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On algebras that are sums of two subalgebras
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Communicated by A. Petravchuk

ABSTRACT. We study an associative algebra A over an ar-
bitrary field K that is a sum of two subalgebras B and C (i.e.
A = B+ C). Let M be the class of algebras such that B,C € M
implies A € M. We prove, under some natural additional assump-
tions on M, that if B and C have ideals of finite codimension from
M, then A has an ideal of finite codimension from M, too. In
particular we show that if B and C have left T-nilpotent ideals (or
nil PT ideals) of finite codimension, then A has a left T-nilpotent
ideal (or nil PT ideal) of finite codimension.

Introduction

Let R be an associative ring, and let R; and Ry be its subrings such
that R = R + Ry, i.e., for every r € R there exist r; € R; and ro € Ro
such that r = r1 + ro. The question whether, for a given class of rings
M, if Rj,Ry € M, then R € M, was studied in many papers (cf.
2, 3,4, 5,6, 7,12, 13, 14]). It was proved that the answer is positive for
the following classes: nilpotent rings (in [5]), nil rings of bounded index
(in [14]), nil PI rings (i.e. rings with polynomial identities) and PI rings
(in [8]), as well as left T-nilpotent rings (in [1]).
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In [9, 10, 11, 16, 17] certain generalizations of some results from the
papers cited above were obtained for algebras over an arbitrary field. Let
‘H be a particular class of algebras. We say that an algebra H is almost in
‘H (or is almost nilpotent, almost nil of bounded index, etc.) if it has an
ideal of finite codimension belonging to H. Assume that A is a K-algebra
and B, C are its subalgebras such that A = B + C. In the article [11],
inspired by Petravchuk’s work [17], it was shown that if B and C are
almost nilpotent (almost nil of bounded index, respectively), then so is A.
In the present work, motivated by methods and results from [11, 17], we
approach the issue more generally. Let M be a class of algebras such
that if B,C € M, then A € M. Moreover, let M be homomorphically
closed, hereditary, closed under extensions, and contain a class of all
nilpotent algebras. We prove that if B and C are almost in M, then so
is A. Hence, as a conclusion we obtain that if B and C are almost left
T-nilpotent, then so is A. Moreover, we show that if B and C' are almost
nil PI, then A is almost nil PI, too.

1. The main result

We consider associative algebras over a fixed field K, which are not
assumed to have an identity. For an algebra H, the symbol H* denotes
the algebra H with an identity adjoined. If I is an ideal (left ideal, right
ideal) of a ring (of an algebra) A, we write I <A (I <; A, I <, A).

Let R be an algebra and R;, Ry its subalgebras such that R = R1+R».
Moreover, let N be the class of all nilpotent algebras.

Throughout the paper, by M we denote an arbitrary homomorphi-
cally closed class of algebras that satisfies the following conditions:

1) N CM;

2) M is closed under extensions, i.e., if I < H and I, H/I € M, then
H e M;

3) M is hereditary, i.e., if I < H and H € M, then I € M,
4) M satisfies the condition that if Ry, Ry € M, then R € M.

All of the homomorphically closed classes of algebras known so far that
satisfy condition 4) also satisfy conditions 1), 2) and 3).

By F, B, P, and T we denote the class of all finite dimensional algeb-
ras, nil of bounded index algebras, nil PI-algebras and left T-nilpotent al-
gebras, respectively. As we mentioned in the introduction, N, B, P and T
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are examples of the class M. Let MF = {A|II <A, T € M, A/I € F}.
Obviously, M C MF and F C MF.

Throughout the paper, A is an algebra over K, and B and C are
subalgebras of A such that A = B + C. Moreover, let By <« B and
Co < C, where dimg B/By < oo and dimg C/Cy < oc.

Using the above notation, we can formulate the main result of this
article as follows:

Theorem 1. If B € MF and C € MF, then A € MF.

In particular, the above claim for M = N is proven in [11, Theo-
rem 1], and for M = B in [11, Theorem 2]. In the present article, using
Theorem 1, [8, Corollary 6] and [1, Theorem 2.9], we additionally obtain
the following

Corollary 1. If Be TF and C € TF, then A € TF.
Corollary 2. If B€ PF and C € PF, then A € PF.

2. Preliminary results

We shall need the following

Lemma 1 ([11, Lemma 13]). Let R be a K-algebra and let S, T be
finite dimensional K-subspaces of R. If M and P are K - subspaces
of R such that dim(SMT + P)/P < oo, then dim M/N < oo, where
N = {v e M|SvT C P}.

We will also need the following result of Mekey [15, Theorem|. A
simple proof of this result, based on Lemma 1, can be found in [10,
Lemma 5].

Lemma 2 ([15]). Let H be an algebra over an arbitrary field, and P a
subalgebra of A such that dim H/P < co. Then P contains an ideal I of
H such that dim H/I < co.

The following modification of Petravchuk’s Lemma 7 from [17] (cf.
also [18]) will be very useful for further consideration. A simple proof
can be found in [11, Lemma 5].

Lemma 3. Let P; and P»> be subalgebras of an algebra H, and let I be an
ideal of H such that I C Py + P,. Then there exist subalgebras Q1 C Py
and Q2 C Ps of H such that Q14 Q2 is subalgebra of H and I C Q1+ Q.
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Now we are ready to obtain an extension of [17, Proposition 1].
Proposition 1. For the class MF the following statements hold:

(i) every subalgebra and every quotient algebra of an algebra from MF
belongs to MF;

(ii) if P, Q € MF, then the direct product P x @Q belongs to MF;
(ii) if He M, I <H, H/I € MF and I € MF, then H € MF.

Proof. In the case of the statements (i) and (ii), the proof is obvious.
Now we prove (iii). Let I < H, H/I € MF and I € MF. Hence there
exists an ideal J of I such that J € M and I/J € F. Let Jg be an ideal
of H generated by J. It is easy to see that since J < I < H, (Jg)* C J.
Because the class M is closed under extensions, hereditary and N C M,
we have Jy € M. Clearly, we can assume that Jy = 0, which implies
I € F. Let P/I € M be an ideal of H/I such that H/P € F. Consider
G = rp(I), the right annihilator of I in P. Obviously G <1 H. Since
I € F, we have S/G € F, so H/G € F. Combining (G NI)? = 0 with
G/(GNI)~ (G+1)/I € M, we infer that G € M. Hence H € MF,
which ends the proof. O

Let us extend the definition introduced by Petravchuk in [17, Defini-
tion 2] to the class M.

Definition 1. An algebra A = B + C over an arbitrary field K is called
an M-counter-example, if A satisfies the following conditions:

(1) Ag MF;

(2) the subalgebras B and C' have ideals By << B and Cy < C such
that By, Cy € M and the number dim A/(By + Cy) is the smallest
possible;

(3) the algebra A does not have any nonzero ideal lying in the K-sub-
space By + Cy from condition (2).

Remark 1. Suppose that A = B+ C'is an algebra satisfy conditions (1)
and (2) from Definition 1. We show that a certain homomorphic image
of A is an M-counter-example. Indeed, let T" be the sum of all ideals of
A that are contained in By 4+ Cy. By Lemma 3, T C Q1 + @2, where
Q = Q1+ Q2 is a subalgebra of A and 1, Q2 € M. Thus Q € M and
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consequently 7" € M. Additionally from Proposition 1, A/T ¢ MUF.
Clearly A/T = (B+T)/T+ (C+T)/T. Now it is easy to see that A/T
is an M-counter-example.

Lemma 4. Let A be an M-counter-example. Then
(i) for every0 A1 <A, A/l € MF;
(ii) the algebra A has no nonzero ideal from MJF;
(iii) A is a prime algebra.

Proof. Let A be an M-counter-example and 0 # [ <t A. By Definition 1,
I ¢ By+ Cy. Denote A= A/I, B=(B+1)/I,C = (C+1)/I. More-
over By = (By + I)/I and Cy = (Cy + I)/I. Clearly A = B + C.
By Definition 1(i), B,C € MR. Additionally dim A/(By + Cp) <
dim A/(By + Cp). So A € MF, which gives (i).

By (i) and Proposition 1, (ii) becomes obvious.

Let us prove statement (iii). Suppose, contrary to our claim, that A
is not a prime algebra. Hence there exist nonzero ideals I and J of A
such that I.J = 0. Since (I N J)? = 0, part (ii) yields I N J = 0. Hence
A can be embeded into the product A/I x A/J. By statements (i) and
(ii) of Lemma 3, we obtain that A € MF, which is a contradiction. [

3. Proof of Theorem 1

Proof of Theorem 1: Suppose the assertion of the theorem is false. It
follows that there exists an M-counter-example, and therefore we can
assume that A is an M-counter-example. Let S, T be arbitrary finite di-
mensional K-subspaces of B*. Clearly, N = {v € A|SvT C By+Cp} #0
since 0 # By € N. Lemma 1 implies that dim A/N < oo, so by using
Lemma 2, we have that N contains an ideal Ig(S,T") of A such that
dim A/Ip(S,T) < oo. Consider Gp(S,T) = B + Ip(S,T). Clearly,
Gp(S,T) is a subalgebra of A. Moreover

Gp(S,T) = Gp(S,T)NA=Gg(S,T)N (B +C),

so the modularity of the lattice of subgroups of the group A™ implies
Gp(S,T) = B4+ CnNGp(S,T). Note that Gg(S,T) N Cy < C, so CyN
Gp(S,T) e M. If dimGp(S,T)/(Ao+ CoNGp(S,T)) < dim A/(Ap +
Cp), then by Definition 1 and Remark 1, we obtain that Gg(S,T) € M
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and consequently I5(S,T") € M which leads to a contradiction with Lem-
ma 4(i3). Hence dim Gp(S,T)/(Ao+CoNGp(S,T)) = dim A/(Ay+ Cp).
Let Z = {e1,e2,...,e,} be a basis of the K-linear space A/(By+Cp).
We can assume that Z C A. Since dim Gp(S,T)/(Ao + Gp(S,T) N Coh)
= dim A/(Ap + Cp), it follows that Z C Gp(S,T). Analogously we
can define a subalgebra G¢(S,T) = C + Ic(S,T) of A for arbitrary
finite dimensional K-subspaces S, T' of C* and some ideal Io(S,T) < A.
Similarly we obtain that Z C G¢(S,T). Let B and C be the sets of all
finite dimensional K-subspaces of B* and C*, respectively. Consider

G= () Gs(ST)N () Ge(S,T).
S, TeB S, TeC

Now, it is not hard to check that AGA C By + Cy. Moreover 0 #
Z C G. But AGA < A. Using Definition 1(3), we have AGA = 0. By
Lemma 4(iii), A is a prime algebra, so GA = 0 and consequently G = 0,
a contradiction. O
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