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ABSTRACT. Let K be an algebraically closed field of characte-
ristic zero and K[z, y] the polynomial ring. The group SLs (K[z, y])
of all matrices with determinant equal to 1 over K[z, 3] can not be
generated by elementary matrices. The known counterexample
was pointed out by P. M. Cohn. Conversely, A. A. Suslin proved
that the group SL, (K[z1,...,zy]) is generated by elementary mat-
rices for r > 3 and arbitrary n > 2, the same is true for n = 1
and arbitrary r. It is proven that any matrix from SLs (K[z,y])
with at least one entry of degree < 2 is either a product of ele-
mentary matrices or a product of elementary matrices and of a
matrix similar to the one pointed out by P. Cohn. For any matrix

( 7fQ ]% ) € SLy (K[, y]), we obtain formulas for the homoge-
neous components P;, @Q; for the unimodular row (—@Q, P) as combi-
nations of homogeneous components of the polynomials f, g, respec-
tively, with the same coefficients.

Introduction

Let K be a field and A = K[x1, ..., z,] the polynomial ring in n variables.
The group GL,(A) of all invertible matrices and its subgroup SL,(A) of
matrices with determinant of 1 was studied by many authors from diffe-
rent points of view (see, for example, [2, 3, 5, 6], the last paper contains
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an extensive literature review). One of the important questions in stu-
dyng GL,.(A) (and SL,,(A)) is the question about generators and rela-
tions of these groups. Classical papers of A. A. Suslin and P. M. Cohn
answer this question. In [3], it was proved that the group SL,(A) is
generated by elementary matrices (or, in other terminology, elementary
transvections) if » > 3 for arbitrary n > 2; in case n = 1,7 > 2 the
proof is elementary. If » = 2 and n > 2, then the group SL,(A) cannot
be generated by elementary matrices [2]. The counterexample from [2] is

2
:):yx—i— 1 ﬂzyy; 1 ) from the group SLs(K[z,y]). A question
arises: how typical is this counterexample? We prove (Theorem 1) that
any matrix from SLo(K[z,y]) with at least one entry of degree < 2 is
either a product of elementary matrices or a product of a matrix similar
to the one pointed out in [2] and elementary matrices.

the matrix <

We consider the group SLg(K|z,y]) over an algebraically closed field

K of characteristic zero. Let us recall some definitions and notations. An
h

elementary matrix from the group SLa(K[z, y]) is of the form (1] 1 )or

of the form ( }1L (1) ), h € K[z, y]. A row (f,9) € (K[z,y])? is called uni-
modular if there exist polynomials P, @ € K[z, y| such that Pf+ Qg =1
(about some properties of unimodular rows see, for example, [4]). The

_fQ IQD > has the determinant of 1. The
unimodular row (—@Q, P) will be called associated with the row (f,g).
Note that by multiplying a unimodular row (f, g) from the right by the

. 1 h
matrix < 0 1
(f,g + fh). Multiplying unimodular rows (f,g) by an elementary mat-
rix from the right defines a linear transformation of the free module
of rank 2 over K[z,y]. We call such a transformation an elementary
transformation. The automorphism group Aut(K[z,y]) acts naturally
on the group SLo(K[z,y]) by the rule: for any 0 € Aut(K[z,y]) and
A = (ay) € SLy(K[z,y]) put A = (afj) (note that for any elementary
matrix B the matrix B?,6 € Aut(K[z,y]) is also an elementary matrix).
We will use unimodular rows, and then the main result will be refor-
mulated in matrix language. In Lemmas 5, 6, and 7 we prove that any
unimodular row (f,g) with deg f < 2 is, up to action of an automor-
phism 6 € Aut (K[z,y]), one of the forms: (1,0), or (z%,¢(y)x +) with
arbitrary ¢ (y) € Klz,y], or (zy —v,2%), vy €e K"k € Z, k > 2. As a

latter means that the matrix

>, where h € K[z, y], the result is the unimodular row
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consequence, we obtain the main result (Theorem 1).

In the second part of the paper, we consider unimodular rows (f, g),
degf = degg = n,n > 1. We obtain formulas for homogeneous compo-
nents P;, Q); of the associated unimodular row (—@Q, P) as combinations
of homogeneous components of polynomials f, g, respectively, with the
same coefficients (Theorem 2). These formulas can be used for studying
matrices from SLo(K[x,y]) with entries of any degree.

1. Some properties of unimodular rows over K[z, y]

Here some technical results are collected about unimodular rows (of
length 2) over the polynomial ring K[z, y].

Lemma 1. (1) Let (f,g) be a unimodular row over the ring K[x,y] and
P, Q be polynomials such that Pf+Qg = 1. Then the rows (P,Q), (P, g)
and (f,Q) are also unimodular.

(2) If (f,g) is a unimodular row, then for any endomorphism 6 of the
ring K[z, y], the row (0(f),0(g)) is also unimodular.

Lemma 2. Let f, g, P,Q € K[z, y] be nonconstant polynomials such that
Pf+ Qg = 0. Then there exist polynomials hy, ha, ¢, € Klz,y] such
that f - QOhl; g = SDhQ? ng(h17h2) - ]—} P = 1/1}12; Q = _¢hl

Proof. Let ¢ = ged(f,g), o = ged(P, Q). Then f = @hi, g = @hy for
coprime polynomials hq, hy € K[z, y]. Analogously P = ¢y Py, Q = 1¥oQo
for some coprime Py, Q9. Then by the conditions of the lemma we have

0=Pf+ Qg = o (Poh1+ Qoh2) .

The latter equalities imply
Pohi + Qohe = 0. (1)

Since ged(h1,he) = 1 we have Py | he and hg | Py. But then Py = ahs
for some o € K*. Analogously Qg = Bh; for some 5 € K*. It follows
from 1 that § = —a. Besides, P = ¥gPy = ¥oahs and Qy = —oahy.
Denoting 1 = ¥ga we get P = ho, QQ = —h;. O

Lemma 3. Let (f,g) be a unimodular row of nonconstant polynomials
over K[z, y] and let f = fo+ -+ fu, g =go+ -+ g1 be decomposition
of f and g, respectively, in sums of homogeneous components. Then the
polynomials f, and g; are not coprime, i.e., degged(fn, ) > 1.
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Proof. By the conditions of the lemma there exist polynomials P,Q €
K[x,y] such that Pf 4+ Qg = 1. Let

P=FPy+ -+ Py, Q=Qop+ -+ Qg

be their decomposition into sums of homogeneous components. It follows
from the equality Pf + Qg = 1 that P, f, + Qrg; = 0 (it is obvious that
m+mn =k +1). Assume on the contrary that ged(f,,g) = 1. Then, by
Lemma 2, we have

P =Yg, Qr=—"fn (2)

for a polynomial ¢ € K[z, y| with degy = m—1 = k—n. Denote by 2 the
set of all pairs (P, Q) of polynomials that satisfy the equality Pf+Qg = 1.
Choose a pair (P, Q) € € such that the sum m + k = deg P + deg @ is
minimal. Then the equalities (2) imply that

deg(P — ¢g) +deg(Q + ¥ f) < deg P + deg Q.

Besides, the equality holds: (P — vg)f + (Q + ¥ f)g = 1. The latter
contradicts the choice of the pair (P, Q). This contradiction shows that
degged(fn, q1) > 1. O

Corollary 1. Let f,g € K[z,y| be a unimodular row. If deg f =1, then
g = hf +c for some h € K[z,y], c € K*.

Proof. Let
f=h+h, 9=90+a++a

be the decomposition of polynomials into sums of homogeneous compo-
nents. Then by Lemma 3 we have degged(f1, g;) > 1. The latter means
that g; is divisible by fi, i.e. g; = hy f1 for some polynomial hy € K[z, y].
But then the row (f,g — h1f) is unimodular and deg(g — h1f) < degg.
Continuing such considerations we obtain a unimodular row (f,g — hf)
for some h € K|z, y| such that deg(¢9—hf) =0, i.e. g—hf = c. Obviously
c# 0 and we get g =hf +c, c € K*. O

Let us recall that any quadratic curve f(z,y) = 0, degf = 2 is
reduced by linear transformations of variables to one of the known canoni-
cal forms. This can be reformulated as follows:

Lemma 4. Let f(z,y) € K[z,y], deg f = 2. Then there exist an affine
automorphism 6 of the ring K[z,y| of the form 0(x) = a1z + fry + 71,
0(y) = agx + Loy + 72 such that O(f) is a polynomial of the following
type:
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(1) flz,y) =2*+7, 7€ K;
(2) flz,y) =2*+y;
(3) flz,y) =zy+v, yeK.

Lemma 5. Let (f, g) be a unimodular row such that f = x>+y. Then this
row is reduced to the row (1,0) by elementary transformations, i.e. there
exist elementary matrices By, ..., By such that (f,g)B1,. .., Br = (1,0).

Proof. Let us write the polynomial g as a polynomial of x with coeffi-
cients depending on y,

9(z,y) = go(y) + g1(¥)z + - - + gi(y)z*.

Denote

h(z,y) = g2(y) + g3(y)x + - + gk(y){L‘k—Q.

Then
(5 ) = Gl +anl)e =yt

Note that the polynomial ¢V = go(y)+ g1 (y)z —yh(z,y) is of degree < k
on z, i.e., deg,g < degxg(l). Repeating this process for the unimodular
row (x2 4, g(l)) we obtain as a result a unimodular row of the form
(2247, g®) for some s > 2 with deg,¢(®) < 1. So we can assume without
loss of generality that g(z,y) = go(y) + ¢g1(y)z. By the conditions of the
lemma, there exist polynomials P(x,y), Q(z,y) € K[z, y] such that

P(z,y)(2” +y) + Qx,9)(90(y) + g1 (y)x) = 1.
Putting here y = —z? we get the equality

Q(z, -z (go(—2?) 4+ zg1(—2?)) = 1.

It follows from this equality that go(—x2)+zg1(—x2) = c for some ¢ € K*.
Since deg, go(—x?) is even and deg, xg;(—z?) is odd we get g1 = 0 and
go(y) € K. But then g = go € K* and the unimodular row (z2 + ¥, go)
obviously is reduced to the row (1,0). O

Lemma 6. Let (f,g) be a unimodular row, where f = x>+, v € K.
Then this row can be reduced by elementary transformations to either the
row (1,0), or to the row (x® + v, 2 (y) +0), 6 € K, degt(y) > 1.

Proof. Write down the polynomial g(z,y) as a polynomial of x with
coefficients in K]y]

9=090y) +q(y) + -+ grly)a”.
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Repeating the consideration from the proof of Lemma 5 one can as-
sume without loss of generality that g = go(y) + ¢1(y)x for some poly-
nomials go(y) and g1 (y). Since (22 + v, go(y) + g1(y)z) is a unimodular
row, there exist polynomials P, Q € K[z, y] such that

P(z? +7) + Qgo(y) + g1(y)z) = 1.

Note that for any polynomial A(x,y) € K[z, y], the polynomials

P(z,y) = P(z,y) + Alz,9)9(z,y), Q(z,y) = Q(z,y) — Az,y)(z* +7)

also satisfy the equality (2 +7)P+g(z,y)@Q = 1. Therefore, without loss
of generality, one can reduce the unimodular row (P, Q) by elementary
transformations to the row (P, Qo(y) + Q1(y)x) without changing the
initial unimodular row (22 + v, g(x,)). We get the equality

Pz, y) (@ +7) + (Qo(y) + Q1(y)2)(90(y) + g1(y)z) = 1. (3)

First, let v # 0. Substituting in formulas (3) = for /—v and then x for
—/—7 we obtain two inclusions g1 (y)/—7+90(y) € Kand —¢1(y)/—7+
90(y) € K. Tt follows from these inclusions that go(y) € K and g1 (y) € K.
But then from (3) we see that Qo(y), Q1(y) € K. The equality (3) shows
also that g1 = 0 and Q1 =0, i.e., g(x,y) = ¢1 and Q(z,y) = co for some
c1,co € K. Therefore the unimodular row (22 + 1, g) can be reduced (by
elementary transformations) to the row (1,0).

Now let v = 0, i.e., f(z,y) = 22. Putting z = 0 in the equality (3)
we get Qo(y)go(y) = 1. Thus Qp, g0 € K*. The latter means that g =
z(y) + 6, where ¥(y) = Q1(y) and § = Qp. Note that the unimodular
row associated with (22, z¢(y)+4) is the row (%, 522 (y)) because

2 z(y) + 06

T
the matri has the determinant 1. [
* ( 02 (xy(y) = 6) 623 (y) )

2. The main theorem

We need to consider the last case when the unimodular row is of the form
(zy +7,9(2,y)).

Lemma 7. Let (f,g) be a unimodular row with f(z,y) =zy+-~, v € K.
Then this row can be reduced by elementary transformations to the uni-
modular row (zy + v, zF) or to the row (zy + v, (—y 'y)*) with integer
k > 2, or to the row (1,0).
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Proof. By the conditions of the lemma we have an equality of the form

P(z,y)(zy +7) + Qz,y)g(z,y) =1 (4)
for some polynomials P, Q € K[z, y]. Write down the polynomial g(z,y)
in the form g(x,y) = ¢(x) + ¥(y) + xyh(x,y) for some polynomials
o(x),¥(y), h(x,y) € K[z,y]. Then we get the equality

(xy +7,9) < (1) _h(f’y) ) = (zy +7,0(x) + ¥(y) — vh(z,9)).

If h(z,y) # 0 we can write h(z,y) = p1(x) + ¥1(y) + zyhi(z,y) and
repeat the previous considerations. As a result, we may assume without
loss of generality that g(x,y) = ¢(x) + ¥ (y). Analogously repeating
considerations from the proof of Lemma 6 we may assume that Q(z,y) =
u(z) + v(y) for some polynomials u(x),v(y) € K[z, y].

First, let v # 0. Let us put y = —v/z in the equality (4). We
get (u(z) + v(—vy/x))(p(x) +¢¥(—vy/z)) = 1. One can easily prove that
an element p(z,z ') from ring K[z, z~!] is invertible in this ring if and
only if p = az® for some k € Z, a € K*. So, we have g(z,y) = 2*,

Qz,y) = (= 'y)* or g(z,y) = (—7'9)*, Q(a,y) = 2" for some k > 0.
In any case, the polynomial P(z,y) is of the form

Pla.y) - w =1 <1+ <—9:y> bt <_::y>k_1) .

As a result, we get two unimodular rows:

1) (wy + 1, %) with the associated row (—(—’y‘ly)k, W),

2) (zy + 7, (—y " 'y)¥) with the associated row (—a:k, %)
Note that one can assume that &k > 2. Really, in other case the
row (zy + 7,2"%) is reduced to the row (1,0) because of Corollary 1.
Let now v = 0. Let us replace z with 0 in the equality (4). Then we
have (u(0) + v(y))(¢(0) + ¥ (y)) = 1. This equality implies obviously
v(y),¥(y) € K. Analogously after substituting 0 instead of y in (4) we
get v(z),¥(x) € K. We see that in this case the polynomial g(z,y) is
constant and therefore the unimodular row can be reduced to the row
(1,0). The proof is complete. O

az1(x,y) a22(z,y)
dega;; = 2 for some i,j € {1,2}, then there exists an automorphism
0 € Aut (K[z,y]) such that A? is one of the types:

Theorem 1. Let A = <a11(x,y) a12(2,y) ) € SLy (K[z,y]). If
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1) A% = B1By...By, k> 1, B; are elementary matrices;
2) A = By...B;CBsy1...By, where By ...Bg, Byy1...By are ele-
mentary matrices and C is one of the form:

x? x(y) + 0 Ty + xk
o) | awp)-s o> O T L
52 52 7Y

y+xy
for some 6,y € K*, (y) € K[z,y], k € Z, k > 2.

Proof. Multiplying the matrix A from the left or from the right by the ma-
trix < _01 (1) ) we can assume without loss of generality that i = j =1,

i.e. degayi < 2. Applying a linear automorphism 6 to the matrix A we
can reduce (by Lemma 3) the element aq1(x,y) to one of the forms

1) ar1(z,y) = 2% + y;

2) ari(z,y) = 2% +7;

3) a11(x,y) = xy + 7.

First, let ai1(z,y) = 22 +y. Then applying Lemma 5 to the first

row of the matrix A we get the matrix ( ) for a polynomial

0
b(z,y) 1
b(z,y) € K[z, y], recall that multiplying from the left by elementary mat-
rices makes elementary transformations in the first and second rows of A.
The latter means that A is a product of elementary matrices. In the case
ar1(z,y) = 2%+, v € K we get either a product of elementary matrices
A = Bj...Byj or a product of the foom A = By...B;-1CB;+1... B,

where B; are elementary matrices and C' is of the form

B 2 x)(y) + 6
¢= < 52 (a(y) — 6) 6 2u(y)’ > |

By Lemma 7, the last case a1 1(x,y) = xy + v, 7 € K yields the product
A= B1 NN Bi—chi—l—l PN Bk with C of the form

c Ty + 7y zF
1= _ 1—(—y lay)k
~(ly)t e

zy+y (=)
Cy = B e ) A B

Yty

or of the form

Note that the matrices C; and Cs are conjugated by the automor-
phism 6 : x — —y~ 'y, y — —~vx. The proof is complete. O
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3. Formulas for associated rows

If a unimodular row (f,g) is given, then there exists a unimodular row

(—=Q, P) such that Pf 4+ Qg = 1 (then the matrix ( _fQ Jgj ) has

determinant of 1). Such a row (—@Q, P) is unique up to a row (—AQ, AP)
for an arbitrary polynomial A € K[z,y|. Really, if P'f + Qg = 1 for a
row (P, Q'), then (P—P')f4+(Q—Q")g = 0. By Lemma 2, P— P’ = )\g,
Q — Q' = \f for some \ € K[z,y] and therefore

(P, Q") = (P,Q) + (=g, Af).

Let us point out how one can write homogeneous components of poly-
nomials P, () using homogeneous components of g and f respectively.
We restrict ourselves only to polynomials f, g of the same degree. Let
deg f = degg = n. Then obviously deg P = deg @) = m for some m.
Write down polynomials f, g, P, @ as sums of their homogeneous compo-
nents

f=fot + o, g=9g0+" -+ gn,
P=PR+ -+ Pn Q=Qo+ "+ Qn.

Denote ¢ = ged(fpn, gn). We assume that all the polynomials f, g, P, @
are nonconstant ones. Then by the Lemma 3, degp > 1. It turns out
that ¢"t1P,,_; and ¢"t1Q,,_; can be written as linear combinations of
gis and f]s, respectively, with the same polynomial coefficients.

Theorem 2. There exist homogeneous polynomials oy, . . .,y such that
for0<i<m

min(z,n)

@ P = Z @ Qi jgn-j,
=0

(%)

min(z,n)
_SOlJrlQm—i = Z Spjai—jfn—j'
j=0
Proof. Induction on i. The case i = 0 is a consequence of Lemma 2.
Really, we have Py, f,, + Qmgn = 0. Let
¢ = ged(fn, gn), b1 = fu/p, ha = gn/e.
By Lemma 2 P,, = t¢ha, Qn = —th for some ¢ € K[z, y]. Then
©Pm = Ypha = Ygn, —pQm = Pph1 =1 fn.

Putting oy = ¥ we get the case i = 0. Let the formulas (x) be true for
i’ <1, let us prove it for 7. Since Pf+ Qg =1 we have equalities for
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homogeneous components in the left side of the later equality: (Pf +
Q9)m+n—i = 0 for 0 <i < m. But the left side of the latter equality can
be written in the form
min(z,n)
Z (Pm—i-i-kfn—k + Qm—i+kgn—k) =0.
k=0
After multiplying this equality by ¢'*! we can rewrite it for 0 < i < m
in the form
min(z,n)
Z 90]{ (CpiikJrlefiJrkfnfk =+ ¢iik+1Qm7i+kgnfk> = 0.
k=0
Replacing Pp,—i1x and Qu—_ij+k, & > 1 by their expressions due to the
induction hypothesis we obtain the equality (we denote min(i,n) by iAn
for brevity in the next part of the proof):

0= SDH_I (meifn + meign) +

iAn AN AN

i . 4
+ Z " | fo—k Z @ ik jGn—j — Gn—k Z O g j frj
k=1 =0 =0
The last equality can be rewritten in the form
- iAn iAn
O (Poifn + Qm—ign) + gn > @ i i fok = fn Y ¢ i kgn 1t
k=1 k=1
+ > P i fakgn = Y, @ik fajgnk = 0.
1<jk<n 1<j.k<n
J+k<i J+k<i

Note that the last two sums in this equality give as result 0 and we can
write the last equality as

AN
(@ZHPmi -y Spkai—k;gn—k> fnt

k=1
. AN
+ (@H—IQmi - Z sokaz‘—kfn—k> gn = 0.
k=1
It follows from Lemma 2 that there exists a polynomial «; such that
AN

goiHPm_i - Z @kaz‘—kgn—k = Qign,
k=1
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AN
(pH_lmei + Z Spkai—k’fn—k = —a;fn-
k=1
These equalities can be rewritten (in the initial notation) in the form

min(¢,n) min(i,n)

G Pui= Y kg k9T Quoi= Y Paiifak

k=0 k=0

The proof is complete. O

1]

Y.

0.
A.
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