p,q) € Rox M,

(e,m1)(p,q) = (p,q)(c,m1) = (cp, cq+ map) = (pc,pma + ge).

This results in ¢p = pc implying ¢ € C(R). Therefore, for any element
zr € R, we have x = ¢ + z, where ¢ € C(R) and z € \/J(R). O

Note that T(R, M) = R o< M. If the ideal generated by z? in R[] is
(z2), then T(R, R) = R[z]/(z?).

Corollary 3. The following conditions are equivalent for a ring R:
(i) Ris a C\/'J ring;
(ii) T(R, M) is a C\/J ring;

(i4i) T(R, R) and R < R are C\/J rings;

(iv) R[z]/(z?) is a C\/J ring.
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3. Group rings

We first recollect the definition of a group ring RG defined on a ring R
over a group (G. Elements of RG are the finite linear combinations of

the form a = ) ry9. The support of a is suppa = {g € G : 4 # 0}.
geG
The augmentation map from RG to R is represented using w given by

w( Y r99) = Y rg. The kernel of w is denoted by Ar(G), also known
geG geG

as the augmentation ideal and RG/ARr(G) = R. If any finite subset in
G generates a finite subgroup, we say G is a locally finite group.

Note that a subring S of a ring R is called a unit closed subring
if U(R)N S C U(S). It is well known that if H is a subgroup of a
group GG, then RH is a unit closed subring of RG. We will now extend
the result proved by Connel in [3] that for any group G and ring a R,
J(RG)N R C J(R) and equality holds when G is a locally finite group.
n [1], Chen et al. proved that J(R)G C J(RG) in a simplified manner.

Proposition 9. For a ring R and group G, \/J(RG) N R C /J(R).
Equality is held if G is locally finite.

Proof. Suppose H is a subgroup of G and r is an element in y/J(RG)NR.
Then ™ € J(RG) for some n > 1. Hence, 1 — "z € U(RG), for
every x € RG and some n > 1. This implies that for every x € RH,
1—r"z € U(RG) for some n > 1. Also, as r € R and = € H, we have
1 —r"z € RH. Now, due to the fact that RH is a unit closed subring
of RG, U(RG) N RH C U(RH) and therefore, we obtain 1 — r"x €
U(RH) for every x € RH and some n > 1. Above developments lead
us to conclude that r € /J(RH). By taking H = {1}, we see that
VJ(RG)NRC +/J(R).

For the converse, let G be a locally finite group and z € /J(R).
This gives 2" € J(R) for some n > 1. Let r € RG and supp(r) =
{1, 92,93, ..9n}. We see if the solution of

(1+z2"r)y=1

exists in RG, where r = Z r;g; and y = Z ¥igi, with g1 = 1. Solving

the above equation results 1n a system of hnear equations of the form
BY = C, where
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1+ 2™r 2™r19 2™r13 . 2™"r1n
2"ro1 1+ 2" 2"r93 .. 2"ron
B = 2™rg1 Z"r39 14+ 2"r1 ... 2"rsn, ,
2" 2" Z2"rsy, o 142"
T T .
Yz(yl Yz ... yn) andC:(l 00 ... O) . Any 7;; in
B represents the permutation of r1, 1o, r3,..., r,. If the ring is com-

mutative, det(B) = 1+ 2"b for some b € R. As z € /J(R), we get
14 2™b € U(R) and hence the solution exists. Now, the above system of
linear equations is of the form Y + DY = C, where

2" 2™ 2"ris ... Z™rin
Z"ro1 2"r1 2"reg ... 2Z"ro,
D= |2"s31 2'rs2 2"r1 ... Z'rsy
2"rp1 Z"rpe 2"rs, ... 2™

As D € J(Mn(R)), Y = (14 D)~'C is the solution. Hence, 2" €
J(RG) and thus z € \/J(RG). This proves that when G is locally finite,

VIRG)NR = /I(R). O

Lemma 7. Given a ring R and a locally finite group G, \/J(R)G C

VIRG).

Theorem 9. Suppose G is a locally finite abelian group and R is any
ring. Then RG has a C\/J decomposition iff R has a C\/'J decomposi-
tion.

Proof. Let RG be a CV/J ring. As RG/wG = R, R is a C/J ring.
Conversely, if R is a Cv/J ring and o = 3 r¢g € RG, then we have

geG
rg = Cq+24, where ¢y € C(R) and z4 € y/J(R). Hence, a = ) (cg+24)9
geG
=a= ) cg+ > 259. As C(RG) =C(R)G, > cgg9 € C(RG) and by
geG gelG geG

Lemma 7, Y z,9 € \/J(RG). This shows that RG is a CV/J ring. [
geG
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Conclusion

In this research, we introduce cVJ rings. The class of CVJ rings in-
cludes the class of C'J and C'N rings properly, and itself is a proper
subclass of CU rings. In this context, we discuss various properties of
C+/J rings, the matrix extensions and group rings.
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