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On the structure of the algebra of derivation of
some non-nilpotent Leibniz algebras

Leonid A. Kurdachenko, Mykola M. Semko,
and Igor Ya. Subbotin

ABSTRACT. We investigate the algebras of derivations of cer-
tain non-nilpotent Leibniz algebras of low dimensions. Our focus is
on the structural properties and classifications of these derivations,
providing insights into their algebraic behaviors.

Introduction

Let V' be a vector space over a field F'. Denote by Endr (V') the set of
all linear transformations of V. Then Endp(V') is an associative algebra
by the operations + and o. As usual, Endp(V) is a Lie algebra by the
operations + and [, ] where

[f.g]=fog—gof

for all f,g € Endp(V).

Let L be an algebra over a field F' with the operations + and [,].
Recall that a linear transformation f of an algebra L is called a derivation
if

f([a,b]) = [f(a),b] + [a, f(b)] for all a,b € L.

The first author is very grateful to the Conselleria d’Innovacié, Universitats,
Ciencia 1 Societat Digital of the Generalitat (Valencian Community, Spain) and the
Universitat de Valéncia for their financial support to host researchers affected by the
war in Ukraine in research centres of the Valencian Community (covered by the “Pro-
grama Operativo 2014-2020” of the European Union fund FEDER REACT-EU).

2020 Mathematics Subject Classification: 17432, 17A60, 17A99.

Key words and phrases: Leibniz algebra, Lie algebra, derivation, endomor-
phism.



https://doi.org/10.12958/adm2385

L. A. KURDACHENKO, M. M. SEMKO, I. YA. SUBBOTIN 111

Derivations play a very important role in studying the structure of
many types of non-associative algebras. In particular, such is especially
true for Lie and Leibniz algebras.

Let L be an algebra over a field F' with the binary operations + and
[,]. Then L is called a left Leibniz algebra if it satisfies the left Leibniz
identity,

Hav b}v C] = [a7 [bv CH - [bv [a7 CH:

for all a,b,c € L. We will also use another form of this identity:
[av [b7 C” = Ha7 b]7 C] + [b, [CL, CH

Derivations play a crucial role in studying the structure of many types
of non-associative algebras. This is particularly true for Lie and Leibniz
algebras, where derivations help unveil their structural and functional
properties.

Leibniz algebras first appeared in the paper of A. Blokh [2], but the
term “Leibniz algebra” appears in the book of J.-L. Loday [15] and his
article [16]. Some of the results of this theory were presented in the
books [1,6].

Let Der(L) be the subset of all derivations of a Leibniz algebra L. It
can be proven that Der(L) is a subalgebra of the Lie algebra Endg(L).
Der(L) is called the algebra of derivations of the Leibniz algebra L.

The influence on the structure of a Leibniz algebra of its algebra of
derivations can be observed in the following result: If A is an ideal of a
Leibniz algebra, then the factor-algebra of L by the annihilator of A is
isomorphic to some subalgebra of Der(A) [4, Proposition 3.2].

The structure of the algebra of derivations of finite-dimensional one-
generator Leibniz algebras was described in the papers [10,17], and that
of infinite-dimensional one-generator Leibniz algebras was delineated in
the paper [14].

The question about the algebras of derivations of Leibniz algebras of
small dimensions naturally arises. In contrast to Lie algebras, the situ-
ation with Leibniz algebras of dimension 3 is very diverse. The Leibniz
algebras of dimension 3 have been described, and their most detailed de-
scription can be found in [5]. The algebras of derivations of the Leibniz
algebras of dimension 3 were studied in the papers [6-9,11,12].

The study continues in the present work. The next step involves
investigating the algebra of derivations of other Leibniz algebras. We will
analyze their structure step by step, focusing on the remaining classes of
Leibniz algebras.
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1. Some preliminaries and remarks

We will need some general properties of an algebra of derivations of a
Leibniz algebra. Here, we show some basic elementary properties of
derivations that have been proven in the paper [12]. First, let us recall
some definitions.

Every Leibniz algebra L has a specific ideal. Denote by Leib(L) the
subspace generated by the elements [a,a], a € L. It is possible to prove
that Leib(L) is an ideal of L. The ideal Leib(L) is called the Leibniz
kernel of algebra L. By the definition, factor-algebra L/Leib(L) is a Lie
algebra. Conversely, if K is an ideal of L such that L/K is a Lie algebra,
then K includes the Leibniz kernel.

Let L be a Leibniz algebra. Define the lower central series of L,

L=y(L) > (L) >...7%(L) =2 Ya+1(L) > ...75(L),

by the following rule: v, (L) = L, v2(L) = [L, L], recursively, v4+1(L) =

[L,va(L)] for every ordinal «, and vy(L) = () vu(L) for every limit
p<A

ordinal A. The last term ~s5(L) = voo(L) is called the lower hypocenter

of L. We have: ~v5(L) = [L,~s(L)].

As usual, we say that a Leibniz algebra L is called nilpotent if a
positive integer k exists, such that v, (L) = (0). More precisely, L is said
to be nilpotent of nilpotency class c if ve41(L) = (0) but ~v.(L) # (0).

The left (vespectively right) center ('%(L) (respectively ("8 (L)) of
a Leibniz algebra L is defined by the rule below:

(L) = {z € L| [x,y] = 0 for each element y € L}
(respectively
Cright(L) ={z € L] [y,z] =0 for each element y € L}).

It is not hard to prove that the left center of L is an ideal, but this is not
true for the right center. Moreover, Leib(L) < ¢'f(L), so that L/¢'*f(L)
is a Lie algebra. The right center is a subalgebra of L; the left and right
centers are generally different; they may even have different dimensions
(see [4]).

The center of L is defined by the rule below:

((L) ={z € L| [z,y] = 0 = [y, 2] for each element y € L}.

The center is an ideal of L.
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Lemma 1. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f(C'*"(L)) < ¢*™*(L), f(¢"#M(L)) < ¢""(L) and f(¢(L)) <
¢(L).

Corollary 1. Let L be a Leibniz algebra over a field F' and f be a
derivation of L. Then f((4(L)) < (o(L) for every ordinal c.

Lemma 2. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f([L,L]) <|[L,L].

Corollary 2. Let L be a Leibniz algebra over a field F' and f be a
derivation of L. Then f(vya(L)) < Ya(L) for every ordinal c.

Denote by E the classic monomorphism of End(L) in M3(F) (ie.,
the mapping, assigning to each endomorphism its matrix concerning the
basis {a1, a2, as}).

Let L be a non-nilpotent Leibniz algebra of dimension 3 having a
Leibniz kernel of dimension 2. Moreover, suppose that is not generated
by any of all its elements.

The fact that L/[L, L] is abelian, in particular, it is a Lie algebra,
implies that Leib(L) < [L,L]. On the other hand, L is soluble, so
that L # [L,L]. Then the fact that dimp(Leib(L)) = 2 implies that
Leib(L) = [L, L].

Since L is not a Lie algebra, L has an element a such that [a, a]=c# 0.
In particular, it follows that a ¢ Leib(L), and hence FanFe¢ = (0). Since
L is not one-generated, subalgebra (a,c) has dimension 2. Taking into
consideration the information about the structure of a Leibniz algebra
of dimension 2 (see, for example, survey [13]) we can suppose that either
[a,c] = 0 or [a,c] = c¢. The fact that Leib(L) has dimension 2 implies
that Leib(L) = Fc @ Fb for some element b. Then [b,c] = [¢,b] = 0; in
particular, C' = Fc is an ideal of L. Assume first that [a,c] = 0. In this
case we obtain that ¢ € ((L).

The fact that dimp(Leib(L)) = 2 implies that the factor-algebra
L/C is not a Lie algebra. The inclusion C' < {(L) shows that the factor-
algebra L/C is not nilpotent. Taking into consideration the information
about the structure of a Leibniz algebra of dimension 2 we obtain that
L/C=(u+Cyv+C)and [u+C,u+Cl=v+C, [u+C,v+C|=v+C,
[v+C,u+C|=C=[v+C,v+C|. Then (v,C) is an ideal of L, having
dimension 2. The factor-algebra L/(v,C) has dimension 1, in particular,
it is abelian. It follows that [L, L] < (v,C) and hence [L, L] = (v, C). In
turn out it follows that (v, C) = Leib(L). In particular, (v, C) is abelian.
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Then [v,v] = [v,¢] = [¢,v] = 0. Also, we have (v,C) is ¢'**(L), so that
[v,u] = 0. The equality [u+C,u+C] = v+C implies that [u,u] = v+pic
for some scalar p; € F. An equality [u+ C,v+ C] = v+ C implies that
[u, v] = v + pac for some scalar ps € F. We have

[u, [u, u]] = [u,v + pic] = [u,v] + p1]u, c] = [u,v] = v+ pac € (u).

Since v + p1c = [u,u] € (u), v+ pic— (v+ p2c) = (p1 — p2)c € (u). If
p1 # p2, then we obtain that ¢ € (u). In turn, it follows that v € (u), and
hence (u) = Fu® Fv ® Fc = L. This contradiction shows that p; = ps.

The equality L = Fu & Fv & Fc implies that a = au + v + ¢ for
some scalars «, 3, € F. Then we obtain
[

¢ =[a,a] = [au+ v+ ve, au+ Pv + ve] = alu, u] + aflu, v] + aylu, ]

= o’(v+ p1c) + a(v + pic) = ala + Bv + ala + fpic.

It follows that a(cv + 8) = 0. But in this case, we obtain that [a,a] = 0,
and we obtain a contradiction.

This contradiction shows that [a,c] = ¢. We have [a,b] = k1b + kac
for some scalars k1,2 € F. Since b € Leib(L), [b,a] = 0. If k1 = 0, then
[a,b] € C. Together with [a, a] € C it follows that A/C' is abelian, and we
obtain a contradiction. This contradiction shows that x1 # 0. Without
loss of generality, we can assume that k3 = 1 (otherwise, instead of b we
will consider #;'b).

Suppose first that ko # 0, so that [a,a] = [a,c] = ¢, and [a,b] =
b+ koc. Let x = aa + Bb + ¢ be an arbitrary element of L such that
x & Leib(L), a, B,y € F. It follows that « # 0. If we suppose that 5 = 0,
then x € (a) and, in this case, (z) is a proper subalgebra. Therefore, we
will assume that 8 # 0. We have

[z, 2] = [aa + b+ ve, aa + Bb + ]
= a®[a, a] + apa,b] + arfa, c]
= a?c+ af(b + kac) + aye = afb + ala + Bra + 7)c.

Since a # 0, a1 exists. We have o~ !z, 2] = 8b+ (o + Bra + ¥)c =
d € (x)N[L, L]. Then

dy=x—d=aa+ pb+vyc—pb— (a+ Bre +7)c
= aa — (a+ Pra)c € (z).
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Put A = a4+ Bks. Furthermore,

[x,d1] = [aa + Bb+ ye, aa — A(]

= a?[a,a] — a\a, (]

=a’c—ale=ala—Ne=ala —a— Bry)c

= —afKac.
We note that [z, d;] € (z) N [L, L]. The matrix

B a+ Bry+7y
0 —afko

is not degenerate. It follows that (x) N [L, L] has dimension 2, so that
[L,L] = (x) N [L,L]. Since = ¢ [L,L], L = (x), and again we obtain a
contradiction. This contradiction shows that ko = 0. In other words,
[a,b] = b, [a,c] = c. Tt follows that every subspace of Leib(L) = Fb® Fc
is L-invariant. Then Fz,z] is an ideal for every element x € L. It
follows that in this case L cannot be one-generator. Thus, we come to
the following Leibniz algebra:

Lei(3, F) = Fay ® Fay @ Faz where
la1, a1] = a3z = [a1, a3], [a1, az] = az,

[ag,ag] = [CL3,CL2] = [ag,ag] = [CL3,CL3] = [ag,al] = [a3,a1] = 0.

In this case Leib(L) = Fay ® Faz = [L, L] = (*%(L), every subspace
of Leib(L) is an ideal of L, L is a sum of two non-nilpotent subalgebras
A1 = Fa; @ Fas and Ay = Fa; @ Fas of dimension 2. Note also that

¢EM(L) = ¢(L).

Let’s verify that an algebra with such defining relations is indeed a
Leibniz algebra.

Let x,y, z be arbitrary elements of L,

x = §1a1 + §eaz + £3a3,
Yy = mai + n2az + n3a3,
Z = 0101 + 0209 + 0343,

where &1, &2, &3, M1, M2, M3, 01, 02, 03 are arbitrary scalars. Then

[z,y] = [&1a1 + &20a2 + €303, M1a1 + M2a2 + 13a3]
=&imlar, a1] + &melar, az] + &imslaq, as]
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= {1maz + §1mpa2 + 11303
= &impaz + (&m + &ims)as,
[z, 2] = &102a2 + (101 + &103)as,
[y, 2] = mozaz + (mo1 +nio3)as,
[z, [y, 2]] = [&101 + &aa2 + E3a3, moag + (mo1 + mos3)as]
= &imoalay, az] + &1 (mor + mozs)lar, as]
= {imozaz + &1(mor + n1o3)as,

[z, y], 2] = [E1mean + (E1m + E1m3)az, o141 + 02a2 + 03a3] = 0,
[y, [z, 2]] = [ma1 + neaz + nzas, §102a2 + (§101 + €103)as]
= mé&iozlar, az] +m(§101 + &103)[as, as)

= méio2as + m(§101 + &103)as.

Thus we can see that

[z, [y, 2]) = [[z, ], 2] + [y, [z, 2],

so that Leiyo(3, F) is really a Leibniz algebra.

It remains to consider the algebras of derivations of a non-nilpotent
Leibniz algebra of dimension 3 having Leibniz kernel of dimension 1. In
this paper we consider only the case when the center of the Leibniz algeb-
ra includes the Leibniz kernel. Consider the structure of such Leibniz
algebras.

Suppose now that L is a non-nilpotent Leibniz algebra of dimension
3, having a Leibniz kernel of dimension 1. Let K = Leib(L), then L/K
is a Lie algebra of dimension 2. Let ¢ be an element such that K = Fe.
Then S = Annk®(K) is an ideal of L such that L/S is isomorphic to some
subalgebra of derivation of K [4, Proposition 3.2]. It follows that either
S =L or dimp(L/S) = 1. Since Leib(L) < ('*(L), S = Anny(K).

Suppose that S = L. Then K < ((L). Since L is not nilpotent,
the factor-algebra L/K is non-abelian. In this case L/K has an ideal
A/K = F(a+K) and has an element b+ K such that [a+K,b+ K] = a+K
(see, for example, the book [3, Chapter 1, § 4]). We have [¢, z] = [z,¢] =0
for every element x € L.

The equality S = L implies that K < ((L). If A is not a Lie algebra,
then [a,a] = c # 0. Clearly, without loss of generality, we may suppose
that [a,a] = ¢. Let x be an element such that x ¢ A. Since A is an
ideal of L, [a,z] = aa + ve for some scalars a,v € F. Since A/K is
not nilpotent, a # 0. The fact that L/K is a Lie algebra implies that
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[z,a] = —aa + vyc for some v € F. We have
[, [a, 2]] = [[z,a], 2] + [a, [z, 2]] = [[z,a], z].

Then we obtain

alz,a) = [z, aa] = [z, 0a + ve| = [z, [a, z]] = [[x, a], x]
= [~aa + vic, 7] = [—aa, 7] = —ala, z].
Since v # 0, we obtain that [z, a] = —[a, z].

The equality [a + K,b+ K] = a + K implies that [a,b] = a + kic
for some scalar k1 € F. If k; = 0, then put a; = b. If not, then put
a1 = b — k1a. In this case, we have

la,a1] = [a,b — k1a] = [a,b] — [a, k1a] = a + K1c — K1c = a.

As proven above [a1,a] = —a. Put ag = a, ag = ¢. Thus, we come to the
following Leibniz algebra:

Leiy1(3,F) = Fay @ Fay @ Fas where
[612, a2] = as, [a2, al] = a2, [al, a2] = —az,
laz, a3] = [ag, az] = [a1, a3] = [a3, a1] = [a3,a3] =0,
[a1,a1] = yas,y € F.

In this case, Leib(L) = Faz = ((L) = (L) = ¢"&"*(L), [L, L] = A =
Fay ® Fag is a nilpotent radical of L, moreover, [L, L] is a one-generator
nilpotent Leibniz subalgebra of L.

Let’s verify that an algebra with such defining relations is indeed a
Leibniz algebra.

Let x,y, z be arbitrary elements of L,

x = &§1a1 + §eaz + 3a3,
Yy = nia1 + n2a2 + n3as,
z = 0101 + 0262 + 03a3,

where &1, &2, &3,11, 12, M3, 01, 09, 03 are arbitrary scalars. Then

[z,y] = [&1a1 + &2a2 + E3a3, n1a1 + a2 + 13a3]
= &imlar, a1] + &malar, az] + Eamfaz, a1] + Eamalas, as)
= &imyas — Eimpag + Eanras + Eampag
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= (&am — &im2)az + (&1my + &am2)as,
[z, 2] = ({201 — §102)az + (§1017 + &202)as,
[y, 2] = (n201 — mo2)az + (Mmory + n2o2)as,
[z, [y, 2]] = [§1a1 + &2a2 + &3a3, (201 — Mmo2)az + (no1y + n202)as]
= & (o1 — moz)[ar, as] + &2(n201 — m02)[as, as)
= —&1(neo1 — moz)az + &a(n201 — Mmog)as
= {1(mog — meor)ag + &a(n201 — Mmog)as,
[z, ], 2] = [(§am1 — &um)az + (E1my + am)as, o1a1 + 0202 + 03a3]
= o1(§am — &ine2)[ag, a1] + o2(§am — §112)[az, az)
= o01(§am — &1m2)az + o2(&am — 1m2)as,
[y, [, 2]] = [ma1 + neag + n3as, (§201 — §102)as + (§1017 + &202)as]
= (201 — §102)[a1, az] + n2(§201 — &102)[az, a2
= —n1(§201 — &102)az + n2(§201 — &102)as
=m(&1o2 — &01)as + n2(&e01 — E102)as.

Thus,

[z, 9], 2] + [y, [z, 2]] =
o1(§am — &1m2)az + o2(Sem — §1m2)as
+n1(&102 — &e01)az + n2(§201 — §102)as
= (01&am1 — 01&1m2 + Mi&1oa — Mmao)az
+(02éam — 0281m2 + m2€201 — M2€102)as
= (mé1o2 — o1&1m2)az + (026am — 0261m2 + n2é201 — M2é102)as.

Thus, we can see that

[z, 9], 2] + [y, [z, 2] = [z, [y, 2]] + 2§1m202a3.

It follows that Leiq1(3, F') is a Leibniz algebra if char(F) = 2.

Suppose now that A is a Lie algebra, then [a,a] = 0. It follows that
A is abelian. Consider the mapping Ly : A — A, defined by the rule:
Ly(y) = [b,y], y € A. Clearly L; is a linear mapping, Ker(L,) = Fe,
Im(Ly) = [b, A]. An isomorphism

[b, A] = Im(Ly) = A/Ker(Ly) = A/Fc

shows that [b, A] has dimension 1. It is not hard to see that [b, A] is an
ideal of L. Clearly [b, A]N((L) = (0). In the factor-algebra L/K we
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have

(b,A]+ K)/K = A/K.
Choose in the coset a + K an element ay such that ay € [b, A]. The
equalities [a + K,b + K] = a+ K and [b,A] N K = (0) imply that
[a2,b] = aa. As above we obtain that [b,as] = —ae. The factor-algebra
L/[b, A] is nilpotent. We note that L/[b, A] is not abelian, otherwise, we
obtain that Leib(L) = K < [b, A] and we come to a contradiction. It

follows that L/[b, A] is a nilpotent Leibniz algebra of dimension 2. Since
b A,

b+ [b, A] & Leib(L/[b, A]) = (Leib(L) + [b, A])/[b, A].

It follows that [b+ [b, A],b+ [b, A]] is not zero. Therefore, [b,b] # 0. Put
b= aq, [b,b] = az. Thus, we come to the following Leibniz algebra:

Leii2(3, F) = Fa; ® Fay @ Fas where
[al, (11] = as, [al, az] = —ay, [az,al] = az,

[ag,ag] = [a3,a3] = [(Ig,ag] = [a2,a3] = [ag,ag] = [ag,al] = 0.

In thus case Leib(L) = Faz = ((L) = (L) = ¢"eht(L), [L, L] =
A = Fas @ Fag is an abelian ideal, moreover, Fas is also an ideal of L,
Fay & Fas is a nilpotent subalgebra of L, Fa; @ Fas is a non-nilpotent
Lie subalgebra of L.

Let’s verify that an algebra with such defining relations is indeed a
Leibniz algebra.

Let z,y, z be arbitrary elements of L,

x = §1a1 + §eaz + §3a3,
Yy = nia1 + n2a2 + n3as,
z = 0161 + 0202 + 0343,

where &1, &9, &3,11,1m2,M3, 01,09, 03 are arbitrary scalars. Then

[z,y] = [§1a1 + &aa2 + E3a3,ma1 + n2ag + n3as]
= &imlar, a1] + §imelar, as] + Samaz, ai]
= &imaz — E1meaz + Somaz = (Som — E1m2)ag + E1muas,
[z, 2] = (§&201 — §102)as + §101a3,
[y, 2] = (201 — Mmoa)az + moias,
[z, [y, 2] = [§1a1 + &2a2 + &3a3, (1201 — Mmo2)az + moias]
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= & (o1 — mo2)lar, ag] = =& (201 — Mo2)as
= (&1moa — &1m201)az,
[z, yl, 2] = [(&om — &am2)az + E1mas, o1a1 + 02a2 + o3a3]
= o1(§&am — &ime)laz, a1] = o1(§am — &1m2)az,
ly, [z, 2]] = [ma1 + n2az + n3a3, (§201 — 102)az + &101a3]
= m(&o1 — &102)[ar, a2] = —mi (€201 — §102)as
=m ({102 — &201)as.

Therefore,
[, yl, 2] + [y, [z, 2]] = o1(&am — &1m2)az + m(§102 — &201)az

= (&omo1 — &1mpot + &imioa — Lanior)az
= (—5177201 + 517]102)@.

Thus, we can see that
([, 9], 2] + [y, [z, 2]] = [z, [y, 2]].

It follows that Leii2(3, F') really is a Leibniz algebra.

2. Main results

Theorem 1. Let D be an algebra of derivations of the Leibniz algebra
Leiig(3,F). Then D is isomorphic to a Lie subalgebra of Ms(F') con-
sisting of the matrices of the following form.:

2 oo
> O
2 O O

8,7, A € F. Furthermore, D is a semidirect sum of ideal E and one di-
mensional subalgebra, moreover E is a direct sum of two one dimensional
ideals of D.

Proof. Let L = Lei1p(3,F) and f € Der(L). By Lemma 1, f(¢(L)) <
((L) = Fas and f(Faj; @ Fa3) < Fa; @ Fas. So that

fla1) = acnar + azag + asas,
f(a2) = Baaz + P3as,
f(a3) = vas,
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ap, a2, a3, B2, 33,7 € F. Then

flaz) = f(lar, a1]) = [f(a1), a1] + [a1, f(a1)]

= [a1a1 + asag + azas, a1] + a1, a1a1 + azaz + asas]

= aqla1,a1] + ailar, a1] + aglar, ag] + aslar, as)

= 20 a3 + agas + azag = asas + (201 + ag)as,
flas) = f(la1,as]) = [f(a1), as] + [a1, f(a3)]

= [1a1 + agag + agas, as] + (a1, yas]

= ailay, az] + v[a1, a3] = aras + yaz = (a1 + 7)as,
flaz) = f([a1, a2]) = [f(ar), a2] + [a1, f(a2)]

= |ara1 + azaz + azas, az] + [a1, Beaz + B3as)

= a1la1, ag] + Bala1, az] + B3lai, as]

= a1az + Braz + Bsaz = (a1 + f2)az + Bzas.

Thus, we obtain

agaz + (201 + ag)as = (aq + v)ag = vas,
(o1 + P2)as + Baaz = Paas + B3as.

It follows that
az =0,201 +ag = a1 +v,a1 + B2 = 32

and
Qg = 07a3 =7,01 = 0.

Hence, Z(f) is the following matrix:
0 0 0
0 /82 0 )
v B3 v

BZ? /8377 Sy

Conversely, let x,y be arbitrary elements of L,

r = &§1a1 + &ea2 + &3a3,
Yy = may + n2az + n3as

where &1, &2, &3, M1, 12, 3 are arbitrary scalars. Then

[z,y] = [&1a1 + &2a2 + E3a3, a1 + M2a2 + 1303]
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= &imifar, a1] + &implar, az] + &inslar, as]
= &imasg + Simzaz + 1m3as
= &impag + (&m + &1m3)as,

f(z) = f(&ar + Eaa2 + &3a3) = &1 f(ar) + & f(a2) + &3 f(as)
= &1va3 + §2(Beaz + B3a3) + E37a3
= &af2an + (17 + 283 + E37)as,

f(y) = meBeaz + (my + n2Bs + n37)as,

f([z,y]) = f(&imeaz + (E6m + &1n3)as)

= &inafa2) + (S + &n3) f(az)
= &imp(Braz + Bzagz) + (S1m + §1m3)vas
= &imafaaz + (§1m283 + & + E1m3y)as.

Thus,

[f(@),yl + [z, f(y)]
= [§2B2a2 + (§17 + €283 + &377)as, may + neag + n3as]
+[&1a1 + &aaz + E3a3, m2fB2a2 + (1Y + 1203 + n377)as]
= SimePalar, az] + E1(my + 0263 + n37) a1, as]
= &impfaaz + & (my + m283 + 1377)as,

so that f([z,y]) = [f(2),4] + [z, f(y)].
Denote by A the subset of M3(F') consisting of the matrices of the

following form:
0 00
00 0],
v 0y
~v € F. Denote by C the subset of M3(F') consisting of the matrices of

the following form:

0
0
0

> O O

0
01,
0

A € F. Denote by B the subset of M3(F') consisting of the matrices of
the following form:

o O O
oW o
o O O

B eF.
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It is not hard to see that A, C' are one-dimensional ideals of =(L), B
is an one-dimensional subalgebra of Z(L) and Z(L) is a semidirect sum
of the ideal A @ C' and the subalgebra B. O

Theorem 2. Let D be an algebra of derivations of the Leibniz algebra
Lei11(3, F). Then char(F) = 2, and D is isomorphic to Lie subalgebra
of M3(F') consisting of the matrices of the following form:

0O 0 O
a B 0],
v a 0

a,B,v € F. Furthermore, D is a semidirect sum of an abelian ideal A
and a one-dimensional subalgebra, moreover, A is a direct sum of the
one-dimensional center of D and a one-dimensional ideals of D.

Proof. Let L = Lei11(3,F) and f € Der(L). By Lemma 1, f(¢(L)) <
((L) = Fag and by Lemma 2, f(Fa; @ Fas) < Fa; @ Fas. So that
fla1) = anay + azas + azas,
f(a2) = Baaz + Bsas,
f(a3) = Ta3,

a1, 9,03, B2, 83,7 € F. Then

flaz) = f([az, a1]) = [f(a2), a1] + [az, f(a1)]
= [B2a2 + B3as,a1] + a2, a1a1 + azas + asas]
= Palaz, a1] + aifaz, a1] + azlaz, ag]
= Baag + a1as + azaz = (a1 + B2)as + azas,
—f(a2) = f(—a2) = f([a1,a2]) = [f(ar), a2] + [a1, f(a2)]
= [a1a1 + azaz + azas, az] + [a1, Beaz + B3a3)
= ailay, az] + aifag, az] + Baai, as]
= —aiaz + agaz — faag = —(a1 + B2)as + azas,
flas) = f(laz, a2]) = [f(a2), az] + [az, f(a2)]
= [Baaz + P3a3, az] + [az, fra2 + [3a3]
= [alag, ag] + Palaz, az] = 2P2[az, as] = 0,
7f(a3) = f(vas) = f(la1, a1]) = [f(a1), 1] + [a1, f(a1)]
= [v1a1 + agag + agas, a1] + [a1, ara1 + agas + asas)
= ailar, a1] + asfag, a1] + ailar, a1] + azar, ag]

= (X9 — (a9 = 0.
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Thus, we obtain

Baaz + B3az = (aq + P2)az + agas = (a1 + B2)az — azas,
0= f(a3) = Tas.

It follows that oy = 0, ag = (3, 0 = 7. Hence, Z(f) is the following

matrix:
0 0 O
Bz B2 0 |,
as fp3 0

asz, B2, P83 € F.

Conversely, let x,y be arbitrary elements of L,

x = §1a1 + §oan + §3a3,
Y = ma1 + n2a2 + n3as

where &1, &2, &3, M1, 12, 3 are arbitrary scalars. Then

[z,y] = [§1a1 + &aa2 + E3a3,ma1 + n2ag + n3as)]
= &imlar, a1] + &imelar, a2] + Samlaz, ar] + anplaz, as]
= §imyas + E1npaz + Eamiaz + Sanpas
= (&im2 + Sam)az + (&1my + Eamp)as

and

f(@) = f(&rar + &ea2 + §3a3) = &1 f(a1) + &2f (a2) + &3 (as)
= {1(B2az + Bzaz) + §2(Bra2 + B3az)
= (&1P3 + &2B2)az + (§1a3 + &23)as,

f(y) = (mBs + m2B2)az + (mas + n2f3)as,

([, yl) = f((Eam2 + Eam)az + (§1my + Eamz)as)

= (&m2 + &am) fa2) + (§amy + &2m2) f(as)
= (&1m2 + &2m1)(B2a2 + Bsas)
= Bo(&1m2 + &am)az + B3(&1m2 + Eami)as,

Thus,

[f(@),y] + [z, f(y)]
= [(&183 + E2B2)az + (&1 + £283)as, mar + n2az + n3a3]
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+[§1a1 + E2a2 + E3a3, (M Bs + n2f2)az + (Mmas + n263)as]

= m (& B3 + &aB2)]az, a1] + n2(€185 + §282)[az, a2

+&1(m Bs + neB2)]ar, az] + &2(m Bs + n2b2)[az, as]
= m (&8s + &262)az + n2(§183 + &2682)as
+&1(m B + neB2)az + Ea(m B3 + m2B2)as
= (m&1Bs +m&2P2 + E1mPs + E1m2P2)az
+(1m26163 + m262582 + Eam B3 + E2m2B2)as

= (m&ef2 + &1m2B2)az + (m26183 + {ami fB3)as,

so that f([z,y]) = [f(x),y] + [z, f(y)].
Denote by A the subset of Z(L), consisting of the matrices, having

the following form:

Q ™o

0 0
00 |,
B0

a,B € F. Denote by B the subset of Z(L), consisting of the matrices,
having the following form:

0 0 O
B?)OO )
0 8 0

B € F. Denote by C the subset of Z(L), consisting of the matrices,
having the following form:

S o o
o O O
o O O

a € F. Denote by E the subset of =Z(L), consisting of the matrices,
having the following form:

0 oo
ov o

a,v e F.

It is not hard to see that the center of =(L) includes C. Since
char(F) = 2, B is the ideal of 2(L), dimp(C) = dimp(B) = 1, A is
an abelian ideal of Z(L), A = C @ B, E is a one-dimensional subalgebra
of E(L), and =(L) is a semidirect sum of A and E. O
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Theorem 3. Let D be an algebra of derivations of the Leibniz algebra
Leiya(3, F). Then D is isomorphic to a Lie subalgebra of Ms(F) con-
sisting of the matrices having the following form:

0 0 O
a B 0],
v 0 0

a,B,v € F. Furthermore, D is a semidirect sum of an abelian ideal A
and a one-dimensional subalgebra. Moreover, A is a direct sum of the
one-dimensional center of D and one-dimensional ideals of D.

Proof. Let L = Leii2(3,F) and f € Der(L). By Lemma 1, f(¢(L)) <
C(L) = Fag, and by Lemma 2, f(Fal 57 Fa3) < Fai; ® Fag. So that
f(al) = ajay + agaz + azas,
flag) = Baaz + B3as,
flag) = vas,
04170[270[37527/6377 S F. Then

flas) = f(la1, a1]) = [f(a1), 1] + [a1, f(a1)]
= [a1a1 + avag + agas, ai] + [a1, arar + agas + asas]
= aila1, a1] + asfag, a1] + aqfa1, a1] + aslal, ag)
= a3 + a2 + a1a3 — a2 = 20103,
flaz) = f([laz, a1]) = [f(a2), a1] + [az, f(a1)]
= [Braz + B3az, a1] + [az, a1a1 + azas + azas)
= Balaz, a1] + ailaz, a1] = Baas + araz = (B2 + a1)az,
—fla2) = f(—az2) = f([a1, a2]) = [f(a1), a2] + [a1, f(a2)]
= [1a1 + agag + agas, as] + (a1, feas + PBsas)

= ailar, az] + falar, as] = —arag — faraz = —(aq + PB2)as.
Thus, we obtain
Baag + f3az = (a1 + B2)az, 2a1a3 = vas.

It follows that 83 = 0, a1 = 0, 0 = 2ty = 7. Hence, Z(f) is the following
matrix:



L. A. KURDACHENKO, M. M. SEMKO, I. YA. SUBBOTIN 127

ag,as, B2 € F.
Conversely, let z,y be arbitrary elements of L,
r = §1a1 + &ea2 + 303,
Yy = ma1 + n2az + 1303

where &1, &9, &3, 11,12, 13 are arbitrary scalars. Then

[2,y] = [§1a1 + &2a2 + E3a3, mar + n2az + n3a3]
= &imlar, a1] + &imelar, a] + Eamfag, a1
= &imaz — §1mea2 + Eamraz
= (&am — &inp)az + &imas,

f(x) = f(&ar + &aa2 + &3a3) = &1 f(ar) + & f(a2) + &3 f(as)
= &1(anag + azaz) + &o(faaz) = Erazaz + {1azaz + Eo2a2
= (&102 + §2P2)az + E1azas,

f(y) = (maz + n2p2)az + maszas,

f(z,y)) = f((§am — &1m2)az + §1mas)

= (&m — &m2) f(a2) + Eim f(az) = Ba(&am — E1m2)az.

Thus,

[f(@),y] + [z, f(y)] = [(§raa + &2B2)az + &1azas, mar + neaz + n3a3]
+[§1a1 + 202 + E3a3, (Maz + n2fB2)az + masas)
= m(&1ae + §282)[az, a1] + &i(mas + n262)]a1, as]
= m(§rae + §262)as — §1(maz + m2f2)az
= (mérag + méafe — E1mas — §1m282)az
= (m&2B2 — &1m2P2)az,

so that f([z,y]) = [f(2),y] + [z, f(y)].
Denote by A the subset of Z(L) consisting of the matrices having the

following form:

O ™o
o oo
o oo

a,B € F. Denote by B the subse
having the following form:

-+

of Z(L) consisting of the matrices

o™ O
o O O
o O O
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g € F. Denote by C the subset of Z(L), consisting of the matrices having
the following form:

S o o

0
0
0

o O o

a € F. Denote by E the subset of Z(L), consisting of the matrices having
the following form:

0 0
0 v
a 0

o O O

a,v € F. Tt is not hard to see that the center of Z(L) includes C, B
is the ideal of Z(L), dimp(C) = dimp(B) = 1, A is an abelian ideal of
=(L), A= C® B, E is an one dimensional subalgebra of =(L), and Z(L)
is a semidirect sum of A and E. O
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