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Variable lemma for polynomial rings

Daria Holik* and Marek Kara$s

Communicated by I. Shestakov

ABSTRACT. Let k be a field of characteristic zero, and let
klx1,...,2,] be a polynomial ring in n variables, where n > 3 is an
arbitrary positive integer. Assume that we have [ € N algebraically
independent polynomials Fy, ..., F; € k[z1,...,z,] with 2 <1 <n.

In this paper, we prove that if linear parts of polynomials Fi, ..., F;
are linearly independent and depend only on variables x1,...,x;
and the polynomials Fy, ..., F] meet some weighted-differential cri-

teria then actually Fy,..., F] € k[z1, ..., 2.

Introduction

In the landmarking paper [8] Shestakov and Umirbaev proved, in par-
ticular, that the following polynomial mapping, named Nagata automor-
phism

0 C35 (2,y,2) = (2 + 2y(y? +22) — 2% + 22)%,

(1)

y— 2(y* + x2),2) € C3.
is so-called wild (polynomial) automorphism, that is, it is not a composi-
tion of linear/affine automorphisms and triangular automorphisms. Let
us recall that a polynomial automorphism F' is called triangular if (after
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a possible permutation of variables and/or possible permutation of coor-

dinate functions F1, ..., F, of F) the functions F; have the following form
Fi=x1+awitha €k, Fo =29+ P with P, € k[xﬂ,...,Fi =ux;+ P
with P; € k[z1,...,zi-1], ..., )y =z, + P, with P, € k[z1,...,2p-1].

The motivation of the research presented in this paper is the ap-
plication of the following so-called variable lemma (giving relationship
between the degree of the Poisson bracket and the number of variables)

Lemma 1 ([5, Lemma 3.20]). Let f,g € k[z1,...,%s]| be such that
f=oi+fot...+fry g=m2+02+...+9s,

where f;, g; are homogeneous forms of degree i. If deg|f,g] = 2 then
f,g € k[x1, x2], where

833‘i 8.7}j 8l‘j 03:1

d -y d
eglf, gl +1§I§1<a]x§n eg

<af dg  Of ag>

in the studying the following conjecture concerning the existence of tame
automorphism with given degrees of its components.

Conjecture 1 ([3, Conj. 5.1]). For any prime number p > 2 and dg >
dy > p there exists a tame automorphism of k3 with multidegree equal to
(p,da,ds) if and only if p|de or ds € pN + daN.

The conjecture, up to now, is proved for p = 2,3,5 (see [4,5]). For
p = 5 the most difficult part was to show that there is no tame auto-
morphism F : k% — k3 such that mdeg F' = (5,6,9), where mdeg F' =
(deg F1,...,deg F,) if FF = (Fy,...,Fy,) @ K™ — k™ is a polynomial
mapping and in proving this, Lemma 1 was used (for details see [5]).

The application of the weighted multidegrees in studying tameness
of polynomial automorphisms can be found in [1]. For example, among
other things, in [1] it was established that for w = (5,4, 3) the w-multi-
degree of the Nagata automorphism, mdeg,, o = (19,11,3) is the so-
called wild w-multidegree, i.e. there is no tame automorphism with the
same w-multidegree.

In the present paper we establish a collection of generalizations of the
above mentioned variable lemma (for more than two polynomials and for
weighted degrees; see Section 2). The authors believe that the results of
Section 2 can be used in the future in studying tameness in dimensions
higher than three.

It should be emphasized that the question about existence of wild
automorphism of £” for n > 4 is still open. The situation is even worse:
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there is no tools for researching tameness/wildness in dimension n > 4.
Perhaps as one of such tools can be regarded the result of Kuroda [6] and
as the second one the variable lemma presented in this paper (Theorem 1
below).

1. Differential forms and their degrees

In this section, for the convenience of the reader, we collect some neces-
sary facts about differential forms. At the beginning we recall that for

any polynomial H € k[x1,...,zy], l.e. H= > aqxyt - ahn,
a=(ai,...,an)EN"

deg H denotes the usual total degree of H that is
deg H := max{og + -+, | aq # 0}

or deg H := —oo when H = 0. We remind that a homogeneous polyno-
mial is a polynomial whose nonzero terms all have the same degree.

Let A = k[z1,...,2,] be a polynomial ring and Q4 /4, = A- {dH | H €
klz1,..., 2]} an A-module of differential forms of k[z1,...,x,] over k
(for definition and more information about differential forms we refer to

n
[7, Chapter 5.3] or [2, Chapter 2.8]). One can write Q. = @ Adz,
i=1
and then AP Qyu /), = &b Adziy A ... Ndz;,, where the symbol
1<i1 <. <ip<n
N Q4 /i, denotes the p-th exterior power of the A-module €24 /.. Arbitrary
differential form w € AP Qyu /k» which is said to be of order p, one can
uniquely express as

W= Z Sp’il,...,ipdxil /\ . /\ df]fip,

1< <...<ip<n

where ¢;, i, € Aforall 1 < <...<ip<n.
We define standard total degree of a differential form w € APy
by
degw := max  {degyi, . i, + P}

1< <. <ip<n

n
Using the fact that the field k is of characteristic zero and dH =) | gTHdazi,
i=1

we get the following equality

H
degdH = max {deg 0

1} — deg H
i=1,...,n afljz * deg
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for each H € k[z1,..., 2] \ k.

It is natural to say that a differential form w = > Pis,esip
1< <. <ip<n
“dxiy ... A\dz;, is homogeneous of degree dif forall 1 <ip < ... <1ip <n
with ¢, i, # 0, the coefficient ¢;, _;, is a homogeneous polynomial
such that deg;, .. s, + p is equal to d.

P

Now we can formulate the following

Lemma 2. IfHy,...,Hy € k[z1,...,xy,] are nonzero, homogeneous poly-
nomials in n variables x1,...,x,, then the differential form dHy N ... A
dH, is homogeneous of degree

deg(dHy N ... NdHp)

[ degHy +---+degH, ifdH\A...NdH,#0, (2)
- —00 ’idel/\.../\de:().

The proof of the above lemma is a consequence of the definition of
the degree of a differential form and the straightforward calculations. We
omit it, since below we give a generalization of this lemma with a detailed
proof (see Lemma 3).

Let I" be any totally ordered additive group, and w = (wy,...,w,) €
' with w; > 0,4 = 1,...,n. The polynomial ring k[z1,...,z,] in
n variables over a field k of characteristic zero with n € N can be
equipped with the w-weighted grading structure as follows k[z1,. .., zy]
= @ k[z1,...,zn)y, where k[zq,..., 2]y, for any v € ', denotes k-vec-

yel’

n
tor space spanned by z{'---z%" for ay,...,a, € N with ) aw; = 7.
i=1
Now we can define w-degree of the polynomial H = )  H.,, where for
vel’
any v € I', H, € klx1,...,zy], is the homogeneous component of degree

~ of the polynomial H, in the following way
degy, H =max{y eI | H, # 0}

or deg,, H = —oo while H = 0. It should be mentioned that if I' = Z
and w = (1,...,1), then w-degree is equal to the usual total degree. It
is easy to see that for H = > aqx]t -+ z0 and any v € T,

n
a=(a1,...,an)EN"
_ a1 «
we have H, = > agryt - xhm.
aiwi+-+anWn=7y
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If for some v € I' the following equality holds H = H,, then H
is called w-homogeneous. Analogously to the usual total degree of the
differential form w € AP Q4 /k» we define the w-degree of w as follows

degy w = 1<ilg.1.a.i(’ipgn{degw Pir iy + Wiy + -+ Wi}
As in the case of polynomials, if I' = Z and w = (1,...,1) then the
w-degree of differential form is equal to its usual total degree, i.e deg,, w
= degw for all w € AP Q4 /k- It is natural to say that a differential form
w = > Piy,..ipdTiy N ... A dx;, is w-homogeneous of w-degree
1<i1 <. <ip<n

v if for every 1 <41 < ... <4, < n with Pit ... ip = 0, the polynomial
©iy,....i, 18 W-homogeneous and deg, ¥i,,...i, + Wiy + -+ +w;, = 7.

The following lemma will be used in the proofs of the main results,
in the next section.

Lemma 3. Let w = (wy,...,wy) € I'™ be any n-tuple of elements of the
group I' with w; > 0 fori=1,...,n. If Hy,...,H, € k[z1,...,z,] are
nonzero, w-homogeneous polynomials in n variables x1,...,T,, then the

differential form dHy A ... N dH, is w-homogeneous of w-degree

deg,, (dH1 N ... NdH))

[ degy Hy+---+degy, H, ifdH\ A...NdH,#0, (3)
1 - if dHy A ... N dH, = 0.

n
Proof. Since, for any i € {1,...,p}, we have dH; = Zl gTHJ_"da:j, it follows
]:
from the multilinearity of the wedge product that

" OH "~ OH,
dHl/\.../\de:< aldle)/\---/\( i?’dmjp>

ox;
ji=1 "1

g "\ 0H, OH
ST DO
dxj, A,

Jji=1 Jp=1

Because the wedge product is antisymmetric, the above sum can be writ-
ten as

dHl/\.../\de

H H
= Z ngnaai.l 6'1, >dxj1/\.../\da:jp, (5)

1<1<..<jp<n So€S, Jo(1)
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where S, denotes the symmetric group of the set {1,...,p} and the sgno
is the sign of the permutation o. Thus, by the definition of w-degree of
a differential form and by (5), we have

degy, (dH1 A ... NdH,)

=  max {degw< Z sgno OH,  OHy ) +wj, +- .—i—wjp}. (6)

= (< axX : .. :
Sn<...<jpsn o€S, aaj]v:r(l) ax]a(?)

Using the fact that k is of characteristic zero, we obtain that the
polynomial araHi is w-homogeneous and deg,, OH; deg,, H; —

Jor (m) O%j 1 (m)

e OH, B
wja'(m) lﬁ axja(m) ?é 07 for any m = 17"‘7]77 aﬂy g € Sp, and any

1 <j1 < ... < jp <n. Consequently, any summand of the expression

oH, _OHp i i
> sgno Iz oz, is a w-homogeneous polynomial which has

oES, )
W—cfegree equal to deg,, Hi — Wy, T+ deg, H, — Wj,(, O it is
equal to zero. Taking into consideration that o is bijective function,
the above w-degree we can write as follows degy, Hy + - -- + deg,, H), —
wj; — -+ —wj,. Finally, for any 1 < j; < ... < jp, <n, the polynomial
OH, 0H)p
ggp 000y P
degy Hi + -+ +degy, Hy —wj, — -+ — wj,. From the above calculations

and (6) we obtain the assertion. O

is w-homogeneous, and its w-degree equals

2. Main results — variable lemmas

In this section we present main results of the paper, that is Theorems 1
and 2. Both of them can be named variable lemma because they assert
that some polynomials that a priori depend on the whole set of variables
x1,..., %y under some assumptions actually appear to be dependent only
on some proper subset of variables. One can also be interested in Corol-
laries 1 and 2 which can be considered, respectively, as a generalization
of Theorems 2 and 1.

Before we give the results let us formulate the following two condi-
tions:

I' is an ordered additive group such that every finitely
(A) generated subgroup is embedded in a subgroup of I' which
is isomorphic to (Z,+), in the category of ordered groups.
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I is an ordered additive group and w = (w1, ..., wy) € T
is such that the subgroup Zwi+- - -+Zwy, C I' is embedded
in a subgroup of I' which is isomorphic to (Z,+), in the
category of ordered groups.

(B)

One can easily see that condition (A) implies (B), and moreover I' = Z
satisfies condition (A). In the next section we show example of totally
ordered group which does not satisfy condition (A) as well an example
of I' and w = (wy,...,w,) € I'" such that the condition (B) is not
satisfied. The example of group which is not isomorphic to (Z,+) but
satisfies the condition (A) is also presented there. As well we present, in
Section 3, examples showing that assumptions of the following theorem
are essential.

Theorem 1. Assume that I" is a totally ordered additive group and that
w = (wi,...,wy) € I' is such that w; >0 fori=1,...,n, and

max{wi,...,w} <min{wqy,...,w,}. (7)

Assume also that at least one of the conditions (A) or (B) is satisfied
(in particular, this is the case forU' =17). Let Fy,..., F; € k[x1,...,z,],
where 2 < | < n, be polynomials in n wvariables x1,...,x, such that
their linear parts are linearly independent and depend only on variables
x1,...,27. If the w-degree of the differential form dFy A ... A dF; is the
smallest possible, i.e.

degy (dFy A ... NdF) = wy + -+ + wy, (8)
then we have Fi, ..., F; € klx1,... 21 C klx1,...,2zp].

Let us notice that the minimality of deg, (dF1 A...AdF}), in the con-
text of Theorem 1, is equivalent to equality (8). Indeed, since /\l Qai =

&b Adzj A...Adxj,, it follows that for any nonzero w € /\l QA ks
1< <...<gisn
we have
degy, w > min{wj, +---4+w;, | 1 <ji <...<j <n}
When inequality (7) is satisfied, then we have
min{wjl + -+ wy, ’ 1<n<...<j Sn}:w1+~-+wl,
and in the situation like in Corollary 2 we have
min{w;, +---+wj;, | 1 <j1 <...<j <n}
= minfw;, +---+wj, | 1<ji <...<j <r}
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The proof of the above theorem will be given at the end of this section,
but now we present following particular/non-weighted version of it, i.e.
when I' = Z and w = (1,...,1). One can notice that if (w1,...,w,) =
(1,...,1), then the assumption (7) is obviously satisfied.

Theorem 2. Let Fy,...,F; € k[xy,...,x,], where 2 < | < n, be poly-
nomials in n variables x1, ..., x, such that their linear parts are linearly
independent and depend only on variables x1,. .., x;.

If the degree of the differential form dFy A ... A dF) is the smallest
possible, i.e.

deg(dFy A ... NdEF}) =1, (9)
then the polynomials Fi,. .., F} involve only variables x1,...,x;. In other
words Fu,...,F] € klx1,..., 2] C klx1,...,2y].

Before we give the proof of the above theorem let us explain why we
present it, besides of the fact that it is a particular version of Theorem 1.
The reason is the following. The proof of Theorem 1 is based of Propo-
sition 1, and the proof of Proposition 1 is a modification of the proof of
Theorem 2. Moreover, the situation of Theorem 2 makes that the idea
of the proof is much easier to present.

Proof. First of all we show that, without loss of generality, we can assume
that the polynomials Fi, ..., F; have the form

F’izmi-f—Fi,Q-f-""’—Fi’di fori=1,...,1, (10)

where F; € k[zy,...,2,] is a homogeneous component of degree j of
the polynomial F;. Of course, one can notice that we can assume that
the constant terms of the polynomials F1, ..., Fj are zeros. Let us denote
the linear parts of F; by L; € k[z1,...,x;] for i = 1,...,l, and consider
the mapping L™, where L = (Ly,...,L;) : k' — k'. Now, by h; =
a; 171+ -+a; 2, for i = 1,...,1, we denote the coordinate functions of
L~ Then, det(a;;) # 0 and, as one can calculate using multilinearity
and antisymmetricity of the wedge product, that

dhl(Fl, - ,E) VAN /\dhl(Fl, R ,E) = det(ai7j)dF1 A...NdFj. (11)

This gives that the degrees of the differential forms dhi(Fi, ..., Fj)A...A
dhy(Fy,...,F) and dFy A. .. A\NdF; are the same. One can also notice that
the polynomials hi(Fi,..., Fy),...,h(F1,...,F;) have the desired form
and that these polynomials do not depend on variables xj41,...,x, if
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and only if the same holds for the polynomials Fi, ..., F;. Thus, up to
the end of the proof we assume that (10) holds, in other words, we have
Fi,l = Z; and Fz‘,O =0fori= 1,...,[.

Now, from multilinearity of the wedge product and linearity of the
operator d, we have

d1 dl
dFy A ... NdF;, = <Z dFl,j1> Ao A (Z dFl,jz>

J1=1 a=1
d1 dl

Ji=1 Ji=1

dy+tdy

= Z Z dFle /\'--/\dFl,jl-

d=0 ji+--+j=d
Observe that by Lemma 2 (or Lemma 3 for the weighted case) we have
(dF;); = d(F;,j). Thus we can omit brackets in formulas like above. By
Lemma 2, one can see that for any d = 0,...,dy + --- + d;, the sum
>, dFij A...ANdF}; is the homogeneous component of the de-
1+ +gi=d
ngree dj lof the differential form dFy A ... A dF;. In particular, based on
the observation from the beginning of the proof, we see that the homo-
geneous components of the differential form dFy A ... A dF; of degree
d=0,1,...,1 — 1 are equal to zero and the homogeneous component of
degree [ is
(dEyN...NdFy), =dxy A ... Ndxy # 0. (13)

Notice that

(dF1 VANPIRAN dﬂ)l—s—l = dFl,l VANPIAN dﬂ—l,l VAN dﬂg
+ dFl,l VANV dFl,Q’l VAN dFl,LQ A dFlJ

-+ dFLQ A dFQ’l VANRA dFlJ

" OF
:dxl/\.../\dxl_l/\< mda:»)

—ar;
= Oz
"\ OF_
+ dri A .. ANdxj—9 A l 1’2dxj A dx;
8953-

j=1

" OF
+ (; o, dxj> Adxa A ... Adz.
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Now, consider arbitrary j7 > [ and notice that the only summand of

the above sum involving dx; A ... A dx;—1 A dx; is the following one
852;,2 driA...Ndri_y Adzj. Since (dFy A ... ANdFy),,, = 0, it follows that
O0F o
Ox;
variables z;y1,...,%p.

Similarly, one can notice that for j > [ and for any ¢ = 1,...,1 — 1,

the only summand involving dzy A ... Adx;—1 Adxip1 A... ANdxy Adz; in
the above sum is the following one (—1)l*i%dw1 Ao Ndzi—g ANdxipr A

...Ndx; Ndx;. For the similar reason as above this means that % =0

= 0 for all j > [. In other words the polynomial F; o does not involve

and so that F; 2 does not involve x; for any j >l and any ¢ =1, .. .J,l— 1.
Thus, we have proved that the homogeneous components of degree 2 of
polynomials F, ..., F; do not involve variables x4 1,...,Ty.

Now, assume that we have proved that the homogeneous components
of degree d = 2, ..., s of the polynomials Fi, ..., F; do not involve vari-
ables x;11,...,2,. We will show that this is also true for homogeneous
components of degree s + 1. To do this consider the homogeneous com-
ponent of degree s + [ of the differential form dFy A ... A dF;. One can
observe that

(dFy A NdFY),

= Z dFl,j1 VANRAAN d.F[Jl (14)

Jrteji=lts
Jlsens IS8

l
+ > dFi g AL AdFi_y g AdFj g1 AdFiag AL AdE. (15)
=1

Take any j > [. By induction hypothesis, one can easily see that the sum
(14) does not involve dz ;. On the other hand one can see that in the sum
(15) the only summand involving (dz1 A ... Adxi—1 Adzipr A ... Adxp)A
dx; is the following one

1-i OFist

(—1) D (dml/\.../\dxi_l /\dwiﬂ/\.../\dxl) /\dxj. (16)
J

From this, as before, it follows that F; ;11 does not involve x; for any
j >l and any i = 1,...,l. Now, by induction (with respect to s) we
obtain the thesis. O

The result of the above theorem can be generalized as follows.
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Corollary 1. Let Fy,...,F] € klxy,...,zy,], where 2 < | < n, be poly-
nomials in n variables x1, ..., x, such that their linear parts are linearly
independent and depend only on variables x1,...,x, for somel <r <n.
If the degree of the differential form dFy A ... A dF} is the smallest

possible, i.e.
deg(dFy N ... NdF}) =1, (17)

then the polynomials F1i, ..., F; involve only variables x1,...,z,, i.e. Fi,
o Feklry,..xy]) CE[x, .. 2y

Proof. Let us denote the linear parts of F; by L; € k[z1,...,z,] for
i =1,...,l. There are linear forms L;;1,..., L, € k[x1,...,2,] such that
Li,...,L;, Liyq,..., L, are linearly independent. Now, one can check
that polynomials Fy,..., Fy, Li1q, ..., L, satisfy the assumptions of The-
orem 2 with [ replaced by r. Thus, by Theorem 2, we obtain the the-
sis. O]

Similar arguments as in the proof of Corollary 1, but based on The-
orem 1, give the following result.

Corollary 2. Assume that I is a totally ordered additive group and that
w = (wy,...,wy) € I'™ is such that w; >0 fori=1,...,n, and

max{wi,...,w,} < min{w,y1,...,w,}. (18)

Assume also that at least one of the conditions (A) or (B) is satisfied.
Let Fy,...,F; € k[xy1,...,2,], where 2 < | < n be polynomials in n
variables x1, ..., x, such that their linear parts are linearly independent
and depend only on variables x1,...,x,, wherel < r < n. If the w-degree
of the differential form dFy A ... N\ dF} is the smallest possible then we
have Fy, ..., F; € klx1,...,z;] C klx1,...,2p).

The following technical proposition gives a weighted version of Theo-
rem 2 (with some additional assumptions), and will be used in the proof
of Theorem 1. Because in Theorem 1 we make an assumption (7), which
is absent in the proposition below, then the following result can be in-
teresting on its own right.

Proposition 1. Assume that w = (w1, ..., wy) € Z" is such that w; > 0
fori =1,....,n. Let Fy,...,F] € k[x1,...,x,], where 2 < | < n be
polynomials in n variables x1, ..., x, such that

Fi::L'i"i'F’i,wiJrl_""'"i—Fi,di fOTizl,...,l, (19)
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where F; ; € klxy,...,zy] is a w-homogeneous component of w-degree j
of the polynomial F;. If the w-degree of the differential form dFiA.. . N\dF)
is the smallest possible, i.e.

degy, (dFy A ... NdF}) = w1 + - + wy, (20)

then the polynomials F1, ..., F; involve only variables x1, ..., x;, i.e. Fi,
oo Freklr, . x] €k, 2.

Proof. The proof is the appropriate modification and extension of the
proof of Theorem 2. First, observe that by the assumption, we have

E 0= Fi,l =...= Fi,wq;—l =0 (21)

)

and
Fi,wi = X; (22)

foralli=1,...,1L
Secondly, similarly as in the proof of Theorem 2, we have

I—
dFy AN ... NdEF; = Z Z dFyj, N ... NdFj, (23)
d=0  ji+-tji=d

where, this time, F; ; means the w-homogeneous component of w-degree
j of the polynmial Fj.

Now, by Lemma 3, we have that for any number d € N the sum

>, dFij A ... A dF; is the w-homogeneous component of
1+ +ji=d
Jvir—deg];ee d of the differential form dFj A ... A dF;. Without loss of gene-
rality, we can assume that wy < ... < wj.

Let us take any d € {0,...,w; + -+ + w; — 1}. Since for any non-
negative integers ji,...,J5; with j;1 + -+ + j; = d at least one of them
satisfies j; < w; (for some i € {1,...,1}), we see that the w-homogeneous
components of the w-degree d = 0,1,...,wy + -+ + w; — 1, of the dif-
ferential form dFy A ... A dF}, are equal to zero. One can also notice
that the w-homogeneous component of the w-degree wy + - -+ + w; of
dFy N\ ... NdF} is

(dFl/\“‘/\dﬂ)wl—&-m—&-wl =dryi A...Ndx; #0. (24)
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To imitate the proof of Theorem 2, now we consider w-homogeneous
component of w-degree w; + --- 4 w; + 1. One can notice that

(dFy A oo NAF) 4ot 41
= dFl,wl VANRAN d-Fl—l,wl_l A dﬂ,wl—i—l
+ dFl,wl VANPIRAN d‘Fl—Q,wz_z A\ dﬂ—lvwl—l‘f‘l A dﬂvwl

+ dFl,w1+1 A dFQ’wZ VANAN dFl,wl-

Similar analysis, as in the proof of Theorem 2, of the summands involving
driN.. . Ndxi—iANdxj, dei A, . . ANdxi_oNdxyANdxj, ... dxaA.. . ANdxiNdx;
with j > [ that appear in the above sum gives us that forany i =1,...,1
and for any j > [ the polynomial Fj 1 does not involve x;.

The induction step presented in the proof of Theorem 2 needs follo-
wing modifications. Assume that we have proved that the w-homogeneous
components of w-degree d; = w; + 1,...,w; + s with s > 1 and for all
i = 1,...,1, do not involve z; for all j > [. Similarly, as in the proof
of Theorem 2, one can notice that (dFy A ... A dFl)wl—‘r~~~+wl+s+1 can be
decomposed into two sums (compare (14) and (15)). One of them with
components such that j; < wi + s,...,75 < w; + s. This sum does not
involve dx; for j > | by induction hypothesis. The second sum have the
following form (compare (15))

l
Z dFl,w1 VANAIAN dFifl,wi,l VAN dFl'7wi+S+1 VAN dE+1,wi+1 VANRIWAN dFl,wl- (25)
i=1

By the similar arguments, as in the proof of Theorem 2, we obtain that for
all © =1,...,1 the polynomial Fj ., s+1 does not involve x; for all j > [.
This completes the induction step and the proof of the proposition. [

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. Since I' and w = (wy,...,w,) € I'" satisfy condi-
tion (B), there is subgroup I'g C I' isomorphic to (Z, +) (in the category
of ordered groups) such that Zw; + - - - + Zw, C T'g. All considerations
will be done inside I'y, because any w-degree (of polynomial or differen-
tial form) is an element of Nw; + --- + Nw,, C Zw; + - - - + Zw,. Thus
without loss of generality we can assume I' = Z.
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As in the proof of Theorem 2 we can assume that the polynomials
Fy, ..., F; have the form given by (10), with respect to the usual de-
gree. By inequality (7), permutating if necessery variables in the two
sets {z1,...,x;} and {x;41,..., T, } separately, we can assume, without
loss of generality, that

wy < ... <w <wgg <. < wy. (26)
Let
Fy= Fig 4ot Fouot + (w54 P ) + Frn -+ Fia,, (27)

for i=1,...,1, be the decomposition of the polynomial F; into the
w-homogeneous components. In particular, xi+Fi,wi is the w-homogene-
ous component of w-degree w; of Fj;, while Fi,wi is the w-homogeneous
component of w-degree w; of F; = F; — x

The idea of the proof is to construct an automorphism ® of k™ of the
form

® =& xidgn,  ®(0)=0, (28)

where @ is an automorphism of k!, and such that the polynomlals 1,
., F} satisfy the assumptions of Proposition 1, where (Fl, . ,Fn) =

CD o(F1,...,Fl,x141,...,2pn) : k™ — k™. In this situation, of course, we
have Fl+1 =TI, -- ,Fn = x,. Then, by Proposition 1 one obtain that
the polynomials Fl, .. ,Fl do not ipvolve Yariables i1, -, Ty, Since
(Fi,...,Fy,z41,...,2,) = ® Lo (F1,...,F},241,...,2,) and because
of the form of the automorphism &, it follows that also Fi,...,F; do
not involve variables x;41,...,2Z,. Thus, to the end of the proof we will

construct a desired polynomial automorphism.

First, notice that F; already has the form as in the assumptions of
Proposition 1. Indeed, we have wq; < we < ... < w, and w; > 0 for
all 4. Thus, for any monomial m of usual degree greater than 1, we have
deg,, m > 2w; > wi, but only such monomials appear in the polynomial
Fl — X1.

The construction of ® will be done by induction. Assume that we
have already constructed an automorphism ®, = @, x idgn—u, where
®,, is an automorphism of k%, for some u € {1,...,1}, such that for

(Ff“),...,ﬁ,ﬁ“)) =&, 0 (F,...,F,x41,...,2,), we have

W = x; + higher w-degree components fori=1,...,u (29)

()
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and
dEY AL NAE™ = dFy AL A (30)

Let us notice that for uw = 1, we can take ®, = idyn .
Now, let a; be the w-homogeneous component of F,LE +)1 Tyy1 Of

the minimal w-degree. If deg,, a; > wy+1, then F (u +)1 already has the

desired form, and so we can take ®,y; = ®,. Thus, without loss of
generality, we can assume that deg, a1 < wy41. Since all monomi-
als appearing in Fqg +)1 Zy+1 have usual degree greater than 1, it fol-
lows that a1 € k[z1,...,z,]. Moreover, one can easily notice that the
w-homogeneous component of a; (F: l(u), cee EE“)) of the minimal w-degree

/\u)

is equal to a;. Now, let as be the w-homogeneous component of FTE 1
Tyt1 — a1 (Fl(u), . ,EE")) of the minimal w-degree. By the above consid-
erations, we have deg,, as > deg,, a;. If deg,, a2 < wy+1, then as before
ay € k[xi,...,x,] and, also as before, the w-homogeneous component
of ag(Fl(u), e ,Fﬁ“)) of the minimal w-degree is equal to as. In a simi-
lar way we construct w-homogeneous polynomials ay,...,as,as+1 until

degy, as < wy41 and deg,, as+1 > wyy1. By the construction, we obtain
S A A

that the polynomial Fqg +)1 > ai(Fl(“), e Fé“)) has the desired form.

=1

Moreover, by the fact that wedge product is multilinear and antisym-
metric, one can notice that

dEM AL A dF<“>

5 (u) £ () ) (u) ()
E ai(F™, . EOY) ANdEY AL AdE
:dﬂ)A”.Aﬂ%)AﬂﬁﬂAdﬂﬁﬂy”Adﬂw
=di N...NdF].

Summarizing, we can take ®,11 = @y41 © Py, where the automor-
phism ¢, 41 is given by

Put1 - k" 9(.’1}1, R ,.Cli‘n) —

(32)
(T1y ey Ty Tyl — Zai,xu+2, ceyTp) € K™
i=1

This completes the proof of the induction step, and the existence of the
desired automorphism ¢ = &;. O
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3. Examples

In this section we show by giving examples, that not all totally ordered
groups satisfy condition (A) and (B), as well as that assumptions of
Theorem 1 are essential. We start with the following lemma.

Lemma 4. Assume that I' is a totally ordered additive group and that
(wi,...,wy) € I'™ is such that the condition (B) is satisfied. Then

1. The set (Zwy+ - - -+ Zwy)NT'so has minimal element, where I'sg =
{yeT :~v>0}

2. For any a,b € (Zwy + - - - + Zwy) NT'sq there is a natural number
k such that ka > b.

Proof. Let Ty C I' be a subgroup that is isomorphic to (Z,+), in the
category of ordered groups, such that Zw;, + --- 4+ Zw, C ['g. To see
assertion (1) observe that (Zwy +- - -+ Zw,) NT'so = (Zw1 +- - -+ Zwy) N
(To)>0. The last intersection can be viewed as a subset of Z~(. Thus one
can use the fact that any nonempty subset of Z~ has a minimal element.

Assertion (2) is a consequence of the fact that we can assume, by the
above considerations, that a,b € (Zw + - - - + Zwy,) NI'so C Z>o. d

Now, using the above lemma, we can present the following two examp-
les of I" and w € I'"™ which does not satisfy conditions (A) and (B).

Example 1. Consider the following totally ordered additive group I' =
(R,+) and w = (wy,ws) € R?, where w1 = 1 and wy € R\ Q. By the
ergodic theorem [9, Theorem 0.14(i)] for any £ > 0 there exist k£ € N
such that 0 < kwy — |kws| < e. Indeed, we can consider the subgroup
G = {e¥hw2 | k ¢ Z} of the unit circle K, with addition given by
K xK 3 (e¥mian ¢2mias) oy g2milaitas) ¢ [ Tn this situation G is infinite.
Moreover, one can check that the closure H of any subgroup H of K is the
closed subgroup of K. Thus, using [9, Theorem 0.14(i)] we obtain that the
group G is dense in K, and this implies that the set {kwo— |kw2] | k € Z}
is dense in [0, 1]. Taking [ = —| kw3 | we have kws — |kwa | = lwi + kws €
Zwy + Zws. This shows that the set (Zw; + Zws) NRso does not have a
minimal element. Thus, by Lemma 4(1) I" and w do not satisfy condition
(B) and of course I' does not satisfy condition (A).

Observe that if w = (wy,...,w,) € Z™ C I'", then Zw; +- - -+ Zw,, C
Z C R and so I and w satisfy condition (B).
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Example 2. Let I' = Z? with the following operation + : Z? x Z? >
((a1,az), (b1,b2)) + (a1 +b1,as+bs) € Z2 and with the order relation de-
fined by (a1, a2) < (b1,be) if and only if a; < by or (a1 = by and ag < be).
One can check that I' is totally ordered additive group. Moreover we
have I'so = {(a1,a2) € Z* : a1 > 0 or (a; = 0,a2 > 0)} and so taking
a = (0,1) and b = (1,0) we have a,b € (Za + Zb) NI'sp and ka < b
for any k£ € N. Thus, by Lemma 4(2) I' and w = (a,b) do not satisfy
condition (B) and of course I' does not satisfy condition (A).

The next example shows the group I' which is not isomorphic to
(Z,+) but satisfy the conditions (A) and (B).

Example 3. Let Z,) denotes the localization of Z with respect to the
set {1,2,4,...} of powers of 2, i.e. Z) = {§ €Qlkez, le N}. The
group I' = Zy) with natural relation < is of course totally ordered ad-
ditive group. Moreover the set I'sg does not have minimal element but
I satisfies condition (A). Indeed, if wy,...,w, € I' are any elements,
then taking | = max{ly,...,l,}, where w; = %, ki € Z, l; € N, for
1 = 1,...,n one can check that Zw, + -+ + Zw, C Z2—ll and the last
subgroup of T is isomorphic to (Z,+) (in the category of ordered group).

In the subsequent examples we show that assumptions of Theorem 1
are essential.
Example 4. Let I = Z, w = (2,2,1) € Z> and F} = 71 + 2%, [, =
T + l’% Then dFy N dFy = (dl’l + 21’3d:l)3) A (dl’g + Ql‘gdl'g) = dz1 N
dxo + 2x3dr1 N\ drs — 2x3dxs A drg. Thus, all assumptions of Theorem 1,
except the inequality (7), are satisfied. Obviously, Fi, Fs ¢ k[z1, x2].
Example 5. Let I = Z, w = (1,1,1) € Z> and F|, = x1 + 23, [, =
To —|—x§. Then dFy AdFy = dxy ANdzo+ 2x3dr1 ANdxs — 2x3dxe Adxg. Thus,
all assumptions of Theorem 1, except that degy, (dF1 A dF3) is minimal
possible, are satisfied. Obviously, Fy, F» ¢ k[x1, z2].
Example 6. Let I' = Z, w = (1,1,1,1) € Z* [ = x1 + 29 + 22,
Fy =21 +x3+ [I}i and F3 = I + F5. Then, dFy AdF> A dF5 = 0. Thus,
all assumptions of Theorem 1, except linear independence of linear parts
of Fy, Fy, F3, are satisfied. Obviously, Fi, Fa, F3 ¢ k[x1, 2, x3].
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