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Regularity of the partial Baer-Levi semigroups
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ABSTRACT. Let Y be a fixed nonempty subset of an infi-
nite set X and let ¢ be an infinite cardinal such that ¢ < |X]|.
Let PS(X,Y,q) denote the semigroup of all partial injective trans-
formations from X into Y for which the complement of its range
has cardinality q. Then PS(X,Y,q) is a generalization of the par-
tial Baer-Levi semigroup. In this paper, we study several types of
regularity on PS(X,Y,q). We characterize all regular, left regu-
lar, right regular, completely regular, intra-regular and coregular
elements and determine the largest regular subsemigroup of this
semigroup. Furthermore, when Y is finite, we present formulas
for counting the total number of elements of each type mentioned
above.

1. Introduction

Let X be a nonempty set and let I(X) denote the symmetric inverse
semigroup on X: that is, the semigroup of all injective mappings a whose
domain, dom «, and range, X « are subsets of X. When X is infinite and
q is a fixed cardinal such that Ry < ¢ < | X/, we write

BL(X,q) ={a € I(X):doma =X and d(a)=q},
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where d(a) = |X\Xa] is called the defect of a. Then BL(X,q) is a
semigroup which is called the Baer-Levi semigroup of type (|X|,q). It
is known that BL(X,q) is a right cancellative, right simple semigroup
without idempotents. The semigroup BL(X,q) plays a crucial role in
semigroup theory, since every semigroup S satisfying these three pro-
perties can be embedded in a Baer-Levi semigroup of type (p,p), where
p = |S]| ([2], Section 8.1).
In 1975, Sullivan [11] introduced the following semigroup:

PS(X,q) = {a e I(X): d(a) = q},

and call this the partial Baer-Levi semigroup on X. It is clear that
BL(X,q) is a subsemigroup of PS(X,q). Later, Pinto and Sullivan [5]
described Green’s equivalences, regular elements and ideals of PS(X, q).
Moreover, they presented an interesting result that PS(X,q) is neither
right simple nor right cancellative and always contains idempotents, this
result is completely opposite to what occurs in BL(X,q). In addition,
partial orders and maximal subsemigroups on PS(X,q) have been stu-
died in [8-10].

Recently, in 2024, Singha [7] introduced and studied the subsemi-
group PS(X,Y,q) of PS(X, q), which consists of all elements of PS(X, q)
whose range is contained in a fixed nonempty subset Y of X. Symboli-
cally, this subsemigroup of PS(X,q) is defined as :

PS(X,Y,q) ={acI(X):d(a) =q and Xa CY}.

If X =Y, then PS(X,Y,q) = PS(X,q), hence PS(X,Y,q) is a generali-
zation of PS(X,q). The author in [7] characterized the Green’s relations
and described the natural partial order on PS(X,Y,q). He also showed
that PS(X,Y,q) is not a regular semigroup. These findings, along with
those from other research on PS(X, q) are the motivation for this study.

The main objective of this paper is to study many types of regularity
on PS(X,Y,q). We provide necessary and sufficient conditions for each
element of this semigroup to be regular, left regular, right regular, com-
pletely regular, intra-regular and coregular. In addition, we determine
the largest regular subsemigroup of PS(X,Y,q) and we show that the
set of all completely regular elements of PS(X,Y,q) is a disjoint union
of permutation groups on some appropriate sets. In the final part of this
research, we present some combinatorial proofs for the number of these
elements in PS(X,Y,q) when Y is finite.
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2. Preliminary

Throughout this paper, unless otherwise specified, we suppose that X
is an infinite set, ¢ is an infinite cardinal such that ¢ < |X| and Y is a
nonempty subset of X. For each mapping a € PS(X,Y,q), we write

a;
o= ,
(v
where the subscript ¢ belongs to an index set I, the abbreviation {y;}
denotes {y; : i € I}, Xa = {y;} CY, doma = {a;} and a;a = y;. We
also write
g(a) = |X\dom «| and r(«a) = | Xa],

and refer to these cardinals as the gap and the rank of «, respectively.
Observe that, | X \ Y| < | X\ Xa| = g for any a € PS(X,Y,q), therefore
PS(X,Y,q) # 0 only when | X \ Y| <gq.

For a subset A of X, we denote by «|4 the restriction of o to A and
we write Aa instead of (AN dom «)a for convenience and brevity. Also,
we let id4 denote the identity mapping on A, and we write A = B U C
to denote A is a disjoint union of B and C. As usual, () denotes the
emptyset, but in some contexts, () is used to denote the empty (one-
to-one) transformation, which is the zero element of I(X). We refer to
Lemma 1 of [6] that, if a € I(X) and Y, Z C X, then (Y\Z)a =Ya\Za.
This fact will be used throughout this paper without further discussion.

An element a in a semigroup S is said to be regular if a = axa for
some z € S. We also recall that a is called left regular if a = xa? for
some z € S, right regular if « = a’z for some z € S and completely
regular if @ = axa and ax = za for some x € S. An element a is said to
be intra-regular if a = ya®z for some y, z € S. Moreover, a is said to be
a coregular element in S if ¢ = axa = xax for some x € S.

By the above definitions, it can be verified that every coregular ele-
ment is a regular, left regular, right regular, completely regular and intra-
regular element. In addition, if a® = a, then it is clear that a is a
coregular element in S. On the other hand, if a is a coregular, i.e.,
a = axa = zax for some z € S, then a = zar = z(aza)r = (raxr)ar =
(rax)(ara)r = (vax)a(var) = a3. This implies that a is coregular if
and only if a® = a. Next, if a is completely regular, then it is clear
that a is regular. Moreover, a = (ax)a = (za)a = za? and a = a(za) =
a(az) = a’x. Thus, every completely regular element is also left and right
regular. Additionally, Petrich and Reilly [4] proved that an element a of a
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semigroup S is completely regular if and only if @ is both a left and a right
regular element of S. In addition, if an element a of S is both left regular
and right regular such that a = ba? and a = a?c for some b, ¢ € S, then
a = baa = ba(a’c) = (ba)a?(c). Therefore, a is intra-regular. It follows
that every completely regular element is an intra-regular element.

3. Regularity

We recall from [7, Proposition 1] that, when |X| = ¢, PS(X,Y,¢q) con-
tains a zero element which is the empty transformation () with an empty
domain. In this case, it can be directly verified by definition that ) is
a regular, left regular, right regular, completely regular, intra-regular
and coregular element of PS(X,Y,q). Therefore, for convenience and
brevity in proving the results in this section, we will omit the case where
a = (). However, after the proof in this section is completed, we will find
that o = ) still meets the criteria for being a regular, left regular, right
regular, completely regular, intra-regular and coregular element, which
will be presented in Theorem 1, Theorem 3, Theorem 4, Corollary 1,
Theorem 5, and Theorem 7, respectively.

From [7, Proposition 3|, the author proved that PS(X,Y,q) is not a
regular semigroup. So, we begin by characterizing all regular elements
of PS(X,Y,q).

Theorem 1. Let a € PS(X,Y,q). Then « is regular if and only if
dom o C Y and g(a) = q. Moreover, in this case, o' is also a reqular
element of PS(X,Y,q).

Proof. Suppose that « is regular, then there exists § € PS(X,Y,q) such
that a = afa. Then za = xafa for all x € dom «a. As « is injective,
we have © = zaf € X C Y, whence doma C X5 C Y. Next, we
claim that | X/ \ dom «| < ¢g. Suppose that X5\ dom a = {¢;}. Then
there exists a set {b;} C dom 8 and b;8 = ¢;. As a = afa, we have
that Salxa = idxe. Thus, if b; € Xa, then b; = b;fa = c¢;a, this is
a contradiction since ¢; ¢ dom «. Therefore, {b;} C X \ X«, whence
| X8\ dom a| = |{b;}] < |X \ Xa| = d(a) = ¢q as required. Now, as
dom o« C X3, we have

X \doma=(X\XB)U(XB\dom «),

where | X\ X 3| = g and | Xf\dom a| < ¢, whence g(a) = | X \dom a| = q.
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For the converse, we suppose that dom o« C Y and g(a) = ¢q. Then
Xa!'=doma CY and d(a™!) = g(a) = ¢, whence a~! € PS(X,Y,q).
It is clear that @« = aa 'a and a~! = a~taa~!. Hence, o and o~ ! are

regular elements of PS(X,Y,q). O

We recall that, an inverse semigroup is a semigroup S such that for
every element a € S, there exists a unique inverse b € S such that
a = aba and b = bab. Equivalently, S is an inverse semigroup if S is a
regular semigroup whose idempotents commute. By [7, Proposition 2],
the set of all idempotents in PS(X,Y,q) is defined as

E(PS(X,Y,q)) ={ida: ACY and | X\ 4] =q}.
Let R(X,Y,q) be the set of all regular elements of PS(X,Y, q), that is,
R(X,Y,q) ={a € PS(X,Y,q) : dom o C Y and g(«o) = ¢}.

The next result shows that R(X, Y, q) is the largest regular subsemigroup
of PS(X,Y,q).

Theorem 2. The set R(X,Y,q) is the largest regular subsemigroup of
PS(X,Y,q). Moreover, it is also an inverse subsemigroup of PS(X,Y,q).

Proof. Since every element of R(X,Y,q) is regular, it remains to show
R(X,Y,q) is closed. Let o, 8 € R(X,Y,q), then doma CY,dom 8 C Y
and g(a) = ¢ = g(B). Since dom af C dom «, we have

X\ dom af = (X \ dom «) U (dom « \ dom «af3)
= (X \ dom a) U ((Xa)a '\ (Xandom B)a™)
= (X \dom a) U (Xa\ (Xandom 3))a~!
= (X \ dom o) U (Xa\ dom B)a™ .

Since |(Xa\dom B)a~! < |(X \dom B)a™!| < |X\dom 3| = gand | X\
dom «| = ¢, we get g(af) = |X \ dom af| = ¢, whence aff € R(X,Y,q).
Therefore, R(X,Y, q) is the largest regular subsemigroup of PS(X,Y,q).
Next, since all idempotents of PS(X,Y,q) have the form id4 for some
A C Y such that |X \ A] = ¢ and all of these mappings commute.
Therefore, R(X,Y,q) is an inverse subsemigroup of PS(X,Y,q). O

Next, we characterize left regular elements of PS(X,Y,q).

Theorem 3. Let « € PS(X,Y,q). Then « is left reqular if and only if
dom o C Xav.
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Proof. Suppose that « is left regular. Then a = Aa? for some A\ €
PS(X,Y,q). Thus, Xa C Xa?. In general, as Xa? C Xa, we have
Xa = Xa? = (Xandom a)a. Consequently, as « is injective, we have
XaNdom a = dom «, whence dom o« C Xa.

Conversely, suppose that dom oo € X«. Then

q=1X\Xa| <|X\ dom a| = g(a).
As dom a? C dom a, we get ¢ < g(a) < g(a?) and we may write
X \ dom o? = (X \ dom a) U (dom «a \ dom o?),
which implies
9(0?) = g(a) + |dom a \ dom a?|. 1)

Suppose, for contradiction, that g(a?) = ¢t > g(a). Then substitute
g(a?) =t in (1), we get |[dom « \ dom o?| = t. As dom a C Xa, we may
write

X \doma = (X\ Xa)U (Xa\ dom a),
which implies
g(a) =d(a) +|Xa\ dom af
=d(a) +|(Xa\ dom a)a ™|
=d(a) +|(Xa)a ™\ (Xandom a)a™ !
= d(a)
t

@) + |dom a \ dom o?|

=t.
which is a contradiction, whence ¢ < g(« ) ( ). Next, as dom a C
Xa, we get Xa? = (Xandom a)a = (do = Xa. Thus, we can

write

RS

where {b;} = dom o? C dom a = {a;} € Xa = {z;} = Xa®? C Y. We
consider two cases.
Case 1. If g(a?)
{b;} CY, whence («
we have a = \a?.
Case 2. If g(a?) > ¢, then we have ¢ < g(a) = g(a?). We see that

= ¢, then d((a?)7!) = g(a?) = ¢ and X(a?)7! =
=l e PS(X,Y,q). Let A\ = a(a?)~! € PS(X,Y,q),

X\ dom o? = (Y \ dom o?) U ((X \ dom o?) N (X \ Y)), (2)
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where | X \dom o?| = g(a?) > gand |[(X\dom o?)N(X\Y)| < |X\Y]| < ¢.
Then, from (2), we have |Y \ dom o?| = |X \ dom o?| > ¢q. Now, write
Y \ dom o? = {v;} U U, where |{vx}| = g(a?) and |U| = q. As g(a) =
g(a?), we can suppose X \ dom a = {u;} and define

_ (i ug
A= (bi k) |
It is clear that A is injective, X\ C Y and a = A\a®. Moreover, we have
d(A) = [ X\ ({bi} U{we})| = [U[+ [ X\ Y| = ¢, whence A € PS(X,Y, q).

Hence, in both cases, a is a left regular element of PS(X,Y,q) as
required. O

Theorem 4. Let o € PS(X,Y,q). Then « is right reqular if and only if
Xa C dom «.

Proof. Suppose that « is right regular. Then o = o2\ for some \ €
PS(X,Y,q). Thus, dom a C dom o?. As dom o? C dom «, we get
that dom a = dom o? = (Xa Ndom a)a~!. Hence XaNdom a = Xa.
Therefore Xa C dom «.

Conversely, suppose that Xa C dom a. Then dom o? = (Xa N
dom a)a™" = (Xa)a™" = dom a. We may write

a= <ai> and o = (CLZ) )
bi C;

As {b;} = Xa CY and d(a)) = ¢, we can define \ = (Zl> € PS(X,Y,q).

Then a = o). Therefore « is right regular. O

As we discussed earlier, an element a in a semigroup S is completely
regular if and only if it is both left regular and right regular. Hence, the
result below is readily deduced from Theorem 3 and Theorem 4.

Corollary 1. Let « € PS(X,Y,q). Then « is completely regular if and
only if Xa = dom a.

In view of Corollary 1, a completely regular o in PS(X,Y,q) is a
permutation on a set A, i.e., a bijection on a set A, where A = Xa =
dom «. In addition, as Xa C Y and d(«) = ¢q, we have that A C Y and
| X \ A = ¢. Let S4 denote the group of permutations on a set A for
which A CY and | X \ A| = ¢. It is clear that all mappings in S4 satisfy
the condition in Corollary 1. By using these results, we can describe the
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set of all completely regular elements of PS(X,Y,¢q) in terms of a disjoint
union of permutation groups as follows.

Corollary 2. Let T ={ACY :|X \ A| = q}. The set of all completely
reqular elements in PS(X,Y,q) is precisely the set

U Sa.
AeT

Unlike regular, left regular, right regular and completely regular ele-
ments, a classification of intra-regular elements of PS(X,Y,q) must be
divided into two cases according to the cardinality of X.

Theorem 5. Suppose that |X| = q. Let « € PS(X,Y,q). Then « is
intra-reqular if and only if |dom o = |dom o? N Y.

Proof. Suppose that « is intra-regular. Then o = Aoy for some A, €
PS(X,Y,q). Since XA CY, we have
|dom a| = |dom Aoy

= |[(XXa? Ndom p)(Aa?)7|

= | X\a? N dom

< | X \o?|

= (XA N dom a?)a?|

= |XANdom o?

< |Y Ndom o?|.

As dom a? C dom a, we have |[dom a?NY| < |[dom o?| < |dom a|. Then

the equality follows, whence |[dom «| = |dom o2 NY.
Conversely, suppose that |dom a| = |[dom a? N Y|. Write dom o2 N
Y ={a;} and a = <CC;>, iel. If |I] < g, then we define
(2

C; aiaz
A= <ai>and,u— < d; )

Then a=Aau. We also see that d(A\)=|X\{a;}|=¢. Moreover, XAC Y,
Xp=XaCY and d(p) = d(a) = q, whence A\, p € PS(X,Y,q). On the
other hand, if |I| = ¢, then we write {a;} = {u;} U {v;} and define

2
R & N X 7e
)\—<Ui>andu—<di).
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Then o = Na?y/. Moreover, Xu' = Xa C Y and d(i/) = d(a) = q.
Hence /' € PS(X,Y,q). In addition, X\ C Y and {v;} € X\ XX
where |{v;}| = q, so d(\') = q. Therefore X' € PS(X,Y,q), whence « is
intra-regular. O

Theorem 6. Suppose that | X| > q. Let o« € PS(X,Y,q). Then « is
intra-regular if and only if g(a?) < q or ¢ < g(a?) = g(a).

Proof. Suppose that « is intra-regular. Then o = Aoy for some A, €
PS(X,Y,q). We also assume that g(a?) £ ¢, then g(a?) = t for some
infinite cardinal t greater than g. Since

|X \ dom o?| = |(X \ dom a?) N XA| + (X \ dom o?) N (X \ X)),

where |(X \ dom a?) N (X \ X\)| < |X\ X\| = ¢ < t, the above equation
implies |(X \ dom a?)N X \| = . Then, for each v; € (X \ dom a?)N X\,
v; = u; A for some u; € dom \, where u; A ¢ dom o?. So w;a = (u;\)a?pu is
not defined, whence u; ¢ dom « for all i. Therefore, {u;} C X \ dom «,
where [{u;}| = t. It follows that ¢ < g(a?) = t < g(a). Clearly, as
dom a? C dom a, we must have g(a) < g(a?), whence ¢ < g(a?) = g(a)
as required.

Conversely, suppose that g(a?) < q or ¢ < g(a?) = g(a). Let |X| =
p > q. As the defect of each mapping in PS(X,Y,q) is ¢, we have that

its rank is p. We write
a= <ZZ) and o? = <Z) )

where ¢ € I, |I| = p. Moreover, since
dom a? = (dom o? NY) U (dom o? \ V),

where |[dom o? \ Y| < |X \ Y| < ¢, we have |dom o? NY| = p. Then we
can write dom o? NY = {x;} U Q, where |Q| = ¢ and define

. 5131‘042

Clearly, Xy = Xa C Y and d(p) = d(a) = ¢, whence pp € PS(X,Y,q).
Now, if g(a?) < g, then we define

A= (x> .
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Clearly, o = Ao®u and X\ C Y. Moreover,
d(A) = | X\ {zi}| = |X \ dom o| + |[dom * \ Y| + Q| = g,
whence, A € PS(X,Y,q). Finally, suppose that ¢ < g(a?) = g(a). Since
X\ dom o? = ((X \ dom a®)NY) U ((X \ dom o?) \ V),

where |(X \ dom o?)\ Y| < | X\ Y| < ¢, we have |(X \ dom a?)NY| =
g(a?) > q. We write (X \dom o?)NY = {u;} U R, where [{u;}| = g(a?)
and |R| = q. Since g(a?) = g(a), we can assume that X \ dom o = {v;.}

and define
)\/ — a’i ,Uk
Ty Uk ’

We see that a = Na?y and X\ = {x;} U {ux} C Y. Moreover, d(\') =
[ X\ ({zi} U{we})| = [X\ Y[ +|Q| + |R] = ¢, whence X € PS(X,Y,q).
Hence, « is intra-regular. O

In the following theorem, we characterize the coregular elements of
PS(X,Y,q).

Theorem 7. Let o € PS(X,Y,q). Then « is coregular if and only
if a satisfies the following condition: if xa = y, then ya = x for all
z,y € dom a. Equivalently, o = idgom -

Proof. Suppose that « is coregular. Then o =« as discussed in Section 2.
For each z; € dom «, we suppose that z;oe = v;. Then ;0 = x;03 = y;a°.
Consequently, since « is injective, we get that y;a = x;, which satisfies
the desired condition. In addition, we get that z;a® = y;o = x;, which
implies & = idqom o as required. Conversely, suppose that a2 = idgom o-
Then o® = oo = idgom o = . Hence, « is a coregular element of
PS(X,Y,q). O

By taking Y = X, the results obtained in this research can be ex-
tended to the semigroup PS(X,q) as follows.

Corollary 3. Let o« € PS(X,q). Then the following hold:

(1) « is regular if and only if g(a) = q. Moreover, whenever this
occurs, a~ ! is also a regular element in PS(X,q).

(2) « is left reqular if and only if dom o C X .

(3) « is right regular if and only if Xa C dom .

(4) « is completely regular if and only if Xa = dom «a.
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(5) Suppose that |X| = q. Then « is intra-reqular if and only if
|dom a| = |dom o?|.

(6) Suppose that |X| > q. Then « is intra-reqular if and only if
g(a?) < q or g < g(a®) = g(a).

(7) « is coregular if and only if « satisfies the following condition: if
ro =y, then ya = x for all x,y € dom a. Equivalently, o = idgom -

4. Combinatorial results

In this section, Y is assumed to be a nonempty finite subset of X. Then,
as X is infinite, we have |X| = |X \ Y| < ¢. Therefore, | X| = ¢ and so
PS(X,Y,q) contains a zero element which is the empty transformation (.

First, let us reconsider the results obtained in Section 3 under the
assumption that Y is finite. We observe that, since Y is finite, if a €
PS(X,Y,q) such that dom a C Y, then dom « is also finite. It follows
that g(a) = |X \ dom a| = |X| = ¢. Hence, the following result is a
direct consequence of Theorem 1.

Corollary 4. Let Y be a nonempty finite subset of X and let o €
PS(X,Y,q). Let « € PS(X,Y,q). Then « is regular if and only if
doma CY.

For the next result, by using the condition that Y is a finite set, the
results proved in Section 3 appear simpler.

Corollary 5. Let Y be a nonempty finite subset of X and let o €
PS(X,Y,q). Then the following statements are equivalent:

(1) « is left regular.

(2) « is right regular.

(3) « is completely regular.

(4) « is intra-regular.

(5) Xa = dom a.

Proof. We first show that (4) implies (2). To do this, we let a be an
intra-regular element. Since |X| = ¢, Theorem 5 implies that |dom «| =
|dom a?NY|. Consequently, since Y is finite, we have dom o2NY  is finite,
whence dom « is also a finite set. Since dom o?NY C dom o? C dom «,
it follows that doma = doma?NY C Y. Now we have dom a? C
dom o C Y, which implies dom @ = dom a®? NY = dom «o?. It fol-
lows that dom a = (XaNdom a)a™!, which means XaNdom o = Xa,
whence Xa C dom a. Therefore, « is right regular by Theorem 4. Next,
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we show that (2) implies (3). Suppose that « is right regular, we have
Xa C dom a by Theorem 4. Since Xa C Y, we have X« is also a finite
set. Consequently, as |[dom a| = |X«|, the condition Xa C dom « im-
plies that Xa=dom «. Therefore, « is completely regular by Corollary 1.
As discussed in Section 2 that (3) implies (4), it can be deduced that (2),
(3) and (4) are equivalent. Next, we show that (1) implies (3). Suppose
that « is left regular, then dom o € X« by Theorem 3. Since Y is finite
and doma € Xa C Y. Then dom « is a finite subset of a finite set
Xa, where |[dom a| = |Xa|. This implies Xa = dom «, whence « is
completely regular by Corollary 1. We now recall what was discussed in
Section 2, namely that (3) implies (1), so (1) and (3) are equivalent. Fi-
nally, since (3) and (5) are equivalent by Corollary 1, it follows that all
five conditions are equivalent when Y is a finite set. ]

We know from Corollary 5 that the numbers of left regular, right
regular, completely regular, and intra-regular elements of PS(X,Y, q) are
equal, while the numbers of regular and coregular elements may differ.

Recall that if A and B are finite sets with equal cardinality k, then
there are exactly k! bijections from A onto B.

Theorem 8. Let Y be a nonempty finite subset of X such that |Y| = n.
Then
(1) The total number of reqular elements of PS(X,Y,q) is

kzn:_ok!@)Z.

(2) The total number of left reqular (right reqular, completely regular,
intra-reqular) elements of PS(X,Y,q) is

Proof. To prove (1), let a be a regular element of PS(X,Y, q). By Corol-
lary 4, we have dom o C Y. Now, dom a and X« are two finite subsets
of Y with the same size, say |dom «| = | X «| = k for some integer k such
that 1 < k < n. Then, there are (Z) . (Z) = (2)2 ways to choose the
domain set and the image set from the set Y. Next, since « is a bijection
from dom a onto X «, there are k!(Z)2 possible ways to define a regular

element . In addition, since () is also regular and 0! = 1 = (g), we will
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also add the number of this mapping to the formula. Hence, the total

number of regular elements of PS(X,Y,q) is Y ]{:!(2)2.
k=0

For the proof of (2), we have dom o = X« by Corollary 5. So, there
are (Z) ways to choose the domain set, which coincides with the image
set. The remaining proof can be continued following the same steps as
in the proof of (1). O

In what follows, let & € PS(X,Y,q) and z,y € dom « such that
r # y. We call an unordered pair {z,y} a symmetric pair of « if =
and y satisfy the condition : if xa = y, then ya = x. We also call z a
fixed point of « if xaw = x. It follows by Theorem 7 that, « is coregular
if every element of dom « is contained in some symmetric pairs, or is
a fixed point. For example, let X = N denote the set of all positive
integers, Y = {1,2,3,...,10} and let ¢ = X¢. Define

then 6,6 € PS(X,Y,q). We can verify, according to the condition of
Theorem 7, that 6 is coregular while § is not. We also see that {1,7}
and {3,4} are all symmetric pairs of § and 2,5,6 are all fixed points
of 8, which can be seen that every element of dom 6 is either in some
symmetric pairs or is a fixed point. For §, we see that {1,2} and {7,8}
are the only two symmetric pairs of §, but 3, 4, 5 are neither members
of these pairs nor fixed points of §. We notice that, if @ = id4 for some
subset A of Y, then « is coregular and all elements in dom « are fixed
points of a. Consequently, the identity mapping on A has no symmetric
pairs.

To count the number of coregular elements of PS(X,Y,q), we need
to refer to the floor function of a real number x that gives the greatest
integer less than or equal to x, and it is denoted by |x|. We observe
that there are at most ng symmetric pairs for a coregular element «
with |dom a| = p. We also refer to the double factorial of an integer n,
where n > —1, which is denoted by n!l. The double factorial is defined

as follows [1, p. 544-547]:

" 2x4x6x...xn ifn>0andn is even;
nll =
1x3x5x...xn ifn>0andn is odd,;

and 0!! = (=1)!! = 1. To clarify, n!! is not equal to (n!)!. For example,
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31l =1 x 3 =3, whereas (3!)! = 6! = 720. For the proof of Theorem 9,
the following result which has been discussed in [3] is required.

Lemma 1. Let n be a positive number. The number of ways to partition
2n distinct objects into n unordered pairs, where the order of the pairs
does not matter is (2n — 1)!1.

To prove the following theorem, we also recall that, if « is coregular
in PS(X,Y,q), then « is left (right, completely, intra) regular. So, by
Corollary 5, we have dom o = Xa C Y.

Theorem 9. Let Y be a nonempty finite subset of X. Then the following
hold:

(1) If Y| = 1, then there are ezactly two coregular elements of
PS(X,Y,q).

(2) If Y| = n > 2, then the total number of coregular elements of
PS(X,Y,q) is

(n+1) +§n:2 ((Z) % <2pk>(2k— 1)!!).

k=0

Proof. To prove (1), suppose that Y = {a}. Then, by Theorem 7, we
can see that () and the identity mapping on a singleton set {a} are the
only two coregular elements of PS(X,Y,q).

To prove (2), suppose that |Y| = n > 2. We will count the total
number of possible ways to construct a coregular element a € PS(X,Y, q)
by considering the cases according to the size of dom a.

Case 1 : |dom a| = 0. In this case, the only coregular element with
an empty domain is a = ().

Case 2 : |dom a| = 1. By Theorem 7, it is clear that a coregular
element with a single domain is precisely the identity mapping on a sing-
leton set {a} for some a € Y. Since |Y| = n, we get n possible ways to
construct such coregular elements.

Case 3: |dom «a| = p, where 2 < p < n. The process for constructing
coregular elements containing p members in a domain is as follows:

Step 1. Form the domain of «.. This step can be done in (g) ways since
doma C Y, |Y]=n and |dom a| = p.

Step 2. Form disjoint symmetric pairs in the domain of «, where the
number of these pairs can range from 0 (when « is the identity
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mapping) to L%J To find the number of ways to form exactly

k disjoint symmetric pairs, where 0 < k < LQJ, we perform the

2
following steps:

Step 2.1 Select 2k elements out of p elements to be in k symmetric
pairs. This can be done in (J;) ways.

Step 2.2 Arrange these 2k elements into k& unordered pairs, and each
pair will create one symmetric pair. By Lemma 1, the num-
ber of ways to do this is equal to (2k — 1)!!.

Step 2.3 The remaining p — 2k elements (if any) will be designated
as fixed points, i.e., xra = x. This step can only be done in
one way.

In Step 2.2, Lemma 1 cannot be applied when k& = 0. However, in this
case, the coregular element o has no symmetric pairs, i.e., it is the iden-
tity mapping on its own domain and (5, )(2k — 1)I! = (B)(=1)!! = 1,
which already represents the number of «. Therefore, we can include
the case £ = 0 in all the steps above. Then, multiplying these steps

gives the number of coregular elements with exactly k pairs, which is
b

2
(Z) - > (5,)(2k = DI Next, by summing over all possible values of p
k=0

from 2 to n gives the total number of coregular elements in Case 3, which
p

is pf;Q <(;‘) : % (5)(2k — 1)!!>.

Finally, the total number of coregular elements is obtained by com-
bining the numbers from all three cases, which is equal to

(n+1) +§ <<Z> % <2pk> (2k — 1)!!).

k=0
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