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Compression of defining pair for deterministic
and strongly deterministic graphs

Oleksii S. Senchenko and Mykola I. Prytula

Communicated by A. Zhuchok

Abstract. For the representation of deterministic and strongly
deterministic graphs by defining pairs of (multi)sets of words, we
propose a class of equivalent transformations that preserve the
graph represented by a correct pair. Based on these elementary
transformations, we develop a compression algorithm that trans-
forms an initial correct pair into a canonical defining pair for the
same graph. The compression algorithm also provides a method
for determining whether a given correct pair is a defining pair for a
prescribed deterministic graph. Finally, we outline several possible
applications of pair compression.

Introduction

Graphs with vertex labeling are actively used as a model of many software

objects, information processes, digital network topologies, etc. In par-

ticular, deterministic graphs and their variations, also known as graphs

with distance-2 [1] and injective [2] vertex coloring are widely used in

various applied tasks, in particular for planning the placement of struc-

tural elements and channels in wireless networks [3]. Such planning
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ensures the efficiency of networks in a number of areas, including the

construction of minimum coverage, i.e., determining the optimal number

of towers and their placement, routing optimization, interference control

to reduce radio interference, load balancing, energy consumption opti-

mization, etc. In the context of practical applications of such graphs,

an important task is to study the structure and properties of individual

subclasses of graphs with vertex labeling. The structure of graphs with

labeled vertices, in particular deterministic graphs, is often studied ex-

perimentally using mobile agents [4–7], which are placed in the graph,

then move along the edges of the graph and report local information to

the operator-researcher, based on which the researcher determines the

structure of the graph under study. Deterministic graphs, in which all

vertices in the neighborhood of each vertex have pairwise distinct labels,

have a natural connection to languages in the alphabet of vertex labels: if

the vertex from which the agent starts moving is known, the trajectory of

this movement along the graph is uniquely determined by the sequence of

visited labels. This allows us to consider such graphs in close connection

with automata theory and apply linguistic methods to describe them.

In such research, traditional methods of graph specification based

on matrices, lists, and dictionaries do not fully cover the possibilities of

information processing. In [8], a linguistic presentation of determinis-

tic graphs was proposed using two special sets of words, these two sets

being referred to as a ”pair”. This presentation of a graph by sets of

words allows the agent to process data in symbolic form, which can sim-

plify algorithmic procedures. In particular, symbolic encoding of vertices

and edges facilitates the search, comparison, and verification of routes,

since the agent’s transitions can be described as simple operations on

strings. This creates an intuitive and compact mechanism for describing

agent behavior that does not require complex structures such as adja-

cency matrices or dictionaries. As a result, the mobile agent can more

effectively use text instructions as a standard interface for interacting

with the graph, making the approach universal and suitable for a wide

range of computer science tasks.

This article clarifies some aspects of the proposed presentation and

offers a solution to the problem of characterizing the linguistic presen-

tation of deterministic graphs. The structure of the article is as follows:

Section 1 presents the basic definitions and concepts related to determi-

nistic graphs, Section 2 outlines the basic concepts and algorithms re-

lated to the linguistic presentation of deterministic graphs by the so-
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called defining pair, Section 3 presents equivalent transformations of a

pair that simplify its numerical characteristics – the number and length

of words in its components. Based on these transformations, Section 4

develops the compression algorithm that transforms a given correct pair

(i.e., one that is a presentation for some deterministic graph) into the

so-called canonical defining pair; this algorithm is the basis for solving

the pair characterization problem under consideration.

1. Main definitions

In this article, we consider undirected, finite, non-empty, connected, sim-
ple graphs G = (V,E), where V is the set of vertices of the graph, E
is the set of its edges. A graph consisting of a single vertex is called
trivial. A walk (of length k) in a graph G is a non-empty alternating
sequence p = v0e0v1e1 . . . ek−1vk of vertices and edges in G such that
ei = {vi, vi+1} for all i < k. A path is a walk in which all vertices (and
therefore also all edges) are distinct. We denote a walk (or a path) by
the sequence of its vertices: p = v0v1 . . . vk. The length of the walk (or
the path) p is denoted by |p|. Note that k is allowed to be zero, in which
case the walk consists of a single vertex. If v0 = vk, the walk was closed.
A cycle is a closed walk in which the first and last vertices are equal, and
all other vertices (and therefore also all edges) are distinct. The open
neighborhood of a vertex v ∈ V is the set N(v) = {u|{u, v} ∈ E}, and
its closed neighborhood is the set N [v] = N(v)

⋃
{v}. The cardinality of

|N(v)| is called the degree of v, a vertex of degree 1 is called a leaf or a
leaf vertex.

A deterministic graph (or a D-graph) is a quintuple G̃=(V,E,Λ, ξ, v0),
where G = (V,E) is a graph, Λ = {x1, . . . , xp} is a finite alphabet,
v0 ∈ V is an arbitrary basepoint vertex, and ξ : V → Λ is a deterministic
(locally-bijective) map, i.e., ξ is bijective on the open neighborhood N(v)
of each vertex v ∈ V : ∀v1, v2 ∈ N(v)(v1 ̸= v2 → ξ(v1) ̸= ξ(v2)). If ξ is
bijective on each closed neighborhood N [v], then G̃ is called a strongly
deterministic graph (or SD-graph) [8, 9]. In other words, in a D-graph
there can be two adjacent vertices with the same label, but in a SD-graph
there cannot be such vertices. The value of ξ(V ) for a vertex v is called
a label of v. Note that the vertex labeling of D-graph is also called the
injective labeling, first mentioned in [2]; the vertex labeling of SD-graph
is also called distance-2 labeling, first mentioned in [1] (as a special case
of p-distance labeling).

Let G̃1 = (V1, E1,Λ, ξ1, v
′) and G̃2 = (V2, E2,Λ, ξ2, v

′′) be D-graphs.
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A bijective map φ : V1 → V2 is called an isomorphism if φ(v′) = v′′,
∀v ∈ V1 ξ1(v) = ξ2(φ(v)), and ∀v1, v2 ∈ V1 {v1, v2} ∈ E1 if and only if
{φ(v1), φ(v2)} ∈ E2. An isomorphism of D-graphs G̃1 and G̃2 is denoted
by G̃1

∼= G̃2.

In the following, the D-graphs considered in this article are studied
using words in the alphabet of their labels. The set of all words of finite
length in the alphabet Λ (which also includes the empty word ε of length
0) will be denoted by Λ∗. Let p, q ∈ Λ∗, then the concatenation of the
words p and q will be denoted by pq. Let p = v1 . . . vk be a walk in the
D-graph G̃ = (V,E,Λ, ξ, v0) and ξ(v1) = x1, . . . , ξ(vk) = xk. We will call
the word σ = x1 . . . xk a walk-word corresponding to p = v1 . . . vk and
denote it by σ(p).

Let σ = x1 . . . xk. We call the word σ valid for the vertex v1 ∈ V
if ξ(v1) = x1, and there exist vertices v2, . . . , vk ∈ V such that ξ(v2) =
x2, . . . , ξ(vk) = xk, and {v1, v2}, . . . , {vk−1, vk} ∈ E. In this case, we
call the walk p = v1v2 . . . vk a word-walk corresponding to the word σ
and the vertex v1, and denote it by p(σ, v1). We will denote the end
vertex vk of the walk p(σ, v1) by v1σ. Note that since the function ξ is
deterministic, and the validity of the word σ for the vertex v1, it follows
that the vertices v2, . . . , vk are uniquely determined. We will denote the
set of all words of finite length that are valid for the basepoint vertex v0
of the D-graph G̃ = (V,E,Λ, ξ, v0) by Λ∗

0(G). Further, unless otherwise
stated, we assume that all walks considered in this article and the words
associated with them start from the basepoint vertex v0. In the case of
the validity of the word σ for the vertex v0 (i.e., σ ∈ Λ∗

0(G)), we will
denote the walk p(σ, v0) by p0(σ). The inverse of σ is denoted by σ−1

(i.e., σ−1 = xk . . . x1). We will call the word τ ∈ Λ∗ a prefix of the word
σ if there exists a word ρ such that τρ = σ. We will denote this fact by
τ ⊆ σ; in this case, we will call ρ the postfix of σ. If x′i = x′i+2(i+2 ≤ k),
then we will call the sequence x′ix

′
i+1x

′
i+2 a reverse. If σ contains a reverse

and |σ| = 3, then we will call σ a reverse-word.

Let σ ∈ Λ∗, |σ| = k and k > 1. Let m(σ) be equal to k+1
2 if k is odd

and to k
2 if k is even. In other words, m(σ) is the index in σ of the middle

symbol of σ. Note that the notation m(σ) will also be used in the third
section of the article to define the branching vertices in transformation
(5). Let a(σ) denote the prefix of the word p of length m(σ), and let
b(σ) denote the prefix of the word σ−1 of length |σ| −m(σ). It is easy to
see that σ = a(σ)(b(σ))−1.

Let’s fix a total linear order < on Λ: x1 < x2 < . . . < xp. Let’s define
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the relation ⪯ on Λ∗:

1) for any σ ∈ Λ∗, we set σ ⪯ σ;

2) for any σ, τ ∈ Λ∗, if |σ| < |τ |, then σ ⪯ τ ;

3) let |σ| = |τ |. For any σ, τ ∈ Λ∗, if σ = x′1 . . . x
′
s, τ = x′′1 . . . x

′′
s ,

x′1 = x′′1, . . . , x
′
k−1 = x′′k−1, and x′k < x′′k, then σ ⪯ τ .

We also define the relation ≾ on Λ∗:

1) for any σ ∈ Λ∗, we set σ ≾ σ;

2) for any σ, τ ∈ Λ∗, if |σ| < |τ |, then σ ≾ τ ;

3) let |σ| = |τ |. In the case of α(σ) ̸= α(τ), if α(σ) = x′1 . . . x
′
m,

α(τ) = x′′1 . . . x
′′
m, x′1 = x′′1, . . . , x

′
k−1 = x′′k−1, and x′k < x′′k, then σ ≾ τ .

In the case of α(σ) = α(τ), if β(σ) = x′1 . . . x
′
s, β(τ) = x′′1 . . . x

′′
s , x

′
1 = x′′1,

. . . , x′k−1 = x′′k−1, and x′k < x′′k, then σ ≾ τ .

In other words, according to the relations ⪯ and ≾, words are first
compared by their length. According to the relation ⪯, words of the same
length are compared lexicographically with respect to the total order <.
According the relation ≾, for words of equal length, their prefixes are
first compared lexicographically up to and including the middle. If these
prefixes are equal then we compare lexicographically the words reversed
to these postfixes up to the middle (not including the middle).

It is easy to see that the relations ⪯ and ≾ are total, reflexive, an-
tisymmetric, and transitive, i.e., each of these relations is a total order
defined on Λ∗ by the total order < on the set Λ.

We will show that the order ⪯ is compatible with respect to concate-
nation.

Lemma 1. Let σ ⪯ τ and ρ ∈ Λ∗. Then ρσ ⪯ ρτ and σρ ⪯ τρ.

Proof. For the case ρ = ε, the proof is trivial: εσ = σε = σ ⪯ τ =
τε = ετ . Let ρ ̸= ε and ρ = x1 . . . xp. Let σ = τ . Then ρσ = ρτ
and σρ = τρ, so ρσ ⪯ ρτ and σρ ⪯ τρ. Let σ ̸= τ . If |σ| < |τ |, then
|σρ| = |ρσ| < |ρτ | = |τρ|, so by point (2) of the definition of ⪯, we
have ρσ ⪯ ρτ and σρ ⪯ τρ. Now let |σ| = |τ |, let σ = x′1 . . . x

′
s and

τ = x′′1 . . . x
′′
s . From σ ⪯ τ , σ ̸= τ and |σ| = |τ |. From point (3) of the

definition of ⪯, it follows that there exists such a k (1 ≤ k ≤ s) that x′1 =
x′′1, . . . , x

′
k−1 = x′′k−1, and x′k < x′′k. Then, since x1 = x1, . . ., xp = xp,

x′1 = x′′1, . . . , x
′
k−1 = x′′k−1, it follows from point (3) of the definition

of ⪯ that ρσ = x1 . . . xpx
′
1 . . . x

′
s ⪯ x1 . . . xpx

′′
1 . . . x

′′
s = ρτ . Also, from

point (3) of the definition of ⪯, it follows that σρ = x′1 . . . x
′
sx1 . . . xp ⪯

x′′1 . . . x
′′
sx1 . . . xp = τρ.
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Note that the order ≾, unlike the order ⪯, is not stable with respect
to concatenation. Thus, for σ1 = 0134, σ2 = 0115, τ1 = 0125, τ2 = 0234,
and ρ = 77, we have σ1 ≾ τ1, σ2 ≾ τ2, τ1ρ ≾ σ1ρ, and ρτ2 ≾ ρσ2.

2. Basic concepts of the linguistic presentation of deter-
ministic graphs

This section outlines the basic concepts and algorithms related to the lin-
guistic presentation of D-graphs. A significant part of this was published
in [8] in fragmentary form; this article proposes an organized version of
the linguistic presentation of D-graphs with some changes and additions.
At the end of the section, we formulated the currently open questions
related to the proposed linguistic presentation. Active work is currently
underway to resolve these issues.

Let G̃ = (V,E,Λ, ξ, v0) be a D-graph. We will call a pair (C,L;x′)
two finite multisets of words C ⊂ Λ∗ and L ⊂ Λ∗ that satisfy the following
conditions:

1. Any word from C begins and ends with the symbol x′.

2. Any word from L begins with the symbol x′.

3. The length of any word from C is greater than 2.

4. The length of any word from L is greater than 1.

We will call C and L as the components of the pair (C,L;x′). In cases
where the value of the symbol x′ is not essential in the context of the
discussion, we will refer to the pair (C,L;x′) as (C,L).

Unlike [8], we define the components of a pair as multisets. This is
because applying the pair transformations discussed in sections 3 and 4 of
this article may result in duplicate elements in the components, in which
case the result of the transformation is not formally a pair. At the same
time, the functionality of the pair in terms of applying the algorithms
discussed later in this article (the AP-algorithm and the compression
algorithm) does not change: if (C1, L1) is the result of removing word
repetitions from the components of the pair (C,L), and the result of the
AP-algorithm with the pair (C,L) is undefined, then the result of the
AP-algorithm with the pair (C1, L1) is also undefined, and if this result
is defined, then it is the same for the pairs (C1, L1) and (C,L); the result
of the compression algorithm is also the same.
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In the linguistic presentation of the D-graph G̃, the pair (C,L;x′)
defines the AP-algorithm, the result of which, for a given pair (C,L;x′),
is either the D-graph G(C,L;x′) (this graph will also be denoted by
G(C,L)), or a notification that the D-graph G(C,L;x′) does not exist.
This algorithm uses the reduction algorithm as an auxiliary one, which
transforms any graph G with labeled vertices into a deterministic graph
[G]. The essence of reduction is the sequential identification (which we
will refer to as reduced merging) of vertices with the same labels and
edges incident to these vertices, in the case where such vertices have a
common neighbor v; these reduced mergers are ordered by considering
the vertices v in ascending order ⪯ from v0 to v, taking into account the
total linear order <, the reduction algorithm is given in [8].

The updated pseudocode for the AP-algorithm is presented below.
Note that step 4 is introduced to improve the speed of the algorithm,

since the process of adding vertices and edges and applying the reduction
algorithm to the result of such addition, caused by reprocessing the word
σ ∈ C

⋃
L, will be exactly the same as in the first processing of the word

σ. At the same time, removing duplicate elements in the components of
a pair is obviously easier than adding additional vertices and edges to
the graph and then reducing them by the reduction algorithm.

Example 1. Let C={0120, 0311530, 031142530}, L={0123, 03114230}.
Figure 1(a), (b), and (c) show the graph obtained by applying step 5 to
the first, second, and third words of the set C, respectively; Figure 1(d)
and (e) show the graph obtained by applying step 6 to the first and
second words of the set L, respectively. In these graphs, the initial vertex
is highlighted in gray.

For the graph in Figure 1(e), the checks in steps 7, 8, and 9 are
successful, so this graph is the result of the AP-algorithm.

Based on the AP-algorithm, we introduce two important definitions.
We call the pair (C,L) correct if the result of executing the AP-algorithm
on this pair is a D-graph G(C,L). We will call a (correct) pair (C,L) is
a defining pair for a D-graph G̃ if G̃ ∼= G(C,L).

Let (C,L) be a defining pair for the D-graph G̃. Then the following
conditions hold:

1. ξ(v0) = (x′).

2. For every σ ∈ C
⋃
L is performed σ ∈ Λ∗

0(G(C,L)).

3. For every σ ∈ C, the walk p0(σ) is closed.
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Algorithm 1 AP-algorithm

Require: Pair (C,L;x′)
Ensure: D-graph G(C,L;x′) or message that D-graph G(C,L;x′) does

not exist
1: Let the graph G(C,L;x′) consists of a single vertex v0 ▷ Step 1.
2: ξ(v0)← x′

3: if C = ∅ and L = ∅ then ▷ Step 2.
4: return G(C,L;x′)
5: end if
6: Order the words in C and L according to ⪯ ▷ Step 3.
7: Remove word repetitions in C and L ▷ Step 4.
8: for all σi = x′xi1 . . . x

i
nx

′ ∈ C do ▷ Step 5.
9: Add vertices vi1, . . . , v

i
n with labels xi1, . . . , x

i
n

10: Add edges {v0, vi1}, {vi1, vi2}, . . . , {vin−1, v
i
n}, {vin, v0}

11: Reduce the resulting graph
12: end for
13: for all σj = x′xj1 . . . x

j
n ∈ L do ▷ Step 6.

14: Add vertices vj1, . . . , v
j
n with labels xj1, . . . , x

j
n

15: Add edges {v0, vj1}, . . . , {v
j
n−1, v

j
n}

16: Reduce the resulting graph
17: end for
18: for all σ ∈ L do ▷ Step 7.
19: if v0σ is not a leaf or v0σ = v0 then
20: return ”G(C,L;x′) does not exist”
21: end if
22: end for
23: for all leaf vertex v ̸= v0 do ▷ Step 8.
24: if there is no σ ∈ L such that v = v0σ then
25: return ”G(C,L;x′) does not exist”
26: end if
27: end for
28: for all σ ∈ C

⋃
L do ▷ Step 9.

29: if σ is not valid for v0 then
30: return ”G(C,L;x′) does not exist”
31: end if
32: end for
33: return G(C,L;x′)



O. S. Senchenko, M. I. Prytula 101

Figure 1. The execution process and result of the AP-algorithm

4. For every τ ∈ L, the vertex v0τ in the graph G is a leaf, and
v0τ ̸= v0.

5. For every leaf vertex v ∈ V that is different from the basepoint
vertex v0, there exists at least one word τ ∈ L such that v0τ = v.

6. For any pair (C,L;x′), either there is no presentation, or this pre-
sentation is uniquely determined.

Several different pairs may correspond to the same presentation. If the
pair (C,L) is correct, then the graph G(C,L) is the smallest inclusion
graph that satisfies requirements (1) to (6) (i.e., no proper subgraph of
the graph G(C,L) satisfies these requirements simultaneously, in particu-
lar requirement (2)), so we will consider it a presentation for the pair
(C,L).

We develop an algorithm for constructing a special pair, which was
called canonical, by given D-graph G̃. To correctly represent this algo-
rithm, we introduce the following concept. We call a reachability basis
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of the D-graph G̃ the set of words W = {σ0, . . . , σn−1} that satisfies the
following three conditions:

1. For each vertex v ∈ V , there exists a word σ ∈ W such that
v0σ = v.

2. For any σi, σj ∈W from i ̸= j follows v0σi ̸= v0σj .

3. For any σ ∈W , if σ = σ′x(x ∈ Λ), then σ′ ∈W .

Note that the reachability basis of a D-graph is analogous to the reach-
ability basis of an automaton, which is known from [10,11].

For each vertex v ∈ V , let spv denote a word in Λ∗ such that v0spv =
v, and for any σ ̸= spv from v0σ = v follows spv ⪯ σ. Note that from
this definition it follows spv0 = ξ(v0). Let VG = {spv0 , . . . , spvn−1}. The
following statement is true.

Theorem 1. Let G̃ = (V,E,Λ, ξ, v0) be a D-graph. Then VG is a reach-
ability basis of G̃.

Proof. From the definitions of spv and VG, it follows that for each vertex
v ∈ V there exists a word spv ∈ VG such that v0spv = v, and from vi ̸= vj
it follows that v0spvi ̸= v0spvi , i.e., the first and the second conditions
of the reachability basis are satisfied. We will show that VG satisfies the
third condition of the reachability basis. Suppose by way of contradiction
that this is not true, i.e., there exists such a σ = σ′x(x ∈ Λ) in VG that
σ′ /∈ VG. Let v0σ′ = v′ and v0σ = v. Let τ be a word from VG such that
v0τ = v′. Then, from the graph G̃ is a D-graph, it follows that v0τx = v,
and from the definition of VG, it follows that τ ⪯ σ′ and σ = σ′x ⪯ τx,
which contradicts Lemma 1. The resulting contradiction proves that VG
satisfies the third condition of the reachability basis.

The spanning tree of the D-graph G̃, which is defined by the basis VG
(i.e., it is the union of paths p0(σ) for all σ ∈ VG), is denoted by T (VG)
or T (G, v0).

We continue with the pseudocode description of the AC-algorithm,
which constructs a canonical defining pair(CG, LG) for a given D-graph G̃.

Example 2. Let’s illustrate how the AC-algorithm works. Figure 2(a)
shows the input D-graph G̃, with the basepoint vertex highlighted in
grey; in Figure 2(b), the corresponding word from the set VG is shown
for each vertex of the graph.
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After completing step 2, ΛG = {023, 035230}. When applying step 3,
the pairs of words σ, τ ∈ VG \ ΛG, neither of which is the prefix of the
other and for which v0στ

−1 = v0, are 01 – 02, 035 – 0311, 0352 – 03114.
Then, from this pairs, the words 0120, 0311530, 031142530 are added to
ΣG, that is, ΣG = {0120, 0311530, 031142530}, ΛG = {023, 035230}.

Algorithm 2 AC-algorithm

Require: D-graph G̃ = (V,E,Λ, ξ, v0)
Ensure: Pair (CG, LG)
1: CG ← ∅
2: LG ← ∅
3: if |V | = 1 then ▷ Step 1.
4: return (CG, LG)
5: end if
6: for all λ ∈ VG do ▷ Step 2.
7: if v0λ is a leaf in G̃ and v0λ ̸= v0 then
8: LG ← LG

⋃
λ

9: end if
10: end for
11: for all ρ ∈ VG \ LG do ▷ Step 3.
12: for all τ ∈ VG \ LG do
13: if ρ is not a prefix of τ and τ is not a prefix of ρ

and v0ρτ
−1 = v0 then

14: if ρτ−1 ⪯ τρ−1 then
15: CG ← CG

⋃
ρτ−1

16: else
17: CG ← CG

⋃
τρ−1

18: end if
19: end if
20: end for
21: end for
22: return (CG, LG)

We have proven that the pair (CG, LG) is defining for the graph G̃,
the proof strategy is given in [8], this proof is quite large in size, so we
do not give it in this work. Also, [8] presents the metric properties of
the power and volume of the canonical defining pair (CG, LG). Further
in this article, we will show that the pair (CG, LG) is the smallest pair in
all parameters that is defining for the D-graph G̃. The article will also
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Figure 2. An example of the AC-algorithm

demonstrate the decisive role of the canonical defining pair in solving the
problem of characterizing a D-graph.

Let’s introduce definitions of concepts related to the canonical defi-
ning pair, which will be used further in this article. We will call the
vertices v0σ and v0τ

−1 the generators for the word στ−1 or τσ−1 that
was added to CG in step 3 of the AC-algorithm. Let v′, v′′ be the
generators of σ ∈ CG. Then, since each of the words spv′ and spv′′ is not
a prefix of the other, and {v′, v′′} ∈ E, it follows that | |spv′ |−|spv′′ | |≤ 1.
We call the word σ ∈ Λ∗ a canonical word for G̃ if a(σ) ∈ VG, b(σ) ∈ VG,
v0σ = v0, and σ does not contain any reverses.

Lemma 2. Let σ be a canonical word for the graph G̃. If |σ| is an even
number, then σ−1 is also a canonical word for the graph G̃; if |σ| is an
odd number, then σ−1 is not a canonical word for the graph G̃.

Proof. Let σ be a canonical word for graph G̃ and |σ| be an even number.
Then, by the definitions of a(σ) and b(σ), the equalities a(σ−1) = b(σ)
and b(σ−1) = a(σ) hold, so σ−1 = b(σ)(a(σ))−1, so σ−1 is a canonical
word for the graph G̃. Now let |σ| be an odd number. Then, by the
definitions of a(σ) and b(σ), v0a(σ) = v0a(σ

−1). Since σ is a canonical
word for G̃, it follows that a(σ) ∈ VG, therefore a(σ−1) /∈ VG, i.e., σ−1 is
not a canonical word for the graph G̃.

Lemma 3. CG consists of all canonical words for the graph G̃ whose
length is an odd number and all canonical words σ for G̃ whose length is
an even number such that σ ⪯ σ−1.
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Proof. Necessity. Let σ ∈ CG, v
′, v′′ are the generators of σ. We will

prove that σ is a canonical word for G̃. Let spv′ = ρ, spv′′ = τ , and
σ = ρτ−1. According to the AC-algorithm, σ does not contain reverses.
Let |σ| be an odd number. Considering the inequality | |spv1 |−|spv2 | |≤ 1,
one of two equalities holds: |ρ| = |τ | + 1 or |τ | = |ρ| + 1. Suppose that
the equality |τ | = |ρ| + 1 holds. Let τ = τ ′x(x ∈ Λ). Then |ρ| = |τ ′|.
Since spv′′ = τ ′x and {v0ρ, v′′} ∈ E, then τ ′x ⪯ ρx, so τ ′ ⪯ ρ, in which
case τρ−1 = τ ′xρ−1 ⪯ ρxτ−1 = ρτ−1, which contradicts ρτ−1 ∈ CG.
Therefore, the equality |ρ| = |τ | + 1 holds. In this case, a(σ) = ρ,
b(σ) = τ−1, therefore σ is a canonical word for G̃. Now let |σ| be an even
number. Then |ρ| = |τ |, so a(σ) = ρ, b(σ) = τ−1, i.e., σ is a canonical
word for G̃, and σ ⪯ σ−1.

The sufficiency of the statement follows directly from step 3 of the
AC-algorithm. Let σ be a canonical word for G̃. Then, from a(σ), b(σ) ∈
VG, it follows that neither of the words a(σ), b(σ) is a prefix of the other.
Since v0σ = v0, if |σ| is an odd number, then σ = a(σ)(b(σ))−1 ∈ CG.
If |σ| is an even number, then one of the two words a(σ)(b(σ))−1 or
b(σ)(a(σ))−1, which is smaller in order ⪯, is added to CG.

Thus, the developed linguistic presentation of D-graphs, which uses
only two (multi)sets of string-type data, is effective for the D-graph repre-
sentation, as it simplifies the structure compared to matrix or dictionary
implementations of this representation. This approach improves integra-
tion with text data types and forms a more intuitive, user-oriented graph
description interface. At the same time, a number of problems and tasks
related to the proposed linguistic presentation of D-graphs remain unre-
solved. In our opinion, the most important problems and tasks are as
follows:

• Is there any connection between graph G and its reduction [G],
other than the fact that [G] is the result of applying the reduction
algorithm to graph G (i.e., is it possible to characterize [G] in terms
of G without performing the reduction algorithm)?

• Will the result of the reduction algorithm change if the reduced
vertex mergers are performed in arbitrary order, as opposed to the
order specified in [8]?

• Will the result of the AP-algorithm change if steps 5 and 6 are
performed for words from C and L arranged in arbitrary order,
rather than ordered by ⪯ as specified in this article?
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• What is the complexity of the AP-algorithm and the reduction
algorithm?

• Is there a relationship between the structure of D-graphs and the
associated relational structures defined by their endomorphisms
and automorphisms? Such relationships for hypergraphs were es-
tablished in [12].

At the same time, we see a number of practical applications of the pro-
posed linguistic presentation of D-graphs, one of which (a characteriza-
tion of linguistic presentation) will be solved in the following sections.

3. Equivalent transformations of a correct pair

Next, we consider the solution to the problem of characterizing a given
correct pair (C,L) for a given deterministic graph D-graph G̃, which
we understand as determining whether the pair (C,L) is defining for G̃
without constructing the graph G(C,L) using the AP-algorithm, and
then checking for the presence or absence of isomorphism between the
graphs G̃ and G(C,L). To solve the characterization problem, equivalent
transformations of a correct pair are introduced, the essence of which is
understood in terms of the isomorphism of the graph constructed from
the initial pair with the graph constructed from the pair resulting from
the transformations. Based on these transformations, we develop the
compression algorithm, which will be discussed in the next section of the
article. In this section, we have presented only those equivalent trans-
formations of a correct pair that are used by the compression algorithm
and whose equivalence has been proven.

We will call the correct pairs (C,L;x′) and (C1, L1;x
′) equivalent if

G(C,L;x′) ∼= G(C1, L1;x
′). We will denote the equivalence of the pairs

(C,L;x′) and (C1, L1;x
′) by (C,L;x′) ∼ (C1, L1;x

′). Let’s consider some
elementary transformations of a correct pair that lead to a pair equivalent
to it, where the resulting pair is in some sense simplified relative to the
source pair (in the resulting pair, either the number of words is reduced,
or the length of the words is reduced, or some words are replaced by words
that are smaller in order ⪯ or ≾). These transformations will form the
basis of the compression algorithm steps, which will be presented in the
next section of this work. Next, we denote the initial correct pair by
(C,L;x′).

1) Removing of word repetitions in C and L. Let σ ∈ C
⋃
L, and

σ be repeated several times in one of the components of the pair (C,L)



O. S. Senchenko, M. I. Prytula 107

(from the correctness of (C,L) it follows that σ /∈ C
⋂
L). Let the pair

(C1, L1) be the result of removing repetitions of the word σ from the
corresponding component of the pair (C,L); further, we will denote this
result as DEL−REP (σ, (C,L)), performing this transformation reduces
the number of words in the corresponding component.

2) Removing reverse-words from C. Let σ ∈ C, σ = xyx (x, y ∈ Λ),
and C1 be the result of removing σ from C. Let’s denote the result of this
transformation as DEL−RW (σ, (C,L)); performing this transformation
reduces the number of words in the first component.

3) Removing reverses from words of C and L. Let σ ∈ C
⋃
L, |σ| > 3,

and σ contain one or more reverses. Let xyx be the first reverse on the left
of the word σ, and let σ = ρ1xyxρ2, where ρ1, ρ2 ∈ Λ∗. Let σ′ = ρ1xρ2.
Let the pair (C1, L1) be formed from the pair (C,L) by replacing in
the corresponding component word σ with the word σ′. Let the result
of this transformation be denoted by REM − R(σ, (C,L)); performing
this transformation reduces the length of the words in the corresponding
component. Note that this transformation in some sense is similar to the
transformation of a free semigroup which is used during the description
of verbal congruences on free trioids [13,14].

4) Inverting words in C. Let σ ∈ C, σ−1 ⪯ σ, and C1 be the result of
replacing in C the word σ with the word σ−1. Let’s denote the result of
this transformation as ORD(σ, (C,L)); as a result of this transformation,
the resulting pair differs from the source by one word, and this word in
the resulting pair is less than the transformed word in the order ⪯.

5) Optimization of paths according to the branching vertex.

Let σ contain no reverses and σ ∈ C. Let also σ′ ̸= σ, σ′ ̸= ε,
σ′ ⊆ σ, σ′ = σ1x (x ∈ Λ). We will refer to the vertex v = v0σ

′ as the
branch vertex. Let σ = σ1xσ2. Then, with respect to the path from the
basepoint vertex to the branching vertex, one of two mutually exclusive
cases is possible when comparing the words σ1 and (σ2)

−1 in ⪯:
1) σ1 ⪯ (σ2)

−1.

a) Let τ ̸= σ, τ ∈ C
⋃
L, and (σ2)

−1x be the prefix of τ , i.e., τ =
(σ2)

−1xτ ′ for some τ ′ ∈ Λ∗. Let τ1 = σ1xτ
′. Let (C1, L1) denote the

pair in which the word τ is replaced by the word τ1 in the corresponding
component.

b) Let τ ̸= σ, τ ∈ C, and τ end with xσ2, i.e., τ = τ ′xσ2 for some
τ ′ ∈ Λ∗. Let τ2 = τ ′x(σ1)

−1. Let C2 be the result of replacing the word
τ with the word τ2 in C.

2) (σ2)
−1 ⪯ σ1.
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a) Let τ ̸= σ, τ ∈ C
⋃
L, and σ1x be the prefix of τ , i.e., τ = σ1xτ

′ for
some τ ′ ∈ Λ∗. Let τ3 = (σ2)

−1xτ ′. Let (C3, L3) denote the pair in which
the word τ is replaced by the word τ3 in the corresponding component.

b) Let τ ̸= σ, τ ∈ C, and τ end with x(σ1)
−1, i.e., τ = τ ′x(σ1)

−1 for
some τ ′ ∈ Λ∗. Let τ4 = τ ′xσ2. Let C4 be the result of replacing the word
τ with the word τ4 in C.

As a result of this transformation, the resulting pair differs from the
source pair by one word. In the first and the third cases, this word in
the resulting pair is less than the transformed word in the order ⪯, and
in the second and the fourth cases, this word in the resulting pair is less
than the transformed word in the order ≾.

We will show that each of the specified transformations is an equiva-
lent transformation.

Theorem 2. Let (C,L) be a correct pair and let (C ′, L′) be obtained from
(C,L) by a single application of any of the elementary transformations
(1) – (5). Then (C,L) ∼ (C ′, L′).

Proof. Let σ ∈ C
⋃
L and (C ′, L′) = DEL − REP (σ, (C,L)). Then,

from step 4 of the AP-algorithm, it follows that (C,L) ∼ (C ′, L′).
Let σ ∈ C, σ = xyx (x, y ∈ Λ) and (C ′, L′) = DEL−RW (σ, (C,L)).

From the definition DEL − RW , it follows that L′ = L. When pro-
cessing the AP-algorithm of the word σ, a vertex with label y and an
edge {v0, v0xy} are added to the already constructed graph fragment,
and, in the case where the vertex v0xy already existed in the previously
constructed graph fragment, reductions of the resulting graph. We will
show that in one of the components of the pair (C,L) there must exist
a word ρ ̸= xyx, for which the fifth or sixth step of the AP-algorithm
constructs the vertex v0xy and the edge {v0, v0xy}. Conversely, suppose
that such a word does not exist. In this case, no vertex can be merged
with vertex v0xy, so in graph G(C,L), vertex v0xy must be leaf. At
the same time, from the correctness of the pair (C,L), and, accordingly,
the feasibility of the eighth step of the AP-algorithm when constructing
the graph G(C,L), it follows that there exists in L such a word τ that
v0τ = v0xy, where the last symbol of the word τ is y, and the penultimate
symbol is x. Then, given that the leaf vertex v0xy is adjacent only to
vertex v0, when processing the word ρ with the AP-algorithm, a vertex
with label y and an edge between this vertex and basepoint vertex v0
must be constructed; when performing the reduction, a reduced merging
of this vertex with vertex v0xy and the edge between this vertex and v0
will be performed with edge {v0, v0xy}; this contradicts the assumption
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that word ρ does not exist. Therefore, in one of the components of the
pair (C,L), and therefore in one of the components of the pair (C ′, L),
there is a word according to which the edge {v0, v0xy} is constructed. In
this case, the result of the AP-algorithm with the pair (C,L) is identical
to the result of the AP-algorithm with the pair (C ′, L), so the graph
G(C ′, L) exists, and G(C,L) ∼= G(C ′, L).

Let σ ∈ C
⋃
L, (C ′, L′) = REM − R(σ, (C,L)), σ = ρ1xyxρ2, σ

′ =
ρ1xρ2, and (C ′, L′) is the result of replacing the word σ with the word
σ′ in the corresponding component (C,L). Let σ ∈ C, then L′ = L.
The process of executing the AP-algorithm with the pair (C,L) differs
from that with the pair (C ′, L) in the processing of the words σ and σ′

in the fifth step of the AP-algorithm. The result of this processing after
further reduction for the word σ differs from the similar result for the
word σ′ by the presence in the first case of the vertex v0ρ1xy and the
edge {v0ρ1x, v0ρ1xy}, all other additions of vertices and edges, as well as
reduced mergers in both cases, are the same. As with the DEL − RW
transformation, the presence of the word ρ ̸= σ in one of the components
of the pair (C,L) must be proven, after which the fifth or sixth step
of the AP-algorithm constructs the edge {v0ρ1x, v0ρ1xy}, from which
follows the existence of the graph G(C ′, L) and G(C,L) ∼= G(C ′, L), i.e.,
(C,L) ∼ (C1, L). In the case of σ ∈ L, the equivalence (C,L) ∼ (C,L′)
holds, the proof is similar to the case of σ ∈ C.

Let σ ∈ C and (C ′, L′) = ORD(σ, (C,L)). From the definition of the
ORD transformation, it follows that L′ = L. The process of executing
the AP-algorithm with the pair (C,L) differs from that with the pair
(C ′, L) in the processing of the words σ and σ−1 in the fifth step of the
AP-algorithm. In this processing, all additions of vertices and edges, as
well as reduced mergers, are the same in both cases, so (C,L) ∼ (C ′, L).

Let (C ′, L′) be the result of applying transformation (5) to the pair
(C,L). Let case (1a) of this transformation be true, i.e., ∃σ = σ1xσ2 ∈ C,
σ1 ⪯ (σ2)

−1, τ = (σ2)
−1xτ ′, τ1 = σ1xτ

′, and (C ′, L′) is the result of
replacing the word τ with the word τ1 in the corresponding component
(C ′, L′). The process of executing the AP-algorithm with the pair (C,L)
differs from that with the pair (C ′, L′) in the processing of the words
τ and τ1. When processing the word τ in the fifth or the sixth step of
the AP-algorithm, vertices and edges corresponding to the symbols of
the word (σ2)

−1, vertices and edges corresponding to the symbols of the
word τ ′, as well as the branching vertex, the edge between this vertex and
the vertex v0(σ2)

−1, and the edge between the branching vertex and the
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vertex v0τ
′. When processing the word τ1 in the fifth or the sixth step

of the AP-algorithm, vertices and edges corresponding to the symbols of
the word σ1, vertices and edges corresponding to the symbols of the word
τ ′, as well as the branching vertex, the edge between this vertex and the
vertex v0σ1, and the edge between the branching vertex and the vertex
v0τ

′. Next, as a result of the reduction of the resulting graph, in the
first case, there is a reduced merging of vertices and edges corresponding
to the symbols of the word (σ2)

−1, as well as the branching vertex with
the corresponding vertices that were added when processing the word σ.
In the second case, as a result of reduction, there is a reduced merging
of vertices corresponding to the symbols of the word σ1, as well as the
branching vertex with the corresponding vertices that were added when
processing the word σ. All other additions of vertices and edges, as well
as further reduction when processing the words τ and τ1, are identical,
so the results of processing the words τ and τ1 by the AP-algorithm
coincide, i.e., (C,L) ∼ (C ′, L′). The equivalence (C,L) ∼ (C ′, L′) in the
other three cases of transformation (5) is proven similarly.

All of these elementary transformations are key to the compression
algorithm described in the next section of this article.

4. The compression algorithm

This section presents a compression algorithm developed on the basis of
elementary transformations of a correct pair considered in the previous
section. Using the compression algorithm, we propose a solution to the
characterization problem for a given correct pair (C,L) and D-graph G̃,
which consists of performing compression (C,L) and comparing its result
with the canonical defining pair (CG, LG). In our opinion, the proposed
solution to the characterization problem is appropriate given two key
advantages: first, it remains human-oriented, allowing the use of ordinary
text strings as an interface for data interaction with the algorithm for
their transformation; second, it is advantageous from a technical point
of view, as it represents data in the form of a regular string type, which
greatly simplifies its processing and integration into computing systems.
At the same time, the compression algorithm is in a sense similar to the
algorithm that is a solution to the problem of characterizing the system
of defining relations for a finite automaton without outputs [15].

Given that the transformations (1) – (4) are simpler in the algorith-
mic terms than the transformation (5), the main focus in developing the
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compression algorithm was on optimizing the transformation (5). We will
show that, taking into account the possibility of performing the trans-
formations (1) – (4) after each execution of the transformation (5), in
the compression algorithm for the transformation (5), as branch vertices
for the word σ = x′1x

′
2 . . . x

′
k−1x

′
k ∈ C (x′i ∈ Λ, x′1 = x′k = x′) it is suffi-

cient to take the vertices v0x
′
1 . . . x

′
m(σ) and v0x

′
1 . . . x

′
m(σ)+1 (hereinafter

referred to as vertices with indices m(σ) and m(σ) + 1, respectively).

Suppose that case (1a) is true for the elementary transformation 5,
i.e. σ ∈ C, σ = σ1xσ2, where v0σ1x is the branching vertex, σ1 ⪯ (σ2)

−1,
τ ̸= σ, and τ = (σ2)

−1xτ ′ for some τ ′ ∈ Λ∗. Let i denote the index of
the character corresponding to the branching vertex in the word σ. From
σ1 ⪯ (σ2)

−1 and the previous elementary transformation ORD, it follows
that 1 ≤ i ≤ m(σ). As a result of executing the transformation (5), we
obtain the replacement of the word τ with the word ρ = σ1xτ

′.

We will show that in the case i ̸= m(σ), as a result of performing the
elementary transformation 5 at the branching vertex with index m(σ)
and a certain sequence of other elementary transformations, we obtain
the same result of transformation (replacement) of τ . Let’s introduce
the following notation. Let θ denote the fragment of σ from the sym-
bol following the branching vertex in the previous case to the symbol
with index m(σ) (we denote this symbol by σ(m(σ))), not including
the symbol with index m(σ) itself, and let ϑ denote the fragment of σ
from the symbol with index m(σ) + 1 to the end of the word σ, i.e.,
σ = σ1xθσ(m(σ))ϑ. In these notations, τ = ϑ−1σ(m(σ))θ−1xτ ′. The
sequence ϑ−1 in the word τ is replaced by σ1xθσ(m(σ)), i.e., the word τ
is replaced by the word τ1 = σ1xθσ(m(σ))θ−1xτ ′. Next, after removing
the reverses from the word τ1 in a quantity equal to |θ|, we obtain the
transformation of the word τ1 into the word τ2 = σ1xzxτ

′, where z is
the first character of the word θ; in the case where θ is an empty word,
then z = σ(m(σ)), after which the reverse xzx is removed from τ2, i.e.,
we obtain the transformation of the word τ2 into the word τ3 = σ1xτ

′,
i.e., τ3 = ρ.

Thus, it is shown that under the condition of performing the elemen-
tary transformations REM−R and ORD (the transformation REM−R
is performed both before and after the transformation (5)), for the trans-
formation (5) in case (1a), the branch vertex in the word σ can be taken
as the vertex with index m(σ). Let OPT − LB(σ, τ) denote the re-
sult of transforming the word τ at the branching vertex of the word
σ corresponding to the index m(σ); in our case, OPT − LB(σ, τ) =
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σ1xθσ(l(σ))θ
−1xτ ′. In the computational terms, the disadvantage of

such a transformation is the additional, possibly repeated, use of the
transformation REM − R. The advantage is that the branching vertex
is determined unambiguously, i.e., to determine it, it is not necessary to
use a loop from the first character of the word σ to the character with
index m(σ) and then consider all words from the components C and L.

For the case (1b), the result of the transformation according to the
branching vertex with index i in the word σ (1 ≤ i < m(σ)) will be equal
to the same transformation according to the branching vertex with index
m(σ) followed by the possible repeated execution of the transformation
REM − R (this is proved in a dual way to the case 1(a)). Let’s denote
this transformation corresponding to the branching vertex with index
m(σ) by OPT − LE(σ, τ).

Let case (2a) hold for the elementary transformation (5), i.e., σ ∈ C,
σ = σ1xσ2, where v0σ1x is the branching vertex, (σ2)

−1 ⪯ σ1, τ ̸= σ,
and τ = σ1xτ

′ for some τ ′ ∈ Λ∗. Let i denote the index of the symbol
corresponding to the branching vertex in the word σ. From (σ2)

−1 ⪯ σ1
and the previous execution of the elementary transformation ORD, it
follows that m(σ) + 1 ≤ i ≤ |σ|. Similar to case (1a), the result of per-
forming the transformation (5) with the word τ in the case i ̸= m(σ)+ 1
will be the same as the result of performing it in the case i = m(σ) + 1
with the subsequent, possibly repeated application of the transforma-
tion REM − R. Let’s denote the transformation corresponding to the
branching vertex with index m(σ) + 1 as OPT −RB(σ, τ).

Similarly, for case (2b), the result of performing the transformation
(5) with the word τ in the case i ̸= m(σ) + 1 will be the same as the
result of performing it in the case i = m(σ)+1 with subsequent, possibly
repeated, application of the REM −R transformation to it; Let’s denote
the transformation corresponding to the branching vertex with index
m(σ) + 1 as OPT −RE(σ, τ).

In these transformations the symbols L / R (left / right) denote
one of two possible indices of the branching vertex, and the symbols
B / E (begin / end) denote the direction of replacement. From the
transformations OPT − LB(σ, τ), OPT − LE(σ, τ), OPT − RB(σ, τ),
OPT−RE(σ, τ), we created a composite operation PATH−OPT (C,L),
it is shown in Figure 3.

Let’s define a compression algorithm that transforms a correct pair
(C,L;x′) into < C,L;x′ > (or simply < C,L > when x′ is irrelevant).
Its components are denoted by < C > and < L >. This algorithm is
an iterative process (C0, L0) → (C1, L1) → . . . → (Cn, Ln), in which
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Figure 3. The notation of the operation PATH −OPT (C,L)

(C0, L0) = (C,L), (Cn, Ln) =< C,L >, the pair resulting from the
current iteration is the input argument for the next iteration. Given this,
in the pseudocode description of the compression algorithm, we denote
the name of the pair that is an argument in operations by (C ′, L′).

Algorithm 3 Compression algorithm

Require: Pair (C,L)
Ensure: Pair < C,L >
1: repeat
2: SORT (C ′, L′)
3: DEL−REP (τ, C ′, L′))
4: DEL−RW (τ, C ′, L′))
5: if REM −R(τ, (C ′, L′)) then
6: continue
7: end if
8: if ORD(τ, (C ′, L′)) then
9: continue

10: end if
11: if PATH −OPT (C ′, L′) then
12: continue
13: end if
14: exit
15: until false
16: return < C,L >

Since each operation of the compression algorithm, except sorting,
either reduces the number of words in a pair component, or reduces the
length of some word, or replaces it with a smaller word in ⪯ or ≾, for a
finite source pair, the compression algorithm completes its work with a
uniquely determined result in a finite number of steps. Figure 4 shows
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an example of the compression algorithm.

Figure 4. An example of the compression algorithm

The criterion for solving the problem of characterizing a correct pair,
which was defined at the beginning of previous section, is the following
statement.

Theorem 3. Let G̃ is some D-graph, and (C,L) be the correct pair.
Then (C,L) is a defining pair for G̃ if and only if < C,L >= (CG, LG).

Proof. Sufficiency. As mentioned above, the execution of the compres-
sion algorithm can be represented as an iterative process (C0, L0) →
(C1, L1) → . . . → (Cn, Ln), in which (C0, L0) = (C,L), (Cn, Ln) =
< C,L >, the pair resulting from the current iteration is the input argu-
ment for the next iteration. According to Theorem 2, each transforma-
tion transforms a pair into a pair equivalent to it (transformations OPT−
LB(σ, τ), OPT−LE(σ, τ), OPT−RB(σ, τ), OPT−RE(σ, τ), which are
parts of the composite operation PATH −OPT (C,L), are special cases
of the elementary transformation (5)), and the operation SORT (C,L)
does not change the graph G(C,L). Therefore, G̃ = G(Cn, Ln) = . . . =
G(C0, L0) = G(C,L), i.e. (C,L) is a defining pair for G̃.

Necessity. Let (C,L;x′) be a defining pair for G̃ and v0 be the base-
point vertex of the graph G̃. Let’s prove the auxiliary statement

Lemma 4. Let < C >, < L > be the components of the compression
result of the correct pair < C,L;x′ >. Then for any words σ ∈< C >,
ρ ∈< L > with τ1 ⊆ a(σ), it follows that spv0τ1 = τ1, from τ2 ⊆ b(σ)
follows spv0τ2 = τ2, and from τ3 ⊆ ρ follows spv0τ3 = τ3 in the graph G̃.
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Proof. We will prove this by induction on the length i of the prefix of
the corresponding word. Let i = 1. Since for any prefix τ of length 1
of words a(σ), b(σ), ρ, we have τ = x′, v0x

′ = v0, and spv0 = x′, then
spv0τ = τ , i.e., the induction base is satisfied.

Suppose that the Lemma holds for i ≤ k. We will show that it also
holds for i = k + 1. Contradiction: suppose that this is not the case,
i.e., there exists τ that is the prefix of either a(σ), or b(σ), or ρ for some
σ ∈< C >, ρ in < L >, such that |τ | = k + 1 and τ is not the shortest
word according to ⪯ defining the path from vertex v0 to vertex v0τ . Then
one of three cases holds: a) there exists such a σ ∈< C > that τ ⊆ a(σ);
b) there exists such a σ ∈< C > that τ ⊆ b(σ); c) there exists such a
ρ ∈< L > that τ ⊆ ρ. Let case (a) hold.

Let σ = τσ′, then from τ ⊆ a(σ) it follows that |σ| ≥ 2k + 1. Let
v0τ = v, ξ(v) = x, τ = τ ′x, v0τ

′ = v′, ξ(v′) = x′. Then |τ ′| = k, by the
induction assumption τ ′ = spv′ . Let θ = θ′x = spv, then, taking into
account the induction assumption, |θ′x| ≤ k + 1, therefore |θ′| ≤ k; let
v0θ

′ = v′′. From θ = spv it follows that θ′ = spv′′ and θ′ ⪯ τ ′. From
τ ′x ̸= θ′x it follows that τ ′ ̸= θ′, therefore, taking into account τ ′ = spv′ ,
θ′ = spv′′ , the assumption of induction, and the determinism of the graph
G(< C,L >) hold, ξ(v′) ̸= ξ(v′′), v′ ̸= v′′, and the walk p0(τ

′x(θ′)−1) is
closed. At the same time, from τ ′ = spv′ , |τ ′| = k, v0θx

′ = v′ it follows
that |θx′| ≥ k, therefore k−2 ≤ |θ′| ≤ k. Since < C,L > is a defining pair
of the graphG(< C,L >), there exists ϑ such that v0ϑ = v′′, and for some
ϑ′ ∈ Λ∗ at least one of the statements ϑxϑ′ ∈< C > or ϑ′xϑ−1 ∈< C >
holds. From the induction assumption, taking into account |θ′| ≤ k, it
follows that ϑ = θ′, i.e., either θ′xϑ′ ∈< C > or ϑ′x(θ′)−1 ∈< C >.

Then, from the fact that all possible compression operations were
performed on the pair < C,L >, in graph G(< C,L >), the vertex
v0(τ) can be identified with the vertex v0(θ) only if one of the two words
θ′x(τ ′)−1 or τ ′x(θ′)−1 exists in < C >, which is smaller than the other in
the order ⪯. From θ′x ⪯ τ ′x and the impossibility of replacing the word
τ ′ with the word θ′ in σ by transformations OPT − LB(θ′x(τ ′)−1, σ),
OPT − RB(τ ′x(θ′)−1, σ) with a possible transformation REM − R, it
follows that σ′ = θ′, i.e., σ = τ ′xθ′. Since the transformation ORD(σ) is
impossible, and by assumption θ′ ⪯ τ ′, then |θ′| < |τ ′| = k. Therefore,
|σ| < k + 1 + k = 2k + 1, which contradicts |σ| ≥ 2k + 1. The resulting
contradiction proves the falsity of the assumption about the inapplica-
bility of the lemma for i = k + 1 under the condition of case (a). The
falsity of the assumption that the Lemma is not valid for the case (b) is
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proven dual to case (a) and for case (c) – similarly to case (a).

Next, we will show that < C,L >= (CG, LG). Let σ ∈< C >.
From the previous performing of the operation ORD(σ), it follows that
σ ⪯ σ−1 and σ−1 /∈< C >. From Lemma 4, it follows that σ is a
canonical word for G, and in the case of oddness |σ|, σ−1 /∈< C >.
Therefore, taking into account Lemma 3, σ ∈ CG, i.e., < C >⊆ CG.

Let’s show that CG ⊆< C >. Let σ ∈ CG, vertices v
′, v′′ are genera-

tors for σ, ξ(v′) = x′, ξ(v′′) = x′′. For definiteness, let σ = spv′(spv′′)
−1.

By the AC-algorithm, σ ⪯ σ−1, i.e., spv′(spv′′)
−1 ⪯ spv′′(spv′)

−1. Since
< C,L > is a defining pair for G̃, then according to the AP-algorithm,
there must exist a word τ ∈< C >

⋃
< L > such that the edge {v′, v′′}

is included in the walk p0(τ). Since, according to the AC-algorithm,
spv′ ̸= spv′′x

′ and spv′′ ̸= spv′x
′′, it follows from Lemma 4 that τ /∈< L >,

and, depending on the parity of the number |σ|, either τ = spv′(spv′′)
−1

or τ = spv′′(spv′)
−1. From the previous performing of the operation

ORD(σ), considering that spv′(spv′′)
−1 ⪯ spv′′(spv′)

−1, it follows that
τ = spv′(spv′′)

−1, i.e. τ = σ, so CG ⊆< C >.

We will show that < L >= LG. Since < C,L > is a defining pair
for G̃, for every word ρ ∈< L >, the vertex v0ρ is leaf (v0ρ ̸= v0), and
for every leaf vertex v of the graph G̃ other than v0, there exists at
least one word ρ′ ∈< L > such that v0ρ

′ = v. Taking into account the
previous performing of the operation DEL−REP (τ) and Lemma 2, we
obtain that < L > consists of all such words τ ∈ VG that v0τ ̸= v0,
and the vertex v0τ is leaf in the graph G̃, therefore, according to the
AC-algorithm, < L >= LG. We obtained < C,L >= (CG, LG).

Thus, the procedure for checking whether a given correct pair (C,L)
is a defining pair for a given graph G̃ boils down to performing a compres-
sion (C,L), constructing the canonical defining pair for G̃, and comparing
< C,L > with (CG, LG): if < C,L >= (CG, LG), then (C,L) is a defining
pair for G̃; if < C,L ≯= (CG, LG), then (C,L) is not a defining pair for
G̃. In our opinion, in computational terms, the proposed method is sim-
pler than constructing the graph G(C,L), and then comparing G(C,L)
with G̃. In particular, the pair (C,L) from Figure 4, is a defining pair
for the graph G̃ from Figure 2, since < C,L >= (CG, LG).

It is easy to see that applying compression to the canonical defining
pair for the D-graph G̃ will not change it. Therefore, taking into account
Theorem 3, the canonical defining pair (CG, LG) is the smallest in terms
of power and volume of each component defining pair for the graph G̃.
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The transformations proposed in this and the previous sections can
form the basis for effective solutions to various applied problems related
to deterministic graphs. The solution to one such problem, namely, fin-
ding the shortest paths from the basepoint vertex to all other vertices of a
deterministic graph, is currently in processing. However, some questions
remain open: assessment of the complexity of the compression algorithm,
the possibility of adapting the compression algorithm for cases where the
correctness of the source pair is unknown in advance.

Based on the algorithms presented in this article, a prototype soft-
ware implementation [16] was developed in the form of a library of func-
tions that extend the capabilities of the NetworkX package. Using this
library, it is possible to construct a graph by a given pair, the canoni-
cal defining pair of a D-graph, perform compression of a given correct
pair, and compare the result of compression with the canonical defi-
ning pair of a given graph. We also investigated some test metrics of this
program implementation. When implementing the PATH−OPT (C,L)
operation, among its possible variants, the one with the best test metric
was chosen. The library includes a description of our program imple-
mentation.

Conclusion

The article proposes the compression algorithm that, if the source pair
is correct, transforms it into a canonical defining pair for a D-graph for
which the source pair is a defining pair. A prototype software implemen-
tation of this algorithm has been developed. A number of open problems
related to the linguistic presentation of D-graphs and the compression
algorithm are outlined. Also, in our opinion, the presented compression
algorithm can be the basis for solving a number of applied problems
related to the linguistic presentation of D-graphs by a defining pair.
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