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Nil-quasi-clean companion matrices
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ABSTRACT. Let R be a ring with identity. An element e in
R is called a quasi-idempotent element if e? = ke for some central
unit k in R. For an element b in R, if there is a positive integer
m such that b = 0, then b is called a nilpotent element of R.
An element r in R is called a nil-quasi-clean element if r is a sum
of a quasi-idempotent and a nilpotent. If every element of R is
nil-quasi-clean, then R is called a nil-quasi-clean ring. This paper
completely determines nil-quasi-clean companion matrices over a
field.

Introduction

Matrix ring is an important class of rings and it has many applications
in operation theory and others. This paper concerns the square matrices
over a field. Let us recall some definitions and notations in ring theory.
All rings we consider in this paper are associative with identity. Let
R be a ring. An element e in R is called an idempotent element if
e? = e. For an element b in R, if there is a positive integer m such that

b™ = 0, then b is called a nilpotent element of R. An element r in R is
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called a nil-clean element if r is a sum of an idempotent and a nilpotent.
We use Id(R), Nil(R), U(R), NC(R) to denote the set of idempotents,
the set of nilpotent elements, the set of units, and the set of nil-clean
elements of R, respectively. If every element of R is nil-clean, that is,
NC(R) = R, then R is called a nil-clean ring. As usual, J(R), C(R)
denote the Jacobson radical and the center of a ring R, respectively. The
set of central units of R is U.(R) = U(R) N C(R). We also use char(R)
to denote the characteristic of R and R* = R\{0}. Recently, Tang et al.
introduced the definition of a quasi idempotent element in [10], which is
a generalization of idempotent element. Recall that an element a of R
is a quasi-idempotent if a? = ka for some k € U.(R). We use QId(R) to
denote the set of all quasi-idempotents in R. An element r in R is called
a nil-quasi-clean element if r = a + b with @ € QId(R) and b € Nil(R).
If every element of R is nil-quasi-clean, then R is called a nil-quasi-clean
ring.

The concept of nil-clean ring first appeared in [7], Diesl showed that
every nil-clean ring is clean. Many papers are devoted to the study
of clean rings and nil-clean rings, especially for the cleanness and nil-
cleanness of matrix ring, for examples, [1,2,6,8]. Diesl in [7] posed an
open question that whether the matrix ring over a nil-clean is nil-clean.
Breaz et al. in [4] showed that the n x n matrix ring over a field F is
nil-clean ring if and only if F & F5. For a division ring D, Kosan et
al. proved in [9] that M, (D) is nil-clean if and only if D = F5. In [5],
Calugareanu proved that an invertible matrix in Ms(Z) with trace 1 is nil-
clean. Concerning the nil-quasi-cleanness, Tang and Zhou in [11] showed
that the 2 x 2 matrix ring over a division ring D is quasi-nil-clean if and
only if D is a perfect field with characteristic 2. They asked a question
that when the matrix ring M, (R) over a division ring R is nil-quasi-
clean. Motivated by [3], in which the authors studied the nil-cleanness of
companion matrices, we study nil-quasi-cleanness of companion matrices
in this paper. Hoping it can be helpful and inspiring for characterizing
the nil-quasi-cleanness of general matrices.

1. Nil-quasi-clean companion matrices

In this section, we characterize the nil-quasi-cleanness of companion mat-
rices over a field. Most results are the generalization of those in [3]. Let
F be a field and n a positive integer. We denote
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0 0 e 0 —Cp
1 0 0 —C1
0 1 0 —c
0 0o .- 0 —cp—2
0 o - 1 —ep

the n X n companion matrix, and the characteristic polynomial of the
companion matrix Ce, ¢;....c,_, i represented by

p()=X"+ e 1 X" b e X F oo

As we all known, any matrix can be put into Frobenius normal form, that
is, every square matrix A over a commutative ring is similar to a rational
canonical matrix. Since a matrix similar to a nilpotent(or idempotent)
matrix is still nilpotent(or idempotent), when we consider the nilpotency
or idempotency, it just consider the above companion matrix. Note that
a matrix similar to a quasi-idempotent matrix is also a quasi-idempotent
matrix.

For easy understanding, we first consider the low order matrices.
Firstly, consider a companion matrix of order 2.

0
1
F with char(F) > 2 is nil-quasi-clean if and only if one of following
holds:

Proposition 1. A companion matriz C = < _20> over a finite field
—C1

(1) co=c1=0;
(2) cg =u?, ¢y = —2u for some u € F*;
(3) c1 = —u for some u € F*.

Proof. <= If ¢cg = ¢; = 0, then C' is clearly nilpotent and thus nil-quasi-

clean. If ¢y = u2,01 = —2u for some u € F*, then we set C' = (g 2) +

—u —u?
1

uE € QId(Ms(F)) and B € Nil(My(F)). If ¢; = —u for some u € F*,
then we set C = (O _CO> = (0 0) + (0 _50) = B + FE, which is

= E+ B, which is a nil-quasi-clean decomposition, as E? =

1w 1 0 0
a nil-quasi-clean decomposition, as E? = uE € QId(My(F)) and B €
Nil(My(F)).
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= We may assume that C = E+ B with E? = «F and B is nilpotent.
Then we have —c; = trace(C) = trace(E) + trace(B) = trace(E) =
u-rank(E). If rank(E) = 0, then E = 0 and —c¢; = 0. In this case, C is
nilpotent. So, we get c¢a = 0 and hence (1) holds. If rank(E) = 1, then
we have ¢; = —u and (3) happens. If rank(E) = 2, then E = uls. As
C is nil-quasi-clean, then ¢; = —2u and ¢y = u?, which shows that (2)
happens. O

Next, we consider the companion matrix of order 3.

Proposition 2. Let C, ¢, ¢, be a companion matriz over a field F' and
char(F) = p. Then C is nil-quasi-clean if and only if one of following
holds:

(1) c2 #0;
(2) c2=0andp=2;
(3) c2=0, p=3 and C = als + B with B nilpotent;
(4) c2 =0, p>5 and C is nilpotent.
Proof. < For the case (1), we let ¢ = —u. Then we may decompose C
into
—u —ul+ec —uP+20u u ur—c —co+ud —2cu
C=|1 0 —c1 +10 0 0
0 1 u 0 0 0

= B + E. Note that B3 =0 and E? = uE. Thus C is nil-quasi-clean.
For the case (2), we have

0 0 —co u 0 ud u 0 —co—ud
C=110 —¢|l=11 v «?|+|0 v —c;—u?| =B+E.
01 0 01 0 0 0 0

As B € Nil(M3(F)) and E? = uE € QId(M3(F)), we know that C is
nil-quasi-clean. The cases (3) and (4) are clearly nil-quasi-clean.

= Suppose that C = E + B, where E? = uE and B is nilpotent.
Then we have —cp = trace(C) = trace(E) = w-rank(E). If rank(E) # 0,
then cg = —u - rank(E), so (1) is correct. If rank(E) = 0, we proceed
with the characteristic of the field. When p = 2, C' with nil-quasi-clean
decomposition, (2) is true. When p = 3, and C is nil-quasi-clean, we
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have rank(E) = 0 or rank(E) = 3. Hence E = 0 or E = ul3 i.e.,
C =als+ B,a € F, so (3) is true. When p > 5 and C' is nil-quasi-clean,

we have E' = 0. Hence C € Nil(M3(F)), so (4) is also true. O
Lemma 1 ([3, Lemma 1]). Let f = X"+ f, 1 X" 1+ + iX + fo €
F[X] be a monic polynomial. For every (ci, -+ ,cn_1) € F"! there
exists a unique tuple (ag,- -+ ,an—1) € F™ such that the matriz
—Qp—-1 —CQp-2 - —0Q1 —Qp

1 0 e 0 —C1

0 1 cee 0 —Cy

0 0 e 0 —Cn—2

0 0 e 1 —Cn—1

is similar to the companion matriz Cy, 7, . ., of f.
Next result is a generalization of [3, Proposition 3].

Proposition 3. Let n,m,k be three positive integers and n = m + k.
Fiz cg,c1,...,cn—1 € F and companion matriz Ceyc,,...c,_,- For each
polynomial g € F[X] with deg(g) < n—2, there are two matrizes E, M €
My (F) such that Ceycy...cny = E+M, where E*> = uE for some u € F*
and the characteristic polynomial of M is X" + (k-u+c,_1) X" 1 +g¢.

Proof. Let g = fn 2 X" 24+ ---+ fiX + fo € F[X]. Consider the block

matrix
_ (uly Er
E—(o O)eMn<F>,
0 0 s 0 g — Co
0 0 e 0 a1 —Cp
where E19 = : : e : € Myxm(F'), and
0 0 cee 0 A9 — Ck_9
Qp—2 OQp—-3 - o Og—1 — Cg—1
O[[),O[l,“',Oén_QEF.

By direct computation, we know that E? = uE € QId(M,(F)). So
FE is a quasi-idempotent matrix. To complete the proof, we show by
induction on k£ > 1 that there are uniquely determined ayg, a1, -+ , p—2
such that M = C — E has the characteristic polynomial f = X"+ (k- u+
Cnfl)Xn_l +g.



H. Su, S. Liu

275

The step £ = 1 is Lemma 1 (note that f,—1 = ap—1 + ¢p—1), let
anp_1 =wuand f,_1 =u-+c,_1. Suppose the claim is true for k > 2, and

let M = C' — E. Expanding by the first row we get

X +4u 0 0 0 0 ap
-1 X +u 0 0 0 oq
0 0 X+ul|oapo Qg Of—1
[ XTI, — M| = 1| X 0 x
-1 .
X Cn—2
-1 X+ Cn—1
X+4u 0 0 0 0 oq
-1 X +u 0 0 0 1e%)
0 0 X +u| o2 Qg Q1
-1 .
X Cn—2
-1 X+cpo1

It is easy to find that the coefficient of X" 1 in | X1, — M| is k-u+c,_1.
By division algorithm, we obtain f = (X+4u)q+a and | XI,,—M| = f

if and only if

X +u 0 0 0 0 aq
-1 X +u 0 0 0 fe%)
0 0 X+u|a,- oy Qp_1
9= -1 X 0 Ck
-1
X Cn—1
-1 X+ Cn—1
Again, the coefficient of X" 2 in g is (k — 1)-u + ¢,_1. We apply in-
duction hypothesis so that determine (uniquely) ag, a1, -, an—2. This
completes our proof. O
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Lemma 2. Let A € M, (F) and A= E + B be a nil-quasi-clean decom-
position, where E? = uE and B™ = 0 for some positive integer m. Then
there exists a positive integer k such that trace(A) = k - u. Moreover,

(1) If char(F) =0 and trace(A) =k - u, then

(a) k< n;
(b) k=0 if and only if A is nilpotent;
(c) k=nif and only if A = ul, + B, where B is nilpotent.

(2) If char(F) =p >0, then

(a) there exists k € {1,2,--- ,p} such that trace(A) =k - u, and
k<nork=p;

(b) if n < k = p, then A is nilpotent;
(c) if k=n <p, then A =ul, + B, where B is nilpotent;

(d) if k =n =p, then A is nilpotent or A = ul, + B, where B s
nilpotent.

Proof. Since A = E + B, we have trace(A) = trace(E) + trace(B) =
trace(E). Because E? = uF, we know that trace(E) = u - rank(E),
there is k € N such that trace(A) = k- u. Note that k is unique if
char(F) = 0 and k < n, so the statement (1)(a) is obvious. Note k is
unique only modulo p if char(F') = p, hence (2)(a) is also hold.

(1)(b) If k£ = 0, then rank(E) = 0, so A is nilpotent. The converse
is obvious.

(1)(c) If k = n, then rank(E) = n, so A = ul,, + B, where B is
nilpotent. The converse is obvious.

(2)(b) If k = p, then trace(A) = trace(F) = u-rank(E) = 0, hence
p | rank(E). We know rank(E) < n < p, so rank(E) =0, i.e., E =0,
so A is nilpotent.

(2)(c) If k = n, then rank(E) = n (mod p). Since rank(E) < n <
p, so rank(E) = n and it follows that A = ul,, + B with B is nilpotent.

(2)(d) As A = E + B, where E? = uE € QId(M,(F)) and B €
Nil(M,(F)), we have trace(A) = u - rank(E) = 0, so rank(E) € {0, p}.
This implies E € {0,ul,}. This completes the proof. O

Theorem 1. Let C' = C¢y .....c,,_, be a companion matrixz over a field F'.
Then C' is nil-quasi-clean if and only if one of the following conditions
holds:
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(1) C is nilpotent matriz;

(2) C = ul, + B with B is nilpotent matriz; (i.e. ¢; = (—u)"(",) for
allie {0,1,--- ,n—1});

(3) char(F) = 0 and there exists a positive integer k such that —c,_1 =
k-uandn > k;

(4) char(F) = p and there exists k € {1,2,--- ,p} such that —cp,—1 =
k-u andn > k.

Proof. = Suppose that C = E + B with E? = uE € QId(M,(F))
and B € Nil(M,(F)). We may assume that C is not a nilpotent and
C #ul, + B.

If char(F) = 0, by Lemma 2(1), we have that there exists a unique
k < n such that —c,_1 = k-u. Since C' is neither nilpotent nor ul,, + B,
we have 0 < k < n.

If char(F') = p, by Lemma 2(2), there is a unique k € {1,2,--- ,p}
such that —¢,—1 = k-u. If 0 # F # ul, is a quasi-idempotent such
that C' — E is nilpotent matrix, then rank(E) = k (mod p). As 0 #
rank(E) # n, we have k < rank(E) < n and hence n > k.

< If C is nilpotent matrix or C = ul, + B, then C is obviously
nil-quasi-clean. If we are in one of the cases (3) or (4), we can apply

Proposition 3 for g = 0 to obtain a nil-quasi-clean decomposition for C.
O

Theorem 2. Let n > 3 be an integer. The following statements are
equivalent for a field F':

(1) every companion matriz C' € My (F) is nil-quasi-clean;
(2) char(F)=p<n;

(3) if C € M,(F) is a companion matriz then for every polynomial g €
F[X] of degree at most n—2 there exist two matrices E, M € M,(F)
such that C = E+ M, E? = uE with v € F* and |XI, — M| =
X"+g.

Proof. (2)=-(3) For every companion matrix C, we have trace(C) =
—Cp—1 = k-u with k € {1,2,--- ,p} and we use Proposition 3 and the
result follows.

(3)=(1) It is obvious.
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(1)=-(2) Since every element of the field F' can be the trace of a com-
panion matrix, by Lemma 2, every element from F' has the form k& - u,
k € N. This implies that there exists a prime p such that char(F) = p.
Moreover, suppose p > n, then use Theorem 1 to observe that the com-

00 O 0 0
10 0 0 -1
01 0 0 0
panion matrix C = is not nil-quasi-clean.
0 0
1 0

Since trace(C)

0, so plrank(F) and rank(E) < n < p. Hence
rank(E) = 0, which means C' is nilpotent, contradiction. Or rank(E)

p = n, which means £ = ul, and C — FE is nilpotent, C — E =
—u 0 0 0 0
1 —u 0 0o -1
1 —u 0 0

is not nilpotent matrix, a contradic-
—u 0
1 —u

tion. Therefore, p < n, and the proof is complete. O

Finally, we illustrate above theorem by an example of companion
matrix of order 4. Note that for n = 4, the characteristics of a field is
only 2 or 3.

Example 1. First, for n =4 and char(F) = 2:
(i) for ¢3 = 0 we have

u 0 0 ut —u 0 0 —ut — ¢
1 2 3 _ 2 3 _ _
O = U Cog—U° UCy — U + 0 U U co U’ —cp—uce
0 1 0 —Co 0 0 0 0
0 0 1 0 0 0 0 0

= N + E, where N is nilpotent and E? = uFE for some u € F*.
(ii) for c3 # 0 we have

000 0 00 0 —c

[t o000 000 —¢|

C=1lo100lT|o0 0 | =NtE
0010 00 0 —cs
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where N € Nil(My(F)) and E? = —c3E € QId(My(F)).

Secondly, for n =4 and char(F) = 3:
(i) for ¢3 = 0 we have

u 0 0 —u —u 0 0 u*—cg
1 uw 0 —u? 0 —u 0 uw—¢
“lo 1w o|Tlo 0 —u - |TNTE
001 0 0 0 0 0
where N is nilpotent and E? = —uF for some u € F*.
(ii) for c¢3 # 0 we have
00 0O 0 0 0 —co
11000 000 —ca|

¢= 0100 + 00 0 —co| N+ &,

0010 0 0 0 —cs

where N € Nil(My(F)) is nilpotent and E? = —c3E € QId(My(F)).

1]

2]

3]
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