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ABSTRACT.  We study the inverse semigroup of all partial
injections on an n-element set {1, ..., n}, which preserve the zig-zag
order 1 < 2 > 3 < 4 > ---n and the parity for some positive
integer n. We characterize all maximal congruences on this inverse
semigroup, which are entirely congruences of index two.

Introduction

For n € N, let @ = {1,2,...,n} be a finite set with n elements and let
F = (m,<) be a fence, also called zig-zag poset, i.e. a partially ordered
set, in which the order relation < forms a path with alternating orienta-
tion:

1<2%>=3<4>=--mor 1>2<3=4<---n.

Each element in F' is either maximal or minimal. The fence F' is called
up-fence (respectively, down-fence) if 1 < 2 (respectively, 1 > 2). In this
paper, we consider (without loss of generality) an up-fence (see Figure 1).

For a set A C 7, a mapping o : A — 7 is called partial transformation
on m. The set A is called domain of a (in symbols: A = dom(«)) and
im(a) = {za : x € dom(a)} is the image (range) of a. The cardinality of
im(«) is called the rank of o, denoted by rank(a) = |im(«)|. For A C 7,
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Figure 1: Up fence

O,

we denote by id4 the identity mapping on A. Clearly, if A = 7, then
ida = id, the identity mapping on 7. The empty transformation will be
denoted by ¢, i.e. dom(¢) = ). The set of all partial transformations on
7 forms a monoid, denoted by £2.7,, with the identity mapping id and
the zero ¢ (with respect of the composition of mappings). This monoid
is well studied, see for example [1-4].

An o € 2.7, is called fence-preserving if for all z,y € dom(«) the
following implication holds: x < y implies za < ya. The set of all
fence-preserving partial (full) transformations on 7 forms a submonoid
of 2T, denoted by 7%, (7 %,). The monoid 7.7, was first
studied by Currie and Visentin [5] in 1991 as well as by Rutkowski [6] in
1992. The main results of theses papers are concerning the cardinality
of 7%, for even as well as odd n, by different techniques. In the last 10
years, the monoid #.7.%,, and particular submonoids of #.7.%,, were
studied, see for example [7-11,16].

The set of all injective partial transformations on n forms a sub-
monoid of #.7,, which is denoted by .#,, the symmetric inverse semi-
group. A semigroup S is called inverse if for all @ € S, there is unique
a~! € S such that aa'a = a and a~taa™! = a~!. The set

ITFn={a € PTF, NIy 0" € PTF,}

forms a submonoid of .#,,, which contains all regular elements of .7 .% ,,.
In particular, .#.%,, is an inverse semigroup. The Green’s relations in
S F, are determined by Dimitrova and Koppitz in [9]. Moreover, the
authors show that .#.%, is generated by its transformations with rank
> n—2, whenever n is even. For the even case, a generating set of minimal
size is determined in [9], which is unique. Recall that the minimal size of
a generating set of a semigroup S is called the rank of S and is denoted by
rank(S). In particular, rank(.# %,) =n+1 (if n is even). In the case n
is odd, the situation is quite more complex. The rank of .#.%,,, whenever
n is odd, is determined by Fernandes, Koppitz, and Musunthia in [11].
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Further, let < be the canonical order on m. A transformation a €
P T, is called order-preserving if for all z,y € dom(«) the following im-
plication holds: z < y implies za < ya. Let 0.7, denote the set of all
order-preserving partial transformations on 7. The set . 0.%P" = {«a €
OPT,NIZF, : xand xa have the same parity for all z € dom(a)}
forms a submonoid of .#.%, and is an inverse semigroup. In [7], Sa-
reeto and Koppitz characterize the elements in . 0. %P and show that
rank(S O.FP*) = 3n — 6. The same authors give a presentation for
FJOFPY [7]. In [8], the Green’s relations on & 0.FP" are described. In
the same paper, Koppitz and Sareeto characterize the ideals of .# &0 .#P%"
and their maximal subsemigroups.

In the present paper, we consider another submonoid of .#.%,, namely
the monoid £ ZP" ={«a € #.7,, : x and xa have the same parity for all
z € dom(a)}. In fact, any a€ £.ZP* is a partial injection, which maps
any (maximal) consecutive chain I of dom(«) to a (maximal) consecutive
chain of @ (under the canonical order <) such that the maximal element
of I, denoted by b, and ba have the same parity.

The aim of the present paper is the study of the congruences on
S FP 1If 0 is a congruence on a semigroup S, then we shall denote
by S/, the partition of S induced by o (as equivalence relation), i.e.
S/e= {lals : a € S}, and [a], is the o-class containing the element a.
The cardinality of S/, is called the index of o. A non-universal con-
gruence o on S, i.e. o # S x 5, is called maximal if the following
implication holds: if p is a non-universal congruence on S with o C p,
then o0 = p. The importance of the study of (maximal) congruences on
semigroups was shown by Howie [13]. In particular, he has shown that a
congruence-free semigroup is a simple semigroup if it has at least three
elements but no zero element. In [12], for certain semigroups S of num-
bers and of transformations, Sanwong and Sullivan describe all maximal
congruences on S. In particular, they describe the maximal congruences
on the symmetric inverse semigroup -#,. Maximal congruences on several
other semigroups of transformations were determined in the last twenty
years, see for example [14,15,17].

In the present paper, we determine the maximal congruences on

par

P have

S FPI It will turn out that all maximal congruences on .&.%
index two.
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1. A class of subsets of

We define a class .7 of subsets of 7, for which we will show that each set
in .7 defines a maximal congruence on .%.#b%".

Definition 1. Let 7 be the set of all non-empty subsets A of 7, which

satisfy the following condition: For all z € {0,1,...,n — 3} \ A and all

ke{2,..., {g—‘ — [gJ}withx—i—ngéA, we have

x+reAifandonlyif x+2k—re A
for all m € {1,...,k —1}.

In this section, we prove several properties of the elements in <.
In the remaining part of this section, we will use a short version of the
application of Definition 1 to any A € &/. If we write a,b ¢ A and c € A
imply d € A, then we mean that there is x € m such that a+ z =c€ A
(a —x = c € A, respectively) implies that d=b—z € A (d=b+ x € A,
respectively), where b —a (a — b, respectively) is an even positive integer
and |a — b|> 4. A dual interpretation has the phrase a,b € A and ¢ ¢ A
imply d ¢ A.

Proposition 2. Let A € /. Then {1,2}NA# 0 and {n—1,n}NA # 0.

Proof. We will show that {1,2}NA # (. The fact that {n—1,n}NA #0
can be shown dually (if n is odd) and by similar arguments (if n is

even), respectively. Assume that {1,2} N A = (). Let k; = {g} and
~ { 0 if nis odd,

= o Clearly, n,n+1 ¢ A. If n is even, then n+2k; =
1 if n is even.

14+ mn. If nisodd, thenn+2k; =04+n+1. So,n+2k; =1+n ¢ A.
Then n+1 ¢ Aimpliesn = (n+1) -1 =n+2k —1 ¢ A Let
- 1 if nis odd, n 1 if nis odd,
_{ 0 if nis even and let k2:{2—‘_{ 0 if n is even.
n,n+1¢ A If nisodd, thenn+2ky=1+n+1—2=n. If nis even,
then n+2ke = 0+n. So, n+2ky =n ¢ A. Therefore, n+1 ¢ A implies
n—1:ﬁ+2b—1:n—1¢A.mt@:er;:gW—LTMm
n+2ks=n+2k—2=n+1-2=n—-1¢ A. So,n+1 ¢ A implies
n—2=(n—-1)—1=n+2ks —1¢ A. If we continue in that way, then
we obtain

Clearly,

n

a+2h—1:n—i+1¢AﬁH1§i§2b1—3
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if 4 is odd, 1—1 ki1 if 7 is odd,
and k; = — 5

if ¢ is even ko if 7 is even.

3D

with z; = {
It is easy to verify that k; € {2,..., {EW} for 1 <i<2 {5—‘ — 3. This

shows that A = (), a contradiction.

As usually, we denote by 2N (2N —1) the set of all even (odd) positive
integers.

Proposition 3. Let A € o/ such that1 ¢ A and2 € A. Then 2NNn C A.

Proof. Assume that there is ¢ € (2N N7) \ A. Suppose that n is even.

Then1+2[%-‘ =14n¢ A Sol+1=2¢c Aimpliesn =1+

2{%} —1 € A. Since ¢ > 2, there iskE{Q,...,{g—‘}withc:Zk‘. So

0+1=1¢ Aimpliesc—1=0+2k—1¢ A. Since ¢ < n, there is
-1

l€{2,...,[n—‘—r J}suchthat (c—=1)+2l=n+1¢ A. Then

2 2
(c—=1)+2l—1=mn¢€ Aimplies c = (c—1) +1 € A, a contradiction.

1
Suppose now that n is odd. Then 0+ 2 [n—;-‘ =n+l1¢ Aand0+1=

1
1¢ Aimply n =2 FL—ZF—‘ —1¢ A. Moreover, 0+ 2 =2 € A implies

1
n—1=2 VH_ —‘ — 2 € A. By the same argument as in the even case,
. . . n c—1
we obtain c—1 ¢ A. Since ¢ < n—1, thereisp € {2,..., {J - { 5 J}
such that (c—1)+2p =n ¢ A. Then (c—1)+2p—1=n—1 € A implies
c=(c—1)+ 1€ A, a contradiction. O

If nis odd and n ¢ A, then n — 1 € A (by Proposition 2) and we
obtain that 2NN7 C A with dual arguments. For convenience, we define
{n—l if n is odd, {n if n is odd,
Ne = and n, =

n if n is even n—1 1if n is even.

Proposition 4. Let A € o/ such that n. ¢ A and n, € A. Then
2N—-1)nm=A.

Proof. If n is even then n ¢ A and n — 1 € A. By dual arguments as in
the proof of Proposition 3, we can show that all odd integers in @ belong
to A, i.e. (2N—1)Nn C A. Suppose now that n is odd. Then n € A and

n—1¢ A. It is clear that there is k € {2,..., [g-‘} such that n+1 = 2k,
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namely k = {g—‘ Note that 0,0 + 2k ¢ A. So, 0+ 1 =1 € A implies
n=n+1-1¢& A. Moreover, 0+2k—2=n—1¢ Aimplies2 =0+2 ¢ A.
IfZ#n—l,thenthereile{2,...,[g—‘}suchthat0+2l:n—1§£/1.
So,0+1=1¢€ Aimpliesn—2=(n—-1)—1=0+2—-1¢€ A and
further, 0+ 2 =2 ¢ A impliessn —3=0+2—-2 ¢ A. If 3 #n — 3,
then 0 +2k —3 =n—2 € A implies 3 = 0+ 3 € A and further,
0+2k—4=n—3¢ Aimplies 4 = 0+4 ¢ A. Continuing this procedure,
we obtain that (2N — 1) N7m = A. O

From Propositions 2 and 3 (and the remark after Proposition 3, re-
spectively), we obtain:

Corollary 5. Let A € o such that (R \ A)N2N # (. Then 1 € A (and
n € A, whenever n is odd).

From Propositions 2 and 4, we can conclude:
Corollary 6. Let A € o7 such that R\ A)N(2N—1) # (. Then n. € A.

Let us give a note to the cardinality of any A € 7.

Proposition 7. Let A € o/. Then |A| > {gJ

Proof. Assume that |A] < {SJ For i € {1,..., LEJ — 1}, we put

2
A; = {20 — 1,2} and ALEJ = { {n—1,n} if n is even,
2
5]

{n—2,n—1,n} if nisodd. We
observe that n = U A;. From |A] < LEJ, it follows the existence of an

ie{l,.. { J} such that A; N A = (. We observe that i # 1 by Propo-

sition 2. Moreover, A; N A = () implies (7 \ A) N 2N # (). Hence, 1 € A
by Corollary 5. Since ¢ > 1, we get 2¢ > 2, where 0,0 + 2i ¢ A. Then
0+1=1¢€ Aimplies 0+ 2i — 1 € A, a contradiction to A;,NA=10. [

Let A € &/. Then there are di,do,...,d; € m with d1 < dy < ... <
d; and | = |A| such that A = {dy,...,d;}. We observe that the set
{di,d1 +1,d1 +2,...,d;} \ A consists entirely of maximal interval of size
one or two.
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Proposition 8. Let A = {di,dy,....,d;} € o for some |l € T, where
dy <dg < ...<d;. Then
diq1 —d; <3

forallie{1,...,1—1}.

Proof. Assume there exists j € {1,...,l — 1} such that d;{; —d; > 4.
Then d; +1,d; +2,d; +3 ¢ A If d;j € 2N — 1, then d; +1 > 4 is even,
whenever d; > 1. Then d; € A and 0,d; +1 ¢ A imply 1 € A, whenever
d; > 1. So, 1 € A. Moreover, 0,d; +3 ¢ Aand 1 € A imply d; +2 € A,
which is a contradiction. If d; € 2N, then 2 € A since 0,d; +2 ¢ A and
d; € A. Moreover, we obtain 1 ¢ A since d; +1 ¢ A. By Corollary 5,
we obtain a contradiction since not all even elements of 77 are contained

in A. O
For a non-empty subset A of 7, we define a particular partition.

Definition 9. For () # A C 7, let Ag be the set of all subsets
{z,z+1,..,24+r} (zen0<r<n-uz)
of Asuchthat z —1¢ Aand z +r+1¢ A.

In fact, Ag is the set of all maximal intervals (blocks) in the set
A€ . Let X,Y € Ag. Then we write X < Y if all elements in X
are less than any element in Y with respect to the natural order of N.
Further, we write X <Y if X <Y and for each Z € Ag, the following
implication holds: If X < Z <Y, then X = Z or Y = Z. So, any
() # A C m can be written in the following form:

A:[Al Ay - AkL

where A7 < Ay < --- < A € Ag for some k € m. For convenience, we
define
a; = minA; and b; = mazA;

for all i € {1,...,k}. In particular, we have a; < b; < ag < by < ... <
ap < br. Moreover, we can say that A has k blocks.

From now on, we consider any A € &/ in the above form. Using this
notation for A € &7, Proposition 8 can be represented as follows.

Let A = [A1 Ay -+ Ai] € o for some k € m. Then for all
i€{l,..,k—1}, we have

Aj+4+1 —bi =2 or Aj+1 —bi = 3.
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Lemma 10. Let A € o7 such that 1 € A. If there exists x € m such that
x,x+1¢ A, then x € 2N.

Proof. Let x € m such that z,x +1 ¢ A. Assume that z € 2N — 1. Then
x+1¢€2N. Since 0,z +1 ¢ Aand 1 € A, we obtain z € A. Tt is a
contradiction with « ¢ A. Hence = € 2N. O

Lemma 11. Let A=[A; Ay --- Ay € & for some k € . If there
exists x € {1,....k — 1} such that ay4+1 — b, = 3, then a;+1 — b; = 2 for
alli e {1,....k—1}\ {z}.

Proof. Assume that there exists y € {1,...,k — 1} \ {«} such that a,+1 —
by, = 3. Then 1 € A by Corollary 5. Note that b, + 1,b; + 2,b, + 1,
by +2 ¢ A. By Lemma 10, we obtain b, + 1 € 2N and b, + 1 € 2N.
Without loss of generality, we suppose z < y. By b, + 1,b, +1 ¢ A
and (by +1)+1 =10,+2 ¢ A, we have by = (by +1) —1 ¢ A, a
contradiction. O

Lemma 12. Let A = [Ay Ay -+ Ag] € o for some k € N. If
|Az|€ 2N for some x € {1,...,k}, then

ai11 —b; =2
forallie{1,...k—1}.

Proof. Assume that there exists y € {1, ..., k—1} such that a,+1—b, = 3.
Then b, + 1,b, +2 ¢ A implies 1 € A by Corollary 5. Since 1 € A and
by + 1,by +2 ¢ A, we obtain b, + 1 € 2N by Lemma 10 and thus
by, +2 € 2N —1.

Suppose that a, € 2N. Then b, € 2N — 1. If b, < b, + 1, then a; — 1,
by+2 ¢ Aand (a;—1)+1 = a, € Aimply b,+1 = (b,+2)—1 € A, which
is a contradiction with b, +1 ¢ A. If b, +2 < a,, then b, +1,b, +1¢ A
and (by+2)—1=0b,+1¢ Aimply by = (b +1) —1 ¢ A, which is a
contradiction with b, € A.

Suppose that a; € 2N — 1. Then b, € 2N. Assume that b, +2 ¢ A.
Since 0 ¢ Aand 1 € A, we get b, + 1 =b, +2—1 € A, a contradiction.
Hence b, +2 € A. If b, < b, + 1, then b, + 1 # b, + 1 since b, by +1 €
2N. By b, +1,b,+2 ¢ Aand (b +1)+1 = b, +2 € A, we have
by +1=(by,+2) — 1€ A, which is a contradiction with b, + 1 ¢ A. If
by + 2 < ag, then a; > 1 and b, + 2 # a; — 1 since a, € 2N — 1 and
by +1 € 2N. Since by +1,a, —1¢ Aand (by+1)+1=b,+2¢ A, we
have a; —2 = (a; —1)—1¢ A. Then 0,a, —1 ¢ A implies 1 ¢ A, which
is a contradiction. O



U. CHAICHOMPOO, J. KOoPPITZ, Y. MATI 189

Lemma 13. Let A = [A1 Ay --- Ag] € o for some k € N and let
i,j € {1,....k} such that i # j. If |A;|,|Aj|€ 2N — 1, a; and a; have the
same parity, then |A;|=|A;].

Proof. Assume |A4;|# |A;|. Without loss of generality, we suppose that
a; < a; and |A4;|< |Aj|. It is easy to see that a; — 1 and b; + 1 have
the same parity and that a; — 1,b; +1 ¢ A. Since |4;|< |4;], we have
(bj + 1) — (|AZH—1) € Aj. Thus b;+1=a; — 1+ ‘A1|+1 S A, which is a
contradiction with b; + 1 ¢ A. Hence |A;|= |A4;]. O

Lemma 14. Let A = [A; Ay -+ Ai] € & for some k € N. If
|A;l€ 2N — 1 for alli € {1,...,k}, then there is p € {0,1,...,k} such that

(1) a; € 2N —1 for all1 <i<pandaj € 2N for allp+1<j <k;

(2) |Ai|=|A;| for alli,j € {1,...,p} and |A;|= |A;| for alli,j € {p+1,
ek}

Proof. First, we will show that there exists p € {0,1,...,k} such that
a; € 2N —1foralll <i<pandaj € 2Nforallp+1<j5 <k If
a; € 2N — 1 for all i € {1, ..., k}, then p = k. If there exists ¢ € {1,...,k}
such that

a. = min{2NN{a; : i € {1,...,k}}},

then we claim a; € 2N for all i > ¢. Assume that there exists x € {1, ..., k}
with 2 > ¢ such that a, € 2N — 1. We have a, — 2,a. — 1 ¢ A because
be—1 is odd or a. = 2. Since a. —2,b, +1 ¢ A, (by+1)—1 =05, € A, we
have a, — 1 = (a. —2) +1 € A, which is a contradiction with a, — 1 ¢ A.
Thus p = ¢ — 1. The rest of the proof is given by Lemma 13. O

Let us assign, to each [ € mU {0}, an element of the set {—1,0,1} as
0 ifnis even,
follows: For I € mU {0}, let n® ={ 1 ifnis odd and I # 0,
—1 if nis odd and [ = 0.

Theorem 15. Let A=[A; As --- Ag] € o for some k € N such that
|A;l€ 2N —1 for alli € {1,...,k}. Then Aa = A for all « € I FPY with
A C doma.

Proof. Let o € #.Z#P such that A C doma. By Lemma 14, we can write
A=A - A, Appr -+ Apyy]forsomep € {0,1,...,k} and | = k—p,
where |A;|=7 € 2N —1for all 1 <i <p and |4,1j|=s € 2N —1 for all

k
1 <j <. Then ) |A;|= pr+ls. Clearly, since a; € 2N—1 by Lemma 14,
i=1
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we have a; = 1. Since a;41 —b; =2 for alli € {1,...,p+1—1}\ {p} and
k
ap+1 — by = 3, we have Z|Ai|—|—p—|—l—+—n(l) =pr+ls+p+1+nd =n.

=1
For i € {1,....,p + 1}, we define B; = A;a. Since o € FFP" we have
k k k

S |Bil= S |Ai|= pr +1s. Thus > |By|+p + 1 +n) = n. We put C =
i=1 i=1 i=1

k
n\ Aa. Then n =) |B;| +|C].

i=1

k
Suppose that n is even. If | # 0, then |J B; = {n,...,n —
1=p+1

k
U B +l)}\{1+n—y(s+ 1) : 1 <y < 1}. Otherwise, it is
i=p+1

(

k
easy to verify that |C| > p + 1+ 1. This provides n = > |B;| + |C| >
i=1

k
(Z |Bi| +p + l) +1=n+1, a contradiction. If p # 0, then we obtain
i=1

P P
UB=A{L....,|U B
i=1 i=1

Suppose now that n is odd. Since 0,n + 1 ¢ A, we obtain that
1=0+1€cAifandonlyifn=(n+1)—1¢€ A. Ifl # 0, then p =0, i.e.

I = k, and we have LkJBZ-:{n—l,...,n—l—( 0 B, +k)}\{1+
i=1 i=1

n—y(s+1):1<y<k}. Otherwise, it is easy to verify that |C|> [+ 2.

+p}\{y(r+1) : 1 <y <[} by similar arguments.

k k
This provides n = _|B;|+|C|> ( |Bil+p + 1 + 1> +1=n+1,a
i=1 i=1
contradiction. i i
If p# 0, thenl =0,i.e. p=k,and we have |J B; ={1,...,|U Bi|+
i=1 =

1=1
E}\{y(r+1):1 <y <k}. Otherwise, it is easy to verify that |C| > p.
k k
This provides n = ) |B;| + |C| > (Z \BiH—p—i-l—l) +1=n+1,a

i=1

i=1
contradiction.

Now for any n (even as well as odd), we can calculate:

'LZJlBi:{l,..., ‘L:leBi P\ {yr+ 1) : 1<y <p)
—{1,...,§]Bi|+p}\{y(7“+1):lgygp}

—{1,...,irAir+p}\{y<r+1>:15y§p}
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P
={1,..., ‘UlAi i\ {y(r+1):1 <y <p}
, =
= U A
i=1
k k
Similarly, we obtain |J B; = {n —n, - ( U Bi|+1+1-
i=p+1 i=p+1
k
n(l))} \{14+n—-n® —y(s+1):1<y<i}= | A Therefore, Aa =
i=p+1
k k P k D k k
i=1 i=1 i=1 i=p+1 i=1 i=p+1 i=1
Now we consider an A = [A; --- Ai] € & such that there is
p € {1,...k} with |A,|€ 2N.
Lemma 16. Let A=[A; --- Ai] € o for some k € N. If there exists

p € {1,....k} such that |Ap|€ 2N, then 1,n. € A.

Proof. Let p € {1,...,k} such that |A,|€ 2N. If A = 7, then it is clear
that 1,n. € A. Suppose now that A C 7.

If 1 =ap, then b, +1 € 2N —1 and by, +1 ¢ A. This implies n, € A
by Corollary 6. Hence 1,n, € A.

If n=">0y and ap # 1, then n, € Ay C Aand ap, — 1 € (7\ A) N2N.
The latter one implies 1 € A by Corollary 5. Hence 1,n, € A.

If1,n. ¢ Ay, thenay, —1 €\ Aand b, +1 € 7\ A have different
parity. So, (m\ A)N2N # @ and (m\ A) N 2N — 1 # (. This implies
1,n. € A by Corollaries 5 and 6. O

Lemma 17. Let A = [A; -+ Ay] € o for some k € N. If there is
unique p € {1, ...,k} such that |Ap|€ 2N, then for | =k — p, we have

(1) ai,...;ap € 2N =1 and api1,...,ap1; € 2N (if 1 #0);

(2) |Ail=[A;] for all i, j € {1,...,p}; |Ail= [A;| for all i,j € {p+1,
D+ 1}

Proof. Let p be the unique element in {1, ..., k} such that |4,|e 2N. We
have 1,n, € A by Lemma 16. First, we will show that a1, ...,a, € 2N -1
and apy1,...,apy; € 2N (if I # 0). Note that |A;]e 2N — 1 for all 7 €
{1,...,p+1}\{p} and a;11 —b; =2 for all i € {1, ...,k —1} by Lemma 12.
Moreover, we have a; = 1 and a; = a;—1 + |A;—1|+1 for all 2 < i < p.
Since |A;_1]+1 is even, we obtain a; € 2N — 1 for all 2 <i < p. If [ =0,



192 CONGRUENCES ON FENCE-PRESERVING TRANSFORMATIONS

then all is shown. Suppose now that [ > 0. Since ap+1 = ap + |A4,|+1 is
even, we can show that apy1,...,ap4; € 2N as above. Thus, we have (1).
By Lemma 13, we obtain (2). This completes the proof. O

If n is odd, then 0 and n 4+ 1 are even and do not belong to A. So,
we can conclude that 1 € A if and only if n € A. Lemma 17 implies
that 1 € A and by € 2N and thus, n is even, whenever there is unique
pe{l,.. k} with |Ap|€ 2N.

Theorem 18. Let n be even and let A =[A; --- Ai] € & for some
k € N such that there is unique p € {1,....,k} with |A,|e 2N. Then
Aa = A for all o € I FPY with A C dom(a).

Proof. Let a € .#.%P" such that A C dom(«). By Lemma 17, there are

re2N—1(ifp>1),s€2N—1 (if p < k), and ¢t € 2N such that |A;|=r,

forall 1 <i<p-—1, |Ayj|=s,foralll1 <j<k—p=1 and |[4,]=t.
k

Then Y |Ajl=(p—1r+1ls+t. By a1 —b;=2foralll1 <i<k-1
i=1

k

and n = by, we have ) |A;j|l4+p+Ii—1=(p—-Dr+ils+t+p+i—-1=n.
i=1

For i € {1,...,p + l}, we define B; = A;a. Since a € £.FPY then

P+ p+l
minB; — 1,maxB; +1 ¢ Aa for all 1 < ¢ < k and ) |Bi|= Y |A4i|=
i=1 i=1

p+l
(p—1Dr+1Is+t. Thus > |Bil+p+1—1=n. Weput C =7\ Aa«.
i=1

Pt

Clearly, we have |C|l=p+1—1,1e. n= ) |B;|+|C|. It is easy to verify
i=1

that 1,n € Aa. From 1,n € Aa, |C|= p+I—1, and minB;—1, maxB;+1 €
p—1 p—1

CU{0,n+1}, we can conclude that |J B; C{k:1<k < | B;|+p—1},
=1 i=1

1=

ipgile‘ - {k n+1-— <z‘pg4l-1Bi —l—l) <k < n}7 and B, =7\ ({k
p—1 p+l

1<k<|UB +p—1}U{k:n+1—( U B +l) gk;gn}). Since
1= 1=p

each B;, where 1 < ¢ < k, is a maximal interval in 7, we can calculate
that

p—1
Bi={k:1<k<
i=1

)

p—1
U Bi
i=1

+p—13\{yr+1):1<y<p-1}

p—1
= (k1< k< DIBltp -\ + ) 1<y <p-1)



U. CHAICHOMPOO, J. KOoPPITZ, Y. MATI 193

p—1
={k:1<k< ;\Ai\+p—1}\{y(r+1):1Sy§p—1}

p—1
—fkil<k<|UA|+p- D\ {yr+1):1<y<p-1)
1=1

By the same arguments, one can calculate that B, =7 \ ({k 1 <k<
pHl

U B

i=p+1

i-I-p—l}U{k:n—i—l—(

—|—l> §k<n}>:Apand

p+l p+l

U Bi:{k:n—i—l—( U B +z)gkgn}\{1+n—y(s+1);
i=p+1 i=p+1

p+l p+l p—1
1<y<li}= U A;. ThereforeAa—UAa—UB—UBUBU
zp—i—l =1 1= 1=

p+l ptl
UB—UAUAUUA—UA A. O
1=p+1 =1 i=p+1 =1

Finally, we consider the case that dom(«) has more than one maximal
interval with even size.

Lemma 19. Let A =[A; Ay --- Ai] € & for some k € N. If there
exist p,q € {1,...,k} with p # q such that |Ap|,|A4l€ 2N, then either
there aret € 2N—1 and v € m with 2t =n+1— (k—2)(u+1) such that
A=n\{t+1lu:0<I1<k—-2} andn is odd or |A;|= |A;j|€ 2N for all
ije{l, . k).

Proof. Let p,q € {1, ..., k} with p < ¢ such that |4,]|, |A4,|€ 2N. Suppose
that there exists r € {1,...,k} \ {p, ¢} such that |A,| € 2N — 1.

First, we assume that r < p. Without loss of generality, we can
assume that r = p — 1 and there is nop+ 1 < i < ¢ — 1 with |A4;|€ 2N.
Then it is easy to see that a, —1,b,+1 ¢ A as well as ap — 1 and b, + 1
have the same parity. If |[A,| <|A,|, then a,—1+ (|A4|4+1) =a,+|A4| € A.
This implies a;—1 = by+1—(|A4]+1) € A, a contradiction. If |A,|< |A44],
then b, + 1 — (|Aq|+1) = by — |A;|€ A. This implies b, +1 =a, — 1 +
(JAr]—1) € A, a contradiction, too. In the case r > ¢, we obtain a
contradiction in a dually way.

It is easy to verify that the following case remains: 1 =p <r < ¢ = k.
Since 1 € A, we can conclude that by, € 2N—1. Since (7\A)N(2N—-1) # 0,
we can conclude that n. € A by Corollary 6. Since by is odd, we can
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conclude that n is odd. This shows that A =\ {t; < t2 < --- <
tp—1} for some odd ti,te,...,tp—1 €\ {1,n}. Assume that |A;|# |Ax|.
Without loss of generality, we can assume that |A;| < |Ag|. Then we
have 0+ (JA1|+1) =bi+1 ¢ Aand (n+ 1) — (JA1|+1) € A, C A
since |A1| < |Ag|. But O,n+1 ¢ A and 0+ (|A1] + 1) ¢ A imply
(n+1) = (|JA1] + 1) ¢ A, a contradiction. In the same matter, we can
show that there is u € m with u = |A;| for i« = 2,...,k — 1. Hence,
A=n\{t1 +lu:0<I<k—-2} with2t; =n+1—(k—2)(u+1).
Suppose that |A;]€ 2N for all ¢ € {1,...,k}. Assume that there is
ie{l,...,k—1} with |A;| # |Ai+1]|. Without loss of generality, we can
assume that |A;| < |A4;11]|. Since |A;|,|Ai+1] € 2N, we can conclude that
a; and b;41 have the same parity. So a; — 1 and b;;+1 + 1 have the same
parity and do not belong to A. Let ¢ = |A;|+1. Thena;,—1+c=b;+1¢ A
and bj11 + 1 —c€ A1 C Asince |A4;| < |Ait1], a contradiction. O

Theorem 20. Let A = [Ay Ay -+ Ag| € & for some k € T such that
there are p,q € {1,...,k} with p # q and |A4,|,|A4|€ 2N. Then Ao = A
for all v € I FPY with dom(a) € A.

Proof. By Lemma 19, we have to consider two cases. Suppose that n is
odd and there are t € 2N —1 and u € m with 2t =n+1— (k—2)(u+1)
such that A=n\{t+lu:0<1<k—-2}. Weputt; =t+ (i —1)u for
all1 <i<k-—1. Then A7 = {1,...,t; — 1}, Ap = {tp_1 +1,...,n},
and A; ={t;-1+1,...,t; —1} fori =2,...,k — 1 (whenever k > 3). So,
AN2N =N 2N and thus AaN2N =nN2N. Since 1,7 € A and both are
odd, it is easy to verify that either Aja= Aj and Apa = A or Aja = Ay,

and Apa = A;. Therefore, U A;a as a subset of {t; +1,...,tp_1 — 1},

COHSIStlng entirely of maxrmal intervals of length w. This shows that

UAOJ—{tl—i-l o te— 1—1}\{t1+lu:l:1,...,k—3}:UAi.
i=2

Consequently, Aa = A.

Suppose now that |A;|= |A;|€ 2N for all 4, j € {1, ..., k}. We observe
that there is z € m such that |A;|= x and b; +1 € n+1\ A for all
i€ {l,...k}, where n+1 = {1,...,n+ 1}. We have a;y; — b; = 2 for
all i € {1,....,k — 1} by Lemma 12. This implies b; + 2 = a;4; for all
ie{l,.. k- 1} Moreover, we have 1,n € A by Corollary 5. Then we

have n + 1 = U(A U{b;+1}), which implies n+1 = Z\A U{b;+1}|=
=1 i=1

1
k(z + 1). Hence, A consists entirely of n 1 . maximal blocks of length
x
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1
x. Similarly, Ao consists entirely of nt 0 maximal blocks of length .
x

n
Clearly, there is only one possibility to have maximal blocks of

length z in an n-element set. Therefore, Aa = A for all a € S
with A C dom(«). O

Let us consider any A =[A; Az --- Ag] € &/. Then |A;]le 2N -1
for all i € {1,...,k} or there is p € {1,...,k} with |4,|€ 2N. In the
first case, we have Ao = A for all a € J.FPY with A C dom(«) by
Theorem 15. In the second case, we have to distinguish between p is
unique with that property or not. Then we get Aa = A by Theorems 18
and 20, respectively. So, we obtain the following corollary.

Corollary 21. Let A € & and let a € S FPY". Then the following
statements are equivalent:

(1) A C dom(«);
(2) Aa = A;
(3) A Cim(a).

Proof. Suppose that A C dom(«). Then Ao = A by the previous argu-
mentation. Suppose that Ao = A. Then it is clear that A C im(«). Sup-
pose that A C im(a). Then A C dom(a™!). Recall that o~ € 7. 7P,
This implies Aa~! = A by (1)—(2), and thus A C dom(«). This com-
pletes the proof. O

2. Maximal congruences on .. ZP*"

This section provides the main result of this paper, the characterization
of the maximal congruences on .#.#P%. Clearly, all congruences with
index two are maximal. It will turn out that all maximal congruences on
S FPI have index two, that means all of them consisting entirely of two
equivalent classes. First, we will determine all congruences on .#.%#P%"
with index two.

Lemma 22. Let p = (' x T) U (T xT) be a congruence on I Fh,
where I' C FFZPY" withid € T and I' = £ FP\I'. Then the following
statements holds:

(1) ¢ &1
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2) a €T if and only if o= € T.
(2) f y

Proof. (1) Assume that ¢ € I'. Then (id, ¢) € p, which implies («, ¢) =
(cvid, agp) € p for all a € L.FPY. So, we have p = S FP" x F.FDI"
which is a contradiction with p = (I' x T) U (T x I'). Hence ¢ ¢ I

(2) Let a € T'. Assume that a=! ¢ T, i.e. ! € T. By (1), we have
(a1, ¢) € p. Since a = aa"la, we have (, ¢) = (aata, apa) € p, i.e.
a ¢ T', which is a contradiction. Hence a~! € T'. The converse direction
becomes clear by (a=1)~! = a. O

The following lemma determines the congruences on #.Z#P% with
index two.

Lemma 23. Let I C 4. FP" withid €T and let p= (I x T)U (T x T)
with T = FFP \T. Then p is a congruence on &.FP if and only if
for all o, B € I FPY the following statements are equivalent:

(1) a,p €Ty
(2) aB eT.

Proof. Suppose that p is a congruence on .. #%*" and let o, f € I FP.
If a, 8 €T, then («,id) € p and we have (af, f) = (af,idf) € p, which
implies a8 € T'. Next, let « € T. Then («, ¢) € p. For any 3 € & FP"
we have (af,¢) = (af,08) € p and (Ba, @) = (8o, @) € p, which
implies a3, Ba € T'. This shows that a, 3 € T if and only if a3 € T.
Suppose that «, 5 € T if and only if a8 € T for all o, 5 € £.FPY".
Since p is an equivalence relation, it remains to show that p is a con-
gruence. Let a, (3,7 € FFPY such that (o, ) € p. If o, 8,7 € T,
then we have (ya,v8),(ay,By) € T' x ' C p. Otherwise, we have

(v, v8), (ay, By) € T x T C p. Hence p is a congruence. O
For any A € o7, we define
F'a={ae 770" : A Cdom(a)}.
We observe that id € T' 4. Clearly, for each A € 7, the relation
pa=(TaxTa)U(T4sxTy)

with Ty = #.ZPY \ T4 is an equivalence relation on .. %% . We aim
to show that p4 is a maximal congruence on .#. 2",
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Theorem 24. Let A € /. Then pa is a maximal congruence on
S Fhar
par.

Proof. Clearly, pa is an equivalence relation on . %% . So, we will
prove that p4 is a congruence on .. 72" by Lemma 23. Let o, € I'4.
Then A C dom(«) and A C domf. By Corollary 21, we obtain Ao = A
and A8 = A. Thus, Aaf = AB = A. This implies A C dom(af)
by Corollary 21. Hence aff € I'4. Conversely, let a8 € I'y. Then A C
dom(a3). Moreover, we obtain A C im(a/3) by Corollary 21. So, we have
A C dom(af) C dom(a) and A C im(af) C im(B), i.e. A C dom(p5) by
Corollary 21. Hence «, 8 € I'4. This shows that p4 is a congruence on
JFPIand since its index is two, we can conclude that p4 is a maximal
congruence on % . ZP" O

grpar

Next, we will show that any maximal congruence p on . %% is of

the form p = p4, for a suitable set A € 7.

Lemma 25. Let p be a congruence on I Fb*" and let « € I FP" . If
a € [id],, then

Z‘d‘dom(a% Z‘d‘dom(afly Oé_l (S [ld]p

Proof. Let « € [id),, i.e. (a,id) € p. So, we obtain (id|gom(a), @ ') =
(aaida™) € p and (id|gom(a-1), ™) = (e 'a,a7tid) € p. Thus,
(id]dom(a)» ¥]aom(a-1)) € p (by transitivity). Together with (a,id) € p,
we obtain (@, id|qom(a-1)) = (id|dom(a)® id|dom(a-1)id) € p. Hence, we

obtain id|dom(a)’id|dom(a_1)7 a"le [Oz]p = [Zd]p [

Lemma 26. Let p be a non-universal congruence on & FP*". Then there
exists B € [id], such that O # dom(B) C dom(c) for all o € [id],,.

Proof. Assume that for all 8 € [id]p, there is « € [id], such that dom(p)
¢ dom(ar). It is clear that ¢ ¢ [id], (see also the proof of Lemma 22(1)).
There is ag € [id], with |dom(as)|< |dom(car)| for all a € [id],. We
observe that dom(asz) # 0 since ap # ¢. Then there is a1 € [id],
with dom(ag) ¢ dom(ay). Now, we have (a1,id) € p, which gives
(id|dom(az) 215 1| dom(as)) € p- By Lemma 25, we obtain id|qom(as) € [id],
since ap € [id],. Then id|d0m (an)1 € [id], with dom(id|qom(as)a1) C
dom(ag). Since dom(az) ¢ dom(ai), we have |dom(id|gom(as)@1)]<
|dom(a)|, which is a contradiction with |dom(as)|< |dom(a)| for all
a € [id],. O
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Lemma 27. Let p be a non-universal congruence on & FP* . Then there
exists € [id], with dom(B) € & such that dom(B) C dom(c) for all
a € [id],.

Proof. By Lemma 26, there is § € [id], such that () # dom(3) C dom(«)

for all « € [id],. Let A = dom(B). We claim that 5 € o/. Assume that

there exist € {0,...,n—3} and k € {2, ..., {gw - {gJ }withz,z+2k ¢ A

such that [{z + 7,2 4+ 2k —r} N A|=1 for some r € {1,....,k — 1}. Then
let

(1 =1 241 - z42%—1 242%+1 - n
T\l 2—1 242%-1 - 2+l z+2k+1 - m

and it is easy to verify that v € S Z7*. We know that id|qoms)€
[id], by Lemma 25, i.e. (id|qom(g),id) € p. It implies (yid|qom(g); V) =
(fﬂ'd’dom(,ﬁﬁfyid) € p. Thus (7id‘dom(,@)fyid|dom(ﬁ)a'7'7) € p. We put § =
Yid|qom(3)Vid|dom(g) for convenience. We can see that dom(5) € dom(0)
since (x + 1)y =z + 2k —r, and (z + 2k — )y = x + r implies {z +r,
z + 2k — r} N dom(idgom(g)Vidaom(s)) = 0. Note that dom(3) C dom(y)
since x,x + 2k ¢ dom(p) and dom(y) = 7 \ {z,x + 2k}. Moreover, we
have 72 =77 = id‘dom(y) and (id’dom(,@)v id‘dom(y)) = (id‘dom(ﬁ)id|dom('y)v
idid| gom()) € p- This implies 7 = id|gom(y)€ [id],. Then § € [id], since
(6,7%) € p, which is a contradiction with dom(8) ¢ dom(J). O

Now we can state the main result of the paper.

Theorem 28. Let p be a non-universal congruence on & #P" . Then p
1s maximal if and only if there is a set A € o/ such that p = pa.

Proof. Suppose that p is maximal. By Lemma 27, there is § € [id], with
dom(f) € & such that dom(3) C dom(a) for all a € [id],. Assume
that there is (v,8) € p with dom(8) C dom(y) and dom(3) € dom(d),
ie. v € Fyomg) and § ¢ Tgom(p)- Then 8 = vy~ 1B but dom(B) ¢
dom(6)y~' B, i.e. 6y716 ¢ [id],. Thus (yy~'8,0v~'8) = (8,07'6) ¢ p,
a contradiction. Because of the symmetry of p, we can conclude that
pC(TaxTA)U(TaxTa)=pawith A =dom(B) € «. By Theorem 24,
pA is a maximal congruence on .. 7P and since p is maximal, we get
p = pa. The converse direction is given by Theorem 24. O
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