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ABSTRACT. The article is devoted to a two-symbol system of en-
coding for real numbers with two bases of different signs gy € (0; 1]
and g1 = go — 1, as well as its applications in metric number theory
and the metric theory of functions. We prove that any natural num-
ber a can be represented as

a=2"+ Z [(—1)1Foraq2" % = (1a; . .. an)q,

where a;, € {0;1} and or = a1+ ...+ ar_1, and there exist exac-
tly two such representations. Any number x € (0; go] can be rep-
resented as

=] k—1
day + kZQ((S(Xk H1 g(Xj) Agfaz ak...76ak = Okg1—oy,-
= j=

Most numbers have a unique Ga-representation, while a countable
set has exactly two representations: AcGl?..cmm(o) = AcGl?..cmn(o)'

For g9 = 1 , any number x in the interval [0; 1] has the expansion

a 1 I+og
aO + Z k( ) — Aaoal...a"..u

The authors express their sincere gratitude to Dr. Oleksandr Baranovskyi, Senior
Research Fellow at the Institute of Mathematics of the NAS of Ukraine, for his valuable
recommendations and advice during the preparation of this article.

This work was supported by a grant from the Simons Foundation (SFI-PD-Ukraine-
00014586, M.P., S.R.)

2020 Mathematics Subject Classification: 11H71, 26A46, 93B17.

Key words and phrases: two-symbol system of encoding (representation) of
numbers, Ga-representation of numbers, cylindrical set (cylinder), left and right shift
operator, tail set, group of continuous transformations of real interval preserving tails.


https://doi.org/10.12958/adm2395

120 A TWO-SYMBOL SYSTEM OF ENCODING

Introduction

Today, exact sciences confidently operate with both finite and infinite
sets and data arrays. The ideas of coordinate representation and enco-
ding are effectively applied. As a result, powerful families of mathema-
tical objects are described using a small number of basis (reference) ob-
jects and relations. Meaningful information about dependencies and cor-
respondences takes a digital form, encoded by codes: sets, matrices, and
sequences of elements of alphabet, which can be finite or infinite, constant
or variable [11].

Traditionally, two-symbol systems of encoding of information use the
alphabet A = {0,1}. So far, they remain unmatched in applications,
although three-symbol systems are more efficient in some sense. Two-
symbol systems deserve a special attention, particularly due to the mini-
mality of their alphabet. In the sequel, we will focus on the encoding of
real numbers.

An encoding of real numbers from the set D using the alphabet
A is defined as a surjective mapping (onto mapping) from the space
L = A x A x ... of sequences of elements of the alphabet A onto the
set D. Traditionally, the binary numeral system is the simplest two-
symbol encoding of numbers. Its metric counterpart is the negabinary
numeral system [6], a system with a negative base (—2).

This work is devoted to an encoding system that is fundamentally
different from the above-mentioned systems.

Such representation of numbers in the interval [0; go] and its various
applications were studied in the papers [4,6-10].

Except for [1-3,5], we are not aware of any other papers where nu-
meral systems with two bases are considered.

1. Existence of a G-representation of a natural number

Definition 1. If, for a natural number a,there exists a sequence (a,..., a,)
of zeros and ones such that

n
a=2"+ 3 [(~1)" a2,
k=1

where o, = a1 + ...+ ap_1, then we say that the number a has a G-rep-
resentation. Symbolically, this is written as
a=(laj...ap)g.

The number « is thus an (n + 1)-digit number.
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For example, each number within the range from 1 to 10 has a G-rep-
resentation, and it has exactly two representations. It is easy to verify
this statement:

1=2"=(1)g=2"-2"=(11)g,

2 =2 = (10)g = 22 — 2! = (110)¢,

3=22-2'429=(111)g =22 — 2° = (101)g,

4 =2%=(100)g = 23 — 22 = (1100)¢,

5=23-2241=(1101)g =2° - 22 +2 — 1 = (1111)g,

6=2%—2242=(1110)g = 23 — 2 = (1010)g,

7=23—-1=(1001)g =2° —2+1=(1011)g,

8 =23 = (1000)g = 2* — 2% = (11000)¢,

9=2%—-2%41=(11001)¢g =2 - 23 +2 -1 = (11011)g,
10=2% - 23 4+ 2 =(11010)g = 2* — 23 + 2 — 1 = (11110)¢.

Remark 1. As we can see, different G-representations of the same

natural number can have a different number of digits. For example,
8 = (1000)¢ = (11000)¢, and in general

a=2"=(10...0)¢ = (110...0)¢,

n n

: — on —on+l _ 9n — —
while @ = 2" 4+ 1 =2 2" 41=(110...01)g = (110...011)¢.

n—1 n—2

Theorem 1. Each natural number has exactly two G-representations,
that is, for any natural number a, there exists a sequence of zeros and
ones (a1, ag,...,an) such that

a=2"+ Z[(—I)H"’“akQ”*k] = (lay...an)a, (1)
k=1

where 01 = 0, op = a1 + ...+ ap_1, and there are exactly two such
exTpansions.

Proof. Obviously, for any natural number a, there exists a natural num-
ber n such that 2! < ¢ < 2. We will use the method of mathematical
induction on n. For n = 1, we have 1 < a < 2 and the statement is
evident for the numbers 1 and 2 (see the example above).
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Assume that the statement holds for n = k, i.e., for a € (2k_1;2k],
k .
there exists an expansion a = 2% + S [(=1)'*%a;27%] = (1ay ... ax)q,
i=1
where 0; = a1 + ...+ a;_1, and there are exactly two such expansions.
Consider n = k + 1, i.e., the case of a number a € (2¥;2¢!]. If a =
261 then a = (10...0)g = (110...0)c. Now, suppose that 2% < a <
k+1 k+1
2k+1: then 0 < a—2F = u < 2F. By the induction hypothesis, the number
u has a G-representation u = (lejey. .. cpm)a, where m < k. Thus, we
have a = 2% +u = 281 — 28 4 4 = (110...0¢1...¢m)g. Since the
k—m
number u = a — 2* satisfies the inequality 0 < u < 2¥, it has exactly two
G-representations by the induction hypothesis. Therefore, the number a
also has exactly two G-representations. By the principle of mathematical
induction, the statement is proven for any natural number a. O

Definition 2. We say that a G-representation of a natural number is
called canonical if it has the minimum number of digits and the maximum
number of zeros simultaneously.

For example, the canonical G-representation of the numbers

16 = (10000)¢; = (110000)¢;, a=2"—1=(10...01)¢ = (10...011)¢

n—1 n—2

is the first of the G-representations.

2. Identification and comparison of natural numbers

Theorem 2. Ifa = (laj...anant1)g and b= (1by...b,)q, then a > b,
where equality holds only when a = (110...0)¢ and b = (10...0)g. If

m n
the number of digits in the G-representation of ¢ = (lei...cp ... Cnip)a

exceeds the number of digits in the G-representation of b by p, then ¢ > b.

Proof. We only need to consider the case where one number has exac-
tly one more digit than the other. Let a = (laj...anans1)g and b =

(1by...bp)c-
Consider the difference

n+1 n

p=a—b= (2n+1 —2") 4 (Z[(—1)1+Giai2n+1_i] _ Z[(_l)l—i-a;biQn—i])'
=1 =1
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n+1 .
Since min Y [(—1)1*91;2" 171 = —2" is attained only when 1 —a; =
i=1
n .
ag = a3 = ... = app1 = 0, and max >_[(—1)1T95,2"7%] = 0 is attained
i=1
only when by = by = ... = b, = 0, it follows that p > 27Tl —27n 27 — (),

where equality holds only when a = (110...0)g and b = (10...0)g. By

m n
the theorem assumption, let ¢ = (1¢y ... ¢y ... Cngp)a, Where p > 2, then

the difference

§=c—b=(2""P —2")¢

n+p n
+ Q=D e = Y ()2 ) 2
i=1 =1

> ontp _gn _ontp=l g = on(2P~!t 1) > 0,
which implies ¢ > b. This completes the proof. O

Remark 2. Two G-representations of a natural number a # 2™ have
the same number of digits, while the G-representations of numbers of
the form 2" have different numbers of digits.

Theorem 3. The numbers
a= (lay...ap—1lag41...an)c and b= (lai...ap_10bg41...bn)c

satisfy the following relation:
1) a>0bif oy is odd;
2) a < b if oy is even, where equality holds only if

1—a]€+1:ak+2:...:an:0:1—bk+1:bk+2:...:bn.

Proof. Since ap = 1 and b, = 0, in the first case we have

n

n
a—b= ank + Z [(_1)1+0¢ai2n71‘] _ Z [(_1)1+U§bi2nfi] >
i=k+1 i=k+1
> 2nfk o 2n7k71 . 2nfk71 -0

n .
because min Y [(—1)'%a;2" ] = =27k~ and
i=k+1

max Y [(—1)F7ip2n ) = 2n kL
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In the second case, the difference is

n

a—b= —onk + Z [(_1)1+U¢ai2n7i] _ Z [(_1)1+01’-bi2n7i] <
i=k+1 i=k+1

< _2n7k + ankfl + 2n7k71

L .
becanse min > [(~1)'7a;2" 1] = ~2" "k and
i=k+1

max Z [(_1)1+02bi2n7i] _ gn—k—1

Note that the extreme values in both cases are achieved only under
the condition

l—ak+1:ak+2:...:an:O:1—bk+1:bk+2:...:bn. D

3. G-representation of the fractional part of a real number

Theorem 4 ([7]). For any number z € [0; 3], there exists a sequence of
zeros and ones (cu,) such that

aq = Oék(—l)ak a1 > oy NG
v=5 T T = P e g = Mhaans (@)
k=2 k=2

where oy, = a1 +az+ ...+ ap_1.

Corollary 1. For any number z € [0; 1], there exists a sequence of zeros
and ones (ay,) such that

The symbolic notation AY . . . is called the G-representation of

a number z € [0; 3] and of its expansion in series (2). Most numbers
in the interval [0; %] have a unique G-representation, and they are called
G-unary numbers.

A countable set of numbers has exactly two G-representations:

G _ AG
A01...cm_101(0) - Acl...cm_111(0)7



M. PRATSIOVYTYI, I. LYSENKO, S. RATUSHNIAK 125

and such numbers are called G-binary numbers. The numbers 0 = A(GO)
—_ G
and' 0,5 = AI(O)
G-binary.
Evidently, every G-binary number is rational. However not every
rational number is G-binary. This is illustrated by the example:

have a unique representation and are therefore not

1 1 1 1 2
G = — — — [ — S —
A(IO)_2 23+25 27+...—3.
Definition 3. A G-cylinder of rank m with base cics ... ¢y, is the set
Ag@...cm ={z: z= Agla%,ai =c¢;, i =1,m}.

A cylinder is a segment [a;b] with endpoints

m
L ap (_1)a1+...+ak—1ak B 1
a = 7 + 2 2k s b=a + 277”

Cylinders of the same rank do not overlap, and the following equality
holds: AcGl...cm = Ag...cmo U Ag.,.cml along with the basic metric ratio:
2|AC | =A% |.

C1...Cm 1 C1...Cm

G — AG

C1...Cm C1...Cm,?

o0
For any sequence (cy), the following holds: [ A
=1

m=
which justifies considering a point as a cylinder of infinite rank.

It is easy to prove the following statement: if the G-representation of
a number x is periodic, then z is rational.

4. Left shift and right shift operators

Remark 3. For the following functions to be well defined, we agree that
among the two representations of the same G-binary number, we will use

the representation Ag__.Cm_lm(o)-

Definition 4. The operator w” of an n-fold left shift of the digits in the
G-representation of numbers is the mapping defined by the equation

w(z =AY ) =A¢

a1 Q2...0n... An410n4-2...0n 4 k- "

The operator w™ has the following analytic expression:
w'(z) =2"(=1)rz—ay 2" (1) T a2 2 (=1t Tl

For any n € N, the operator w™ is a piecewise-linear continuous
function that attains its maximum value of 0.5 or minimum value of 0 at
each G-binary point. This fundamentally distinguishes this representa-
tion from all other known two-symbol systems of encoding of numbers.
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Lemma 1. The equation w"(x) = x has 2™ solutions in the form x =

A(Cilman), where aq,. .., an are independent variables that take values 0
and 1.
Proof. Indeed, if x = AaGl._.anm is a solution to the equation, then ac-

cording to the definition of the operator y = w™(x) we have

Q] = Qpigly--.,Qp = 02, Apyl = O2p41 = A1, ..., 02p = A3p = Qp.
_ ANG G
So, x = A(amg...an)' And the fact that A(al_“an), where oy € A are free

variables, is the root of the equation is obvious.

Since the image of a G-binary number under the mapping w” is a
G-binary number of lower rank, and G-binary numbers of different ranks
are never equal, we see that roots of the equation w"(x) = x cannot be
a G-binary number. O

Definition 5. The operator of the right shift of the digits in a G-rep-
resentation with prefix 4;...4%; is the mapping 7;, ;. , defined by the
equation

Tiyig...ix (T = AS ) = Af

119201 Q2.0 ... "
Each such function is linear and has the following analytic expression:
(—1)irttie B (—1)irttim—

G
Tilig...ik (.73 - Aalozz...an...) - Tm + Z om

m=1

The following equalities are evident:

Wn(Til...in (l‘)) =z, Tal(z).‘.an(m)(wn(l‘)) =

Theorem 5. The equation w"(x) = 7,4, (z) has 2™ solutions in the

form x = A?a .\, where a; are independent variables that take
1eQn i) J

values 0 and 1.

Proof. Let x = AS .., . be a solution of the equation. Then
Qp+1 = 11, iy = U3
Ontk+1 = O, e Antk+n = On;
Q2ntktl = Qntl = 01, --- Q2pikik = Qpig = i and so on.
Thus, z = A® . It is evident that the number A¢ is

(a1...ani1...9%) (a1...0n01...7k)

a solution to the equation.
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Corollary 2. Each solution of the equation w™(x) = 7, 4. (x) is a
G-unary number and, therefore, an irrational number.

Theorem 6. The system of equations w™(x) = x = 7, 4, (x) has a

unique solution r = A(Cgl...z‘k) if n k.

Proof. Let n = k, then the equation 7;, ;, (z) = 2 has a unique solution

x = Agl...ik)’ which obviously satisfies w”(z) = x as well.

According to Theorem 5, the equation w”(x) = 7, _;, (x) has solutions

in the form x = A(Gal...anilu.ik) while the equation 7, ; (x) = z has a

unique solution z = Agl---ik)' Thus, when n is a multiple of k, the unique

solution of the system is x = Ag L O
1...0k)

Corollary 3. The solution of the system of equations w*(z) = r =

Tir..ip () 18 an irrational number.

Definition 6. The G-representations of the numbers z; = AS .

and xg = Agcz...cn..
and m such that a1 ; = ¢pqj for all j € N. This is denoted symbolically

as 1 ~ I9.

~are said to have the same tail if there exist indices k

The binary relation “to have the same tail” is an equivalence relation.
The set of all representations of a number that share the same tail, i.e.,
an element of the factor set, is called a tail set. Each tail set is countable,
whereas the set of all tail sets has the cardinality of the continuum. All
G-binary numbers form a single tail set.

A function f, defined on the interval [0;0, 5], is said to preserve the
tails of the G-representations of numbers if for any = € [0;0, 5], it holds
that f(z) ~ x.

Recall that a bijective (i.e., one-to-one and onto) mapping of a set
onto itself is called a transformation of this set. It is known [9] that the set
of all continuous transformations of the interval [0; 0, 5] that preserve the
tails of G-representations forms an infinite, noncommutative group under
the composition of transformations. Examples of such transformations
include

i) = {Tl(:n) ifo<z<z = Ag),
w(z) fx; <z<0,5

fo(x) = {Tl(x) Hoswsm A(G101)’

w(xz) ifze <z <0,5.
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5. Ga-representation of numbers of interval [0,g,]

G-representation is a special case of a more general two-symbol repre-
sentation with two bases of different signs. Let us recall its definition.
Suppose two bases are fixed: gg € (0; %], g1 = go — 1, and the numbers
00 =0, 61 = go-

Theorem 7 ([8]). For any number x € [0; go], there exists a sequence of
zeros and ones (o) such that

T =da; + Z(éak H gaj AO(GfOéQ Q.. 50% = OkG1—ay- (3)
1 (_1)a1+.4.+ak_1
Corollary 4. If go = 3, then da, = TF, H Jo; = = and

series (3) takes the form of (2).

The symbolic notation Aal o...a... OF the number x and its expansion
in the alternating series (3) is called the Go-representation, and ay, is
called its kth digit.

Lemma 2. The Lebesque measure of the set

C=C[Gys18m) ={z: z= Agf s OO ym—1 7 51.--5m, k € N}

of numbers from the interval [0, go], whose Ga-representation does not
contain the sequence s153 . ..Sm as consecutive digits, is equal to zero.

Proof. Consider the set

G
E={z:0=A2, o> Cmil-- Qkmtm # 51---5m Vk € N}.

Clearly, C € E. We will prove that the Lebesgue measure A\(F) = 0,
which will imply that A(C') = 0. Define Fyy = [0; go], and let F} be the
union of all cylinders of rank km that contain points from F as interior
points. Let Fpi; = Fj \ Fpp1. Then, we have Fy = Fpp1 U Fipq,
A(Fk—&-l) = )\(Fk) — /\(Fk—i-l)a E D Fy D Fppy Vk € N and )\(E) =

lim A(EL).
Now, we express A\(F}) in the following form:
_ 9oAFR) AFe-1) A1)
k) = /\(Fk 1) MFi—2) " A(Fo)
> TAE) =AF) _rr, AT
—QOH HW_QOH(I_)\(FFQ).

=1
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From this, it follows that

iy AR o AFR-1)
a o A2 ]
Since [A;? il = |9[|AG2 4, ], we have ¢1 < m < ¢g, where
c1 = min{go; —g1}, c2 = max{go; —g1}, and thus
0<e < ’AGZ ’ _H’gsz"—c2< .
aq...0km =1
Hence, the ratio )\’(\gﬂ ) is bounded away from zero, which means that
the difference 1 — A?I(fo)l) is bounded away from one. Therefore, the

necessary condition for the convergence of the infinite product is not
satisfied, implying that the product diverges to zero. O

Corollary 5. The set C is a Cantor-type null set with a self-similar
structure.

Theorem 8. Almost every number in the interval [0; go] contains every
possible sequence of digits in its Go-representation infinitely many times.

Proof. Let (s1,...,8n) be an arbitrary ordered sequence of zeros and
ones, let H be the set of all numbers in [0; go] whose Ga-representation
contains the sequence of digits s1ss ... s, infinitely many times as con-
secutive digits, and let D be the set of all numbers that contain this
sequence only a finite number of times as consecutive digits in their
Glo-representation.

We will prove that H is a full Lebesgue measure set, meaning that
MH) = go. To do this, it is sufficient to show that A\(H) = 0, where

oo

H = [0;90] \ H. Clearly, H = |J D,,, where

n=1
D,={z:x= Agfmanm, Qi1 -+ O, 7 S1 -+ - Sm, Vk > m}.
Now, we compute A\(D,). Since D,, = |J ... |J [AS _ nD],

Qaip...am
al€A an€A

A%  nND=A% nH,

Qaj...0n Qaj...0n

by the previous lemma, we have A(A2 , ND) = 0, and thus, A(D,,) = 0.

Hence A\(H) = 0 because A\(H) < > A(D,) = 0, which completes the
n=1
proof. O
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6. Applications of Gs-representation in the theory of lo-
cally complicated functions

Theorem 9. If a Gy-representation of numbers is defined by the parame-
ter go € (0; 3], and ro € (0; 3], then the system of functional equations

{f(gow) =rof(z),
flgo+ (go — V)x) =710+ (ro — 1) f(2)

in the class of continuous functions defined on the interval (0, go| has a
unique solution. Moreover, when gy = rg, the solution is f(x) = x, and
when go # 1o, the function f(x) is singular, meaning that its derivative is
equal to zero almost everywhere (with respect to the Lebesque measure).

Proof. Let x = A§2 ,  be an arbitrary number in the interval [0, go].
Then go = 906(11 + 9050@9041 + 9060!390619042 +.o..= AOGjlag...’
9o+ (90 = 1) = go + 912 = go + 9160y + G18azfar + -+ = AT 4,

and thus, from the system of functional equations, we obtain

F(AS2,, ) =a1ri—a, + 1o f(AS2,, ) =

= 1T1—ay + Tay (2T 1—ay + Tay F(AS2 o ) =

G
= Q1T1-ay + T @2T1—as + Ty Tan f(AG2 0. ) = -+

n k—1 k
- alrl—al + Z akrl—ak H rOti + (H rai)f(AgZ+1Ocn+2...)'
k=2 =1 =1

n
The product [] 7o, — 0 as n — oo and f is continuous on [0, gol, so it
i=1
attains a minimum and maximum value. Therefore, the remainder term
in the expansion tends to zero, and we obtain

00 k—1 o
f(l‘) = 01T1—q; + Z AET1—qy, H Ta, = Aafag..n
k=2 =1

where the last symbolic notation is the G-representation with bases 7
and r{ = rg — 1.

As we see, f acts as a projector from the Gs-representation to the
G'-representation of numbers, which implies the continuity and strict
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monotonicity of f. When gyo = r¢, the Ga-representation and G)-repre-
sentation are identical, and thus, f(z) = =.

Now we prove that f is singular for gy # r9. Since f is continuous
and monotonic, by Lebesgue’s theorem, it has a finite derivative almost
everywhere (with respect of the Lebesgue measure). Let C' C [0; go] be
the set of points where f has a finite derivative. If f has a derivative at
a Ga-unary point xg € [0; go], then it is expressed as

n
To T
f(zo) = lim [Bataseanl _ ﬂ -
n—o0 ’AOéGfOéQ---O‘n n—oo ﬁ
i=1
= lim 7H‘Ta1 _ TOH‘T% .
n—o00 go Jo; Je.

If go # 7o, then the infinite product diverges to zero, because the neces-
sary condition for the convergence of an infinite product is not satisfied.
Hence, f’(xg) = 0. This conclusion applies to every point z such that
f has a finite derivative at x and this point belongs to the set H of all
numbers satisfying the conditions of the previous theorem. Therefore, f
is a singular function. O
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