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The inverse semigroup of all fence-preserving
injections and its maximal subsemigroups
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ABSTRACT. In this paper, we study the inverse semigroup IF,,
of all partial injections o on an n-element set such that both « and
a~! are fence-preserving (preserve the zig-zag order). The main
result of this paper is the characterization of the maximal subsemi-
groups of IF,,: There are five types of maximal subsemigroups,
whenever n is odd; if n is even, then the maximal semigroups are
of the form I'F,, \ {a}, where o belongs to the least generating set

of I'F,,. Moreover, we describe the i-conjugate elements in IF,.

Introduction

Let S be a semigroup. A subsemigroup S’ of S is called a maximal sub-
semigroup of S if §" # S (i.e., S is a proper subsemigroup of S) and S’ is
not contained in any proper other subsemigroup of S. Maximal subsemi-
groups were characterized for a variety of semigroups. The paper [6] by
N. Graham, R. Graham, and J. Rhodes is basically for the study of maxi-
mal subsemigroups of finite semigroups. A semigroup S is called inverse
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if for all x € .9, there is a unique y € S with zyx = x and yxy = y. Such
an element v is called the inverse of x and is denoted by z=!. Let n be
a positive integer and let 7 = {1,...,n} be the set of the first n positive
integers. For a set A C 71, a mapping o : A — 71 is called partial trans-
formation onn. The set of all partial transformations on 7 is denoted by
PT,,. The set A is called domain of a (in symbols: A = dom(«)) and
im(a) = {xa : x € dom(a)} is the image (range) of a. The cardinality of
im(«) is called the rank of a (in symbols: rank(a) = |im(«)|). If A =7,
then « is called a full transformation. If « is injective, then « is called a
partial injection. The set I,, of all partial injections on 7 forms a monoid
with the identity mapping ¢d; on 7 as identity element, called the sym-
metric inverse semigroup on 7. For any A C 7, the transformation idp
restricted to A, i.e., the transformation o with dom(a) = A and za = x
for all x € dom(«) is called a partial identity.

Several subsemigroups of I, have already been intensively studied.
In particular, the maximal subsemigroups were determined. In [5], the
authors characterized the maximal subsemigroups of the monoid 10,
consisting of all order-preserving (isotone) partial injections on 7. In [3],
the authors characterized the maximal subsemigroups of the ideals of
10,,. The maximal subsemigroups of the ideals of the monoid I M,, con-
sisting of all monotone, i.e., order-preserving or order-reversing (isotone
or antitone) partial injections on 7 were determined in [3], as well. Recall
that « € I, is called order-preserving (order-reversing) if x < y = za <
ya (x < y = za > za) for all x,y € dom(«). D-B. Li, W-T. Zhang,
and Y-F. Luo determined the maximal subsemigroups of the monoid of
all orientation-preserving extensive partial injections on 7 [9]. The maxi-
mal subsemigroups of the ideals of the inverse semigroup of all order-,
fence-, and parity-preserving partial injections on n were determined by
J. Koppitz and A. Sareeto in [11].

Let < be the binary relation on 7 defined by

1 <1+ 1, whenever i+ 1 €nand i <7—1, wheneveri — 1 €n

for all even integers ¢ € n. This relation < is a partial order on 7, which
is called zig-zag order (or fence, regarded as poset (71,<)). Every element
in n is either maximal or minimal with respect to <.

A partial transformation « is called fence-preserving if for all x,y €
dom(«), the following implication holds:

<Yy =ra<yao.
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Figure 1: zig-zag order.

Then set of all fence-preserving full transformations on 7 forms a monoid
and it was first studied by J. Currie and T. Visentin in 1991 [2] as well as
by A. Rutkowski in 1992 [10]. Extending the results of [2], A. Rutkowski
gives the number of fence-preserving full transformations on 7 for an
even as well as for an odd positive integer n. For a long period, fence-
preserving transformations were not considered. In 2015, a paper by
K. Jendrdana and R. Srithus apears, which studies coregular semigroups
of fence-preserving full transformations [7]. One year later, R. Tanya-
wong, R. Srithus, and R. Chinram determined the regular semigroups
of fence-preserving full transformations [12]. In 2017, I. Dimitrova and
J. Koppitz [4] studied the monoid IF;, of all & € I,, such that both «
and a~! are fence-preserving. Note that IF, is an inverse semigroup.
In contrast, the monoid of all fence-preserving partial injections is not
an inverse semigroup. For example, if n = 4, then the inverse element

. C e 1 4 . 1 2
of the fence-preserving partial injection 192 ) (1 4 , where

1 4
characterize the elements in IF;, as in the following proposition.

< b2 >does not be fence-preserving since 2 < 1 but 4 £ 1. We can

Proposition 1. Let

o — <d1 do ... dp> el
mp m2 ... Myp
Then o € IF, if and only if for alli,5 € {1,2,...,p}, the following both
conditions hold:

(1) |d; — dj| = 1 if and only if |m; —mj| = 1;
(2) if |d; — d;| = 1, then d; and m; have the same parity.
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Proof. Let i,j € {1,2,...,p}.

(1) Suppose that |d; — d;| = 1. Then |m; — m;| = 1 since «a is fence-
preserving. Suppose that |m; —m; | =1 and |d; — d;| # 1, which implies
that o' is not fence-preserving. So, a~! ¢ I'F,,, a contradiction. Thus,
|d; — dj| = 1.

(2) Assume that |d; — d;| = 1. Then d; < dj or dj < d;. Since « is
fence-preserving, we have m; < m; and m; < m;, respectively. So, d;
and m; have the same parity.

Conversely, suppose that both conditions (1) and (2) hold. Let z,y €
dom(a) with < y, which means |z —y| = 1. Let 2 = d; and y = d; for
some i,j € {1,2,...,p}. By (1) and |d; — d;| = 1, we get |m; —m;| =1,
ie., za < ya or ya < xa. From (2) and |d; — dj| = 1, we get that « and
za have the same parity. Hence, za < ya. Let 2,y €édom(a™!) = im(a)

with z < y, which means |z —y| = 1. Let = m; and y = m; for
some i,j € {1,2,...,p}. Then m; = d;a and m; = dja. By (1) and
lmi —m;| = 1, we obtain |[za™! —ya~!| = |d; —d;| = 1. Thus, d; < d; or

d;j < d;. Since |d; —d;| =1 and as (2), we get that d; = m;a and m; have
the same parity. Therefore, m;a~! < mja_l. Hence, za™! < ya~t. O

We call Y C n an insterval of n if Y is a consecutive set, i.e., Y =
{i,i+1,...,i+r} for some i € {1,2,...,n} and r € {0,1,...,n — i},
such that i—1,i4+r+1 ¢ Y. From Proposition 1, we obtain immediately
a characterization of the restrictions of an a € IF,, to the intervals in

dom(a).

Remark 1. Let a € IF,, let k € {1,...,n} and let p € {0,...,n — k}
such that A = {k,k+1,...,k + p} be an interval in dom(c). Then

4 = k k+1 ... k+p or als = kK k+1 ... k+p
e A I T AT B W A N T
for some [ € {1,...,n}, where k and [ have the same parity, whenever

p > 0. With other words, the restriction of « to an interval in dom(«) is
an order-preserving or order-reversing partial transformations on 7, with
a consecutive image set. So, Remark 1 gives a vivid description of the
elements in IF,.

In [4], the authors show that IF,, is generated by the set {a : a €
IF,, rank(a) > n—2}. First, we consider an even positive integer n. Let

= {(2)-6)-0}
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For n > 4, we define

(1 2 3 - n _
1=\n -1 - n—2)°
1 1 n—2 n—1 n

270 = 3 n — 1)/’

(1 e =1 i i+l - o . .
%_<i—1 1 — sl ... n) for i € {4,6,...,n};
(1 e =1 i i1l - om . _
67,—(1 il — o i—i—l) fori e {1,3,...,n—3};
and

Gn = {idsn, 01,09} U{y;:i€{4,6,...n}}U{0; :i€{1,3,...,n—3}}.

Theorem 1 ([4]). Ifn is an even positive integer, then G 7y, is the least
generating set of IF,.

Since Gy, is the least generating set of IF},, one can easy determine
the maximal subsemigroups I F,:

Proposition 2. Let n be an even positive integer and let T be a sub-
semigroup of IF,,. Then T is a maximal subsemigroup of I Fy, if and only
if T =1F, \ {a} for some a € G,.

we e ={ (1), )¢ 3.}
2 {().0)-( 0} {606 0)

are the maximal subsemigroups of I F5.

We consider now the case that n is odd. The authors of [8] give a
generating set of IF,, of minimal size. We define particular elements in
IF,, as follows:

(1 2 oon—=1 n\

m=\n n-1 .0 2 1)
12 ...i—14 i+1i+2 ... n _

oa—<1 9 -1 — n n-1 . Z.+1>forz€{2,4,...,n—1},
12 .. i—1ii+1i+2...n _

O‘"(lz...i—1 —¢+1¢+2mn> forie {1,3,...,n};

Bodd — 1 2 3 4 ... n),

2 2 — — 4 ... n)’

12 3 4 ...
R G
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In the case, n > 5 for i € {4,6,...,n — 1}, we define

1 2 3 ... i i+1 i4+2 ...o0n
odd __
bi _<i — 1 =2 = i42 n> and
1 ... i—2 i—1 i+2 ... n
even _ (podd\—1
greer = (B7%) (3 .0 - i+2 ... n)
In case n > 7, we define
U & U BN A B AN R SRTPR A N A R SRR
Y\ —- 2 ... i—1 — j—-1 ... i+1 — j4+1 ... n
fori,je{2,3,....n—1} withd<j—i<n—-landi<n-—j+1;
1 2 .3—=1 3 341 ... n . )
alj = < 2 = G41..n for j € {5,7,...,n—2};
1 ... ]71 j j+1 ...n—=1 n .
am—<1 [ T T R _> for i € {3,5,...,n—4}
1 ... n—=1 n
n—l 2 -

Further, let G, = {y} U{a; : 1€ {1,3,..., (n—;l) I3

oy © i €{2,4,...,n—3}} ’

U{Bo, geven < e (2,4, (”* 1) 1

Ufas; 4,7 € {1,3,...,n},4§]—2<n—1,iSn—j—l—l},
where (n;—l) (<n ; 1) ) denotes the odd (even) number in the set
{n + 1 n —|— 1 _01} ‘
Theorem 2 ([8]). G, is a generating set of I F,, of minimal size for all

2
odd integers n > 5 and G = {73, a1, ag, "dd, BSYE"} is a generating set
of I'F3 of minimal size.

In particular, we can observe that IF;,, has no least generating set,
whenever n > 3 is odd. For example, we can replace «; in G, by
a1V ¢ Gy and obtain a new generating set of IF, of minimal size.
This suggests that the question for the maximal subsemigroups of IF,
(n > 3 is odd) does not have a straightforward answer. The main target
of this paper will be the characterization of the maximal subsemigroups
of IF,. Moreover, the paper will also fill two further gaps in the study
of the inverse semigroup IF,.
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Back to any positive integer n. We will also consider the conjugacy
in the inverse semigroup IF,,. In [1], J. Aratdjo et al. characterize the
i-conjugate elements in the symmetric inverse semigroup I,. We are
going to find a charcterization of the i-conjugate elements in the sub-
semigroup I F;, of the symmetric inverse semigroup. This is the subject
of the next section.

1. Conjugacy in [F),

Two elements a and b of an inverse semigroup S with identity element
are called i-conjugate, denoted a ~; b, if there exists g € S such that
g lag = b and gbg~! = a. By [l], o, € I, are i-conjugate if and
only if there is a full transformation o € I,, (o is a permutation) such
that 0o = 3. The aim of this section is to give a description of the
conjugacy in the inverse semigroup IF;,, for all positive integers n. Let

us fix a positive integer n for that section.

Lemma 1. Let o, 8 € IF,, with

_( @ as ... ap JB8— by by ... bq>
@ (ap+1 ap4+2 - a2p> an 6 <bq+1 bq+2 PN bgq ’
If a ~; B, then p = q.

Proof. Suppose that o ~; 3. Since a ~; 3, we have a = v6y~! and g =
v~ tary for some v € IF,. Let |[dom(a)| = p =|im(a)| and |dom(3)| =
q =|im(B)|. Clearly, 8 = v tay implies ¢ = |[im(3)| < [im(a)| = p and
a =By~ ! implies ¢ = |im (a)| < |im ()| = p. Then p = q. O

For any positive integer m, let S, be the set of all full transfor-
mations in I, (i.e., all permutations on {1,2,...,m}). Let p € n,j €
{1,2,...,2p}, and o € Sy,. Then we put

jo = Jjo if j € {1,2,...,p},
(I1-plo+p ifje{p+l,p+2,...,2p}.
Theorem 3. Let o, B € IF,, with
a:(al a9 ap> a’fldB:(bl bQ bq>
ap+1 ap+2 N agp bq+1 bq+2 e bgq
Then o ~; B if and only if p = q and there is o € Sa), with G’{1,2,...,p} €Sy
such that
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(a) a; = a; if and only if bie = bjs for all 1 <i < j < 2p;
(b) either a; and bic have the same parity and
la; — aj| = |bie — bje| =1 or |a; — aj|, |bie — bje| > 1
foralll <4< j <2p.

Proof. Suppose that a ~; 5. By Lemma 1, we obtain p = ¢q. We show
now (a) and (b). From a ~; 3, it follows o = y3y~! for some v € IF,.
Define o : {1,2,...,2p} = {1,2,...,2p} with 0|15, 1y : {1,2,...,p} =
{1,2,...,p} by

b for j € {1,2,...,p},
a;y = .
! bj—pyotp forj€{p+1,p+2,...,2p}.

It is easy to verify that o is well-defined, o € Sap, and olf1 2 . ) € Sp.
Suppose that 1 <7 < j < 2p.
(a) By the definition of ¢ and since a = v~y +, we get axy = bge and
ap = bgoy~ ! for k € {i,7}. Suppose that a; = aj. Then bje = a;y =
a;jy = bje. Suppose that bjc = bjo. Then a; = bjey™! = bjey™! = a;.
(b) Assume that |a; — aj| < 1 or |bjs — bje| < 1. We will prove that
a; and b;» have the same parity. If |a; — a;| < 1, then |a; — aj| = 0 or
la; — aj| = 1. Since i < j, we get a; # a; which means |a; — a;| = 1.
Thus, a; < a;j or aj < a;. Without loss of generality, let a; < a;. By the
fence-preserving property of v, we have a;7 < a;v. Since a; < a; and
a;y < a;7v, we can conclude that a; and a;y = bj» have the same parity.
If |bjo — bjo| < 1, then we can similarly prove that a; and b;» have the
same parity, substituting a; with b;> and a; with bjo. Next, we will prove
that |a; — a;| = |bje — bje| = 1. If |a; — a;j| < 1, then, as already shown,
la; —aj| = 1 and either a; < a; or a; < a;. Without loss of generality, let
a; < aj. Then bje = a;y < ajy = bjo by the fence-preserving property
of . Therefore, |bjo — bjo| = 1. If |bje — bjo| < 1, then we can similarly
prove |a; — aj| = |bjs —bjo| = 1, substituting a; with b;» and a; with bjo.
Suppose that p = ¢ and there is 0 € Sz, with o[(;5 1 € Sp such
that (a) and (b) hold. We define a partial transformation v on n by
a;y = b for all i € {1,2,...,2p}. The mapping =y is well defined and
injective by (a). Letd € {1,2,...,p}. From a;y = b;o, we get a; = bjoy L.
Then we consider

1

bie (Y ray) = (bieyHay = aiay = (i)Y = Giypy = D(igp)r = biotp
and bie 8 = bis3 = bia—i—p-

We obtain that b (v~ 'ay) = b 3. Next, we consider
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ai(YBY™1) = (i) By = bie By = (bie B)77! = bio1p7 ™" = biispyer

= Qjyp and a;& = aj4p.

Thus, we obtain that a;(v3y~!) = a;a. We have now shown that 3 =
v lay and o = yB8~y~ L. It remains to prove that v € IF,. Let i < j €
{1,2,...,p}.

(1) Suppose that |a; — a;| = 1. From (b) and |a; — aj| = 1, we have
la;iy — ajy| = |bie — bjo| = |a; — aj| = 1. Let |a;y — ajv] = 1. Then
|bje — bje| = 1. From (b) and |bjs — bjo| = 1, we have |a; — aj| =
|bje — bjo| = 1.

(2) Suppose |a; —aj| = 1. By (b) and |a; — a;| = 1, we get that a; and
a;y = bjo have the same parity.

By Proposition 1, we obtain that v € I'F,,. O

2. Maximal Subsemigroup of [F),

In this section, let n be an odd integer greater than or equal to 3. Note
that, the semigroups consisting of the identity mapping on {1} and the
empty transformation, respectively, are both maximal subsemigroups of
I1F;. We will characterize the maximal subsemigroups of I F,. First, we
observe the following general fact:

Lemma 2. Let T be a mazimal subsemigroup of any subsemigroup S of
PT,,. Then there are r € {0,1,...,n} and J C{a €S : rank(a) =r}
such that T =S\ J.

Proof. Let J =S\ T. Suppose there exist «, 5 € J such that rank(a) <
rank(/3). Since v ¢ T and T is a maximal subsemigroup of S, we have
(T,a) = S. Therefore, B = 71 ...7k, for some v1,...,7 € TU{a}. As
B¢T, vy =a,for somei=1,... k. Hence, rank(f) = rank(v; ...7) <
rank(a) < rank(f), which is a contradiction. Thus rank(a) = rank(5)
for all a, B € J. O

Let us now define the following sets:

n+1

2>};

[0
By = {877, 1n B, B, 1B, 2 879, a2 57, 57y,
. n+1
fynagﬁfdd’yn} for i € {2,4,..., ) }
e
CZ — {lBi@Uen7 ,ynﬁieven’ /Bieven,yn’ ,ynﬁieven,yn’ /Bie'l)ena2’ ,.ynﬁl('ivenOQ’

A= {aiv'Ynaia O‘i’)/nfynai')’n} for i € {1, 3,...,
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2
D; = {ai7 YnQiy O Yn, YnCiYn, On—it1, YnOn—i+l, On—i+1Vn,
n+1 )
) )
E;j = {ij, Wi js Qi jVYn, Yni e} for i,j € {1,3,...,n}
with4 <j—i<n-—1andi<n-—j+ 1}, whenever n > 7.

1
Bievena2/yna’ynﬁievena27n} for ¢ S {2747 ey <n i ) }a
e

YnOn—i+17n ) for i € {2,4,...,

Note that for n = 3, we have Boy, = B2, asfs = Paas = P2, and
o = Ypov,. Hence,

B2 = {ﬂgdda 735§dd}7
C2 — {Bgven’ 73551)677,}’ and
Dy = {2,730}

Now, we will consider five types of subsemigroups of IF;,, for which,
we will verify that these are the maximal ones.

Lemma 3. IF, \ A; is a mazimal subsemigroup of IF, for all i €

{1,3,...,(";1>0}.

Proof. Let ¢ € {1,3,...,(

n—+1

) }. First, we show that IF, \ 4; is a

o

subsemigroup of IF,,. Assume that there are o, 8 € I'F,, \ A; such that
aff = a;.

Without loss of generality, we can assume that 5 # idz. So, im(«;) C
im(8) and by Remark 1, it is easy to verify that there are three possible
cases for 3:

(1) B=aim € 4,
(2) B=a; € A;, and
(3) B ="

In case (3), we get o = a7y, € A;. These observations show that § € A;
or a € A;, a contradiction. Then «o; ¢ (IF,, \ 4;).

It follows that a;, ynou, iyn, iy ¢ (IF, \ A;) since v, ¢ A; and
'yg = idp. Therefore, IF, \ A; is a subsemigroup of IF,. It remains
to show that IF, \ A; is a maximal subsemigroup of I'F,,. For this, let
x € A;. There are r,s € {1,2} such that z = 7, o;7;,. Then

st avstl, A aivs} C(IF, \ Ai, ).

Ai = {’7:1+1a7fm %Oéi% nt

» Tn
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Since v, ¢ A;, this shows that (IF, \ 4;,x) = IF,, ie., IF,\ A; is a
maximal subsemigroup of IF,. O

Lemma 4. Both IF, \ B; and IF, \ C; are mazimal subsemigroups of
1
IF, for allie{2,4,...,<”‘£ > .

n+1

Proof. Leti € {2,4,..., < > }. We prove that I F,,\ B; is a maximal

subsemigroup of IF;,. Note that 57" = (ﬁfdd)_l. So, we can prove that
I F,,\ C; is a maximal subsemigroup of I F,, using the same method. First,
we show that IF), \ B; is a subsemigroup of IF,.

Suppose that i = 2. Assume that there are «, 5 € I F,, \ By such that

af = B3,

Thus, im(33%9) C im(3) and by Remark 1, it is easy to verify that there
are six possible cases for 5:

(1) B = B5% € By;

n—1 n 1 2 ... n—2

(2)5—< S >—7na2ﬁ§dd€B2;
n—1 n n—-2 n—-3 ... 1

(3)5:< ~ 2 - 4 n)z% 3 € By,
n 1 2 n—-1 ... 3

(4)5—<_ 5o _ 4 n>_a253ddeB2;

(5) A is a partial identity with im(8999) C im(8), and
(6) v, is a partial identity with im(3394) C im(3).

In cases (5) and (6), we can calculate that a = 5% € By and a =
6§dd7n € Bs, respectively. These observations show that o € By or

B € By, a contradiction. So, 3% ¢ (IF,\ B). This implies 339, ~,, 334,
S8, Y B3, 2 B9 Y02 8%, (10 3980y, Y2 B9%y,, ¢ (IF, \ Ba)

since vy, a2 ¢ Bg,agﬁgdd = ,Bgdd and 72 = idy. Hence, IF, \ By is a

subsemigroup of I F,.

n+1

Suppose i € {4,6,..., < ) }. We show that [F,, \ B; is a sub-

semigroup of IF,,. Suppose that there are o, 8 € I'F,, \ B; with
af = g,
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We get B; N (IF, \ B;) =0 by the same arguments as in the case i = 2.

It remains to show that IF, \ B; is a maximal subsemigroup of
IF,. For this, let z € B;. Then there are r,s € {1,2} such that
T = YragBys or ¥ = L p%%ayys. Suppose = yhanf?%S. Be-
cause of apyi " B9 = anasBdl = 3994 we can conclude that B; =
{/BiOdda Vnﬁfdd7 ﬁfdd%, ’Ynﬁ?dd%u a2ﬁi0dd7 ’YnQQﬁfdda QZIBiOdd’Vm ’VnQQded'Yn}
C (IF, \ Bi,z,7v). Since 7, ¢ B;, this shows that (IF,, \ B;,x) = IF,.
Suppose that z = 'ygﬁfdd'yz. We have 'yn'ynﬁfdd = Biodd. Hence, we get
that B; C (IF, \ Bi,Yn,a2,2)(i = 2 and By C (IF,, \ Ba,7,), whenever
n = 3). Since Y, as ¢ B;, this shows that (I F,, \ B;,x) = I F,,. Altoge-
ther, we can conclude that I F,\ B; is a maximal subsemigroup of I F,,. [

Lemma 5. IF, \ D; is a maximal subsemigroup of IF, for all i €
1
{2,4,...,<”; )}.
&

Proof. Let i € {2,4,...,(

n—+1

> }. First, we show that IF, \ D; is a
e
subsemigroup of IF,,. Suppose that there are «, 5 € IF,, \ D; with

aff = ap—it1-

Without loss of generality, we can assume that [ # idp. Since
im(an—it1) € im(B), by Remark 1, it is easy to verify that there are
nine possible cases for S:

(1) B = an—i+1 € Ds;

n—t n—i1—1 ... 1 n—t+1 n—142 .n
(2)/8_< 1 2 . o n—1 — n—1i+2 . n>
= YniVn € Dj;
(n n—1 ... i+1 1 1 2 o1 —1
(3>5_<1 2 .o m—1 — n—1+2 n—i+3 n>
= MnQn—i+1 € D;;
1+1 +4+2 ... n 7 1—1 7 — 2 o1
(4)ﬁ_< 1 2 . m—1 — n—1+2 n—i+3 . n)
= ajYn € Dy;
(5) B = 1 2 ... n—1t n—14+1 n—1+2 n—1+3 AN
"\l 2 ... n—i — n—1+2 n—1+3 .on)’

?

(n—i 1 n—i+1 n n—i+2>

1 N — n—t1+2 ... n
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i+1 ... n 1 1 2 ceoi—1
(7)5—< 1 ... n—i — n—i+2 n—i+3 ... =n )’
_(n n—=1 ... i+1 1 1—1 17— 2 |
(8)B_<1 2 ... nm—1 — n—1+2 n—1+3 ... n)’and
(9) B = n.

In the cases (5), (6), (7), (8), and (9), we can easily calculate that o =
an—it+1 € Diy, @ = Wy € Dy, a = ypay € Dy, o = ap—iy17m € Dy,
and a = ap—i+17 € Dj;, respectively. These observations show that
a € D; or f € D;, a contradiction. So, ap—ir1 ¢ (IF, \ D;). Similarly,
we can verify that a; ¢ (IF, \ D;). Finally, 42 = idy and o, oy —i11 ¢
(IFy\ D;) imply that a;, v, @iYn, ¥ iYn, On—it1, YaOn—it1, Cn—it1Vn,
YnQn—it17n ¢ (IF, \ D;). Hence, IF, \ D; is a subsemigroup of IF,.

It remains to show that [ F,, \ D; is a maximal subsemigroup of [ F,.
For this, let x € D;. Then there are r,s € {1,2} such that = = ] a;v5
or ¥ =, an—i+17Yy- lf n =3, then ¢« = 2 and o; = ap—ij+1 = aa. Since
a9y3 = 3z and 3 ¢ Doy, we obtain that © = ag or = y3a. Since 3 ¢
D, we can conclude that (I F3\ Da, z) = IF3. So, we have to consider the
case n > 5. Suppose = = v,,a;7;. Because of (Yn@iYn)?n—it1 = Qn_is1
and 2 = idy, we can conclude

D; = {aiv YnQiy O Yn, YnOiYn, On—i+1, ITnOn—i4+1, On—i+1Vn, 'Ynan—i—i—l’}/n}
- <IFn \ Di,x,vn, (’Ynai')/n)an—i-l—l)‘

It is easy to verify that v,a;vnan—it1 ¢ D;. Since 7, ¢ D;, this shows
that (I F,, \ D;,z) = IF,,. Suppose that = 7] ap—iy17;. Dually, we get
D; C (IF,\ Di, z,Yn, \nQn—i+17n) and (IF, \ D;,z) = I F,,. Altogether,
we can conclude that I'F, \ D; is a maximal subsemigroup of I F,,. ]

Lemma 6. IF, \ E;; is a mazimal subsemigroup of IF, for alli,j €
{1,3,...,n} withd <j—i<n—1andi<n-—j+1, whenevern >17.

Proof. Let i,j € {1,3,...,n} withd<j—i<n—1landi<n-—j+ 1.
First, we show that IF, \ E; ; is a subsemigroup of IF;,. Note that i =1
and j = n is not possible.

Suppose that ¢ = 1. Then j € {5,7,...,n — 2}. Suppose that there
are o, J € IF,, \ Ey ; with

Oéﬁ = Q5.
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Since im(ay j) € im(f5), by Remark 1, it is easy to verify that there are
four possible cases for g:

(1) B=a1; € Evy;

(n n—j34+2 ... n—=1 n—j+1 n—j5 ... 1
(2)5_<— 2 g1 - j+1 ...on
= o € B

(3) B is partial identity with im(aq ;) C im(3), and
(4) ynp is partial indentity with im(ayj) C im(f).

It is easy to see that the cases (3) and (4) imply a = oy ; € E1; and
a = a1, € 1 j, respectively. These observations show that o € Ey ; or
p € Ei j, which contradicts with «, 8 € IF,\ E1j. So, on; ¢ (IF,\ E1;)
which implies that o j, ynou 5, a1,Vn, Ynoa,jYn € (IFn\ E1,j). Therefore,
IF, \ E1; is a subsemigroup of IF,.

If j = n, then i € {3,5,...,n — 1} and we can show by the same
arguments that IF, \ E;,, is a subsemigroup of I F,.

We have still to consider the case that ¢ £ 1 and j # 1. Assume that
there are o, f € IF, \ E; ; with

Oéﬁ = Q04 5.

Since im(a;j) C im(S3), by Remark 1, it is easy to verify that there are
four possible cases for g:

(1) B=aij € Eij;

@p= (T T )
=i ; € Eijwithk, =n—k+1 forke{i,j};

(3) B is a partial identity with im(as;) C im(83), and

(4) v is a partial identity with im(cs;) C im(f).

Considering the cases (3) and (4), it is easy to see that o = o, ; € E;
and o = «; ;v, € E;j, respectively. These observations show that o €
E;; or p € E;;, a contradiction. So, «o;; ¢ (IF, \ E;;) which implies
that o j, Vi j, Qi jVn, Ynij¥n ¢ (IFn \ Eij). Hence, IF, \ E;; is a
subsemigroup of IF,,.

It remains to show that IF;, \ E; ; is a maximal subsemigroup of I F,.
For this, let € E; j. Then there are r, s € {1, 2} such that z = v}, ;77
and F; j = {oj, Yn®i j, Qi jYn, Ynijyn} C (IFy \ Eij, @, v,). Since 7y, ¢
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E; ;, this show that (IF, \ E;j,x) = IF,, ie., IF, \ E;; is maximal
subsemigroup of IF,,. O

Since 7, and id; = 72 are only permutations in I F,,, we can conclude:
Lemma 7. IF, \ {y.} is a maximal subsemigroup of 1 F,.

It remains to show that the maximal subsemigroup of IF;,, presented
in the previous lemmas, are exactly the maximal ones.

Theorem 4. Let T be a mazimal subsemigroup of IF,,. Then T has one
of the following forms:

(1) T:IFH\{%L};

(2) T =1IF,\ A; forsomeie{l,?),...,(n;rl) s

1
(3) T =IF,\ B; or T = IF,\ C; forsomei€{2,4,...,(n—2|_ > 3
e

(4)T:IFn\Dif0rsomei€{2,4,...,(71_2‘_1) +

(5) T =1F, \ E;; for somei,je{1,3,...,n—1}
withd<j—i<n—1andi<n-—j+1.

Proof. By Lemmas 3-7, all the given sets are maximal subsemigroups of
1F,.

Conversely, let T' be a maximal subsemigroup of IF,,. Then by
Lemma 2, there is a set J C {a € IF, : rank(a) = r} for some
r € {0,1,...,n}such that T = I'F,,\ J. First, we observe that JNG,, # 0,
since G, is a generating set of I'F;,, by Theorem 2. This implies that
re{n,n—1n—2}.

Suppose that r = n. Then v, € J since IF, \ J is a (maximal)
subsemigroup of IF, by Lemma 7, we conclude that J = {v,}, i.e.,
T =1IF,\ {7}

Suppose that 7 = n — 1. Then J N G,, # () implies «; € J,, for some i €

1 1
{1,3,...,("; ) Yorie{2,4,...,n—3}. Ifz'e{1,3,...,<”;r ) 1,
o (o]

then we have v,ai, a;vn, \naivn € J, e, A; C J. Since IF, \ A; is
a maximal subsemigroup of IF,, (by Lemma 3) and A; C J, we con-
clude that J = A;, and hence, T' = IF,, \ A;. If i € {2,4,...,n — 3},
then ypoui, iYn, \neiyn € J. Let by, ba, ... b, € IF, \ {idn, iy, aiyn,
Yniyn} such that a; = bibs ... b,. Then dom(b;)= n\{i} or dom(vy,b;) =
n\ {i} and im(b;)=n\ {i} or im(b;y,) =n\ {i} for all i € {1,2,...,p}.
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Moreover, there is k € {1,2,...,p} such that by is not a partial identity.
Hence, by € {0n—it1; ¥n—it1Vns YnQn—i+1, YnQn—i+1¥n}- This implies
{on—it1, On—it17m, Ynn—it1, TnOn—iv1n} N J # 0, and thus, {om—it1,
Qn—it1Vns YnOn—i+1, YnOn—i+17¥n} C J since v, ¢ J. Let

. o n+1
i, ifi < ;
. 2
J = €
C e n+1
n—i, ifi> .
2 e

1
Note that if i > [ "

e
1 1 1 1
If(TH_ ) :n—i— ,thenwegetn—i<n—<n+ ) :n—n+ =
e (&

, then we can consider two cases:

2 2 2 2
n+1 n+1

1<

2 2 ).
1 1 1

If n _nt — 1, then we get n —i < n — ( nt )—1=

2 o 2 2 e

n+1 n+1 n+1
n— +1-1= — 1= :
2 2 ).

This implies that an—iy1 € Dj = {ay, Y, 0V, Yn@jYn, On—j+1,
1
nt > }. Hence,

nOn—j+1, On—j+17n, ’Vnan—j—i-lfyn} Withj € {27 4,...,
D; C J. Since IF,\ D; is a maximal subsemigroup of I F;, (by Lemma 5),
we can conclude that J = Dj, ie., T = I1F, \ D;.

Suppose that r = n — 2. Then there is x € G, N J. Let i,j €
{1,3,...,n} with4 < j—i<n-—1and i <n—j+1 such that z =
a;j. Then vynou 4, o jn, Y jyn € J. Since IF, \ E;; is a maximal
subsemigroup of IF,, by Lemma 6, we conclude that J = E; ;, i.e., T =
IF,\ E; ;.

1
Suppose that o = % or & = B for some i € {2,4,..., <n—2|— ) }-
e

Then 7, 8994, 8%y, 7, 820y, € J and 1, BN, BEm 7, BE™, € .
Assume that a8 ¢ J, ie., aB%9 € T. Since rank(az) = n — 1, we
can conclude that as € T. So, ﬂfdd = agazﬂfdd €T =1F,\J. This
contradicts ﬁfdd € J. So, we have

dd dd dd dd
2374, e B9, a2 BY Y, Yn 2 By € J.

We obtain by the same arguments that 5{"“"as € J. Hence,

ﬁfvenQQ; ,ynﬁfvena% /87:61}6710(2,}/,”’ ,YH/BZE’UE’HO(Q,.YTL 6 J
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Since IF, \ B; and IF,, \ C;, respectively, is a maximal subsemigroup of
1F,, by Lemma 4, we can conclude that J = B; and J = (}, respectively,
ie, T=1IF,\ B; and T = IF, \ Cj, respectively. O
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