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ABSTRACT. This paper introduces the notion of almost posi-
tive posets as non-negative ones that contain maximal positive sub-
posets. Such posets include both positive posets and P-critical
posets (minimal non-positive ones) which were described by the
authors back in 2005. Almost positive posets also include prin-
cipal posets in the sense of D. Simson. By definition, a non-
negative poset S = {1,--- ,n; <} is principal if the kernel of its Tits
quadratic form ¢g(2) = qs(z0,21, - , 2n), defined by the equality
Kerqg(z) := {t € Z'™ | qs(t) = 0}, is an infinite cyclic subgroup
of Z'*™. In 2019, the authors described all serial principal posets.
This paper concludes the description of all almost positive posets.

Introduction

This paper is related to the Tits quadratic forms which play an important
role in modern representation theory.

The Tits quadratic forms were first introduced by P. Gabriel [12] for
finite quivers. Namely, if ) is a quiver with the set of vertices ()g and the
set of arrows @)1, then its Tits quadratic form qq : Z" — Z, n = |Qo|, is

given by the equality go(2) = Y. 22— 3" 2;2;, where i — j runs through
1€Qo i—]

the set Q1. For the posets, the closest structure to the quivers, the Tits

quadratic form was first considered by Yu. A. Drozd [11]. By definition,
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for a poset S # 0, such quadratic form gg : Z!*" — Z, n = |S|, is given
by the equality qs(z) =23 + Y. 22+ > 2izj — 20 Y 2.
= i<j,6,jES =

The main results of the mentioned papers inspired the study of posets
with positive Tits quadratic form as analogues of the Dynkin diagrams
(in more details, see [7, Introduction]).

In 2005, the authors described all posets with positive Tits quadratic
form [4] using the analogous result on posets of width 2 obtained a little
earlier in [3] (see also [7, Theorem 1] and [9, Section 4] for serial and
non-serial posets, respectively). Such posets are simply called positive.
In the same paper the authors also described all minimal posets with
non-positive Tits form calling them P-critical (see also [6], [8] and [2]').

Analogously, the results of [10,16] on quivers and [18] on posets in-
spired the study of posets with non-negative Tits quadratic form as the
natural one (see [7, Introduction]).

In [6] the authors described all minimal posets whose Tits quadratic
form is not non-negative calling them N P-critical (NP means Null+
Positive), Note that posets S with non-negative Tits quadratic form
gs(z), which are simply called non-negative, are analogues of the ex-
tended Dynkin diagrams only when Ker qg(2) := {t € Z*151 | g5(t) = 0}
are infinite cyclic subgroups of Z!*I5l (since such property holds for
the quivers with non-negative Tits form that is not positive). The
non-negative posets satisfying the indicated condition (and their Tits
quadratic forms) are said to be principal [13, Definition 2(b)].

In [7] the authors described the serial principal posets. In this pa-
per, we study non-serial principal posets; in particular, we obtain their
complete classification.

Note that some classes of principal posets of order n = 5,6, 7 (which
in our terminology mean the non-series ones) were described by M. Ga-
siorek, D. Simson and K. Zajac with the help of computer programs (the
paper [14] for n = 5,6 and the preprint [15] for n = 7).

The paper [4] has been often cited, but is today virtually inaccessible. The main
ideas and many results of this paper are published (in a translation from Russian) in
the paper [2, Sections 1-3] of the one of the previous issue of this journal. That is
why we will often refer to [2] instead of (or parallel with) [4]. Sections 4 and 5 of the
paper [2] present some new ideas about the minimax equivalence method. They are
used in this paper.
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1. Preliminary

1.1. Definitions on posets. Throughout the paper, all posets are
assumed to be non-empty finite posets without the element 0. A partial
order relation is denoted by <, or =< when the elements of a poset are
numbered by integer numbers. By a subposet S’ of a poset S we always
mean a full subposet (i.e. with the order relation induced by a given order
relation on S). We identify singletons with the elements themselves, and
(as rule) posets with their Hasse diagrams.

A poset T is called dual to a poset S and denoted by S°P if T = S as
usual sets and z < y in T if and only if x > y in S. The union of disjoint
posets S1, So is called their direct sum and denoted by S [] So.

The notation T" = S for posets means that T is isomorphic to S.
When S is specific, we also say that T is of the form S; and by “T
contains S” we mean that there is a subposet in 1" isomorphic to S.

1.2. Minimax equivalence of posets. The notion of (min, max)-
equivalence of posets was introduced by the first author in [1]. In detail
the properties of this equivalence were studied in [4]. Since some time
we have been used the term minimax equivalence.

In this subsection we remember some definitions and results from
[2,4] (see footnote 1).

Let a be a minimal element of a poset S. We define by S’ = St
the poset equal to S as an usual set and such that S’ \a = S\ a as
posets; in the same time the element a is already maximal in S’, which is
comparable with another element x € S’ iff they are incomparable in S.
Dually we define the poset S’ = S} for a maximal element a of S. A
poset T' is called minimaz equivalent or (min, max)-equivalent to a poset
S if and only if T can be obtained from S in a finite number of such
operations.

The notion of minimax equivalence can be naturally extended to the
notion of minimaz isomorphism: a posets T is minimax isomorphic to a
poset S if there exists a poset S’ which is minimax equivalent to 7' and
isomorphic to S. In this case one writes T =i, maz S

The definition of posets of the form S’ = St (respectively, S’ = Sﬁ ) can
be extended to posets of the form S = SI‘ (respectively, S = 5’}4), where A
is a lower (respectively, upper) subposet of S, i.e. x € A whenever z < y
(respectively, x > y) and y € A. In this case the poset A becomes an
upper (respectively, lower) subposet of S and comparability are already
interchanged with incomparability between any z € A and y € S\ A. By
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Lemma 3 [2], SL (respectively, Sk) and S are minimax equivalent. We
write SI‘TB, SEB instead of (SL)%, (SL)%, etc.
The following statement was first proved in [1] (see also [2, Prop. 2]).

Proposition 1. The Tits quadratic forms of minimaz equivalent posets
are Z-equivalent.

Corollary 1. Minimax equivalent or dual posets simultaneously are or
are not positive, non-negative, etc.

1.3. Principal posets. According [13], a poset S is called principal
if the following conditions hold:

(1) gs(z) is non-negative;

(2) Kergs(z) := {t| qs(t) = 0} is an infinite cyclic group, i.e. is equal
to tZ for some t # 0 (equivalently, the rank of the symmetric matrix of
qs(z) is equal to |S|).

Proposition 2. For a non-negative poset S, the following conditions are
equivalent:

(a) S is principal;

(b) S contains exactly one P-critical poset denoted by S.

The proposition follows from the definition of a P-critical poset and
the following lemma.

Lemma 1. Any P-critical poset is principal.

This lemma follows from Theorem 2 [4] (according to which a P-cri-
tical poset is minimax equivalent to a Kleiner one), Corollary 1 and the
fact that the Kleiner posets are principal (see, e.g., [17, Appendix 1]).

An element of a poset is called isolated if it is incomparable with all
other its elements. From the above it follows the following statement.

Corollary 2. Let a be an element of a poset S and o~ := {x € S|z < a},
a” = {x € S|ax > a}. Then the element a is isolated in the poset
S = SIiaN and S\ a is positive if a € S.

2. Main theorems

2.1. Almost positive posets. We call a non-negative poset S almost
positive if S\ x is positive for some x € S. Obviously, positive and
P-critical posets are almost critical. Any almost positive poset that is
not positive is called strictly almost positive poset.
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Proposition 3. A poset S is strictly almost positive if and only if it is
principal.

The proposition follows from Proposition 2 and the main idea of the
proof of Theorem 2 [8].

An almost positive or strictly almost positive poset is called serial if
there is (as in the case of positive posets) an infinite increasing sequence
S c S c S® ¢ ... with the same terms, and non-serial if otherwise.

The serial strictly almost positive posets(= the serial principal posets)
are described by the authors in [8] (see Theorem 3). Then the serial al-
most positive posets which are equal to the union of the serial strictly
almost positive posets and the serial positive posets are described by
Theorems 1 and 3 [8].

Note that a P-critical poset, which is not serial in itself (i.e. in the set
of all P-critical ones), can become serial as an almost positive poset. We
call them conditionally serial. By the classifications of serial principal
posets in [7] and P-critical posets [4,6] it follows that, up to isomorphism,
there are only 4 conditionally serial posets; namely, P-critical posets with
numbers 1, 30, 30°? and 75 (which are minimax isomorphic). We call the
P-critical posets (as strictly almost positive posets which are closest to
positive ones) without the conditionally serial posets near-positive.

Thus, for a complete classification of the almost positive posets, it
remains to classify the non-serial strictly positive posets without the
near-positive ones. Such posets are said to be essential almost positive.
Their classification (with theorems about minimal minimax systems of
generators) is the main result of this paper. The essential almost positive
posets are collected, up to isomorphism and duality, in Table 2 in the
form of their Hasse diagrams. There are 247 such posets (the selfdual
from which are marked on the pictures by the symbol sd). For the
convenience uf the readers, we also collect all near-positive posets (see
Table 1). In both cases, the equality of the first numbers of their indices
indicates on the same class of minimax isomorphism.

Remark. We emphasize that replacing the principal posets by the
strictly almost positive posets leads to a simpler combinatorics (without
quadratic forms themselves and their matrices). Therefore, instead of
computer programs simpler methods can be used. We traditionally use
our “minimax equivalence method” suggested in [1,2,4].

2.2. Minimax systems of generators of essential almost posi-
tive posets. In [2, Section 5] the first author introduced the concept of
the minimax system of generators. In particular, the following definitions
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were given. Let IC be a class of finite posets closed under isomorphism
and duality and let U = {U;} be a set of posets. We say that U is a
minimaz system (respectively, d-system) of generators of K if any X € K
is minimax isomorphic to a poset U; (respectively, U; or U;”) for some
iel.

Theorem 1. The following 9 posets with the isolated elements 1 form a
minimal minimax d-system of generators for the set M of all essential
almost positive posets:

M; ={1,2<4,3<4,3<6,5=<6},

My ={1,2<3<4,5<6<7,2<6},
Ms={1,2<4,3<4,3<6,5<6<T7},
My={1,2<53<4<53<6<7,4=<T},
Ms;={1,2<3<4,5<6<7,2<38},
Mg={1,2<3<4,5<6=<7=<82=<T}
M;={1,2<3<4,5<6<7=<82=<6,3 <8},
Mg ={1,2<4,3<4,3<6,5<6<7=<8},
My ={1,2<53<4<53<6<7<84<T}

This theorem will be proved in Section 3. In Section 4, for any poset
M;, the class C(M;) of all, up to isomorphism and duality, posets mini-
max equivalent to M; will be determined. Thus, we will obtain a comp-
lete classification of all essential almost positive posets (see Table 2).

It will follow from the classification that the poset Mjy is, up to iso-
morphism and duality, the only poset of M minimax equivalent to a
poset of the form a ][ X with X to be serial positive (although we have
Corollary 2). Apparently, this fact determines the differences between
the class C(Ms) and the other classes in different situations.

Denote by Co(M;) the class of all posets that are minimax isomor-
phic to M;. It follows from Propositions 4-7, 9—12 that for ¢ # 5, we
have the equality Co(M;) = C(M;) (i.e. the class Cp(M;) is selfdual in
the sense that together with a poset X it always contains the dual poset
X°P). For i = 5, the situation is different: M5 and M:” are not mini-
max isomorphic. Therefore, the system M = {Mj,---, Mg} (which is a
d-system of M by Theorem 1) is not a usual one. To get such a system
it is needed to additionally take MZ"; then Cy(Ms) U Co(M:?) = C(Ms).

Let us look at three examples regarding various properties of posets.
Emphasize that in the case when a classification is considered (in par-
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ticular) up to duality, a property must be symmetrical (closed under
duality),

For a poset X, we call the class C(X) normal if C(X) = Cp(X) and
special if otherwise. Recall that an element of a poset is called extreme
if it is minimal or maximal. An element of a poset is called nodal if it is
comparable with all elements and almost nodal if it is incomparable to
only one element.

Theorem 2. Any normal class C(M;) contains only one poset F; of
width 2 with an almost nodal extremal element and mazimal for this
class of nodal elements. The special class contains two such posets. But
in the second case there is only one poset Fy with the only nodal and
mazximal for this class of almost nodal elements.

Note that “one or two posets” implied up to duality. Indeed, it follows
from Table 2 that F} = AP1.2, F» &2 AP2.5, F3 =2 AP3.3, Fy = AP4.2,
Fs = AP6.7, F; =2 AP7.2, Fy3 = AP8.3, Fy = AP9.2, F5; = AP5.6,
Fso = AP5.10, Fy = AP5.13.

Recall that A, (the cycles) and D, are the only serial extended
Dynkin diagrams.

Theorem 3. Any normal class C(M;) contains only one poset G; with
the Hasse diagram to be a cycle A,. For the special class there are no
such posets. But in the second case the class contains only one poset Gg
with the Hasse diagram to be a D,,.

It follows from Table 2 that G; = AP1.8, Go = AP2.13, G3 =
AP3.17, Gy =2 AP4.7, Gg = AP6.20, Gy = APT7.14, Gg = AP8.21,
Go = AP9.15, Gy = AP5.28.

It is clear that in cases when we not talking about canonical represen-
tatives of the classes, there may not be any differences between the two
types of classes. As an example, we give the following easily verifiable
statement.

Theorem 4. Any class C(M;) contains a poset with the Hasse diagram

to be a non-serial Dynkin diagram.

3. Proof of Theorem 1

We use a list of all non-serial positive posets (up to isomorphism and
duality), first obtained in [4], in the form indicated in [9, Section 4]. By
[i,7] with ¢ = 5,6,7, j from 1 to 10, 32, 66, respectively, we denote the
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poset {1} [[NSPi.j. The elements of this new poset (which is consi-
dered in the form of Hasse diagrams) are numbered by the integer num-
bers 1,2,...,1 4 |[NSPi.j| in a such way that p < ¢ implies the element
with number ¢ stands higher or to the right of the element with number p.
We also use a classification of serial positive posets in the form of Theo-
rem 1 [7]. By [i] s with i = 1,2, 3 we denote the poset {0} [[(?),s, where
(1)k,s is the poset in condition (i) of the theorem with the parameters k
and s.

The posets M; are direct sums of the one-element poset {1} and
positive posets (non-serial for ¢ # 5 and serial for ¢ = 5): M; = [5.8],
My = [6 1], M3 = [6.22], My = [6.27], M5 = [2]34, Ms = [7.1], M7 =
[7.3], Mg = [7.46], Mg = [7.56].

These posets are non-negative by Table 4.2 [6] of all N P-critical
posets N P;. They are neither positive, nor P-critical, nor serial strictly
almost positive posets by Tables 4.1-4.3 [9] of all non-serial positive
posets, Table 4.1 [6] of all P-critical ones PC; and Theorems 1, 3 [7]
about the positive and serial principal posets. Hence My, ..., My € M.

By Corollary 2, to prove the theorem it is enough to verify that any
poset T = {x} [[ S with S being positive either does not belong to M,
or is minimax isomorphic to M;, or is minimax isomorphic to MJ.Op for
some %, j. Obviously, T can be considered up to duality.

For the cases of non-serial posets we have the following:

(A1) The posets [5.1],[5.3] — [5.5],[6.2] — [6.4], [6.6] — [6.7],[6.10] —
[6.12], [6.14] are positive, because [5.1] =2 NSP6.19, [5.3] = NSP6.26,
[5.4] = NSP6.28, [5.5] = NSP6.32, [6.2] 2 NSP7.37, [6.3] = NSP7.42,
(6.4 2 NSP7.43, [6.6] = NSP7.52, [6.7] = NSP7.53, [6.10]= NS P7.54,
[6.11] = NSP7.60, [6.12] = NSPT.61, [6.14] & N SP7.66.

(A2) The posets [5.2],[6.13],[6.15],[7.7],[7.10],[7.19], [7.21], [7.23],
are P-critical, because [5.2] & Psg, [6.13] & Psg, [6.15] = Py, [7.7] & Pyy,
[7.10] = Py, [7.19] = Pyg, [7.21] = Pyg, [7.23] = P, [7.25] = Pys.

(A3) [6.5] = NPy, [7.22] = NPsg, [7.24] = NPsg: [7.2],[7.5],[7.9],
[7.14],[7.16] D N Pyg; [5.6]—[5.7], [5.9], [6.16]—[6.21], [6.23] —[6.26], [6.28] —
[6.29], [6.31] — [6.32], [7.26] — [7.45], [7.47] — [7.55], [7.57] — [7.58], [7.60] —
[7.62], [7.64] — [7.66] D NPy1s.

(A4) [5 10]5 = [5.8] = My; [6.8]3F 22 [6.1]° = MP, [6.9]% = [6.1] =
Ma; [6.30)5 = [6.22] = Ms; [6.27] = My; [7.8]5 = Mgp, (7115 =
Ms, [7.12)5% = M2, [7.15)5% = M2, [7.18)5 = Ms; [7.20)50% = Ms,
(71305 = [7.1]7 = M, [7.17)5 = [7.1] = Ms; [T.4]15% = [7.3] = My,
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[7.6]35 = [7.3] = My; [7.63]] = [7.46] = Ms; [7.59)51% = [7.56] = M.

For the cases of serial posets we have the following:

(B1) [1Jos = (1)1,s, [1]22 = NSP5.6, [1]23 = NSP6.18, [1]24 =
NSPT7.41, [1]a5 = PCys, [l]2s D NPCy for s > 6, [1]33 = PCss,
[1]k,s D NPCss for k>3, s > 4;

(B2) [2]1.5 = NSP5.9, 214 = NSP6.29, [2];5 = NSPT7.62, [2]16 =
PCys, [2]1s D NPCyy for s > 7, [2]22 = NSP5.7, [2]23 & NSP6.20,
[2]274 = NSP7.44, [2]275 = PCys, [2]275 D NPCr for s > 6, [2]373 =
NSP7.26, [2]374 = Ms, [2]]%5 D NPC5; for k> 3, s > 5;

(B3) 3]0 = (3)k.1, [3]k,1 is a serial strictly almost positive poset (see
Theorem 2 [7]), [3]xs D NPCii2 for s > 2.

So we have proved that the posets My, ..., Mg form a minimax d-system
of generators for the set M.

Now we prove that this d-system is minimal.

Lemma 2. Let S be a poset and, for b € S, S5 = {x € S|z < b},

b<:={zx eS|z <b}, b :={xeS|z>b} SE:SEQ{IP}' Let T be a

poset minimaz equivalent to the poset S, Then the element b is isolated
in T if and only if T = S

The lemma follows directly from the definitions.

Lemma 3. The posets that are minimaxr equivalent to the poset
Ty = {1,2,3,4} with incomparable elements are exhausted up to iso-
morphism by the posets Ty, To = {1 < 2,3,4}, T35 = {1,2,3 < 4} and
T, ={1,2 < 3,4}.

The lemma can be proved by simple calculations.

Consider first the posets Mo, M3, M4 of order 7.

(al) Obviously, M3 = Ti. By Lemma 3, for any poset X mini-
max equivalent to Ms, X is isomorphic to some T;. Then Ms can not
be minimax isomorphic to Mgz, otherwise My will contain two different
P-critical subposets — My = {1,2 <3 <4,2 <6 <7} and K = T; for
some i = 1,2, 3,4 (what is impossible according to Proposition 2). Analo-
gously, Mo %min,maz Mgop’ My %mm,mam My and Mo %mm,mam pr-

(a2) Suppose that a poset T is minimax equivalent to the poset S :=
M3 and isomorphic to the poset M. Then by Lemma 2, T' = S7 for some
1 <4 < 7. The poset My is of width 4 and its Hasse diagram has a cycle.
Since S} is of width less than 4 for ¢ = 4,6,7 and its Hasse diagram is
a tree for ¢ = 1,2,3, we came to a contradiction. So M3 2 inmaz Ma.
Analogously, M3 #min.maz My".
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Consider now the posets Ms, ..., My of order 8.

(b1) Similarly as in (al) it is can be proved that X inmaer Y
for X = M5, Mg, M7 and Y = Mg, My, M{?, Mg”. Also similarly when
X = M5, Y = Me, M7, Mg”, M7” if Lemma 3 is replaced by the fact
that the poset {1,2 <3 < 4,2 <5 < 6} = Mg = My is not minimax
isomorphic to the poset {1,2 <3 < 4,5 <5 < 7} = M; (see Table 1).

(b2) Similarly as in (a2) it is proved that Mg Zmin,maz Mo, Mg".

(c) Let us write out, up to isomorphism, all posets with isolated
elements minimax equivalent to the poset S := Mg (see Lemma 2):

ST = Ms;

S5 ={1<6,2<3<4<5<6<7,3<8};
S3={1,2<3<8,2<6,4<5<6=<7=<8}%;
Sp={1,2<3<4<5<83<7,6=<7<8};
Se={1<2<3<74<5<6<7<8,2=<5}%,
Se =2 {1,2<3<4<83<6,5<6<7<38};
S7={1<6,2<3<4<5<6,5<83<7<8}%;
S ={1,2<3<8,2<6,4<5<6<7=<38}.

It is easy to check that none of these posets is isomorphic to either
op
M7 or M.
Conditions (al)—(c) prove that our d-system is minimal.
The proof is complete.

4. The classification of the essential almost positive posets

From Theorem 1 it follows that all essential almost positive posets can be
divided into 9 classes with respect to minimax isomorphism and duality.
The posets My, ... Mg will be taken as their representatives. To classify
all the essential almost positive posets (up to isomorphism and duality),
we apply the algorithm [2, Subsection 2.2]? to each class separately.

Proposition 4. The posets minimax equivalent to My are erhausted, up
to isomorphism and duality, by the posets 1.1,...,1.12 (see Table 2).

Proof. Step 1. Describe, up to strong isomorphism, all lower subpo-
sets of Mli Xl,O = J, X171 = {1}, X1’2 = {2}, X173 = {3}, X1’4 =
{172}7 Xl,5 = {173}5 X1,6 = {233}7 X1,7 = {2)5}5 X1,8 = {15253}7

2See also Section 4 [2].
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X1,9 = {17275}7 X1,10 = {27374}7 Xl,ll = {27375}7 X1,12 = {1727374}7
X1,13 = {172a3a5}7 X1,14 = {2737475}7)(1,15 = {172>3>475}a X1,16 =
{2,3,4,5,6}.

Denote by Ki; the poset SI( for S = My and X = X; ;. Then
Kig= AP 11, K1) 2 AP, K12 = AP 5, K13 = AP13, K14 = APy,
K5 =2 AP1g, Kig = AP14, K17 = APlo_%, Kig = APlog, Kig = APlo_%,
Ki10 = AP 1o, K111 = AP, K112 = AP, K113 =2 AP, K14 &
AP Ky 15 = APy a2, K116 = APY,.

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in M; such that V. C X and V < S\ X:
Yii = (X113, {3}), Y12 = (X1,15,{3}), Y13 = (X122,{5}), Y14 =
(X1’227 {37 5})-

Denote by K7 ; the poset (S})@ for S = M and (X,V) = Y7 ;. Then
K= AP1g, K1 9= AP17, K1 3= AP1 10, K] 4 = AP,

Step III. As a result we have the posets indicated in the proposition
and posets that are dual to non-selfdual of them (a normal class). O

Proposition 5. The posets minimax equivalent to Mo are exhausted, up
to isomorphism and duality, by the posets 2.1,...,2.22 (see Table 2).

Proof. Step 1. Describe, up to strong isomorphism, all lower subposets
of Ms: X270 = U, Xg,l = {1}, X272 = {2}, X273 = {5}, X274 = {1,2},
X2,5 = {1,5}, X2,6 = {2,3}, X2,7 = {2,5}, XQ’S = {1,2,3}, Xg’g =
{1,2,5}, X210 = {2,3,4}, Xo11 = {2,3,5}, X912 = {2,5,6}, X913 =
{1, 2,3, 4}, Xo14 = {1, 2,3, 5}, X215 = {1, 2,95, 6}, X216 = {2, 3,4, 5},
Xo17 = {2,3,5,6}, X918 = {2,5,6,7}, X919 = {1,2,3,4,5}, X220 =
{1,2,3,5,6}, X901 = {1,2,5,6,7}, X900 = {2,3,4,5,6}, X923 = {2,3,5,
6,7}, Xoo4 = {1,2,3,4,5,6}, X295 = {1,2,3,5,6,7}, Xa26 = {2,3,4,5,
6,7}.

Denote by Kj; the poset SI( for S = M and X = X5 ;. Then
Koo = APyg, Koy = APy o, Koo = AP)Y, Ko3 = APy 17, Koy = AP,
Kos 2 AP Kog = APy 15, Ko7 & APy g, Ko g = APy 91, Ko g & APSR,
Ko10 = APss, Ko11 = APYN,, Koqo = AP 15, Ko13 = APPSR, Ko1a &
AP, Ko1s5 = APs 19, Ko16 = APy g Kon7 = APs 19, Ko1s = AP 4,
Ko19 = APy 14, Koo = AP 13, Koo1 = AP 22, K290 = AP 20, K203 =
APs 1, Koos =2 APy 10, K5 =2 APy 19, Koo = APSY,.

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in My such that VC X and V < S\ X: Yp; =
(X29,{2}), Yoo = (X2,14,{2}), Vo3 = (X215,{2}), Y21 = (X219,{2}),
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Yo5 = (X2,190,{5}), Yos = (X2,19,{2,5}), Yor = (X220,{2}), Yog =
(X2,21,{2}), Y29 = (X224, {2}),Y2,10 = (X224, {5}), Yo,11 =(X2,24,{2,5}),
Yo12 = (X2,24,{2,5,6}), Y213 = (X225, {2}), Yo,14 = (X225, {2,3}).
Denote by K ; the poset (S;)/‘r/ for S = My and (X,V) =Y3 ;. Then
Ky, 2 APy 3, Kby o = AP, K 3 =2 AP Kf y = APy 15, K 5 = APs g,
Ké,ﬁ = Apzo.gv Ké,? = APQO.%’ Ké,s = AP;Z, Ké,g = APy, Ké,lo =
AP, Ky ) = AP, Ky 19 = APy 7, Kb 132 AP, Kb 1y = APa 7.

Step III. We have the same result as in case Mj. ]

Proposition 6. The posets minimazx equivalent to Ms are exhausted, up
to isomorphism and duality, by the posets 3.1,...,3.24 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower subposets of
Mg: X370 =, X371 = {1}, X372 = {2}, X3’3 = {3}, X3,4 = {5}, X3’5 =
{1,2}, X36 = {1,3}, X37= {1,5}, X3g = {2,3}, X39 = {2,5}, X310 =
{3,5}, X3’11 = {1,2,3}, X3712 = {1,2,5}, X3713 = {1,3,5}, X3’14 =
{2,3,4}, X315 = {2,3,5}, X316 = {3,5,6}, X317 = {1,2,3,4}, X318 =
{1,2,3,5}, X319 = {1,3,5,6}, X320 = {2,3,4,5}, X301 = {2,3,5,6},
X3922 = {3,5,6,7}, X323 = {1,2,3,4,5}, X324 = {1,2,3,5,6}, X395 =
{1,3,5,6,7}, X326 = {2,3,4,5,6}, X3zo7 = {2,3,5,6,7}, X308 = {1,2,3,
4,5, 6}, X329 = {1, 2,3,5,6, 7}, X330 = {2, 3,4,5,06, 7}.

Denote by K3 ; the poset SI( for S = M3 and X = X3;. Then
K3 & AP3oy, K31 = AP314, K3o = AP319, K33 = AP3g, K34 =
AP37, K35 = AP31, K3zg = AP317, K37 = AP39, K3g = AP3qy,
K9 = APY., K310 = APsg, K311 = AP, K312 = AP, K313 &
APE. K314 = APsy4, K315 = AP%, K316 = AP313, K317 = APSY,,
K318 = APY,, K319 = AP, K300 = APSs, K391 = AP, K390 &
AP35, K393 = APJY,, K34 = APy, K35 = APJS,, K396 = APy,
Ks97 = AP, K308 = AP393, K399 = AP394, K330 = APJY,.

Step II. Describe, up to strong isomorphism, all pairs (X,V’) of
proper lower subposets in M3 such that V' C X and V < S\ X:
Y31 = (X318,{3}), Y32 = (X323,{3}), Y33 = (X323,{5}), Y34 =
(X3,23,13,5}), Y35 = (X324, {3}), Y36 =(X3,28,{3}), Y37 = (X3.28, {5}),
Y38 = (X3.28,{3,5}), Y39 = (X3.28,{3,5,6}), Y310 = (X3220,{2}), Y311
= (X320, {3}), Y3,12 = (X329, {2,3}).

Denote by K3 ; the poset (S;)i, for S = M3 and (X,V) = Y3;.
Then KZ/’),I = AP3.19, Ké,? = AP3.16, Ké:) = AP3.21, Ké74 = AP;%,
K35 = APsyo, K3 = APyg, Kij; = AP, Kig = APgljg, Kjg =
AP3.5, KZ/’),IO = AP3.20, K{’),ll = AP3.15, Ké712 = AP;Z
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Step III. We have the same result as in case Mj. ]

Proposition 7. The posets minimax equivalent to My are erhausted, up
to isomorphism and duality, by the posets 4.1,...,4.15 (see Table 2).

Proof. Step 1. Describe, up to strong isomorphism, all lower subposets of
My: X470 =J, X471 = {1}, X472 = {2}, X473 = {3}, X474 = {1, 2}, X475 =
{173}7 X4,6 = {273}7 X4,7 = {374}> X4,8 = {3?6}a X4,9 = {1’273}7
X4710 = {1,3,4}, X4711 = {1,3, 6}, X4712 = {2,3,4}, X4713 = {2,3,6},
X4 = {3,4, 6}, X415 = {1,2,3,4}, X416 = {1,2,3,6}, X7 = {1,3,4,
6}, Xy18 = {2,3,4,5}, Xa19 = {2,3,4,6}, X420 = {3,4,6,7}, Xyo1 =
{1, 2,3,4, 5}, Xy = {1, 2,3,4, 6}, Xyo3 = {1, 3,4,6, 7}, Xyo4 = {2, 3,4,
9, 6}, Xgo5 = {2, 3,4,6, 7}, X426 = {1, 2,3,4,5, 6}, Xyor = {1, 2,3,4,6,
7}, Xa08 ={2,3,4,5,6,7}.

Denote by K4 ; the poset S} for S = My and X = Xy ;. Then K4 =
APyia, Kyy = APyan, Kup = AP0, Kug = APyas, Ky = AP,
Ky5 = APyg, Ky = APy5, Ky7 = APy5, Kyg = APy, Ku9 = AP, 3,
Ky10 = APy7, Ky1 = APyg, Ky = APyy, Kyi3 = APy7, Ky =
APy3, Kiis & APR, Kyi6 = AP, Kyir = APJR, Kiis = AP,
Kyi9 = AP, Kio0 = APy, Kyor = APJY, Koo = AP, Kyog &

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in My such that V' C X and V < S\ X: Yy, =
(X49,{3}), Ya2 = (X415,{3}), Ya3 = (X416,{3}), Yau = (Xy21,{3}),
Yis = (X422,{3}), Yas = (Xu22,{3,4}), Yo7 = (Xu26,{3}), Yas =
(X4,26,{3,4}), Yao = (Xu26,{3,6}), Ya10 = (Xu26,{3,4,6}), Yy11 =
(X127,{2}), Yoz = (Xu27,{3}), Ya13 = (Xu27,{2,3}), Yauu =
(X427, {3,4}), Ya15 = (Xa27,{2,3,4}).

Denote by Kj ; the poset (5’T )T for S = My and (X,V) = Y.
Then Kj, = APyy, Kj, = APy, Kjy = APf,, Kj, = AP,
K45 = APZ@, K46 = AP412, K47 = AP414, K48 = AP410, K49 =
APy11, K4,10 = APEPQ, K4711 = APy 19, K4712 = APy 15, K4713 = APy,
Kj1y = APy, K} 5 = AP

Step III. We have the same result as in case Mj. ]

Proposition 8. The posets minimax equivalent to Ms are exhausted, up
to isomorphism and duality, by the posets 5.1,...,5.52 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower subpo-
sets of M51 X570 = O, X5,1 = {1}, X572 = {2}, X5,3 = {5}, X574 =
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(1,2}, X55 = {1,5}, X56 = {2,3}, Xs.r = {2,5}, X55 = {5,6}, X50 =
{1,2,3}, X5710 = {1,2,5}, X5711 = {1,5,6}, X5712 = {2,3,4}, X5713 =
{2,3,5}, X5,14 = {2,5,6}, X5715 = {5,6,7}, X5716 = {1,2,3,4}, X5717 =
{1,2,3,5}, X515 = {1,2,5,6}, X519 = {1,5,6,7}, X520 = {2,3,4,5},
Xso1 = {2,3,5,6}, X500 = {2,5,6,7}, X503 = {1,2,3,4,5}, X521 =
{1,2,3,5,6}, X505 = {1,2,5,6,7}, X526 = {2,3,4,5,6}, X507 = {2, 3,5,
6,7}, Xs28 = {2,5,6,7,8}, X500 = {1,2,3,4,5,6}, X530 = {1,2,3,5,6,
T, Xsa1 = {1,2,5,6,7,8}, Xs.30 = {2,3,4,5,6,7}, X543 = 12,3,5,6,7,
8, X531 = {1,2,3,4,5,6,7}, X535 = {1,2,3,5,6,7,8}, X536 = {2,3,4,
5,6,7,8}.

Denote by Kjs; the poset 5’}( for S = M5 and X = X5,;. Then
Kso = APs01, K51 = APs4, Kso = AP, K53 = APs99, Ksa &
AP, Kss = APJY, Ksg = APsyo, K57 = APJYg, Ksg = APs 44,
Ksg = APs 50, K510 = AP)Yg, Ksi1 = APS, K512 = APs 1, K513 &
APs 36, K514 = AP5 30, K515 = APs 51, K516 = AP, K517 & AP
K518 = AP, K59 & APJY, K500 =2 APy, K501 = APSY ), K599 &
APs 37, K593 = AP, K504 = APs 19, K505 = APs 33, K506 = APY
K597 = APs 95, K508 = APsg, K599 = APSY,, K530 = APY |, K531 &
AP, K530 = AP597, K533 = APs 9, K531 = APs 17, K535 = AP,
K5736 = AP;@

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in M5 such that V' C X and V < S\ X:
Y51 = (X523,{5}), Y52 = (X525,{2}), Y53 = (X520,{5}), Y54 =
(X5,20,1{5,6}), Y55 = (X530,{2}), Y5,6=(X531,{2}), Y57 = (X534, {2}),
Y58 = (X534,{5}), Y50 = (X534,{2,5}), Y510 = (X5,34,{5,6}), Y511 =
(X534,{2,5,6}), Y512 = (X534,{5,6,7}), Y513 = (X534,{2,5,6,7}),
Y514 = (X535, {2}), Y515 = (X5.35,{2,3}).

Denote by K, the poset (SE()I/ for S = Ms and (X,V) = Y5;.
Then Ké,l = Apgﬁ& Kéz = AP5.12, Ké73 AP5.46, Ké74 = AP5.14,
Ké,s» = APs.s, Ké,G = AR, Ké,? = APgh,, Ké,s = APs 2, Ké,g =
APs 33, Ké,lO = AP5 39, Ké,ll = AP; 47, Ké,lQ = AP, Ké713 = Apg_zig,
Kb 1y = AP, KLy = AP

R

Step III. As a result we have up to duality every poset indicated in
the proposition, but not have dual to them (a special class). O

Proposition 9. The posets minimazx equivalent to Mg are exhausted, up
to isomorphism and duality, by the posets 6.1,...,6.30 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower of Ms:
Xeo = @, Xe1 = {1}, Xe2 = {2}, X¢3 = {5}, Xo4 = {1,2}, X¢5 =
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{175}7 X6,6 = {273}7 X6,7 = {275}7 X6,8 = {576}7 X6,9 = {17273}7
X6,10 = {1,2,5}, X6711 = {1,5,6}, X6712 = {2,3,4}, X6’13 = {2,3,5},
X6,14 = {2, 9, 6}, X615 = {1, 2,3, 4}, Xe6,16 = {1, 2,3, 5}, X617 = {1, 2,5,
6}, X618 = {2,3,4,5}, X619 = {2,3,5,6}, X620 = {2,5,6,7}, X621 =
{1, 2,3,4, 5}, X622 = {1, 2,3,5, 6}, X6723 = {1, 2,5,6, 7}, X6724 = {2, 3,4,
5,6}, X625 = {2,3,5,6,7}, X6,26 = {2,5,6,7,8}, X7 = {1,2,3,4,5,6},
X608 = {1, 2,3,9,6, 7}, X629 = {1, 2,95,6,7, 8}, X630 = {2, 3,4,5,6, 7},
X631 =12,3,5,6,7,8}, X¢32 =1{1,2,3,4,5,6,7}, X¢33 = {1,2,3,5,6,7,
8}, X634 = {2, 3,4,5,6,7, 8}.

Denote by Kg ; the poset SI( for S = Mg and X = X ;. Then
Koo = APs13, Ke1 = APs3, Ko = AP, Koz = APs16, Kea =
AP, Kes = APs1, Keg = APsas, Ko7 = APsi12, Keg = APs.2,
Ko = APs29, Ke10 = APSY, Kea1 = AP, Kepo = APsq, Ke13 &
APg.92, K14 = APs1a, Ko15 = APgY, Ke16 = APgo,, Keir = AP,
K8 =2 APghe, K19 = APs 11, K20 = APs03, Keo1 = APgY,, Kg oo =
AP, Ke2s = APsor, Keoa = APsa7, Keos = APsas, Keos = AP 5,
Ke27 = APs.15, Ko28 = APs.20, Ko20 = APs.30, Kg,30 = APs.19, Ke,31 =
APs.9, Ko 32 = APs 10, Ko 33 = APg%., Kg 34 = AFSY,.

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in Mg such that V' C X and V < S\ X: Y5, =
(X6,17,{2}), Y62 = (X6,21,{5}), Y63 = (X6,22,{2}), Yo4 = (X6,23,{2}),
Yo 5 = (X627,{2}), Yo6 = (X627,{5}), Yor = (X627,{2,5}), Yo =
(X6,27,{5,6}), Ys9 = (X627,{2,5,6}), Y510 = (X6.28,{2}), Y611 =
(X6,20,12}), Y612 = (X632, {2}), Y6,13 = (X632, {5}), V6,14 = (X6,32, {2,
5}), Y615 = (X6,32,{5,6}), Ys,16 = (X6,32,12,5,6}), Y6,17 = (X6,32,{2, 5,
6,7}), Ye,18 = (X6,33,{2}), Y6,10 = (X6,33,12,3}).

Denote by Ké’j the poset (5’;{)1/ for S = Mg and (X,V) = Y5 ;.
Then Kg, = APs.4, Kio = APsg, Ki3 = APl Kgy = AFgY, Kgs =
APGOEW Ké,ﬁ = AP6.24, Ké,? = AP6.28, Ké,S = AP6.6, Ké79 = AP(SOZ;,
Ké,lo = APgﬁS’ Ké,n = APeso.%v Ké,12 = Angl’ Ké,13 = APs.21, Ké,14 =
APGh,, K15 & APgh,, K16 = APGhs, K17 = APss, K¢ 3 & APghs,
Kio = ARE,

Step III. We have the same result as in case M. O

Proposition 10. The posets minimax equivalent to My are exhausted,
up to isomorphism and duality, by the posets 7.1,...,7.31 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower subposets
of M7: X79 = @, X71 = {1}, X72 = {2}, X753 = {5}, X74 = {1,2},
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X75 = {1,5}, X76 = {2,3}, X77 = {2,5}, X7g = {1,2,3}, X79 =
{1,2,5}, X710 = {2,3,4}, X711 = {2,3,5}, X712 = {2,5,6}, X713 =
{1,2,3,4}, X714 = {1,2,3,5}, X715 = {1,2,5,6}, X716 = {2,3,4,5},
X7 = {2,3,5,6}, X718 = {2,5,6,7}, X719 = {1,2,3,4,5}, X720 =
{1,2,3,5,6}, X701 = {1,2,5,6,7}, X799 = {2,3,4,5,6}, X793 = {2,3,5,
6,7}, X704 = {1,2,3,4,5,6}, X795 = {1,2,3,5,6,7}, X796 = {2,3,4,5,
6,7}, Xro7 = {2,3,5,6,7,8}, X708 = {1,2,3,4,5,6,7}, X729 = {1,2,3,
5,6,7,8}, X730 =12,3,4,5,6,7,8}.

Denote by K7 ; the poset S; for S = M7 and X = X7,;. Then
Ko =2 APpy6, K71 = APry, Ko = APrag, K73 = APra, K7y =
AP, K75 = APrg, Krg = AP Kr7 = APria, Krg = APr3,
Kr9 = AP;17, K710 = APr7, K7q1 = AP, K712 = APr o5, K713 &
AP, Kriy = AP, Kr15 = APra3, Kri6 = APJY,, K17 = APr 3,
Kr18 = AP, K719 = AP, Kq90 = APr 14, K791 = AProg, K799 &
AP;o7, K723 = APy 15, K794 = AP, K75 = AP;18, K76 = APy,
Kr97 = APr3, K798 & APra1, K729 = AP, K730 = AP

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in My such that V' C X and V < S\ X: Y7, =
(X79,{2}), Y72 = (X718,{2}), Y73 = (X7,10,{2}), Y74 = (X710, {5}),
Yi5 = (X710,{2,5}), Y76 = (X720,{2}), Y77 = (X721,{2}), Y7s =
(X724,{2}), Y79 = (X724, {5}), Y700 = (X724, {2,5}), Y711 = (X724, {2,
5,6}), Y712 = (X725,{2}), Y713 = (X725.{2,3}), Y714 = (X728,{2}),
Y715 = (X728, {5}), Y716 =(X728,{2,3}), Y717 = (X7,28,{2,5}), Y718 =
(X728,12,3,5}), Y719 = (X728,{2,5,6}), Y720 = (X7.28,{2,3,5,6}),
Y721 = (X7.28,{2,5,6,7}), Y720 = (X7.28,{2,3,5,6,7}), Y723 = (X729,
{2}), Y704 = (X7,20,{2,3}).

Denote by K7 ; the (S}()g for S = M7 and (X,V) = Y7,. Then
K712 APrs, K75 = APfSg, K73 =2 APry1, Ki = APrs, K75 = AP,
Ké,ﬁ = AP7O.%3’ Ké,? = AP;.% Ké,S = AP;.};EW K§79 = AP70.267 K§710 =
AP, K§,11 = APry, K§,12 = AP, K§,13 = AP, K§,14 = AP,
K§,15 = AP7Y, K§,16 = AP, K§,17 = APr 10, K§,18 = APro, Ké,lg =
AP; 5, K§’20 = AP; 9, K§,21 = AP; o, K§’22 = AP;%, K§723 = AP; 99,
KL, = AP,

7,24 7.4

Step III. We have the same result as in case M. O

Proposition 11. The posets minimaz equivalent to Mg are exhausted,
up to isomorphism and duality, by the posets 8.1,...,8.30 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower of Ms:
Xso =9, Xg1 = {1}, Xs2 = {2}, Xg3 = {3}, Xsu4 = {5}, Xs5 = {1,2},
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Xge = {1,3}, Xg7 = {1,5}, Xgg = {2,3}, Xg9 = {2,5}, Xg10 =
{3,5}, Xg11 = {1,2,3}, Xg12 = {1,2,5}, Xg13 = {1,3,5}, Xg14 =
{2,3,4}, X815 = {2,3,5}, Xg16 = {3,5,6}, Xg 17 = {1,2,3,4}, Xg18 =
{1,2,3,5}, Xg19 = {1,3,5,6}, Xgo20 = {2,3,4,5}, Xgo1 = {2,3,5,6},
Xg o2 = {3, 9,6, 7}, Xgo3 = {1, 2,3,4, 5}, Xg o4 = {1, 2,3,5, 6}, Xg o5 =
{1,3,5,6,7}, Xg o6 = {2,3,4,5,6}, Xgor = {2,3,5,6,7}, Xgog = {3, 5,6,
7, 8}, Xgog = {1, 2,3,4,5, 6}, Xg30 = {1, 2,3,9,6, 7}, Xg31 = {1, 3,9,6,
7,8}, Xg32 =1{2,3,4,5,6,7}, Xg33 ={2,3,5,6,7,8}, Xg31a = {1,2,3,4,
9,06, 7}, Xg35 = {1, 2,3,5,6,7, 8}, Xg36 = {2, 3,4,5,6,7, 8}.

Denote by Ky ; the poset S;( for § = Mg and X = Xg;. Then
Kgo = APgog, Kg1 = APg1s, Kgo = APgis, Kg3 & AFgyg, Kga =
APgg, Kgs = AFRg1, Kgg = AP, Kg7 & APgo, Kgg = AFgis,
Kgog = AP, Kg10 = APsg, Kg11 = AP, Ksi12 = AP, Kg13 &
AP, Ks1a = APg4, Kgi15 = APS%, Ksi6 = APs 10, Ksi7r & AP,
Kg1s = APSYg, Kgig9 = APgh,, Koo = APy, K1 = APs7, Kgao =
APg 17, Kso3 =2 APY,, Kgoa = APS-, Kgos = AP, Ksos = AP,
Kgor = APg 11, Kgog = APs 3, Kgo9 = APg o9, Kg30 = APg 5, Ks31 =
AP, Kg3p = APgY,, Kg33 = APJ5,, Kg34 = APgo7, Kg 35 = APy 30,

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in Mg such that V' C X and V < S\ X:
Y1 = (Xg18,{3}), Ys2 = (Xg23,{3}), Ys3 = (Xg23,{5}), Ysu4 =
(X823,{3,5}), Ys5 = (X824, {3}), Ys6 = (X529, {3}), Y3,7 = (X529, {5}),
Ysg = (Xg20,{3,5}), Yg0 = (Xg29,{3,5,6}), Yz 10 = (Xs30,{3}), Y511
= (X834, 13}), Y812 = (X834, {5}), Y813 = (X834, {3,5}), Y814 = (X334,
{3,5,6}), Y15 = (X834,{3,5,6,7}), Y16 = (X535, {2}), Y517 = (X335,
{3}), Y515 = (Xs,35,{2,3}).

Denote by Kg; the (S})E for S = Mg and (X,V) = Yz ;. Then
Ké,l = APs.94, Ké72 = AP;s.90, Ké73 = AP0, Ké,4 = APSOZ;), Ké75 =
APs1y, Kyg = ARy, Ky = APy, Kyg = AP, Kyg = APSE,
Kg 19 = APgu3, Kg ) = AP, Kg g = APy 1o, Kg 3 = AP, Ky =
AP8_23, Ké,15 = AP8.5, Ké,16 = AP8.25, Ké717 = AP8_19, Ké,lS = AP8OIZL

Step III. We have the same result as in case M. O

Proposition 12. The posets minimax equivalent to Mg are exhausted,
up to isomorphism and duality, by the posets 9.1,...,9.31 (see Table 2).

Proof. Step I. Describe, up to strong isomorphism, all lower subposets of
My: Xgo =@, Xo1 = {1}, Xoo = {2}, Xo3 = {3}, Xou = {1,2}, Xo5 =
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{173}7 X9,6 = {273}7 X9,7 = {374}7 X9,8 = {376}7 X9,9 = {17273}7
Xg,lo = {1,3,4}, Xg}n = {1,3, 6}, X9712 = {2,3,4}, X9’13 = {2,3,6},
X914 = {3,4, 6}, Xo.15 = {1,2,3,4}, Xo,16 = {1,2,3,6}, Xo17 = {1,3,4,
6}, X9718 = {2,3,4,5}, X9’19 = {2,3,4,6}, Xg’go = {3,4,6,7}, Xg721 =
{1,2,3,4,5}, X920 = {1, 2,3,4, 6}, X9723 = {1,3,4,6,7}, X9724 = {2,3,4,
5,6}, X925 = {2,3,4,6,7}, X926 = {3,4,6,7,8}, Xgor = {1,2,3,4,5,6},
Xgog = {1,2,3,4,6,7}, X929 = {1,3,4,6,7, 8}, X930 = {2,3,4,5,6,7},
X931 = {2,3,4,6,7,8}, X930 = {1,2,3,4,5,6,7}, X933 = {1,2,3,4,6,7,
8}, X934 = {2,3,4,5,6, 7, 8}.

Denote by Ky ; the poset S;( for § = Mg and X = Xg ;. Then
Koo = APy29, Kg1 = APy, Koo = APy19, K93 = APy26, Koy =
AP, Kos = APy13, Kog = APy19, Ko7 = APyg, Kog = APy7,
Kgg = APyg, K910 = APy15, Ko11 = APy17, Kg12 = APyg, K913 =
AP, Kg14 = APys5, Ko15 = APY, Ko16 = APyl 5, Koi7 = APy,
K1 & APy 1, Kg19 & AP, Kgoo = APy11, Koo = APy%, Ko o9 =
AP, Koas = AP, Koos = AP, Ko o5 = APy 14, Kgos = APyo,
Ko o7 =2 APJY,, Kgog = AP%. Kg99 = APg%.. Kg 30 = APy, Ko 31 =
AP, Koo = APJhe, Koss = APy, K934 = APy o5.

Step II. Describe, up to strong isomorphism, all pairs (X, V) of
proper lower subposets in My such that V' C X and V < S\ X: Yy, =
(Xo9,9,{3}), Yo2 = (Xo,15,{3}), Yo3 = (Xo,16,{3}), You = (Xo21,{3}),
Yo5 = (Xo22,{3}), Yo = (Xo22,{3,4}), Yor = (Xo27,{3}), Yog =
(Xo,27,{3,4}), Yoo = (Xo27,{3,6}), Yo10 = (Xo27,{3,4,6}), Yo11 =
(Xo,28,{3}), Yo,12 = (Xo,28,{3,4}), Y013 = (Xo,32,{3}), Yo,14 = (Xo,32,
{3,4}), Yo15 = (Xo,32,{3,6}), Yo,16 = (Xo,32,{3,4,6}), Yo17 = (Xo,32,
{3,4,6,7}), Yo18 = (X9.33,{2}), Yo,19 = (Xo,33,{3}), Y020 = (Xo,33, {2,
3}), Yoo1 = (X933, {3,4}), Yy, 22 = (Xo,33,12,3,4}).

Denote by Ky ; the poset (S ) for S = My and (X,V) =Yy ;. Then
K9,1 = APy, K9,2 = AFgh,, K973 = AFgh,, K974 APgh,, Ks/),5 =
APghg, Ko = APyas, Koy = APy30, Koy = APya1, Kyg = APy a3,
K10 = APSY, K§ 11 = APyas, K19 = APyas, Ko 13 = APoar, Koy =
AP;ﬁm K§,15 = APy 16, Ké,lﬁ = AP;ﬁl’ K§,17 = APy, Ké,ls = APy,
K19 = APy 31, Koo = APy g, Kyo) = APy 12, Koy = AP

Step III. We have the same result as in case M. O

Propositions 4-12 provide a complete classification up to isomorphism
and duality of essential almost positive posets (see Table 2).
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Table 1. The near-positive posets aP; ;.

1.1 1.2}/43(1 13 /18d|14 sd|15 sd|1e 1.7 Q.H
2.2 2.3 2.4 2.5 26 sd|27 2.8 2.9
2.10 2.11 212 sd|3.1 3.2 3.3 3.4 3.5
3.6 3.7 3.8 3.9 3.10 | sd | 3.11 3.12 3.13
3.14 sd|3.15 3.16 3.17 3.18 3.19 3.20 3.21

A sd
3.22 3.23 3.24 3.25 41 sd| 42 4.3 4.4

sd

45 4.6 4.7 4.8 4.9 1sd|4.10 411 sd| 412 sd
4.13 4.14 4.15 4.16 417 sd| 4.18 4.19 4.20
4.21 4.22 4.23 4.24 4.25 4.26 4.27 4.28 | sd
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Table 2. The essential almost positive posets APi.j.

X

AN

2N

&"*%
P

1.1 sd|1.2 1.3 1.4 sd| 15 1.6 1.7

N=247 %

1.8 1.9 1.10 1.11 1.12 sd| 21 2.2 2.3
v N /? LN ﬂ ﬁ ﬂ
2.4 2.5 2.6 2.7 2.8 2.9 2.10 2.11
% d 4 ﬁ SR ARG%
2.12 213 sd| 2.14 sd| 2.15 2.16 2.17 2.18 2.19
2.20 2. 222 sd|31 sd|32 sd]33 3 35 sd

3.6 sd

P

w

3.

3.9

3.10

P

3.11

Z
%

3.

—_
[\

3.14

N

'

=

3.18

3.19

g

@
o
S

.

S
=

| = A

w

= Tz R e

SR

4.

4.

2 S

43 sd

W~
~
V2]
U

4.5

4.6

N
X
N

N
-~
VA
QL

48 sd

4.9

4.10

77

| <z

7] =

e
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4.14 4.15 5.1 5.2 5.3 5.4 5.5 5.6

A

5.7 5.8 5.9 5.10 5.11 5.12 5.13 5.14

5.15 5.16 5.17 5.18 5.19 5.20 5.21 5.22

| WA W TP

5.23 5.24 5.25 - 5.26 5.27 5.28 5.29 5.50 .
AR, ”

5.51 5.312 5.33 5.34 5.35 5.36 5.37 5.38
A Y s

5.39 5.40 5.41 5.42 5.43 5.44 - 5.45 5.46
A4 A AL D]

5.47 5.48 5.49 5. 5.51 5.52 g 6.1 sd| 6.2
Vi

6.3 6.4 6. 6 6.7 6. 6.9 sd|6.10

m‘”%
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6.11 6.12 sd| 6.13 6.14 6.15 sd| 6.16 6.17 6.18
vt WA ]
6.19 6.20 sd | 6.21 6.2I2 6.213 6.24 6.25 6.26
RPN/ ¥
6.27 6.28 6.29 630 sd|71 sd| 7.2 7.3 7.4
WA )
7.5 7.6 7.7 7.8 79 sd| 710 sd|7.11 7.12
QG008 |
7.13 714 sd| 7.15 7.16 7.17 7.118 7.19 sd| 7.20
AR AN/ (R A
7.21 7. 7.23 7.24 7.25 7.26 g 7.27 sd|7.28

‘\

= | &
Ny

<>
—

7.29

7.30

7.31

8.2 sd

N

8.

w

PN

8.

k%%
.&Hw%ﬁ

8.

| =
< ==
> | ==

8.

P

8.

8.

8.10

P

8.11

8.

—_

2

<>
>

o
—
w

8.14

D

8.15 sd

o

8.16

8.18

N

ZZ

BN

8.

8.20

o

®©
[No}
=
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8.22 8.23 sd|8.24 8.25 8.26 8.27 8.28 8.29

8.30 9.1 9.

94 sd| 95 sdl|96 9.7

—~
ZSAHME

JB W, ad AY
{

98 sd|99 sdlo9.10 9.11 9.12 9.13 9.14 9.15

9.16 9.17 sd|9.18 9.19 9.20 9.21 9.22 9.23

9.24 9.25 9.26 9.27 9.28 9.29 9.30 9.31
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