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Abstract. In 2024, the authors developed well-known algo-
rithms for the construction and analysis of finite nearrings, imple-
menting it to compute local nearrings of order greater than 31. The
new package was named LocalNR package. In this paper, using our
method we

� indicate seventeen 2-generated groups of exponent 8 which
are the additive groups of zero-symmetric local nearrings of
order 128; and formulate a conjecture on all such nearrings
according to which there left only 2 open cases;

� prove that there are no local nearrings with the Miller–Moreno
multiplicative group of order 64 and the additive group to be
a 2-generated group of order 128.

Introduction

We study algebraic structures called nearrings, which are interesting
examples of generalised rings (i.e. addition need not to be commuta-
tive, and only one distributive law is assumed) with applications in non-
commutative homological algebra, algebraic topology, functional analysis
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and in categories with group objects. The classification of nearrings up
to certain orders is a challenging problem, and requires extensive com-
putations, which we will implement using GAP [4].

GAP is an open source system for computational discrete algebra,
with particular emphasis on Computational Group Theory. GAP pro-
vides a programming language, also called GAP, a library of mathema-
tical algorithms implemented in this language, and various libraries of
mathematical objects. The SONATA package provides methods for the
construction and analysis of finite nearrings, as well as the library of
all nearrings up to order 15 and all nearrings with identity up to order
31. For the researchers in nearrings, the list of all 698 local nearrings
of order at most 31 up to isomorphism is provided by the GAP package
SONATA [1]; however, classifying nearrings of order 32 is a significant
challenge. Motivated by this, we have developed and implemented algo-
rithms to compute all local nearrings of further orders, in a new GAP
package called LocalNR [11]. The current version of this package (not
yet redistributed with GAP) contains all 37441 local nearrings of order
at most 361, except those of orders 32, 64, 128, 243, and 256.

A study of local nearrings was initiated by Maxson [6] who defined
a number of their basic properties and proved in particular that the ad-
ditive group of a finite local nearring is a p-group. It follows from Clay,
Malone [3] that local nearrings with cyclic additive group are commuta-
tive local rings.

A classification of all non-abelian groups of order less than 32 that can
be additive groups of a nearring with identity was established in [2]. The
same paper also determined the number of non-isomorphic nearrings with
identity on such groups. There are 51 non-isomorphic groups of order 32
from which 19 are the additive groups of local nearrings [9]. There exist
267 non-isomorphic groups of order 64=25 from which 53 are 2-generated
groups and only 24 of these groups are the additive groups of local near-
rings [10]. The next natural step is the investigation of all 162 non-
isomorphic 2-generated groups of order 128 = 27 with this property. As
the result we will provide the classification of local nearrings on such
groups.

Local nearrings with commutative multiplicative groups that are not
rings were studied in [5]. Also, it was obtained the full classification of
such nearrings with cyclic multiplicative groups. We study 2-generated
groups of order 128 as the additive groups of local nearrings with the
Miller–Moreno multiplicative groups of order 64 using GAP.
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Basic definitions and many results concerning nearrings can be for
instance found in [7].

1. Preliminaries

Let [n, i] be the i-th group of order n in the SmallGroups library in
GAP.

Recall that each finite non-abelian group whose proper subgroups
are abelian is called a Miller–Moreno group or in other terminology a
minimal non-abelian group.

We recall some definitions.

Definition 1. A set R with two binary operations “ + ” and “ · ” is a
nearring if:

1) (R,+) is a group with neutral element 0;

2) (R, ·) is a semigroup;

3) x · (y + z) = x · y + x · z for all x, y, z ∈ R.

Such a nearring is called a left nearring. If axiom 3) is replaced by an
axiom (x + y) · z = x · z + y · z for all x, y, z ∈ R, then we get a right
nearring.

The group (R,+) of a nearring R is denoted by R+ and called the
additive group of R. If in addition 0 · x = 0 for all x ∈ R, then the
nearring R is called zero-symmetric. Furthermore, R is a nearring with
an identity i if the semigroup (R, ·) is a monoid with identity element i.

Definition 2. A nearring R with identity is called local if the set L of
all non-invertible elements of R forms a subgroup of the additive group
R+ and a nearfield, if L = 0.

2. LocalNR package: Group functions

The LocalNR package contains the library of local nearrings up to
order 361 and some functions to analyze finite nearrings. The current
version of this package is version 1.0.4, released on 2024-03-15. We give
some functions for local nearrings from the LocalNR package.
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2.1. IsMinimalNonAbelianGroup

IsMinimalNonAbelianGroup(G) (property)
Returns: a boolean
The argument is a group G. The output is true if G is a minimal

non-abelian group, otherwise the output is false.

gap> H:=SmallGroup(120,4);
<pc group of size 120 with 5 generators>
gap> IsMinimalNonAbelianGroup(H);
false
gap> K:=SmallGroup(16,6);
<pc group of size 16 with 4 generators>
gap> IsMinimalNonAbelianGroup(K);
true
gap> IsMinimalNonAbelianGroup(SmallGroup(16,8));
false

2.2. IsMetacyclicPGroup

IsMetacyclicPGroup(G) (property)
Returns: a boolean
The argument is a group G. The output is true if G is a metacyclic

p-group, otherwise the output is false.

gap> IsMetacyclicPGroup(K);
true
gap> IsMetacyclicPGroup(SmallGroup(81,4));
true
gap> IsMetacyclicPGroup(SmallGroup(81,15));
false

2.3. EndoOrbitsOfGroup

EndoOrbitsOfGroup(G) (operation)
Returns: EndoOrbitsOfGroup
The argument is a group G.

gap> D:=SmallGroup(81,2);
<pc group of size 81 with 4 generators>
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gap> T:=EndoOrbitsOfGroup(D);;

gap> Length(T);

1

gap> Size(T[1][2]);

81

2.4. IsEndoCyclicGroup

IsEndoCyclicGroup(G) (property)

Returns: a boolean

The argument is a group G. The output is true if G is a endocyclic
group, otherwise the output is false.

Let G be a group and EndG be the set of all its endomorphisms,
which can be considered as a semigroup with respect to the composition
operation of endomorphisms. For each g ∈ G we denote by gEndG the
set {gα|α ∈ EndG} of all images of the element g with respect to en-
domorphisms of EndG. A group G is called endocyclic if it contains an
element g with G = gEndG.

gap> D:=SmallGroup(81,2);

<pc group of size 81 with 4 generators>

gap> IsEndoCyclicGroup(D);

true

3. LocalNR package: Nearring functions

3.1. UnitsOfNearRing

UnitsOfNearRing(R) (attribute)

Returns: a set

The argument is a nearring R. The output is true if R is a nearring
with identity, otherwise the output is Error, no units exist.

gap> N:=LocalNearRing(32,5,16,3,8);

ExplicitMultiplicationNearRing ( <pc group of size 32 with
5 generators> , multiplication )

gap> U:=UnitsOfNearRing(N);
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[ (f1), (f1∗f5), (f1∗f4), (f1∗f4∗f5), (f1∗f3), (f1∗f3∗f5), (f1∗f3∗f4),
(f1∗f3∗f4∗f5), (f1∗f2), (f1∗f2∗f5), (f1∗f2∗f4), (f1∗f2∗f4∗f5), (f1∗f2∗f3),
(f1∗f2∗f3∗f5), (f1∗f2∗f3∗f4), (f1∗f2∗f3∗f4∗f5) ]

gap> Un:=NearRingUnits(N);;
gap> U=Un;
true

3.2. IsLocalNearRing

IsLocalNearRing(R) (property)
Returns: a boolean
The argument is a nearring R. The output is true if R is a local

nearring, otherwise the output is false.

gap> H:=SmallGroup(16,6);
<pc group of size 16 with 4 generators>
gap> A:= AutomorphismNearRing(H);
AutomorphismNearRing( <pc group of size 16 with 4 generators> )
gap> Size(A);
64
gap> IsLocalNearRing(A);
true
gap> K:=LibraryNearRingWithOne(SmallGroup(8,2),1);
#I using isomorphic copy of the group LibraryNearRing(8/2, 814)
gap> IsLocalNearRing(K);
false

3.3. IsLocalRing

IsLocalRing(R) (property)
Returns: a boolean
The argument is a local nearring R. The output is true if R is a local

ring, otherwise the output is false.

gap> L:=AllLocalNearRings(16,14,8,4);;
gap> Size(L);
24
gap> F:=Filtered(L,x->IsLocalRing(x));;
gap> Size(F);
1
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3.4. NearRingNonUnits

NearRingNonUnits(R) (attribute)

Returns: a set

The argument is a nearring R. The output is the set of non-invertible
elements of R.

gap> T:=LocalNearRing(49,2,42,1,1);

ExplicitMultiplicationNearRing ( <pc group of size 49 with
2 generators> , multiplication )

gap> Nu:=NearRingNonUnits(T);

[ (<identity> of ...), (f2), (f2ˆ2), (f2ˆ3), (f2ˆ4), (f2ˆ5), (f2ˆ6) ]

gap> Size(Nu);

7

gap> R:=LibraryNearRing(SmallGroup(8,4),3);

#I using isomorphic copy of the group LibraryNearRing(8/5, 3)

gap> N:=NearRingNonUnits(R);

[ (()), ((1,2,3,4)(5,6,7,8)), ((1,3)(2,4)(5,7)(6,8)), ((1,4,3,2)(5,8,7,6)),
((1,5,3,7)(2,8,4,6)), ((1,6,3,8)(2,5,4,7)), ((1,7,3,5)(2,6,4,8)),
((1,8,3,6)(2,7,4,5)) ]

3.5. NonUnitsAsAdditiveSubgroup

NonUnitsAsAdditiveSubgroup(R) (attribute)

Returns: a subgroup

The argument is a local nearring R. The output is the additive
subgroup of non-units of R.

gap> T:=LocalNearRing(125,4,100,9,1);

ExplicitMultiplicationNearRing ( <pc group of size 125 with
3 generators> , multiplication )

gap> L:=NonUnitsAsAdditiveSubgroup(T);

Group([ <identity> of ..., f2, f3, f2ˆ2, f2∗f3, f3ˆ2, f2ˆ3, f2ˆ2∗f3,
f2∗f3ˆ2, f3ˆ3, f2ˆ4, f2ˆ3∗f3, f2ˆ2∗f3ˆ2, f2∗f3ˆ3, f3ˆ4, f2ˆ4∗f3, f2ˆ3∗f3ˆ2,
f2ˆ2∗f3ˆ3, f2∗f3ˆ4, f2ˆ4∗f3ˆ2, f2ˆ3∗f3ˆ3, f2ˆ2∗f3ˆ4, f2ˆ4∗f3ˆ3, f2ˆ3∗f3ˆ4,
f2ˆ4∗f3ˆ4 ])

gap> IdGroup(L);

[ 25, 2 ]
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4. On local nearrings of order 128

4.1. 2-Generated groups of exponent 8 as the additive
groups of zero-symmetric local nearrings of order 128

There exist 2328 non-isomorphic groups of order 128 = 27 from which
162 are 2-generated groups (5 groups are of exponent 64, 18 groups are
of exponent 32, 65 groups are of exponent 16, 72 groups are of exponent
8, and 2 groups are of exponent 4).

We denote by Cn and Qn the cyclic and quaternion groups of order
n, respectively.

The following statement partially answers Question 1 of paper [8].

Proposition 1. The following 2-generated groups of exponent 8 are the
additive groups of zero-symmetric local nearrings of order 128:

IdGroup Structure Description Number of LNR

[128, 2] ((C8 × C2)⋊ C4)⋊ C2 > 41184

[128, 4] (C2 ×Q8)⋊ C8 > 103424

[128, 5] (C8 × C2)⋊ C8 > 1536

[128, 6] (C8 × C4)⋊ C4 > 73728

[128, 7] (C8 × C2)⋊ C8 > 4160

[128, 8] (C4 ⋊ C8)⋊ C4 > 10240

[128, 12] ((C8 × C2)⋊ C2)⋊ C4 > 1336

[128, 13] (C8 × C2)⋊ C8 > 33928

[128, 27] (C8 ⋊ C4)⋊ C4 > 106240

[128, 38] ((C8 × C2)⋊ C2)⋊ C4 > 80384

[128, 48] (((C8 × C2)⋊ C2)⋊ C2)⋊ C2 > 194080

[128, 49] (C4 × C2 × C2)⋊ C8 > 191520

[128, 50] ((C4 × C2)⋊ C8)⋊ C2 > 16992

[128, 51] (C2 ×Q8)⋊ C8 > 16992

[128, 56] (C4 × C4)⋊ C8 > 254208

[128, 57] (C4 × C4)⋊ C8 > 127488

[128, 126] (C2.((C4 × C2)⋊ C2) =
= (C2 × C2).(C4 × C2))⋊ C4 > 153488

Conjecture. The following 2-generated groups of exponent 8 and
only they are the additive groups of zero-symmetric local nearrings of
order 128:
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� the groups from Proposition 1;

� (C8 × C2)⋊ C8 [128, 9];

� (C4 ⋊ C8)⋊ C4 [128, 28].

The algorithm for construction of finite local nearrings on the addi-
tive group [128, 160] can be extracted from [14] via GAP using the Lo-
calNR package and the dataset of local nearrings on 2-generated groups
of order 128 [12].

4.2. On Miller–Moreno groups as multiplicative groups of
local nearrings of order 128

It is an easy exercise for example in GAP to get the following asser-
tion.

Remark 1. There are 6 non-isomorphic Miller–Moreno groups of
order 64, i.e.:

� C8 ⋊ C8 [64, 3];

� (C8 × C2)⋊ C4 [64, 17];

� C16 ⋊ C4 [64, 27];

� (C16 × C2)⋊ C2 [64, 29];

� C4 ⋊ C16 [64, 44];

� C32 ⋊ C2 [64, 51].

We provide the GAP-code for these calculations.
gap> G:=AllSmallGroups(64);;
gap> Size(G);
267
gap> F:=Filtered(G,x->IsMinimalNonAbelianGroup(x)=true);;
gap> Size(F);
6
gap> List(F,IdGroup);
[[64, 3], [64, 17], [64, 27], [64, 29], [64, 44], [64, 51]]
gap> List(F,StructureDescription);
[“C8⋊C8”, “(C8×C2)⋊C4”, “C16⋊C4”, “(C16×C2)⋊C2”, “C4⋊

C16”, “C32⋊ C2”]
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Let R be a local nearring on the 2-generated groups of order 128,
whose multiplicative group R∗ is a Miller–Moreno group of order 64. As
follows from Lemma 9 [13], then R∗ can be only a non-metacyclic group.
Therefore, R∗ is one of two groups G with IdGroup(G) = [64, 17] and
IdGroup(G) = [64, 29].

The following theorem is the result of calculations performed using
GAP and the LocalNR package.

After analyzing the 2-generated groups of order 128 as the additive
groups of local nearrings with the non-metacyclic Miller–Moreno multi-
plicative groups of order 64 using GAP, it was found that there are no
such local nearrings. This allows us to make the following assumption.

Theorem 1. There is no local nearring on 2-generated groups of order
128, whose multiplicative group is a Miller–Moreno group of order 64.
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