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ABSTRACT. We investigate algebras of block-supersymmetric
polynomials on an infinite-dimensional Banach space £,(C*) of ab-
solutely p-convergent sequences of vectors in C®, and ring struc-
tures on the set M,, of point evaluation homomorphisms of these
algebras. In particular, we establish some necessary and sufficient
conditions for a polynomial to be block-supersymmetric. Also, we
describe complex ring homomorphisms of M,,.

Introduction and preliminaries

Theory of symmetric functions is a natural subject in the classical the-
ory of invariants, algebras, and combinatorics (see e.g. [19]). The main
results and methods of this theory have nontrivial extensions to infinite-
dimensional spaces. Symmetric (invariant) polynomials with respect to
some groups of symmetries of Banach spaces ¢, were considered first in
[11, 20]. Algebras of symmetric analytic functions on Banach spaces,
their homomorphisms, and spectra have been studied in [1, 3, 6, 7, 23,
24, 25] and others (see [5] and the references therein).
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It is well-known that in the algebra of all symmetric polynomials of n
scalar variables x1, ..., x, with respect to permutations of the variables
there is an algebraic basis of power symmetric polynomials Fi, ..., Fy,

=1

It means that any symmetric polynomial of n variables can be uniquely
represented as an algebraic combination of Fi, ..., F,,. According to [11,
20], this result can be extended to some infinite-dimensional cases. It
was shown that polynomials

Fu(a) =Y a% k> [p]
=1

form an algebraic basis in the algebra of all symmetric polynomials on
lp, 1 < p < oo, where [p] is the ceiling of p.
Let £,(C®), 1 < p < oo be the Banach space of sequences

x=(21,22,...,%j,...)
such that z; = (xg.l), . ,x§s)) are vectors in C* for every fixed j € N,
and the series
al (r) py\1/p
lally = (3" [
j=1r=1

converges. A polynomial P on (,(C®) is block-symmetric (or vector-
symmetric) if

P(xla L2y s Tmy - - ) = P(x0(1)7x0'(2)7 o To(m)s - )
for every permutation (injective mapping) o: N — N and every x,,, € C°.

It is known [17] that polynomials

s

Hk(l') — Hk‘l,k?Z,...,k’s (.1') _ Z H(xgr))kr
j=1lr=1

for |k| > [p] form an algebraic basis in the algebra Py (¢,(C?)) of block-
symmetric polynomials on £,(C®), 1 < p < oo, where x = (z1,22,...)
are in £,(C*). Here we use the standard notations for multi-indexes
k = (k1,ko,...,ks), and |k| = k1 + k2 + - -+ + ks. Block-symmetric (or



16 NOTE ON BLOCK-SUPERSYMMETRIC POLYNOMIALS

MacMahon) polynomials on finite-dimensional spaces where investigated
in [21].
A supersymmetric polynomial P of m 4+ n complex variables

Y1y oy Yml|x1, ... xy) € C™ x C”

is defined as a polynomials that is invariant with respect to separate
permutations yi, ..., ¥ym and 1, ..., T, and satisfy the following cancela-
tion law: P(t,...,ymlt,..., =) does not depend on ¢. In [22] Stembridge
proved that polynomials T}, = Fy(x) — Fi(y), k € N form the set of gene-
rators of supersymmetric polynomials. Note that in [14] it was proved
that this algebra is not finitely generated, that is, there does not exist
a finite number of generators. Supersymmetric polynomials and super-
symmetric analytic functions on sequences Banach spaces and some their
generalizations were investigated in [4, 8, 9, 10, 13].

Let Zg = Z \ {0} and £,(C3 ) be the Banach space of two-sides
sequences

2= (s 2y By By e ey 2y - 2) = (YX)

= (e Yny-- s 1|T1, oo Ty

such that

zllp == (i ”21”5) 1/p _ ( i zs: |z§j)|p>1/P < .

1=—00 i=—o00 j=1

where 1 < p < oo. Here the vectors z = (z1,22,...) and y = (y1,92,...)
are in £,(C®), that is, the vector coordinates z; = (xil ,...,xgs)) and
(1) (s)

vi=(y; ’»...,y; ) are vectors in C® with z, = xp, 2_,, =y, for n € N.
Let us consider the following polynomials on Ep((C%O):

T*(z) = H¥(2) - H(y) = Y _ [ = ST, ()

Jj=1r=1 j=1r=1
k= (klw"?ks)’ |k‘ > [p—|

Definition 1. A polynomial P on £,(C3, ) is called block-supersymmetric
(or vector-supersymmetric) if it is an algebraic combination of polyno-
mials {Tk}rljlzfzﬂ . That is, P can be written as a finite sum of finite
products of polynomials in {Tk}r;‘:m and constants. We denote by
Pusup(lp) the algebra of all block-supersymmetric polynomials on £,(C7,).
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Block-supersymmetric polynomials and their possible applications
were studied in [8, 12, 15, 16]. In this paper, we continue to investi-
gate algebras of block-supersymmetric polynomials on £,(C7, ) and ring
structures on point evaluation homomorphisms of these algebras. In Sec-
tion 1, we introduce a “supersymmetric semigroup” of symmetries & and
prove that a polynomial is supersymmetric if and only if it is G-invariant.
In Section 2, we consider the case if C® is an algebra and investigate a
ring structure that appears on the set of point evaluation functionals on
the algebra of block-supersymmetric polynomials.

1. Generators of block-supersymmetric polynomials

For a given x = (21, x2,...) € £,(C®) we denote by supp (x) the support
of x, that is,

supp (z) = {i € N: x; # 0}.

Let z = (21, 22,...) and v = (v1,v2,...) are in £,(C?®). We say that  ~ v
if there exists a bijection o from supp () to supp (v) such that z; = v,
for every i € supp ().

Using Theorem 1 and Corollary 1 in [18], we can get the following
proposition.

Proposition 1. If there is an integer m such that H¥(z) = HX(v) for
every multi-index k such that |k| > m, then x ~ v.
Conversely, if x ~ v, then H¥(x) = HX(v) for every k, |k| > [p].

Proof. Note that if  has infinity many nonzero vector coordinates x;
then x is equivalent to a vector Z such that all vector coordinates of
T are nonzero and HX(z) = HX(Z) for every k, |k| > [p]. Indeed, we
can obtain Z from x removing zero coordinates. Thus, without the loss
of generality, we can assume that either x or v has a finite number of
nonzero vector coordinates or all vector coordinates x; and v; of both x
and v respectively, are nonzero vectors in C*. But for this case, in [18] it
was proved that x and v must be equivalent.

The converse statement is evident. O

In [15] it was proved that the polynomials TX are algebraically inde-
pendent in Pysyp(¢1). From here we immediately have that T* are algeb-
raically independent in Pysyp(€p), k| > [p]. Thus we have the following
proposition.
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Proposition 2. The sequence of polynomials {Tk}rs‘:m s an algebraic

basis in Pysup(Lp).

[Pl

We need the following operation “e” of the “symmetric addition” on
£,(C?) (see [6, 18]):

x.u:(xlvulv"'a'rn)un;---), x,uEfp((Cs).

Clearly, H*(z e u) = H¥(x) + H%(u) for every k, k| > [p].

[Pl

The operation “e” was extended to £,(C3, ) in [15] by

0w = (yov\xou) = ("'7’Un7y7l7'"7vl7y1’x17u17"'7$n7un7"')7
where z = (y|z),w = (v|u). We denote by z= = (y|z)~ = (x,y) the
“symmetric inverse” element to z. It is easy to see that (z7)” = z and

zZez ~ (O|O)
From the definitions and Proposition 1 we have the following pro-
perties of “o” (cf. [15]).

Proposition 3. The following statements hold:
1. T*(z ew) = T¥(2) + T¥(w) for every k = (ky,...,ks), k| > [p].

2. z ~ 0 if and only if we can write z = (d|b) for some d,b € £,(C®)
and H%(d) = H¥(b) for all k, |k| > [p], and if and only if d ~ b.

Let us introduce the following equivalence relation on £,(C, ). Given
0

Z = (y‘ﬂf) = ( "7y2)y1|l‘lal‘23'-')

and
2= |2") = (.. vl 2h, )

in £,(C3,) are equivalent (z ~ 2’) if and only if there are a = (a1, az, .. .)
and b= (b1, be,...) in £,(C®) such that rea ~ 2’ eband yea ~ y ebin
2,(C?).

The quotient set £,(C7, )/ ~ will be denoted by M,,. Let [z] € M,
be the equivalence class containing z € KP(C%O). Clearly, any block-
supersymmetric polynomials P is well-defined on M by P([z]) = P(z).
The operations introduced above can be extended to M, by

[z] + [w] =[zew] and —[z]=[27], zweL(CF). (2)
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It is easy to check that so defined operations on M, do not depend on
representatives and (M, +, —) is a commutative group, where @ = (0|0)
is the zero element.

Let [z] = [(y|z)]. We say that (y|x) is an irreducible representative of
2] if x; # y; for every i € supp (z) and j € supp (y). It is easy to check
(see e.g. [8]) that any [2] € M), has an irreducible representative.

Theorem 1. Let z = (y|z) and 2’ = (y'|2’) be in £,(C*®). Then z ~ 2’ if
and only if T(2) = T*(2') for every k, |k| > [p].

Proof. Without loss of generality, we may assume that (y|z) and (y'|z’)
are irreducible representatives of [z] and [2] respectively. If T*(z) =
Ty.(7'), then TX(z @ 2’7) = 0, that is,

(zoylysa’) ~0.

Thus,
H¥(zey)=HX(yex'), |k|>[p].

Hence, (zey') ~ (yex'), that is, there exists a bijection from supp (zey’)
to supp (y e z') such that, up to this bijection, the coordinates of x e ¢/
are the same as the coordinates of y e /. If x is not equivalent to 2/,
then there is a nonzero vector a € C® such that a is a coordinate of x
with the multiplicity n and a is a coordinate of 2’ with the multiplicity
n', and n # n' (if a is not a coordinate of say 2/, then n’ = 0). Suppose
that n > n/. Then the relation (z e y’) ~ (y e 2') is possible only if a
is a coordinate of y with the multiplicity n — n’ > 0. Thus, x and y
have the same vector coordinate a of a nonzero multiplicity. But (y|z)
is irreducible. A contradiction.

Let 2 ~ 2. Then 7ea ~ z' @b and yea ~ 13 @b for some a and b in
¢,(C?). Thus, for every k, |k| > [p],

TX(2) = T*(z e aly e a) = TX(z' o bly @ b) = TX(2).
O

Let us denote by & the following “semigroup of supersymmetry”
consisting of affine operators on £,(C7, ) of the form:

(' -5 Y2, y1‘$1,$2, - ) = ( .- 7y27y1|$0(1)7$0(2)7 .- ')7

(‘ -5 Y2, y1|:171,m2, . ) = ( . 7yu(2)7yu(1)‘$171'27 . ')7
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and

(ylz) = (y e alz ea),
where o and p are arbitrary permutations on N, and a € £,(C®). A
polynomial P is said to be &-symmetric if P(A(x)) = P(x) for every
A€ G and x € £,(C7).

Theorem 2. A polynomial P on Ep((C%O) 1s block-supersymmetric if and
only if it is ©-symmetric.

Proof. Clearly, every block-supersymmetric polynomial is &-symmetric.
Let P be G-symmetric. Consider polynomials HX(y|z) = H¥(z), and
HX(y|z) = H*(y), |k| > [p]. From the definition of & it follows that P
is an algebraic combination of H}ﬁ and HX, [p] < |k| < deg P because,
P can be represented as a block-symmetric polynomial of x with coeffi-
cients that are block-symmetric polynomial of y. Thus, P is an algebraic
combination of polynomials 7% = HT kK _ HX and Q% = H_lﬁ + HX. Note,
that

Q (y ® alz » a) = Q*(y|x) + 2H"(a)
Let ¢ = q(t1,...,tm,71,...,7m) be a polynomial of several variables for
some appropriate m such that

P(ylz) = ¢(T* (yl), ..., T (yla), Q< (ylz), ..., Q%" (ylx)),

[p] < |k| < deg P. It is known [2] that for an arbitrary finite sequence of
complex numbers (Mg, ..., A,,) there exists a vector a € £,(C*) such that
HX'(a) = )1, ..., H*"(a) = \,,,. Then
P(ylr) = P(yealz ea)

= q(Tkl (yealrea),..., T*"(yea|rea), Q< (yealzea),

., Qkm (yoalrea))

= q(T* (y|a), ..., T (y|z), Q" (y o alz e a),

QR (yealrea)

= q(T" (yla), ..., T (y|z), Q" (yla) + A1, .., Q< (ylz) + Am).

But it is possible only if the polynomial ¢ does not depend on variables
r1,...,Tm that completes the proof. ]

Let us consider the finite-dimensional case. For any fixed positive
integers n, m, and s we consider the space Cj, ,,, consisting of the vectors

(Ym, - y1lzr, .o zn)
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s
n,m

such that each x; and y; are in C®. The space C
included into ¢, (C7 ) by

can be naturally

(Ymy - s ytlxr, ooy zn) = (o0, Yy -y y1 |1, - - o 20, 0,000).

The restrictions of block-supersymmetric polynomials on £1(C3, ) to C;, .,
define block-supersymmetric polynomials on C7, . Hence, the restric-
tions of HX, |k| > 1 are generators in the algebra of block-supersym-
metric polynomials on C7, .. Of course, this family of generators is al-
gebraically dependent because an infinity sequence of polynomials can
not be algebraically independent in a finite dimensional space. On the
other hand, as we mentioned above, even for s = 1 the algebra of block-
supersymmetric polynomials on Cj, ,, is infinitely generated [14] and so,
it is infinitely generated for any other s as well.

2. Ring structures associated with block-supersymmetric
polynomials

The fact that the family {T%}, |k| > [p] forms an algebraic basis in
Posup(fp) guarantees us that every complex homomorphism ¢ of Pyyp(€p)
can be defined by a family of numbers {cy}, [k| > [p] so that p(TX) = c.
However, for applications to algebras of block-supersymmetric analytic
functions (see [15]), it is important to have a description of point evalua-
tion functionals. For every z € £,(C7, ) the point evaluation functional
0, is defined as
0.(P) = P(2), P € Pysup(lp).

Clearly, §, = 4,/ if and only if T%(2) = T*(2"), |k| > [p]. From Theorem 1
it follows that §, = ¢,/ if and only if z ~ 2’. It is known [8] that the set
of point evaluation functionals on the algebra of block-supersymmetric
polynomials admits a ring structure if there is a multiplication on C?®.
We suppose that an operation of multiplication “® 4" is defined on C*®
so that C® with “®4” and the usual operation of addition is an algebra.
We denote the algebra (C*,+,® 4) by A.

Let xz,y € ¢1(C®). Then the symmetric multiplication = ¢4 y as-

sociated with the multiplication ® 4 is the set of elements z; ©4 yj,
i,j € N enumerated in some fixed order, where z; = (xgl), ce xl(s)), yi =
(yfl), . ,yi(s)) € C°. Let now u = (y[z) and v = (d|b) be in C7, (£,). As

in [13], we define

uoqv=[((yoab)e(xoad)](yoad)e(roab)).
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The operations above can be lifted to M, by

[u] + [v] = [uev], —[u] =[u"], [u] X [v] =[uoqv].

A
Proposition 4 ([8]). The set (M, +, x) is a ring with zero O = [(0]0)].
A
If e is a unit of A, then I =[(0|(e,0...))] is a unit of (M, +, x). If A is
commutative, then (M, +, X) is a commutative ring.

Let 6 be a multiplicative map, #: A — C such that if z € £,(C*),
then the sequence (0(x;,)) is in ¢1. We consider the following function on
£p(C3, ) associated with 6,

= n=1
Clearly, if 0 is a polynomial on C?, then Tj is a polynomial on £,(C7, ).

Theorem 3. For every 0 defined as above,

(i) Ty(uev) =Ty(u) + Tp(v) and Th(uosv) = Ty(u)Ty(v),
u, v E Ep(C%O);

(i1) the function Ty can be lifted to a function Ty on M, by

0l(yl7)] = Ty(y|x),

and Ty is a Ting homomorphism.

Proof. (i) Let u = (y|z) and v = (d|b). Then

(uev) Zexn = " O0(yn) + Y 0(ba) = > 0(dy, u) + Ty(v).
n=1 n=1 n=1
Also, by the multiplicativity of 6,

Ty(uoav) =Ty((yoab)e (zoad)|(yoad)e(xob))

= 5" 0@abi) + > 0ndn) — > 0(@ndi) — > 0(ynbi)

n,m=1 n,m=1 n,m=1 n,m=1

_ (ie(ggn Ze Un) )(i nile(dn))
)-

=Te(y\f€)Te(dlb)= o (u)Tp(v
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(i) Let u = (y|x) ~ v’ = (y'[2’) in £,(C3,). Then there are a and b in
£,(C?) such that, up to permutations, (y e a|z e a) = (y’ e b|z’ b). Thus,

To(ylx) = Top(y e alx e a) = Ty(y' e blz’ e b) = Ty(y'|2").

Hence, 1p([u]) = Th(u) does not depend on representatives. From () it
follows that

ro(ful + o)) = ro((ul) + 7o([o]), and  m([u] X [o]) = ro([ul)7o ()
for every [u], and [v] in £,(C3, ). O

Example 1. Let 204y = (zMyM, ..., 26)y(9)) be the coordinate-wise
multiplication, x, y € C?, and

0((zM, ... 20))) = (M) .. ()"

for some multi-index k = ki,..., ks, ki € Zo, |k| # [p]. Then 0 satisfies
conditions of Theorem 3, and Ty = TX.

A
We will use notations uov instead of uo 4v and [u][v] instead of [u] X [v]
if A is C® with the coordinate-wise multiplication as in Example 1. Thus,
we have the following corollary.

Corollary 1. For every k = ki, ..., ks, ki € Zo,|k| # [p], T®(uov) =
T%(w)T%(v), u, v € My, and 7 [u] — T*(u) are ring homomorphisms
Of (Mpa ) +)

Remark 1. Note that functionals 7y, |k| # [p] do not exhaust the
set of complex valued ring homomorphisms of the ring (M, -, +) as in

Example 1. In particular, setting 6 = }(m(l))kl ‘e (aﬁ(s))ks
some others complex valued ring homomorphisms 7y.

, we will get

Example 2. Let s = n? for some integer n > 1, and A = C* = M (nxn)
be the algebra of n x n matrices and ®4 be the usual matrix multipli-
cation. It is well-known that there is no nontrivial complex homomor-
phisms of M (n x n). But there are multiplicative mappings on M (n xn).
For example, the mapping a — det(a) is a multiplicative n-homogeneous
(continuous) polynomial. From the continuity and homogeneity of det(-)
it follows that there is a constant C' > 0 such that

| det(a)] < Cllally,
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where a = (a;;) € M(n x n), and

fall, = (3 lao)”

i=1 j=1

Thus, if x = (x1,29,...) is a sequence of matrices in M(n x n) such
that = € £,(M(n x n)), then the sequence ((det(xl))k, (det(xg))k, )

belongs to ¢; for every k such that kn > [p]|. Hence, 0 := (det(a))]€
satisfies conditions of Theorem 3 and so,

70, [(y] )] :i det( mz Z det yl

=1 i=1

8

is a complex ring homomorphism for every k such that kn > [p].

Note that for any multiplicative unital subsemigroup with Ay C A
the subset

{[(y[w)] e Mp:x; € Ay, yi € Ao}
is a subring of M,,.
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