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ABSTRACT. Let X be a non-empty set, and let P(X) denote
the semigroup of partial transformations on X. For a non-empty
subset Y of X, define

PT(X,)Y)={aeP(X)|(domanY)a CY}.

The semigroup PT(X,Y) generalizes P(X) and consists of all par-
tial transformations on X that leave Y invariant. In this paper,
we investigate the natural partial order on PT(X,Y) and charac-
terize its left-compatible, right-compatible, minimal, and maximal
elements. The results obtained extend and unify several known
properties of P(X).

Introduction

The concept of the natural partial order in semigroups has evolved prog-
ressively over time. Within the framework introduced by Clifford and
Preston [2], a band B is defined as a semigroup in which every element
is idempotent. On such a semigroup, a partial order can be naturally
defined by

e< fifand only if e=-ef = fe.
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When this order is compatible with the semigroup operation, that is,
when e < f implies eg < fg and ge < gf for all ¢ € B, the band is
referred to as a naturally ordered band. The structural properties of such
bands were studied in detail by Howie [6].

Earlier, in 1952, Vagner [18] introduced the natural partial order for
inverse semigroups .S, defining

a < b if and only if a = eb for some e € E(S),

where E(S) denotes the set of idempotents of S. Later, Hartwig [4]
and Nambooripad [11] independently extended this notion to regular
semigroups, defining

a < b if and only if a = eb = bf for some e, f € E(S5). (1)

In general, this order is not compatible with multiplication in a regular
semigroup.

Mitsch [10] generalized the concept of the natural partial order to
arbitrary semigroups S by defining

a < bif and only if a = b = by and za = a for some z,y € S1.  (2)
Equivalently,
a < b if and only if a = ub = bv and av = a for some u,v € S.  (3)

For a non-empty set X, the full transformation semigroup on X, de-
noted by T'(X), is defined as the semigroup of all functions from X into
itself under the operation of composition. Throughout this paper, func-
tion composition is written from right to left; that is, for o3, the map «
is applied first. It is well known that every semigroup is isomorphic to
some suitable subsemigroup of 7'(X). For this reason, the study of T'(X)
is of particular importance, and its algebraic properties have been exten-
sively investigated. Doss [3] proved that T'(X) is a regular semigroup and
characterized Green’s relations on 7'(X) in terms of images and kernels.
Later, in 1986, Kowol and Mitsch [7] investigated the behavior of the
natural partial order on T'(X). In their work, using (1), they characteri-
zed this order in terms of images and kernels and described the minimal
and maximal elements with respect to it.

The well-known supersemigroup of T'(X) is the partial transformation
semigroup on X, denoted by P(X), and defined as the set of all functions
from a subset of X into X, that is,

PX)={a|a:A— X, where AC X }.
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The semigroup P(X) is also regular under composition, and 7'(X) is
properly contained in P(X). The semigroup P(X) is also regular under
composition, and 7'(X) is properly contained in P(X). In 2003, Marques-
Smith and Sullivan [9] extended the study of the natural partial order to
the semigroup P(X). They characterized this order on P(X), determined
its minimal and maximal elements, and described the left- and right-
compatible elements of T'(X) and P(X) with respect to this order.

Motivated by the algebraic significance of T'(X) and P(X), several
generalizations have been introduced to extend their algebraic properties.
One notable generalization of T'(X) is the semigroup T(X,Y), where
0 #Y C X, defined by

T(X,)Y)={acT(X)|YaCY}

The semigroup T(X,Y) was first studied by Magill [8]. Subsequently, in
2005, Nenthein et al. [12] characterized the regular elements of T'(X,Y)
and showed that T(X,Y) is regular if and only if X =Y or Y is a sin-
gleton set. In 2011, Honyam and Sanwong [5] determined the conditions
under which T'(X,Y") is isomorphic to T'(Z) for some set Z, and fully de-
scribed Green’s relations and ideals on T(X,Y). Later, in 2013, Sun and
Wang [16] investigated the natural partial order on this semigroup: they
determined when two elements of T(X,Y) are related, identified the left-
and right-compatible elements, and described its minimal and maximal
elements. However, errors were later found in Sun and Wang’s descrip-
tions of the left-compatible and maximal elements; these were corrected
by Sun and Sun [17] and by Baka and Chaiya [1], respectively.

For a non-empty subset Y of X, and in analogy with T(X,Y), we
consider the following generalization of P(X):

PT(X,Y)={a€ P(X)|(domanY)a CY},

where dom « is the domain of o. In 2023, Pantarak and Chaiya [13]
showed that PT(X,Y) is not regular in general and established necessary
and sufficient conditions under which an element of PT/(X,Y) is regular.
In 2024, Srisawat and Chaiya [14] described the ideals of this semigroup,
and more recently, its Green’s relations were completely characterized
in [15].

In this paper, we focus on the natural partial order on PT(X,Y). We
characterize the left-compatible, right-compatible, minimal, and maxi-
mal elements of PT(X,Y’) with respect to this order. In particular, when
X =Y, our results coincide with those obtained by Marques-Smith and
Sullivan [9].
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1. Preliminaries and notation

We begin with some basic preliminaries that will be used throughout the
paper.

For a € P(X), we use doma and im« to denote the domain and
image of «, respectively. For each x € dom «;, we write za to denote the
image of x under «. In particular, for A C X, we simply write Aa to
denote the image of A under «, that is,

Aa={aa|a€domanA}.

For each x € X,
ra™l ={z€doma | za =z}

denotes the set of inverse images of z under «, and for any A C X, we

define
Aol ={aa ' |ac A} ={z € doma | za € A}.

In particular, for any, a, 8 € P(X), dom (a8) = (dom 3)a~!. Moreover,
the kernel of « is the equivalence relation on dom o defined by

kerao = { (a,b) € doma x doma | aae = ba }.

We usually express o € P(X) in the two-line notation

where the index i ranges over some (unspecified) index set I. Here,

{a; :i € I} = ima, each a;a™' = X; C doma, and |J X; = domav.
i€l

Moreover, each X; is an equivalence class with respect to ker a.

2. The characterization of < on PT(X,Y)

In this section, we provide a characterization of the natural partial or-
der < on PT(X,Y). Since PT(X,Y) is not, in general, a regular semi-
group, we adopt the definition given in (3). Note that PT(X,Y) is
actually a monoid, with the identity map as multiplicative identity. The
following lemmas will be required in our subsequent results.
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Lemma 1 ([13]). Let o, 3 € PT(X,Y). Then a = v for sone v €
PT(X,Y) if and only if ima Cim 8 and Ya C Y §.

Lemma 2 ([13]). Let o, 3 € PT(X,Y). Then a = By for sone v €
PT(X,Y) if and only if all the following conditions hold:
(1) doma C dom g

1)
(2) ker 5N (dom S x dom ) C ker «;
(3) Vx € (domandomfB)\Y, zf €Y = zacY.

The following theorem provides a characterization of the natural par-
tial order < on PT(X,Y).

Theorem 1. Let o, 8 € PT(X,Y). Then o < B if and only if all the
following conditions hold:
(1) imaCimp and Ya C Y S;

(2) doma C dom g and ker 5N (dom 5 x dom ) C ker a;
(3) Vz € (domandompB)\Y,zf €Y = zacY;
(4)

4) Vx € dom f, zf € ima = (r € doma A xa = zf3).

Proof. Assume that o < 3. Then there exist v,u € PT(X,Y) such
that a = 48 = Bu and @ = au. By Lemma 1 and Lemma 2, we have
that the first three conditions are satisfied. Let = € dom 3 be such that
B € ima. Then there exists z € doma such that za = xf. Since
z € doma = dom (ap) = (dom p)a~ 1, it follows that 28 = za € dom p.
Hence, z3 € dompu and this implies € (domu)3~! = dom (Bu) =
dom a. Moreover, 8 = za = zau = xS = xa. Therefore, x € dom «
and x5 = xa.

Conversely, assume that the conditions hold. By Lemma 1, we get
that a = 483 for some v € PT(X,Y). By Lemma 2, we have that
a = Bu for some p € PT(X,Y). To show a = apu, we first show that
ima C dompu. Let 2z € ima. Then there exists x € doma such that
ra = z. Since z € doma = dom (y3) = (domf3)y~!, we get that
xy € domp. Thus, 2y = za = z € ima. By the condition (4),
we conclude that v € doma and zva = xyB3. Since vy € doma =
dom (Bp) = (dom u)B~1, we obtain that z = 2y € dom u. Therefore,
ima C dom g and thus dom (au) = (dom p)a™! = (ima)a! = doma.
Let € dom a. Since o = vf3, we have that x € dom (y3) = (dom 8)y~ .
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Then zv € dom 8 and zv8 € im~vyfS = im«. By the condition (4), we
have that xv € dom a and zya = v and thus

ra = zyf = rya = xyfu = rau.
Therefore, a = au and a < (, as required. O

For a € P(X), we denote by a~! the inverse relation of a. Here, a
is regarded as a relation, and aa ! denotes the composition of relations
between a and its inverse relation a~!. Observe that the relation com-
lis equal to ker . Moreover, condition (4) in Theorem 1
is equivalent to a8~ C av™!. Therefore, Theorem 1 can be restated as

position aa™

the following corollary:

Corollary 1. Let a,3 € PT(X,Y). Then o < 3 if and only if all the
following conditions hold:

(1) ima CimpB and Ya C Y f;

(2) doma C dom B3 and B3~ N (dom 3 x doma) C aa™!;

(3) Vz € (domandompB)\Y,zf €Y = zacY;

(4) ap~! Caal

As a consequence of Theorem 1, we obtain the following corollary.

Corollary 2. Let a,3 € PT(X,Y) such that « < 3. If ima = imf3,
then o = 3.

Proof. Assume that ima = im 8. By Theorem 1(2), we have doma C
dom . Let z € dom . Then zf € im 8 = ima. By Theorem 1(4), it
follows that x € dom « and xa = x3. Since this holds for all x € dom £,
we conclude that o = j. O

3. Compatibility

Let < be a partial order on a semigroup S. An element ¢ € S is said to
be left-compatible (respectively, right-compatible) if ca < cb (respectively,
ac < be) for all a,b € S with a <b.

In this section, we characterize the elements of PT(X,Y) that are
left- and right-compatible with respect to the natural partial order <.
Since the empty map () is both left- and right-compatible, we restrict our
attention to nonempty elements in the discussion that follows.
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Lemma 3. Let () # v € PT(X,Y) be left compatible. Then the following
statements hold:

(1) Y Cimwy;

(2) IfimyN (X \Y) #0, then imvy = X;

B) Yy=0orYy=Y.

Proof. (1) Assume that Y ¢ im~. Then there exists y € Y \ im~. Since
7 # (), there exists x € im+~. Define o, 3 € PT(X,Y) by

o <{w,y}>’ 5o (w y)
y Ty

Thus, a < f, and im (ya) = {y} € {«#} = im(y8). By Theorem 1, it
follows that va £ /3, which contradicts the assumption that v is left
compatible. Therefore, Y C im~y.

(2) Assume that imyN (X \Y) # 0 and im~ € X. Then there exist
z€imyN(X\Y)and z € X \ im~. By (1), we have Y C im+~, which
implies that x ¢ Y. Define o, 8 € PT(X,Y) by

() ()

Thus, a < 3, and im (ya) = {z} € {2} = im(y8). By Theorem 1, it
follows that ya £ 78, a contradiction. Therefore, imy = X.
(3) Assume that Yy # () and Yy C Y. Then there exist y € Y~

and w € Y \ Y. Hence, there exists 3’ € Y Ndom~ such that y'v = y.
Define o, 8 € PT(X,Y) by

o ({y,w}>7 5 (y w>'
w Yy ow

Thus, a < 8, and w = y'ya € Yya. However, since w ¢ Y, it follows
that w ¢ YvB. By Theorem 1, we have ya £ 78, a contradiction.
Therefore, Yy =0 or Yy =Y. O

The following theorem characterizes the left-compatible elements of
PT(X,Y) with respect to the natural partial order <.
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Theorem 2. Let ) # v € PT(X,Y). Then v is left compatible if and
only if

Yy=0orYy=Y) and (imy=Y orimy=X).

Proof. Assume that v is left compatible. By Lemma 3(1), we have Y C
im~, and by Lemma 3(3), we have Yy = () or Yy = Y. To show that
imy =Y orim~y = X, suppose that Y C im~. Then imyN (X \Y) # 0;
therefore, by Lemma 3(2), im~y = X.

Conversely, assume that the given conditions hold, and let o, €
PT(X,Y) be such that < 8. Then « and 3 satisfy all the conditions
of Theorem 1. To show that ~ is left compatible, it suffices to prove that
ya < vB. For this purpose, we verify that va and ~f satisfy all the
conditions stated in Theorem 1.

Verification of condition (1). By the property of Y, it is clear that
Y~a CYvp. To show that im (ya) C im (yf3), we consider two cases.
Case 1: im~vy =Y. Then

im(ya) = (Y Ndoma)a=Ya CYS = (Y Ndom B)S = im (75).
Case 2: im~vy = X. Then

im (ya) Cima C im 8 =(dom )8 = (X Ndom )3
=(im~y N dom B)3 = im (7).

Verification of condition (2). First note that
dom (ya) = (doma)y ™! C (dom B)y~! = dom (7).

Next, let (a,b) € ker(y5) N (dom (y5) x dom (ya)). Then ayf = byl
with a € dom (y3) and b € dom (ya). Hence ay € domf and by €
doma. It follows that (a7,by) € ker 8N (dom 8 x dom ) C ker e, and
therefore aya = bya. Thus (a,b) € ker(ya), and we conclude that
ker(y8) N (dom () x dom (ya)) C ker(ya).

Verification of condition (3). Let z € (dom (ya) Ndom (v3)) \ 'Y be
such that zy8 € Y. Then zy € domaNdomp. If zy € Y, it follows
that zya € Y. If zy ¢ Y, then since a and f satisfy condition (3), we
also have zya € Y. Hence, condition (3) holds.
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Verification of condition (4). Let € dom (y5) be such that xvf €
im (ya) € ima. Then z7y € dom . Since o and f satisfy condition (4),
it follows that zv € dom o and zya = zvf.

Hence, all conditions of Theorem 1 are satisfied, and we conclude
that va < 8. Therefore, ~ is left compatible. O

To determine the right-compatible elements, we first establish some
necessary conditions.

Lemma 4. Let ) # v € PT(X,Y) be right compatible. Then the follo-
wing statements hold:

(1) ~ is injective;

(2) dom~y = X;

(3) Yy L CY orimy CY.

Proof. (1) Assume that 7 is not injective. Then there exist distinct
a,b € dom~ such that ay = by. Define a, 3 € PT(X,Y) by

- ()

Then o < 3, and (b, a) € ker(5vy) N (dom (5v) x dom (ay)), but (b,a) ¢
ker(ay). By Theorem 1, it follows that ay £ 8+, which contradicts the
assumption that - is right compatible. Therefore, « is injective.

(2) Assume that dom~y C X. Then there exists z € X \ dom~y. Since
7 # (), there exists € dom~. Define «, 8 € PT(X,Y) by

() )

Then o < 3, and dom (ay) = {z, 2} € {2} = dom (8~v). By Theorem 1,
it follows that ay £ B, a contradiction.

(3) Assume that Yy~! € YV and im+y ¢ Y. Then there exist z €
Y~y '\Y and z € im~ \ Y. It follows that # € dom~ \ Y with zy € Y,
and there exists 2/ € dom~\Y such that 2’y = z. Define o, 8 € PT(X,Y)

by
() ()
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Then o < 3, and = € (dom (awvy)Ndom (57))\Y. However, 28y =2y €Y
while zay = 2/v = 2z ¢ Y. It follows from Theorem 1 that ay £ 87, a
contradiction. ]

Theorem 3. Let O # v € PT(X,Y). Then v is right compatible if and
only if v is an injection with dom~y = X and (Y41 CY orimy CY).

Proof. The necessity follows directly from Lemma 4. It remains to prove
the sufficiency. Assume that the given conditions hold, and let «, 8 €
PT(X,Y) be such that o < 3. Then « and § satisfy all the conditions
of Theorem 1. To show that ~ is right compatible, it suffices to verify
that ay and [~ satisfy all the conditions stated in Theorem 1.

Verification of condition (1).
im (ay) = (imaNdom~)y C (im 8 Ndom~)y = im (87),
Yay= (Ya)y C(YB)y=Yp.
Verification of condition (2). First note that
dom (ay) = Xa™' = doma C dom 8 = X3~} = dom (B7).

Next, let (a,b) € ker(By)N(dom () xdom (ary)). Then a3y = by, with
a € dom (fBv) € dom g and b € dom (ary) C dom . Since 7 is injective,
it follows that a8 = bS. Hence (a,b) € ker 8 N (dom 8 x dom «v) C ker «v,
and therefore aa = ba. Thus aay = bavy, implying (a,b) € ker(avy).
Therefore, ker(f) N (dom (B7) x dom (ay)) C ker(ary).

Verification of condition (3). Let x € (dom (ay) Ndom (B7)) \' Y
be such that x5y € Y. Then z € (doma Ndomf) \ Y. To show that
xay € Y, we consider two cases.

Case 1: Yy~ C Y. Since 3y € Y, it follows that z3 € Yy~ C Y.
Because « and f satisfy condition (3), we conclude that za € Y, and
hence zay € Y.

Case 2: im~ C Y. In this case, we also have zay € im~y C Y.
Therefore, condition (3) holds.

Verification of condition (4). Let € dom (57) be such that z8y €
im (ay). Then there exists z € dom (ay) such that z8y = zary. Since
~ is injective, it follows that 8 = za € ima. Hence x € doma and
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xa = x3. Thus,
z €doma = Xa' = (dom~y)a~! = dom (ay),

and xay = xf7. Therefore, condition (4) holds.
Hence, all conditions of Theorem 1 are satisfied, and we conclude
that ay < Bv. Therefore, « is right compatible. O

4. The minimal elements and maximal elements

In this section, we characterize the minimal elements of PT(X,Y) with
respect to the natural partial order. Note that the empty map () is the
minimum element and the zero element of PT(X,Y). Therefore, we
are interested in elements that are minimal within the set of non-zero
elements. For convenience, we write o < 3 to denote a < 8 with a # .

Theorem 4. Let ) # a € PT(X,Y). Then « is minimal within the set
of non-zero elements if and only if o is a constant map.

Proof. Assume that « is not a constant map. Then |ima| > 2. Let
a € ima and set aa™! = A C dom . Define 3 € PT(X,Y) by

(4

Then S < «, which shows that « is not minimal.

Conversely, assume that « is a constant map with ima = {a}. Let
B € PT(X,Y) be such that ) # 8 < a. Then () # im 8 C ima = {a},
and hence im 8 = {a} = ima. By Corollary 2, it follows that 8 = a.
Therefore, o is minimal. ]

To determine the maximal elements, we first present some necessary
conditions for an element to be maximal.

Lemma 5. Let o € PT(X,Y) be maximal but not surjective. Then the
following statements hold:

(1) keran (Y x (X\Y)) =0;
(2) X\Y Cdoma.
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Proof. Since « is not surjective, there exists a € X \ im a.

(1) Assume that there exists (y,z) € kera N (Y x (X \Y)). Then
ya = za with y € Y and z € X \ Y. Define 8 € PT(X,Y) by

z X
B - a T« .
zedom a\{z}

Then « < £, which contradicts the maximality of a.

(2) Assume that there exists z € (X \Y) \ doma. Define 5 €
PT(X,Y) as in (1). Then again o < 3, which contradicts the maxi-
mality of a. O

Theorem 5. Let o € PT(X,Y). Then « is maximal if and only if it
satisfies one of the following conditions:

(1) « is surjective;
(2) « is injective and doma = X ;

(3) keran(Y x (X\Y)) =0, X\Y C doma, and one of the following
holds:

(i) Y Cima and o|x\y is injective;

(i) X \Y Cima, doma = X, and aly,-1 is injective.

Proof. Let a be maximal and assume that it does not satisfy condi-
tions (1) and (2). We will show that « satisfies condition (3). Since «
does not satisfy condition (1), it follows that « is not surjective, and
hence, by Lemma 5, we obtain that kera N (Y x (X \Y)) = 0 and
X \Y Cdoma. Since a does not satisfy condition (2), it follows that «
is not injective or dom o C X.

Case 1: « is not injective. Since keraN (Y x (X \Y)) = 0, it follows
that aly is not injective or «f Xx\y s not injective.

Subcase 1.1: aly is not injective. Then there exist distinct elements
Y1,¥2 € Y Ndoma such that y1a = yor. We claim that o satisfies

condition (i). To prove Y C im «, suppose that there exists y € Y\ im .
Define 8 € PT(X,Y) by

y xT
y ze€dom a\{y1}
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Then o < 8, which contradicts the maximality of a. Therefore, Y C
im . This implies that a € X \ Y. To show a|x\y is injective, suppose
that there exist distinct x1,z9 € (X \ Y) Ndom « such that x1a0 = xs0r.
Define 8 € PT(X,Y) by

T i
B B <CL1 ﬂfO{) ’
z€dom a\{z1}

Then o < f3, a contradiction. Hence, a|x\y is injective. Therefore, a
satisfies condition (3)(i).

Subcase 1.2: a|x\y is not injective. Then there exist distinct z1, 72 €
(X\Y)Ndom a such that 1 = zaa. We claim that « satisfies condition
(ii). To show X \'Y C im«, suppose that there exists z € (X \Y) \ im a.
Define 8 € PT(X,Y) by

I X
B - z T ’
zedom a\{z1}

Then o < 3, a contradiction. Therefore, X \Y C im «. This implies that
a € Y. To show doma = X, suppose that there exists z € X \ dom a.
Define 8 € PT(X,Y) by

z x
6 B a T '
zedom o\ {z}

Then a < 3, a contradiction. Hence, doma = X. Finally, to show
aly,-1 is injective, suppose that there exist distinct 21,20 € Ya~! such
that z1a = zea. Define 3 € PT(X,Y) by

21 T
/8 - a T ’
zedom a\{z1}

Then a < 3, a contradiction. Therefore, aly,-1 is injective. Hence, «
satisfies condition (3)(ii).
Case 2: doma € X. Since X \ Y C doma, it follows that there

exists y; € Y \ dom . We claim that « satisfies condition (i). To show
Y C ima, assume that there exists y € Y \ ima. Define 3 € PT(X,Y)
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as in Subcase 1.1. Then, as before, @ < [, a contradiction. Hence,
Y C ima. By the same argument as in Subcase 1.1, we can conclude
that a|x\y is injective. Therefore, a also satisfies condition (3)(i).

Conversely, assume that « satisfies condition (1), (2), or (3), and let
a < 8 for some 8 € PT(X,Y). By Theorem 1(1), we have im a C im f3.
Hence, by Lemma 2, it suffices to show that im 8 C im« in order to
conclude that a = .

Let a € im 3. Then there exists z € dom 3 such that z8 = a.

Case 1: « satisfies condition (1). Since « is surjective, we immedi-
ately have ima = im §3.

Case 2: « satisfies condition (2). Since doma = X, we have z €
dom . Then za € ima C im 3, and hence there exists 2z’ € dom 3 such
that 2’8 = za. It follows that z’a = 28 = za. Since « is injective, we
obtain z = 2/, and therefore a = 28 = 2’8 = 2’a € ima.

Case 3: « satisfies condition (3).

Subcase 3.1: « satisfies condition (i). If a € Y, then clearly a € im a.
Ifae X\Y, then z € X\Y C doma, and hence za € ima C im .
As in Case 2, there exists 2z’ € dom 8 such that z’a = 2/ = za. Since
kera N (Y x (X \Y)) =0, it follows that 2’ € X \ Y. Because a|x\y is
injective, we have z = 2’. Thus, as before, a € im .

Subcase 3.2: « satisfies condition (ii). If a € X \ 'Y, then a € im«
immediately. Now consider the case a € Y. Since doma = X, we have
2z € doma. As in Case 2, there exists 2z’ € dom 3 such that 2’a = /8 =
za. Since z8 = a € Y, we obtain za € Y, and hence 2,2 € Ya ™!l
Because aly,-1 is injective, it follows that z = 2’. Therefore, as before,
a € im .

In all cases, im 8 C im «, and hence by Lemma 2, we conclude that
a = . Therefore, « is maximal. ]

Conclusion

In this paper, we studied the semigroup PT(X,Y), which generalizes
the partial transformation semigroup P(X). We provided a characteri-
zation of the natural partial order on PT(X,Y) and classified its elements
that are left-compatible, right-compatible, minimal, and maximal with
respect to this order.
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Noting that PT(X,X) = P(X), by setting Y = X in Corollary 1,
we recover the characterization of the natural partial order on P(X),
originally presented in [9, Theorem 2|. Similarly, Theorems 2 and 3 gene-
ralize [9, Theorem 9], and Theorems 4 and 5 generalize [9, Theorems 13
and 14], respectively.
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