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ABSTRACT. We investigate the differential smoothness of a
certain family of skew Poincaré-Birkhoff-Witt extensions.

Introduction

Ore [44] introduced a kind of noncommutative polynomial rings which
has become one of the most basic and useful constructions in ring theory
and noncommutative algebra. For an associative and unital ring R, an
endomorphism ¢ of R and a o-derivation § of R, the Ore extension or
skew polynomial ring of R is obtained by adding a single generator x to R
subject to the relation xr = o(r)x+4d(r) for all r € R. This Ore extension
of R is denoted by R[x;0,d]. As one can appreciate in the literature, a
lot of papers and books have been published concerning ring-theoretical,
homological, geometrical properties, and applications of these extensions
(e.g. [19,22,41] and references therein).
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One of the topics of research on Ore extensions has been carried out
by several authors concerning to the ring-theoretical notions of Baer,
quasi-Baer, p.p., p.q., Armendariz and reduced rings (e.g. [23, 26, 31];
for a detailed description of each one of these notions, see the excellent
treatment developed by Birkenmeier et al. [7]). All these properties are
formulated for the ring of coefficients R of the Ore extension R[zx;o,d]
under certain adequate conditions on the maps ¢ and §. The exten-
sion of these theoretical notions from R to R|[x;o,d] was considered by
Nasr-Isfahani and Moussavi [42]. In their paper, for a ring R with an
automorphism ¢ and o-derivation § where ad = dar, they considered the
&-derivation § on the Ore extension R[z;o,§] which, precisely, extends 6.
More exactly, for an element f(x) = ro+ rmz + - -+ rp2” € Rlz;0,0]
they defined the automorphism & and the &-derivation § on R[z; 0, d] as

(f(x)) = o(ro) +o(ri)z+---+o(rp)z"
and

6(f(z)) = d(ro) +d(r1)a + -+ + d(rn)a",

respectively. Such an automorphism & and derivation ¢ of R[z;c,d] are
called extended automorphism and derivation of d.

Related to the study of transfer of ring-theoretical properties from co-
efficient rings to noncommutative polynomial extensions over these rings,
Kwak et al. [34] extended the reflexive property to the skewed reflexive
property by ring endomorphisms. An endomorphism ¢ of a ring R is
called right (resp., left) skew reflexive if for a,b € R, aRb = 0 implies
bRo(a) = 0 (resp., o(b)Ra = 0), and R is called right (resp., left) o-skew
reflexive if there exists a right (resp., left) skew reflexive endomorphism
o of R. R is said to be o-skew reflexive if it is both right and left
o-skew reflexive. It is clear that o-rigid rings are right o-skew reflexive.
More precisely, a ring R is reduced and right o-skew reflexive for a
monomorphism o of R if and only if R is o-rigid [34, Theorem 2.6]. Bhat-
tacharjee [6] extend the notion of RNP rings (Kheradmand et al. [32],
where RNP means reflexive-nilpotents-property) to ring endomorphisms
o and introduced the notion of o-skew RNP rings as a generalization
of o-skew reflexive rings. An endomorphism o of a ring R is called
right (resp., left) skew RNP if for a,b € N(R) (the set of nilpotent ele-
ments of R), aRb = 0 implies bRo(a) = 0 (resp., o(b)Ra = 0). A
ring R is called right (resp., left) o-skew RNP if there exists a right
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(resp., left) skew RNP endomorphism o of R. R is said to be o-skew
RNP if it is both right and left o-skew RNP. From [6, Remark 1.2],
we know that reduced rings are o-skew RNP for any endomorphism o,
and every right (resp., left) o-skew reflexive ring is right (resp., left)
o-skew RNP. By [6, Example 1.3], we have that the notion of o-skew
RNP ring is not left-right symmetric. However, if R is an RNP ring with
an endomorphism o, then R is right o-skew RNP if and only if R is left
o-skew RNP.

With the aim of generalizing Ore extensions of injective type (that is,
R[z;0,d] with o an injective map) and other families of noncommutative
rings appearing in the literature, Gallego and Lezama [20] defined the
skew Poincaré-Birkhoff-Witt extensions (SPBW extensions for short). A
detailed treatment of these objects can be found in Fajardo et al [18]. In
particular, and due to the relation between Ore extensions and SPBW
extensions in terms of endomorphisms and derivations (Proposition 1),
Reyes and Sudrez [49-51] carried out a similar work to the presented
by Nasr-Isfahani and Moussavi [42] but now in the more general setting
of SPBW extensions (see Section 1.1 for all details), while Sudrez et
al. [54] studied the reflexive-nilpotents-property for SPBW extensions.
There, they introduced the ¥-skew CN and 3-skew reflexive (RNP) rings
and under conditions of compatibility, they investigated the transfer of
the reflexive-nilpotents-property from a ring of coefficients to a SPBW
extension over it. Their results extend those corresponding presented by
Bhattacharjee [6] for Ore extensions.

The geometric notion of interest in this paper is the differential
smoothness in the Brzezinski and Sitarz’s sense [15]. Since several authors
have characterized the differential smoothness of different noncommuta-
tive algebras (see Section 1.2), our purpose in this paper is to investigate
the differential smoothness of SPBW extensions considering extended
automorphisms and derivations, from the ring of coefficients, to the
SPBW over this ring. In this way, we contribute to the study of algeb-
raic and geometric properties of the Ore extensions considered by Nasr-
Isfahani and Moussavi [42] and Bhattacharjee [6], and hence continue the
research on the differential smoothness of noncommutative algebras re-
lated to SPBW extensions that have been carried out by the authors
in [48,53].

The article is organized as follows. In Section 1 we review the key
facts on SPBW extensions (Section 1.1) and differential smoothnes of
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algebras (Section 1.2) in order to set up notation and render this paper
self-contained. Section 2 contains the original results of the paper. We
start in Section 2.1 with preliminary facts on the extension of automor-
phisms and derivations of a ring R to a SPBW extension over R. Next,
in Section 2.2 we characterize the differential smoothness of this kind of
SPBW extensions (Theorem 1).

1. Definitions and preliminaries

1.1. Skew Poincaré-Birkhofl-Witt extensions

SPBW extensions generalize several kinds of rings such as Ore extensions
of injective type [44], PBW extensions [5], 3-dimensional skew polyno-
mial algebras [4], diffusion algebras [27,45], ambiskew polynomial [28],
solvable polynomial rings [29], almost normalizing extensions [41], skew
bi-quadratic algebras, and some families of diskew polynomial rings and
degree-one generalized Weyl algebras [3] or rank-one hyperbolic algeb-
ras [52]. Ring, homological and geometrical properties of SPBW exten-

sions have been investigated (e.g. [1,24,25,38,43]).

Definition 1 ([20, Definition 1]). Let R and A be rings. We say that A is
a SPBW extension over R if the following conditions hold:

(i) R is a subring of A sharing the same identity element.

(ii) There exist elements x1,...,z, € A \ R such that A is a left free
R-module with basis given by the set Mon(A) := {z* = 27" - - - 24" |
a=(ag,...,an) € N'}

(iii) For each 1 < i < n and any r € R \ {0}, there exists an element
¢ir € R\ {0} such that x;r — ¢; ,z; € R.

(iv) For 1 <i,j < n, there exists an element d; ; € R \ {0} such that
T;T; — di,jxixj € R+ Rx1+ -+ Rxy,

i.e., there exist elements r(()i’j),r§i’j), e rﬁf’j) € R with

(4.9) (4,5)
Tjxi — dmmixj =71y + ;;1 T T



230 DIFFERENTIAL SMOOTHNESS OF SKEW PBW EXTENSIONS

We use freely the notation A = o(R)(z1,...,x,) to denote a SPBW
extension A over a ring R in the indeterminates x1,...,x,. R is called
the ring of coefficients of the extension A. Since Mon(A) is a left
R-basis of A, the elements c;, and d; ; in Definition 1 are unique Every

element f € A\ {0} has a unique representation as f = Z ri X;, with
ri € R\ {0} and X; € Mon(A) for 0 < i < t with XO = 1. When

necessary, we use the notation f = Z riY;. For X = 2% € Mon(A),
i=0
exp(X) := a and deg(X) := |a|. If f is an element as in (v), then
deg(f) := max{deg(X;)}'_; [20, Remark 2 and Definition 6].
The following proposition shows explicitly the relation between Ore
extensions and SPBW extensions.

Proposition 1 ([20, Proposition 3|). If A= o(R)(x1,...,2,) is a SPBW
extension over R, then for each 1 < i < n, there exist an injective
endomorphism o; : R — R and a o;-derivation §; : R — R such that
zir = oi(r)z; + 6;(r) for each r € R.

We use the notation ¥ := {o1,...,0,} and A := {d1,...,0,} and say
that the pair (3, A) is a system of endomorphisms and X-derivations of
R with respect to A. For a = (a,...,ap,) € N, 0% := o] 0--- 00"
d¢ := 67" o- - 005, where o denotes the classical composition of functions.
The system ¥ is commutative if o; 0 0; = 0 0 0; for every 1 <i,j < n.
The commutativity for A is defined as expected. The system (X, A) is
commutative if both ¥ and A are commutative [37, Definition 2.1].

1.2. Differential smoothness

We follow Brzeziriski and Sitarz’s presentation on differential smoothness
carried out in [15, Section 2] (c.f. [8,10]).

Definition 2 ([15, Section 2.1}). (i) A differential graded algebra is a
non-negatively graded algebra €2 with the product denoted by A
together with a degree-one linear map d : Q°® — Q°**! that satisfies
the graded Leibniz rule and is such that dod = 0.

(ii) A differential graded algebra (Q2,d) is a calculus over an algebra
Aif Q%4 = A and Q"A = A dAANdAN--- ANdA (dA appears
n-times) for all n € N (this last is called the density condition).

We write (A4, d) with QA = @ Q" A. By using the Leibniz rule,
neN
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it follows that Q"A =dAAdAN---ANdA A. A differential calculus
QA is said to be connected if ker(d |qoy) = k.

(iii) A calculus (Q2A4,d) is said to have dimension n if Q"A # 0 and
QmA =0 for all m > n. An n-dimensional calculus QA admits a
volume form if 2" A is isomorphic to A as a left and right A-module.

The existence of a right A-module isomorphism means that there is a
free generator, say w, of Q" A (as a right A-module), i.e. w € Q" A, such
that all elements of QA can be uniquely expressed as wa with a € A. If
w is also a free generator of 2" A as a left A-module, this is said to be a
volume form on QA.

The right A-module isomorphism Q2" A — A corresponding to a volu-
me form w is denoted by m,, i.e.

Tw(wa) =a forall a € A. (1)

By using that Q™A is also isomorphic to A as a left A-module, any
free generator w induces an algebra endomorphism v, of A by the formula

aw = wy,(a). (2)

Note that if w is a volume form, then v, is an algebra automorphism.

Now, we proceed to recall the key ingredients of the integral calculus
on A as dual to its differential calculus. For more details, see Brzezinski
et al. [8,13].

Let (QA, d) be a differential calculus on A. The space of n-forms 2" A
is an A-bimodule. Consider Z,, A the right dual of 2" A, the space of all
right A-linear maps Q™A — A, that is, Z, A := Hom (2" A, A). Notice
that each of the Z,,A is an A-bimodule with the actions

(a-¢-b)(w) =ap(bw) forall p € Z,A, we Q"A and a,b € A.

The direct sum of all the Z, A, that is, ZA = @ Z,A, is a right

n

QA-module with action given by
(¢ w) (W) = d(wAw') (3)
for all ¢ € 7,1 A, w € Q"A and W' € Q™ A.

Definition 3 ([8, Definition 2.1]). A divergence (or hom-connection) on A
is a linear map V : Z; A — A such that

V(¢-a)=V(¢)a+ ¢(da) (4)
for all ¢ € 71 A and a € A.
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Note that a divergence can be extended to the whole of ZA,
Vo :In1A = T,A,
by considering

Va(9)(w) = V(¢ w) + (=1)"¢(dw) ()

for all ¢ € Z,,11(A) and w € Q" A. By putting together (4) and (5), we
get the Leibniz rule

V(¢ w) = Vinin(9) - w + (=1)"""¢ - dw (6)

for all elements ¢ € Z,;, 1114 and w € Q™A [8, Lemma 3.2]. In the case
n =0, if Hom4 (A, M) is canonically identified with M, then V reduces
to the classical Leibniz rule.

Definition 4 ([8, Definition 3.4]). The right A-module map
F =VgoV;:Homa(Q?A, M) — M

is called a curvature of a hom-connection (M, Vy). (M, V) is said to be
flat if its curvature is the zero map, that is, if Vo V; = 0. This condition
implies that V,, o V4.1 = 0 for all n € N.

T A and V,, form a chain complex called the complex of integral forms
over A. The cokernel map of V, that is, A : A — CokerV = A/ImV is
said to be the integral on A associated to T A.

Given a left A-module X with action a -« for alla € A, x € X, and
an algebra automorphism v of A, the notation X stands for X with the
A-module structure twisted by v, i.e. with the A-action a®z +— v(a) - x.

The following definition of an integrable differential calculus seeks
to portray a version of Hodge star isomorphisms between the complex
of differential forms of a differentiable manifold and a complex of dual
modules of it [11, p. 112].

Definition 5 ([15, Definition 2.1]). An n-dimensional differential calcu-
lus (QA, d) is said to be integrable if (QA, d) admits a complex of integral
forms (ZA, V) for which there exist an algebra automorphism v of A and
A-bimodule isomorphisms Oy, : QA —¥ T, 1A, k =0, ..., n, rendering
commmutative the following diagram:

A—2 04 —24 02424 ... Loy 4, 0n4
l@o le 1 l@z l@n -1 le n
VInA ﬁ VInflA ﬁ v n72A Vo s M V. VIlA v VA

The n-form w := ©, (1) € Q™A is called an integrating volume form.
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The algebra of complex matrices M, (C) with the n-dimensional cal-
culus generated by derivations presented by Dubois-Violette et al. [16,17],
the quantum group SU,(2) with the three-dimensional left covariant cal-
culus developed by Woronowicz [55] and the quantum standard sphere
with the restriction of the above calculus, are examples of algebras ad-
mitting integrable calculi. For more details on the subject, see Brzezinski
et al. [13].

The following proposition shows that the integrability of a differential
calculus can be defined without explicit reference to integral forms.

Proposition 2 ([15, Theorem 2.2]). Let (A, d) be an n-dimensional dif-
ferential calculus over an algebra A. The following assertions are equiva-
lent:

(1) (2A4,d) is an integrable differential calculus.

(2) There exists an algebra automorphism v of A and A-bimodule iso-
morphisms Oy : QFA — VI, LA, k=0,...,n, such that, for all
W e QFA and W' € QMA,

@ker(w//\w//) _ (_1)(n71)m@k(w/) W

(3) There exists an algebra automorphism v of A and an A-bimodule
map ¥ : QA — YA such that all left multiplication maps

5 OFA = T, LA,
o9, kE=0,1,...,n,

where the actions - are defined by (3), are bijective.
(4) (2A,d) has a volume form w such that all left multiplication maps

Ek‘

OFA S T, kA,
o o=, ew, k=0,1,...,n—1,

where T, is defined by (1), are bijective.

A volume form w € Q" A is an integrating form if and only if it satisfies
condition (4) of Proposition 2 [15, Remark 2.3].

The most interesting cases of differential calculi are those where QF A
are finitely generated and projective right or left (or both) A-modules [9].
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Proposition 3. (1) [15, Lemma 2.6] Consider (QA,d) an integrable
and n-dimensional calculus over A with integrating form w. Then
OF A is a finitely generated projective right A-module if there exist
a finite number of forms w; € QFA and @; € Q" FA such that, for
all W' € QF A, we have that

W' = Zwmw(wi AW,

(2

(2) [15, Lemma 2.7] Let (QA,d) be an n-dimensional calculus over A
admitting a volume form w. Assume that for allk =1,...,n—1,

there exists a finite number of forms wf,@f € QFA such that for
all ' € QFA, we have that

W =) wima @AW = v (W AWl )T,
7 7

where m, and v, are defined by (1) and (2), respectively. Then
w is an integral form and all the QFA are finitely generated and
projective as left and right A-modules.

Brzezinski and Sitarz [15, p. 421] asserted that to connect the inte-
grability of the differential graded algebra (A, d) with the algebra A, it
is necessary to relate the dimension of the differential calculus QA with
that of A, and since we are dealing with algebras that are deformations
of coordinate algebras of affine varieties, the Gelfand-Kirillov dimension
introduced by Gelfand and Kirillov [21] seems to be the best suited.
Briefly, given an affine k-algebra A, the Gelfand-Kirillov dimension of
A, denoted by GKdim(A), is given by

3 n
GKdim(A) := lim supM

)
n—00 log n

where V' is a finite-dimensional subspace of A (1 € V') that generates A
as an algebra. A generating space containing 1 is called a frame.

This definition is independent of the choice of V. If A is not affine,
then its Gelfand-Kirillov dimension is defined to be the supremum of the
Gelfand-Kirillov dimensions of all affine subalgebras of A. An affine do-
main of Gelfand-Kirillov dimension zero is precisely a division ring that
is finite-dimensional over its center. In the case of an affine domain of
Gelfand-Kirillov dimension one over k, this is precisely a finite module
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over its center, and thus polynomial identity. In some sense, this dimen-
sion measures the deviation of the algebra A from finite dimensionality.
For more details, see the excellent treatment developed by Krause and
Lenagan [36].

After preliminaries above, we arrive to the key notion of this paper.

Definition 6 ([15, Definition 2.4]). An affine algebra A with integer
Gelfand-Kirillov dimension n is said to be differentially smooth if it ad-
mits an n-dimensional connected integrable differential calculus (24, d).

Following [15, p. 413], “The idea behind the differential smoothness
of algebras is rooted in the observation that a classical smooth orientable
manifold, in addition to de Rham complex of differential forms, admits
also the complex of integral forms isomorphic to the de Rham complex
[40, Section 4.5]. The de Rham differential can be understood as a special
left connection, while the boundary operator in the complex of integral
forms is an example of a right connection”.

The differential smoothness of different families of algebras has been
characterized in several papers such as [12,15,17,30,47], and references
therein.

Example 1. (i) The polynomial algebra k[zi,...,z,] has Gelfand-
Kirillov dimension n and the usual exterior algebra is an n-
dimensional integrable calculus, whence k[z1,...,x,] is differen-
tially smooth.

(ii) Brzezinski [11] characterized the differential smoothness of skew

polynomial rings of the form k[t][x; o4, 6], Where o (t) = qt+r,

with ¢,r € k, ¢ # 0, and the o, —derivation J, is defined as

_ flogr(t) = f?)

St (1) = F ) 7)

for an element p(t) € k(t]. 0,(;)(f(t)) is a suitable limit when ¢ =1
and r = 0, that is, when o, is the identity map of k|[t].

For the maps

and (8)
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with p/(t) the classical t-derivative of p(t), Brzeziriski [11, Lem-
ma 3.1] showed that all of them simultaneously extend to algebra
automorphisms v, and v, of k[t][x; 04, dp)] only in the following
three cases:

(a) ¢ =1,r = 0 with no restriction on p(t);
(b) ¢g=1,7#0 and p(t) = ¢, c € k;

(c) g#1,p(t)=c (t + ﬁ), ¢ € k with no restriction on 7.

In any of the cases (a)—(c) we have that v, o vy = vy o vy, If the
Ore extension k[t][x; 04,0, satisfies one of these three condi-
tions, Brzeziniski proved that it is differentially smooth [11, Propo-
sition 3.3].

From Brzezinski’s result we get that the algebras

e The polynomial algebra k[x1, x2].
e The Weyl algebra A;(k) = k{x1, 22}/ (x122 — 2021 — 1).

e The universal enveloping algebra of the Lie algebra
ny = (21,72 | [12,21] = 21),

that is, U(ng) = k{z1,x2}/(xoz1 — 2122 — 1), and

e The quantum plane (Manin’s plane)
Oy(k) = k{z1,x2} /(@221 — q122),

where ¢ € k \ {0,1}, and
e Jordan’s plane J (k) with the relation given by xt = tx + 12,

are differentially smooth.

Remark 1. There are examples of algebras that are not differentially
smooth. Consider the commutative algebra A = C[z,y|/(xy). A proof
by contradiction shows that for this algebra there are no one-dimensional
connected integrable calculi over A, so it cannot be differentially smooth
[15, Example 2.5].
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2. Differential smoothness of SPBW extensions

2.1. Extension of automorphisms and derivations

With the aim of setting up notation and render this paper self-contained,
next we present the details of extended derivations over SPBW exten-
sions on one (this is the case of the classical Ore extensions), two and n
generators (Propositions 4 and 6, respectively).

We start with the following well-known result.

Lemma 1 ([35, Section 2]). Let A = o(R)(x) be a SPBW extension over
R, that is, A = R[x;0,0]. For any n € N, we have that

n

ST D DRI

k=0 fr€Cn_k,k

where Cy,_, i, 15 the set of all possible compositions between n—k o’s and
k 8’s. In addition, if c 06 = § o o, we get that

n
z"r = n) o F o gk (r)z" k.
> (; )

The importance of extending endomorphisms and derivations of the
ring R (Proposition 1) to the extension A over R can be appreciated
in works such as [42,49] for the study of ring-theoretical properties. In
particular, the following result appears without proof in [42, p. 514].

Proposition 4. Let A = o(R)(z) be a SPBW extension over R of auto-
morphism type. Consider the automorphism o : A— A given by o(z) = x
and o(r) = o(r) for eachr € R. If 00 = o0, then the map §:A— A
with 0(f(x)) = 0(ap+ a1z + -+ -+ anz™) = d(ag) + d(ar)x + - - - + d(a,)z"”
foralla; € R, 0 <1i<mn is a o-derivation of A.

n .
Proof. Let p(x) = > rijz* € A. Then
i=0

o(p(x)) =0 (Z rixi> = Z&(rixi) = o(r)at = Za(ri)xi.

=0

It is clear that the bijectivity of & is inherited by o.
Now, for p(x) = ra*, we have that

S(p(x)) = 8(rz®) = 5(r)d(a*) + 2d(r)a* = o(r)d(a*) + ().
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Let r(z) = r2' and s(z) = s2/ for some 4,7 € N. The idea is to
satisfy the relation given by

8(r()s(x)) = 3(r(2))d(s(2)) + b(r(x))s(x).

With this aim, note that

d(r(z)s(z)) = (5(r1:isa:j)

g(rz Z fk(s)xikxj)

k=0 fr€Ci_k k

—_ (Z Z rfk(s)xik+j)

k=0 freCi_k

S s

k=0 freCi_k,k

P> (U(rfk(s))g(xifkﬂ) +5(7'fk(8))93i7k+j)
k=0 freCi—k,k

=3 > (eI ) + (()5(fi(s))

k=0 fr€Ci—k k

£ 0(r) fy(s)) ') )
=Y Y (oot (5w + )

k=0 freCi_k,k
+ (0(1)6(f(5)) +0(r) fuls)) 2™+ ) (10)
On the other hand,
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— o(r) (Z ) fk<a<s>>xik) 5(a) (13)

k=0 fr€C;i ik

+o(r) (Z ) fk<5<s>>x”) 2!

k=0 fr€Ci ik
+ a(r)g(mi)s:cj (14)
+0(r) (Z Z fk(s)xik) "

k=0 fr€Ci ik

=3 > (ot fulols)a3) (15)

k=0 freCs g,k
+ o(1) fi(3()2" ™ + (1) fu(s)2 ) (16)
+ U(r)g(xi)sxj. (17)

If we compare (10) and (17), we get that

i

> 2 <(U(fk(5))_fk(U(S)))mi_kg(;pj)

k=0 fr€Ci ik

+ (8(fi()) = fr(3())a" " + o(fu(s))o(a" )z )
— §(2) s’ = 0.
Let 6(z) = lzn%) al, §(x1) = iblxl and 6(z'F) = lno cjz!. Then,

)

> X (( (fuls) - zkzbﬂ

k=0 fr€Ci—k k

HOU() = R(B(s))a ™ + o(fels qu )

- Z ajztsz? = 0.
1=0

: n i—k
D <<0<fk<s>>fk<a<s>>> ( > m(m):ﬂiw)xl

k=0 fr€Ci—kk



240 DIFFERENTIAL SMOOTHNESS OF SKEW PBW EXTENSIONS

+ (U = Sl + o(fels qu )

—Zal Z Z ge(s)z!F | 27 = 0.

k=0 gr€Ci ik

7 n i—k
oD | @) = filo(s) S hy(by)at e
k=0 fr€Ci_k k 1=0 p=0 hp€Ci_k_pp
(18)
(6(fr(s)) — fr(6(s)))z’ k+]+0(fk(8))zcml“>
=0

n 1
D S O

=0 k=0 gkeCl—k,k

When k£ = 0, we put attention on the monomial > (§(fo(s)) —
fo€Cip
fo(6(s)))x*™7. This is the monomial of the highest degree and since it is

equal to zero, it follows that > (d(fo(s)) — fo(6(s))) = 0. Since the
Jo€Cipo

power i is arbitrary, it can be seen that d(o(s)) = o(d(s)). In the same

way, the value of s is arbitrary, which means that do = 09.

Now, expression (18) can be written as

) n n 1
Z Z (U(fk(s))zcltlﬂ) - ZZ Z agr(s)zt =k =0,
1=0

k=0 fr€Ci—k k 1=0 k=0 gr€Ci—k

or equivalently,

n % 1
Z Z Z U(fk(s))cﬂl_z Z azgk(S)ﬁl_k = 0.

=0 \k=0 fr€Ci—k,k k=0 gr€Cl—k,k

Since this equality holds for all s € R, any automorphism ¢ and every
o-derivation § of R, necessarily a; = ¢; = 0 for all 0 <1 < n. By changing
the values of 7 with j we obtain that b, = 0. Then &(x) = 0. This means
that 6(f(x)) = d(ap+arx+- - -+anz™) = §(ap)+d(a1)z+- - -+06(ay)z™. O
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Lemma 2. Let A = o(R)(x1,z2) be a SPBW extension over R such that
o; commutes with d; for i = 1,2. Then for any m € N we have that

x?r:ZCZ)aim Fodk(r)am* fori=1,2.

k=0

Proof. This result can be proven in a completely analogous way to the
Lemma 1; it is enough to apply induction on z; and then on zs. It must
also be taken into account that o; commutes with §; for ¢ = 1, 2. ]

Proposition 5. Let A = o(R)(z1,x2) be a SPBW extension over R
of automorphism type. Consider the endomorphisms o; : A — A and
0; : A — A defined as

§ a1k a2k § Al g 02k
s « « « «@
5, <§ :Tk$11k 2k> 2 :5 ) lkx22k

fori=1,2, and such that o; and d; commute, 6; 0 6; = d; 00;, 6; 005 =
oj o 6; and d(d;j) = 5k(rl(m)) =0 fori,j,k,l = 1,2. Then 7 is an
automorphism of A and 0 is a 0;-derivation of A.

m

Proof. Let f = Zrkm?l’kxg@’k, where 7, € R and oqk, a0 € N for

k=0
1 <k <m. Then

m
« « « (e} «
—O—Z<§ Tkx 1,k 2k> E rkxllk Zk E 0_2 /rk; 1kx22k.
k=0

The bijectivity of ; is inherited by o; for i = 1, 2.

Now, for p = ra{'z5?, we have that

Bi(p) = (raftas?) = Gi(r)d, N
= 0i(r) (3i(af)a5? + 2§10,(25%) ) + bi(r)af a?
= 0;(r)z{txs?.

Consider p = rz{'z5? and s = sx11x§2 for some a1, a9, 31,82 € N.

Then,

gi(ps) = 5(rm?1m§2 sx?l ZL‘§2)
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a2
T (0%) _ _
=5 | raft Y (k )a ¥ 0 052 (s)252 2l al?
ka—0 N2
a2
~ 9 _
=5 | 3 (7)o oo (ehag
ka—0 N2
a9 a1
< Q2 (03] _
= 20 ()7 20 ()1 booft (o527 0 042(s))
— \ k2 k1
ko=0 k1=

a1 —k1 az—ko B2
Ly Lg 3”1 ) )

S8 S (0ot i)

=0 k2=0

it klxg‘z k2x51x§2. (19)

On the other hand,
5i(p)gi(s)—|—gi( )s = JZ(T‘$?1$32)5 (sxfle )+ 5 (rm?lmgg)sm’flxgz’

= 0i(r)af 232 8;(s)2y w5 + 0;(r)ay 252 s 2l

—ZZ( )( ) () 007 (0524 0 2 (5i(s) )

k1=0ko
:L,?l kll,g@ RQ:L,[fll,gz
a1 Qs
+zz()()mw%5www@w)
k1=0ko=0
x?l klng ko 51 (20)

We focus on the monomial z5?~ k2 8 1'. With the aim of comparing

the terms, necessarily the commutatlon rule of the ring must be ap-
plied: there, the elements d; o, r,(cl’Q), 0 < k < 2, appear. As expected,

these must be eliminated except 7“((]1’2). For this reason, we assume that

Ox(dij) = 5k(rl(i’j)) =0 for i,7,k,1 = 1,2. If we compare (19) with (20),
then we get that

oi(1)6; (o5 7 0 ol (0527 0 052 (5)) ) + dulr)o M o 0 (052742 0 a2 (s) )
= 03(r)o ™ kloékl( ca=kz 6 gk2 (5,(s )))+5() o~ ’%5’61( az— k205k2(5)),
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and
o3 (o7 0 a1 (057720 082 () ) ) —ot TH 0 61 (0577 0 042 (5i(5)) )) =00

Since 9; commute with o; and 6; for j = 1,2, this last equality holds,
whence §; is a g;-derivation. O

Lemma 3. Let A = o(R)(x1,...,x,) be a SPBW extension over R such
that o; commutes with §;, 1 < i < n for all i. Then, for any m € N we
have that

m
2y = kz_o (’Z) o Fodk(r)aF forall 1 <i<n.

Proof. The proof of this lemma, similar to the previous Lemmas 1 and 2,
is done by induction on each z;, 1 <i <n. O

Proposition 6. Let A = o(R)(x1,...,zn) be a SPBW extension over
R of automorphism type. Consider the endomorphisms o; : A — A and
0; : A — A defined as

~ Qaq g Qn K o a1k Qn Kk
o; <E TRy T ) = E oi(re)zy " xn™T,
s Z « « Z o «

61; < Tk;ivl 1,k .. xnn,k> — 5i(rk)$1 1,k .. xnn,k

for 1 < i < n, and such that o; and §; commute, 0; 0 6; = 6; 0 d;,
diooj=0j008; and Oy(d; ;) = 5;9(7“1(1’])) =0 forl1<i,5,k,1<n. Theno

s an automorphism of A and S is a G;-derivation of A.

m
Proof. Let f:chx?l’k <o zp™*. where ks ap i € Nfor 1<E<m.

k=0
Then

k=0
m
— Z o; (ckxl k xa"’k)
k=0
m
:Z&vi(ck)xllk gn,k
k=0

With the above, the bijectivity of ¢; is inherited by o; for 1 < i < n.
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For p = ra{" --- x5, we have that

8i(p) = Gi(ray - --ay")
(gt aln) + (et e
()G a2 Giaf) + Gi(r)ag

Consider p = rz{*--- 23" and s = sz" - xﬁ" for some a1,...,a, € N

and B1,...,05, € N. Then

8i(ps) = d(raf" - aSm syt -+ xln)

Z Z H( ) rott TR o gor—h (- oenkn o ghn(s)...)

k1—0 k =0 J= 1

— ln_1—kn_ —
l'(lll kl... € 11 1xa" knxfl...xﬁ")

n— n n

- - l; a1—k a1 —k an—knp kn
— H(kjj) (5(7"011 to 4t 1(...Un °d, (S)))
—kn—1 ozn kn ?1 . x”ﬂln'
On the other hand,

7i(p)di(s) + 0i(p)s
= Giraf 2B (s ) + B sl
Gi(s)z - P 4 5y (r)ar - arsg gP

0?1 ki g 5?1*% ( .. Uz"_k" o (55” (51(5)) e )

Il
2
Q
3 .
~— N B
I 3 3
S.?‘ S
~__
Q
=
S—

k1=0 kp,=0 \j=1
- lp—1—kn— —
a0t k1 1=k gon knxffl, xfin
aq an n
+ L 5i(r)o ™ k105a1 k1(.” anfkno(skn(),,,)
s i(r)o] on wr(s
k1=0  kn,=0 \j=1 >
a1 —k1 lnc1=Fkn_1_apn—kn [31 B
Ty n—1 L2 2T

For the same reason as in Proposition 5, when the elements d; ;, r,g 7 ),
1<i<j<n,0<k<n, appear, these must cancel out when the terms

(i,

are equalized, except 7 ), 1 <14 < j < n. For this reason, we assume
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that dx(di ;) = 5k(rl(i’j)) =0 for 0 < 4,7, k, I <n. In this way,

ai(1)o; (1 7F 0 601 7H (o Th o 6k (s) - )
0, (r)ot R 0 TR (g T o gl (s) - )

= ai(r)of ™M 0 578 (- ofn M o gl (5i(s)) )
0, (r)ot H o TR (o T o gl (s) - )

= oi(r) (8 (oMo s i (oo gl (s) - )
— o R o g (o R o 68 (6i(s)) - ) )
=0.

By using that §; commute with o; and ¢;, for 1 < j < n, the previous
equation holds. Therefore, J; is a g;-derivation. O

Remark 2. The commutativity of the maps ¢’s and d’s, that is, of the
system of endomorphisms ¥ and Y-derivations A of R as in Proposi-
tion 6, was considered by Lezama et al. [37] to characterize prime ideals
of SPBW extensions.

2.2. Differential smoothness

Since we consider SPBW extensions over associative and unital rings
R, we need some natural conditions to compute the Gelfand-Kirillov di-
mension of a SPBW extension A over R. Having in mind that Lezama
and Venegas [39] generalized the classical notion of Gelfand-Kirillov di-
mension [21] considered by Brzezinski in his definition of differential
smoothness (Section 1.2), throughout this section we follow this more
general setting: we assume that R is an S-algebra (S a commutative
domain) with a generator frame V' and the rank of R is understood as
rank(R) = dimg(Q ® R) < oo where @ is the field of fractions of S
(see [39, Theorem 2.1] for more details).
The following theorem is the most important result of the paper.

Theorem 1. Let A = o(R)(z1,...,x,) be a bijective SPBW extension
such that o; and 6; are S-linear, o;(V) C V for all 1 < i < n, and
dij =1, r](f’j) =0 forl <k <mn,1<1i7j< n (Definition 1(iv)).
Consider o; and gz as in Proposition 6 for 1 <i <n. Ifo;00; =0j00;
for all 1 <1i < j <n, then A is differentially smooth.
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Proof. From [39, Theorem 2.1], we get that GKdim(o(R)(z1,...,2n)) =
n. Hence, we proceed to construct an n-dimensional integrable calculus.

Consider Q' (a(R){(x1,...,2,)) a free right o(R)(z1,...,z,)-module
of rank n with generators dzi,...,dz,. Define a left o(R)(z1,...,Tn)-
module structure by

fdz; = dz;o;(f) foralll<i<n, fe€o(R)(x1,...,Tn). (21)
Notice that the relations in Q(o(R){x1,...,z,)) are given by
ridrj; = drjr; foralll <i<j<n. (22)
We want to extend the assignments x; — dx; and 1 < i < n to a map
d:o(R)(x1,...,zn) = QY o(R)(x1,...,20))
satisfying the Leibniz’s rule. As expected, this is possible if we guarantee
its compatibility with the non-trivial relations (1), i.e. if
n ..
da:jx,- + a:jda:i = di’jdmixj + d@jxidfbj + Z r,(;’])da:k for i < j.
k=1
Define S-linear maps
O, : 0(R)(x1,...,xn) — o(R)(x1,...,2pn)

such that

d(f) = dui0y,(f) forall f € o(R)(x1,...,2n).
=1

Since the elements dx; (1 < i < n) are free generators of the right
o(R){(z1,...,x,)-module Q' (o(R)(x1,...,2,)), these maps are well-de-
fined. In this way, d(f) = 0 if and only if 0,,(f) = 0 for 1 < i < n. Using
relations (21) and definitions of the maps o; for 1 <i < n, we find that

) = liaft - ad el

Then d(f) = 0 if and only if f is a scalar multiple of the identity.

This shows that (Q(o(R){x1,...,2,)),d) is connected, where
n

Qo(R)(z1,...,xn)) = Q (o(R){(x1,. .., 2n)).
1=0



A. RuUBIANO, A. REYES 247

The universal extension of d to higher forms compatible with (22)
gives the following rules for Q! (o (R)(x1,...,x,)) for 2<1<n—1,

l

l
N gy = (=1F N\ dyir, (23)
k=1 k=1

where ¢ : {1,...,l} — {1,...,n} is an injective map, p : {1,...,l} —
Im(q) is an increasing injective map and § is the number of 2-permutation
needed to transform ¢ into p.

By assumption the automorphisms ¢;’s commute with each other,
which implies that there are no additional relations to the previous ones.
Then

Q" Yo (R)(x1,...,x0)) = [dxy Adxy A A dep_y ©day Adzz A---Aday,
@@ dra N Ndxp]o(R)(z1, ..., Tn).

Since
Q"(o(R){(x1,...,2n)) =wo(R){(x1,...,2n) Zo(R){(x1,...,Tp)

as a right and left o(R)(x1,...,z,)-module, with w = dz1 A -+ A dzy,
where o, = 01 000y, it follows that w is a volume form of the SPBW
extension o(R)(z1,...,%,). From Proposition 3(2), we get that w is an
integral form by setting

J

k=1
. n n
d);‘—ﬂ - (—1)ﬁi /\ dxﬁi,j(k) for1 <i< <),
k=j+1 J
where p; ; : {1,...,j} = {1,...,n} is an increasing injective map, p; ; :
{7+1,...,n} = (Im(p; ;)¢ is also an increasing injective map and f; ; is

the number of 2-permutation needed to transform {p; ;(j+1),...,Di;(n),

pm(l), . 7pi7j(j)} into {1, ey n}
Let o' € Q9 (0(R){(x1,...,2y)). Then:

)

—~
<3

J
)\ dzp, myai,  with a; € R,
1 k=1

%
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This implies that we have the equalities given by

(?) J J
Zw T (@]~ TAW) Z/\dxpl ol ai(— 1)k /\ dry, (k) N /\dxpi,j(k)
Tk=1

k=j+1 k=1

J
/\ dxpi,j(k)ai
1 k=1

7

w )

and finally, by Proposition 3(2), we conclude that o(R)(z1,...,%,) is
differentially smooth. O

Example 2. Consider the skew polynomial ring R[z;0,d] studied by
Nasr-Isfahani and Moussavi [42]. As we saw in the Introduction, o is
an automorphism of R, § is a o-derivation such that ad = d«r, and the
extended automorphism @ and the g-derivation § on R[z; 0, 6] are given

by

o(f(x)) = o(re) +o(ri)z+ -+ o(ry)x”
and

0(f(x)) = d(ro) + 0(r1)a + -+ + d(rn)a",

respectively. As it is clear, these assumptions satisfy those corresponding
in Proposition 6, and hence Theorem 1 shows that R[x; o, 4] is differen-
tially smooth when GKdim(R) = 0.

By using a similar reasoning, and under the natural assumptions, ite-
rated Ore extensions R|[x1;071,01][z2;02,02] ... R[z1;0p,0,] are also dif-
ferentially smooth.

Example 3. Artamonov et al. [2] studied extended modules, Vaser-
stein’s, Quillen’s patching, Horrock’s, and Quillen-Suslin’s theorems for
a special class of Ore extensions. They assumed that for a ring R, A
denotes the Ore extension A := R[z1,...,x,; 0] for which o is an auto-
morphism of R, x;x; = xjz; and x;r = oi(r)x; for every 1 < i,k < n.
As it is clear, this kind of Ore extensions satisfies the assumptions in
Theorem 1.

Remark 3. Related to Ore extensions, and under some mild and geo-
metrically natural assumptions, Brzeziniski and Lomp proved that if R
and S are differentially smooth algebras with respect to calculi which are
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finitely generated projective as right modules, then the tensor product
algebra R ® S is differentially smooth [14, Corollary 3.2].

They also proved that if R is an algebra with an integrable differen-
tial calculus (2R, d) such that QR is a finitely generated right R-module,
for any automorphism o of R that extends to a degree-preserving auto-
morphism of QR, which commutes with d, there exists an integrable
differential calculus (24, d) on the skew polynomial ring R[z; o] and the
Laurent skew polynomial ring R[z*';0]. If R is differentially smooth
with respect to (2R, d) and GKdim(A) = GKdim(R) + 1, then A is also
differentially smooth [14, Theorem 4.1]. The following examples illus-
trates this situation.

For any non-zero ¢ € k*, let A, be the algebra generated by the
indeterminates z,y, 2z and relations xy = yx, xz = qzy, yz = zx, and
let B, be the algebra generated by x,y and invertible z subject to the
same relations. Since A, = k[z,y][z;0] and B, = k[z,y][zT!;0] with
o(z) = y and o(y) = gz, then A; and B, are differentially smooth
[14, Example 4.6]. Let us see the details.

Note that the polynomial algebra k[z, y] is differentially smooth with
the usual commutative differential calculus Q(k[z,y]), i.e.,

xdx = dxzx, xdy = dyzx, ydx = dzy,
ydy = dyy, dedy = — dydz, (dz)? = (dy)* = 0.

The automorphism o extends to an automorphism of Q(k[z,y]) by
requesting it commute with d, that is, o(dz) = dy and o(dy) = qdz.
Note that Q(k[z, y]) is finitely generated as a right k[z, y]-module and

GKdim(4,) = GKdim(B,) = 3 = GKdim(k[z, y]) + 1,

whence A, and B, are differentially smooth.

Using a similar reasoning [14, Corollary 4.9], it can be seen that
the coordinate ring of the so called quantum affine n-space, that is, the
algebra generated by the indeterminates x1,...,x, subject to the rela-
tions xjx; = g;jxix; for all i < j with ¢;; € k¥, is differentially smooth
(c.f. [30, Corollary 6 and Theorem 9]).

The results appearing in Remark 3 motivate us to formulate the fol-
lowing question:

Question. Let A be a SPBW extension over a differential smooth al-
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gebra R. Under which conditions does the differential smooth property
pass from R to A?
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