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ABSTRACT. The aim of the paper is to study the ring of dif-
ferential operators D(A(m)) on the generalized multi-cusp algebra
A(m) where m € N™ (of Krull dimension n). The algebra A(m)
is singular apart from the single case when m = (1,...,1). In this
case, the algebra A(m) is a polynomial algebra in n variables. So,
the n’th Weyl algebra A,, = D(A(1,...,1)) is a member of the fa-
mily of algebras D(A(m)). We prove that the algebra D(A(m)) is
a central, simple, Z"-graded, finitely generated Noetherian domain
of Gelfand-Kirillov dimension 2n. Explicit finite sets of generators
and defining relations is given for the algebra D(A(m)). We prove
that the Krull dimension and the global dimension of the algebra
D(A(m)) is n. An analogue of the Inequality of Bernstein is proven.
In the case when n = 1, simple D(A(m))-modules are classified.

1. Introduction

The following notation will remain fixed throughout the paper (if it is
not stated otherwise): K is a field of characteristic zero (not necessarily
algebraically closed), module means a left module, P, = K[x1,...,z;,]
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is a polynomial algebra over K, 9; := %, cey Op = 82n € Derg(P,),
A, = K(z1,...,24,01,...,0,) C Endg(P,) is the n’th Weyl algebra
(A, = D(P,) is the algebra of differential operators on the polynomial al-
gebra P,,), N = {0, 1, ...} is the set of natural numbers and N>, = {i € N|
i > s}. In the case n = 1, we usually drop the subscript ‘1’. So, P = K|[z]
is a polynomial algebra in a variable z, A} = K(z,0 | 0r —x0 = 1) is
the Weyl algebra, i.e., A7 = D(P) is the ring of differential operators on
the polynomial algebra P.

The algebra of regular functions on the cusp y? = 23 is isomorphic to

the subalgebra A(2) = K + . Kz° of the polynomial algebra P = K|x].
i>2
For each m > 1, A = A(m) = K+ Y Ka'is a subalgebra of P which is
>m
caleld the generalized cusp algebra. Clearly, A(1) = K[z] is a poly-
nomial algebra and A(2) is the cusp algebra.

Definition. Let m = (mq,...,m,) € N" the subalgebra of the
polynomial algebra P, = K[x1,...,zy],

A(m) = ®A(mi), where A(m;) = K + Z Kac;7 C Kz,
i=1

jzm;

is called the generalized multi-cusp algebra of rank n (GMCA, for
short).

Clearly, if m = (1,...,1) then D(A(m)) = A, is the n’th Weyl
algebra. If m = (2,...,2) then A(m) ~ A(2)®" is the algebra of regular
functions on the direct product of n copies of the cusp.

The aim of the paper is to study algebraic properties of the al-
gebra D(A(m)) of differential operators of the generalized multi-cusp
algebra A(m) of rank n. We are mostly interested in the case when
m = (m,...,my) € N2, since for an arbitrary m the algebra A(m)
is isomorphic to the tensor product P, ® A(m’) where m’ € N%5* and
D(A(m)) ~ A, @ D(A(m)). -

Generators and defining relations for the algebra D(A(m)).
Theorem 1.1 gives an explicit finite sets of generators and defining rela-
tions of the algebra D(A(m)).
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Theorem 1.1. Let m = (my,...,my) € N*. Then
1. D(A(m)) ~ @D(A(mz))

2. For each i = 1,...,n, let G; and R; be the set of generators and
defining relations of the algebra D(A(m;)) as in Theorem 2.2.(4).
Then the algebra D(A(m)) is generated by the finite set of elements

g = ,Ql G; that satisfy the defining relations R1,..., Ry and g;g; =
g;9i for all g; € G; and g; € G; for all i # j.

A K-algebra R is called central if its centre Z(R) is equal to the
field K. Theorem 1.2 is about general properties of the algebra D(A(m)).

Theorem 1.2. Let m = (mq,...,my) € N*. Then the algebra D(A(m))
1s a central, simple, Z"™-graded, finitely generated Noetherian domain of
Gelfand-Kirillov dimension 2n.

An analogue of the Inequality of Bernstein for the algeb-
ras D(A(m)). The starting point of the D-module theory is the Ine-
quality of Bernstein: For all nonzero finitely generated A, -modules M,

GK (M) > n.

Theorem 1.3. Let m = (my,...,my) € N". For all nonzero finitely
generated D(A(m))-modules M, GK (M) > n.

The Krull and global dimensions of the algebra D(A(m)). The
Krull dimension of the Weyl algebra A,, is n, [21].

Theorem 1.4. Let m = (my,...,my,) € N*. The Krull dimension of
the algebra D(A(m)) is n.

The global dimension of the Weyl algebra A, is n, [21].

Theorem 1.5. Let m = (my,...,my) € N*. The global dimension of
the algebra D(A(m)) is n.

Classification of simple D(A)-modules where A = A(m) = K +
> Kzt

>m

The set 1@ of isomorphism classes of simple D(A)-modules is a dis-
joint union of two subsets: the set of D-torsion and the set of D-torsion
free simple D(A)-modules where D = KJh| and h = Jdz. The sets of
simple D-torsion and D-torsion free D(A)-modules are classified in The-

orem 3.8 and Theorem 3.12, respectively.
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2. Generators and defining relations of the algebra D(A)

The aim of this section is to find generators and defining relatyions of
the algebra D(A) of differential operators on the algebra A = A(m)
(Theorem 2.1). It is proven that the algebra D(A) is a central simple
Noetherian domain of Gelfand-Kirillov dimension 2 (Theorem 2.2.(1)).
The Krull dimension of the algebra D(A) is 1 (Theorem 2.10). Further-
more, for all nonzero left ideals I of the algebra D(A), the D(A)-module
D(A)/I has finite length (Theorem 2.9). We introduce two generalized
Weyl algebras A and B such that A C D(A) C B = T7'A ~ T~!D(A).
The properties of the algebra D(A) is a mixture of properties of the
algebras A and B.

Generalized Weyl algebras D(o,a) of rank 1, [2-9]. Let D be
a ring, o be a ring automorphism of D, a is a central element of D.
The generalized Weyl algebra of rank 1 (GWA, for short) D(c,a) =
D[X,Y;0,a] is a ring generated by the ring D and two elements X and
Y that are subject to the defining relations:

Xd=0(d)X and Yd=0c"'(d)Y forall d e D,

YX =a and XY =o(a). @

The ring D is called the base ring of the GWA. The automorphism o
and the element a are called the defining automorphism and the defining

element of the GWA, respectively.

The algebra A = @ A, is Z-graded where A,, = Dv,, v, = X™ and
ne’l
v_p = Y™ for n < 0, and vy = 1. It follows from the above relations that

VnUm, = (N, M)Vptm = Unym(n,m) for some (n,m) € D. If n > 0 and
m > 0 then

n>m: (n,—m) = o™(a)--- " "™ (a),
(=n,m) =0 (a)--- 07" (a),

n<m: (n,—m) =0"(a)---o(a),
(—n,m) =0""*(a)-a,

in other cases (n,m) = 1. Clearly, (n,m) =oc""""((n,m)).

Example. The Weyl algebra A; = K|h|[z,0;0,a = h| is a GWA
where h = 0z and o(h) = h — 1.
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Generators and defining relations of the algebra D(A). The
set Sp = {z' | i > 0} (resp., Sym = {2 | i > 0}) is a multiplicative set
of P (resp., P and A). Clearly,

Kz, | =8,'P=SiP=S_1A (2)

The polynomial algebra P is a left A;-module which is isomorphic to
the factor module A;/A;0 where the action of A; is given by the rule:
Forallp e P, zxp =2xpand Oxp = p := %‘ The left Aj-module
P = @ Kz' is a Z-graded (even N-graded) Aj-module and h * ' =

i>0
(i +1)x® forall i >0 where h = Ox.

Theorem 2.1. Let K be a field of characteristic zero, A= K+ Y Ka'
>m

(m > 2) be a subalgebra of the polynomial algebra P = K|x|. Then

1. The ring of differential operators D(A) on A is a Z-graded sub-
algebra D(A) = @ D(A)y) of the Z-graded algebra Ay, where
1€EZ

D(A)) = Dé; and

xt if 1 >m,
=< (h—i—-12" ifi=1,....,m—1,and
1 if i =0,
(h+i—-1)- I (h—gHz™% ifi=1,....m—1,
S — j=m—i+1
(h+i—1)- I (h=Hz"" ifi>m.
1#£j=m—i+1

In particular, 6_p, = (h+m —1)(h —2)---(h —m)x™™, and for
all i € Z, §; = px® where the polynomial ; € D = KIh] is the
coefficient of ' in the equalities above.

2. For all i,j > m, 5_1'(5_]‘ = (5—i—j and 51(5] = 5i+j-

3. DA = @ D, @ Dsad & D&, and
7>0 [i|<m 720
m<i<2m—1 m<i<2m—1

5—i5];m = 5Zm5—i and 5,~5j = 5¥néi forall 7 >0 and m < i <
2m — 1.
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4. The algebra D(A) is generated algebra by the elements {h,d; | i =
+1,42,...,£(2m — 1)} that satisfy the finite set of defining rela-
tions: For alli,j = =+1,...,+£(2m — 1), [h,d;] = i; and

(0io" ()70 if i+ j < 2m,
goiai(goj)wi__:j_m&ﬂ_mém if 2m <i+4j < 3m,
0;0; = cpzai(goj)w;ﬁjdmézﬂ_gmdm if 3m < i+ j < 4m,
gpiai(goj)go;_:j+m6i+j+m5_m if —3m<i+j<-—2m,
@iai(goj-)(p;rljﬁmdiﬂ”mé%m if —dm<i+j<—-3m.

Proof. 1. The set S, = {z* | i > 0} (resp., Sym = {2™ | i > 0}) is an
Ore set of the Weyl algebra A; (resp., of A; and D(A)) and
Ay =S, AL = Sy Ay = S;aD(P) ~ D(S,n P)

xT T

® p(s:1A) ~ S21D(A). B

T

Recall that the Weyl algebra A1 = D|x,0;0,a = h] is GWA when
D = K|[h], o(h) = h — 1 and h := Oz. In particular, the Weyl algebra
A1 = @ Dv; is a Z-graded algebra where vy := 1, v; = 2t and v_; = &
for 7 Zlelz.

Since the elements of the Ore set S, are homogeneous elements of
the algebra Aj, the localized algebra A;, = S, LA is also a Z-graded

algebra Ay, = @ Dx' (since = ha™'). By (3), D(A) = {6 € A1, |
1€Z
dx AC A}

Since the algebra A is a Z-graded subalgebra of the polynomial algeb-
ra P, the algebra D(A) is also Z-graded,

D(A) = @D(A)M where D(A)y; = D(A)N Dyt .
i€EZ
={§€ Dz’ |6xAC A}

Now, using the fact that h*x® = (i+ 1)2’ for all i € Z, we obtain the
explicit expressions for the graded components D(A)j; as in the theorem.

2. Statement 2 follows at once from the definition of the elements §_;
and &; = 2 (i > m) and the fact that x=7h = (h + j)z =7 for all j > 0.
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3. By statement 2, for all ¢ > 1 and j = 0,1,...,m —1, d_jn—; =
§¢,,0; and 2 = (2™)i.27. Now, statement 3 follows from statement 1.

4. By statements 1 and 2, the relations in statement 4 hold. Then
the relations of statement 4 are defining relations of the algebra D(A)
since they imply the first equality in statement 3 where the direct sums
are replaced by sums. O

The subalgebra A of D(A) which is a simple GWA.. For an auto-
morphism 7 of an algebra R, R” := {r € R|7(r) = r} is the algebra of
T-constants/invariants. The subalgebra A of D(A) (Proposition 2.2.(2))
plays a key role in proving that the algebra D(A) is a simple Noetherian
domain (Proposition 2.2.(1)).

Theorem 2.2. Let K be a field of characteristic zero, A= K+ Y Ka'
>m

(m > 2) be a subalgebra of the polynomial algebra P = K|x|. Then

1. The algebra D(A) is a central simple Noetherian domain.

2. The subalgebra A of D(A) which is generated by the elements h,
X:=a"andY =6_nisa GWA A= D[X,Y;0™,a = (h+m—1)-
(h —2)(h — 3)---(h — m)] which is a central simple Noetherian
domain where o(h) = h — 1.

3. The algebra D(A) is a finitely generated left and right A-module,
DA)= > A= > §A.
li]<2m li]<2m
Proof. 2. The elements h, X = 2™ and Y = §_,, satisfy the defining
relations for the GWA D[X,Y;0™, a]. Then using the fact that the
algebra A is a homogeneous subalgebra of the Z-graded algebra D(A),
we see that A = @ DY '@ D& @ DX?, and so A = D[X,Y, 0™, a] since
i>1 i>1

a=YX=(h+m-1)-(h—2)(h—=3)---(h—m)x™ 2™ = (h+m —1)-
(h —2)(h — 3)---(h — m), by Theorem 2.1.(1). By [5, Corollary 3.2,
the GWA A is a simple algebra since the difference of any two distinct
roots of the polynomial a = (h+m —1)-(h—2)(h —3)---(h —m) is
not divisible by m. By [5, Proposition 1.3], the GWA A is a Noetherian
domain. Clearly, Z(A) = D? = K since o(h) = h — 1 and the field K

has characteristic zero.

3. By using the definition, the algebra A is generated by the elements
h, ™ and §_,,. Now, statement 3 follows from Theorem 2.1.(2,3).
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1. (i) The algebra D(A) is a Noetherian domain: Since the polynomial
algebra D = K[h] is a Noetherian algebra, the GWA A is also a Noethe-
rian domain [5, Proposition 1.3]. The algebra D(A) is a finitely generated
left and right .A-module. Hence, the algebra D(A) is a Noetherian left and
right A-module. Therefore, the algebra D(A) is a Noetherian algebra.

(ii) The algebra D(A) is simple: Let I be a nonzero ideal of the algebra
D(A). Then a:=IND # 0 is a nonzero ideal of the algebra D since the
algebra D(A) is a domain which is a direct sum D(A) = @ DJ; of eigen-

i€Z
spaces of the inner derivation adj of the algebra D(A) (Tlrfeorem 2.1.(1)).
The subalgebra A of D(A) is a simple algebra (statement 2) that contains
the algebra D. Hence, 0 # a C I N A is a nonzero ideal of the algebra
A, ie. 1€ INACI, and so I = D(A). Therefore, the algebra D(A) is
a simple algebra.

(iii) The algebra D(A) is central: By (3), the algebra D(A) is a central
algebra:

K C Z(D(A)) C Z(S;nD(A)) = Z(A1,) = K.

xm

O

The set Sym = {z™|i > 0} is a denominator set of the algebras A
and A; = D(P). The set S, = {2°|i > 0} is a denominator set of the
Weyl algebra A; = D(P). We have the following inclusions of algebras

Ay C Aygm = A1y = Dlz,2 0], D=KIh], o(h)=h—1, (5
D(A) C D(A)ym =~ Ay, = D[z, 27 1; 0], (6)
AC Agm = D[xm)ximﬂjm] C Al,a:m = Al,z = D[%xil;g]’ (7)

where the subscripts ‘™’ and ‘z’ denote the (left and right) localizations
at the denominator sets S, and S,, respectively. The rings D[z~ !, z; 0]

Tm
and D[z™, z~™; 0™] are skew Laurent polynomial rings.
Recall that the Weyl algebra D(P) = A; is the GWA, Ay = D[z, 0;
o,h] = @ Duv;, where vg = 1, v; = 2' and v_; = 9’ for all 4 > 1. Since
1EZ
O0x = h, we have that =' = h='9. Then, for all i > 1,
i—1

=+ k)10 (8)

Now, for i =1,
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Fori=2,....m—1,
(h+i—1) TI 1(h—j) I1 1(h—J)
Jj=m—i+ i Jj=m—i+ i
0_; = — 0 ) 0 (10)
[T (h+E) [1(h+Ek)
k=0 k=0
For 7 > m,
(hﬂ—l)l;’,é I1 1(h—J) H2(h—3)
j=—itmt i J= i
0_; = — o' = ) 0. (11)
I[1(h+E) (h+ k)
k=0 k=i—m
Corollary 2.3. Let A be as in Theorem 2.1.
D(A) £ D(P).

2. Let 0_;, i > 1, be as in Theorem 2.1. Then 6_1 = D(P) and d_; &
D(P) fori> 2.

Proof. 1. Statement 1 follows from statement 2.
2. Statement 2 follows from (9), (10) and (11). O

In Theorem 2.5, the algebra D(A) ND(P) is described and an explicit
set of algebra generators is given for it.

The subalgebra D(A); and D(A)_ of D(A). Let the algebra A
be as in Theorem 2.1. The algebra D(A ) contains two homogeneous

subalgebras D(A)+ := @ DJ; and D(A)_ := @ Dj_;.
>0 >0

Proposition 2.4. Let A be as in Theorem 2.1.
1. The algebras D(A)1 are finitely generated Noetherian algebras.
2. D(A); CD(P) but D(A)_ £ D(P).

3. The algebra D(A)4 is a finitely generated, left and right module
over its subalgebra D[z"™;c™] and the set {1,01,...,02m—1} 1S a
module generating set.

4. The algebra D(A)_ is a finitely generated, left and right module
over its subalgebra D[6_p; 0~ ™] and the set {1,6_1,...,0_9m+t1} i
a module generating set.



136 RINGS OF DIFFERENTIAL OPERATORS

Proof. 2. The inclusion D(A)4+ C D(P) is obvious. By Corollary 2.3.(2),
D(A)_ € D(P).

3. Statement 3 follows at once from the explicit expressions for the
elements ¢; (i > 0) and the fact that D(A); = @ Dé;.
i>0
4. Statement 4 follows from Theorem 2.1.(2,3).
1. The skew polynomial rings D[z"; 0™ and D[d_,,; 0~ "] are Noethe-
rian algebras (since D is so). Now, statement 1 follows at once from
statement 4. O

The algebra A;. Recall that the algebras D(A) and D(P) are ho-
mogeneous subalgebras of the Z-graded algebra A; ;. So, the intersection
A; = D(A) N D(P) = D(A) N A; is a homogeneous subalgebra of the
algebras D(A), Ay and Ay ,. Clearly, A; = {6 € D(P) |+ A C A}.

Theorem 2.5. Let the algebra A be as in Theorem 2.1.

1. Ay = @ Dw; where wg :=1, w; = &, w_; = a;0" fori > 1, and

€L
I (h—j) ifi=1,...,m—2,
a; = jT:nm—i—i-l
1(h—5) if i >m— 1.
j=2

2. The algebra A; is a finitely generated algebra and the set {w_p,, w_;
=0_1,h,01,...,0m—1,2™} is an algebra generating set, and w_, =

d_1.
3. (a) For alli > m, w_jw_1 = hw_;—1, w_qw_; = (h — Dw_1_;

and [w_;, w_1] = W_pp_1.

(b) Fori=1,...,m—1, (w_1)" = w_;.

(¢) (w_1)" = hw_p,.

(d) For alli > 1, [61,2] = iz*T1.

(e) w_101 = h(h—1)(h—m) and S;w_1 = (h—1)(h—2)(h—m—1) =
o(h(h —1)(h —m)).

(f) Fori =2,....,m —1, w_16; = h(h — m)d;—; and d;w_1 =
(h -7 — 1)(]1 — 17— m)&-,l.
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Proof. 1. Notice that D(A); C A;, and so D(A); C A;. Now state-
ment 1 follows from the fact that the Weyl algebra A; = D|z,0;0,h] =
@ DI ® D@ @ Da' is a GWA and from (9)—(11).
i>1 i>1

3. Straightforward.

2. By statement 1, the set G = {h,w; | i € Z\{0}} is a generating

set for the algebra 4;. By the statements 3(a) and 3(b), the elements

{w; | i < —-m—1} and {w_; | j = 2,...,m — 1} are redundant in G.
Similarly, by the statement 3(d), the elements {w; | i > m + 1} are also
redundant in GG, and statement 2 follows. O

The generalized Weyl algebras A and B such that A C D(A) C
B C T7!A = T7'D(A) = T-'B. Let A be the subalgebra of D(A)
which is generated by the elements §_1, h and é;. By Theorem 2.1.(1),
§_1=~h(h—m)x~! and §; = (h — 2)z, and so the algebra

A=D[5y,0_1;0,h(h—1)(h—m)], D=K[h], o(h)=h—1, (12)

is a GWA such that A C A; since 6_;1,h,01 € A; (Theorem 2.5.(2)).
In particular, the algebra A = @ D& | ® @ D6: is a free left/right
>0 i>0
D-module, where the set {6%, |i > 0} is a free basis over D.
The multiplicative submonoid T'= (h — i |i € Z) of D is a (left and
right) denominator set of the algebras A, A;, D(A) and A; such that

T AT A ~T'D(A) ~T A = B=T""'"Dlz, 21 0],

T7'D = K[h,(h — i) ez, o(h) =h — 1. 13)

This follows from the explicit descriptions of the free bases over D of
the algebras A, A;, D(A) and Ay = @ D" & @ Dx' (Theorem 2.1,
i>0 i>0
Theorem 2.5). Notice that the algebra B = T~!D[x,27;0,1] is a GWA
where the ring T~!'D is a Dedekind ring.
Similarly, the multiplicative set D\{0} is a (left and right) denomi-
nator set of the algebras A, A;, D(A) and A; such that

D 'A~D''A ~D'D(A) ~D'A; = B=K(h)[z,z ;0]

o(h)=h—-1, (14)

where D™1A denotes the localization (D\{0}) A of the algebra A at
D\{0}, and K (h) is the field of rational functions in the variable h over
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the field K. We have the following diagram of algebras where the vertical
lines denote containments of the algebras:

B=D"'A=D"1'4 =D'D(A) = DA, = K(h)[z,z™ ;0]
I
B=T"'A=T"14 =T'D(A) =T"1'A; =T 'Diz,z7!]
RN
D(A) A
N
A A = D(A) N A;
|

A

We will see that the properties of the algebra D(A) are a mixture
of properties of the GWAs A and B. Theorem 2.6 and Theorem 2.7 are
about some properties of the algebras A and B.

Theorem 2.6. 1. The algebra A is a finitely generated, central, non-
simple Noetherian domain with GK (A) = 2.

2. ([12, Theorem 1.6]) gldim(A) = 2.

3. ([4, Theorem 2]) All nonzero left ideals of the algebra A are co-finite
(dimg (A/I) < 00).

4. ([4, Theorem 2]) Kdim(A) = 1.
5. ([4, Theorem 4]) In A there are only finitely many nonzero ideals.

6. ([4, Theorem 1]) Up to isomorphism, there only tow simple finite
dimensional A-modules: Ly = A/A(0_1,h —1,01), dimg(L1) =1
and Ly—1 = AJA™ b —m, 61), dimg (Ly—1) =m — 1.

7. ([5, Theorem 3.3]) The category of finite dimensional modules is
not semisimple.

8. ([5, Theorem 6]) For all simple A-modules M and N, the vector
spaces Extl (M, N) and Tor® (M, N) are finite dimensional for alli.

9. ([5, Theorem 4]) Let M be a simple A-module and q € A\K, then
the kernel and cokernel of the linear map qpr : M — M, m — qgm
are finite dimensional.
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Theorem 2.7. 1. The algebra B is a finitely generated, central, sim-
ple Noetherian domain with GK (B) = 2.

2. ([12, Theorem 1.6]) gldim(B) = 1.

3. ([4, Theorem 2]) All nonzero left ideals of the algebra B are co-finite
(dimg (B/I) < 00).

4. ([4, Theorem 2]) Kdim(B) = 1.

5. ([4, Theorem 1, Theorem 5]) All simple B-modules are infinite di-
menstonal.

Every proper factor module of D(A) has finite length and the
Krull dimension of D(A). Recall that the algebra D(A) is a finitely
generated over its subalgebra A. Proposition shows that the subalgebra
A of D(A) is large in the sense that it meets every nonzero left ideal of
the algebra D(A).

Proposition 2.8. For all nonzero left ideals I of the algebra D(A),
ANT#D0.

Proof. The Gelfand-Kirillov dimensions of the domains D(A) and A is 2.
By Theorem 2.2, the algebra D(A) is a finitely generated module over its
subalgebra A. Hence, 2 = GK (A) < GK 4(D(A)) < GK(A) = 2, and
so GK 4(D(A)) = 2. Then, by [21, Proposition 8.3.5],

GK A(D(A)/I) < GK 4(D(A)) —1=2-1=1.
Hence, ANT # 0 since GK(A) =2 > 1= GK 4(D(A4)/I). O

Theorem 2.9. For all nonzero left ideals I of the algebra D(A), the
D(A)-module D(A)/I has finite length.

Proof. By [5, Theorem 2.1], for all nonzero left ideals I’ of the algebra
A, the A-module A/I" has finite length. By Theorem 2.2, the algebra
D(A) is a finitely generated A-module. Now, the theorem follows from
Proposition 2.8. ]

Theorem 2.10. The Krull dimension of the algebra D(A) is 1.

Proof. The theorem follows at once from Theorem 2.9. O
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3. Classification of simple D(A)-modules

The aim of this section is to classify simple D(A)-modules where A = K+
3" Kx' (Theorem 3.8 and Theorem 3.12). They are partitioned in two
i>m

(disjoint) sets: D-torsion and D-torsion free. The simple D(A)-modules
in each of the two sets are classified (Theorem 3.8 and Theorem 3.12).

At the beginning of the section we recall a classification of simple
modules over a generalized Weyl A = D(o,a) = D|x,y;0,a] where D
is a (commutative) Dedekind domain with some extra condition on the
automorphism that is satisfied for our GWAs. In all the papers we cite
below these algebras are denoted by ‘A’, we hope that this notation will
not lead to confusion.

For an algebra A, we denote by A the set of isomorphism classes
of simple A-modules. For an A-module M, we denote by [M] its iso-
morphism class. If P is an isomorphism invariant property of simple
modules (e.g., ‘being weight’) then A (P) stands for the set of all isomor-
phism classes of simple A-modules that satisfy P.

Classification of simple A-modules where A = D(o,a) and D
is a Dedekind ring. Let A = D(0,a) = Dlz,y;0,a] be a GWA such
that D is a Dedekind ring, a # 0, and the automorphism o of D satisfies
the condition:

(*) a(p) # p for all i € Z\ {0} and all mazimal ideals p of D.

Example. The Weyl algebra A; = K[h][x,d;0,h] is an example of
the GWA A.

Example. A = K|h|(o,a) where o(h) = h — 1 and K is a field of
characteristic zero. In particular, the algebras A is of this type, see (12).
A classification of simple K [h](o, a)-modules is given in [4,5].

Example. The GWA B is an example of the GWA A, see (13).

The set S := D\{0} is an Ore set of the domain A. So, a simple A-mo-
dule M is either D-torsion (S~'M = 0) or D-torsion free (S~'M # 0).
In the second case, the S~'A-module S™'M is simple.

Let us recall a classification of simple A-modules for the algebra
A = D(o,a), see [4-0] for details. Clearly,

A = A (D-torsion) H A (D-torsion free). (15)
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The set A (D-torsion) = A (weight). The group (o) ~ Z acts freely
on the set Max (D) of maximal ideals of the Dedekind ring D. For each
maximal ideal p of D, O(p) = {o*(p)|i € Z} is its orbit. We use the
bijection Z — O(p), i + o'(p), to define the order < on each orbit O(p):
ol(p) < ol(p) iff i < j. A maximal ideal of D is called marked if it
contains the element a. There are only finitely many marked ideals. An
orbit O is called degenerated if it contains a marked ideal. Marked ideals,
say p1 < --- < ps, of a degenerated orbit O partition it into s 4+ 1 parts,

'y = (—o0,p1], To=(p1,p2],...,Ts = (ps—1,0s], Tsq1 = (ps,00). (16)

Two ideals p, g € Max (D) are called equivalent p ~ q if they belong either
to a non-degenerated orbit or to some I';. We denote by Max (D) /~ the
set of equivalence classes in Max (D).

An A-module V is called weight if V = @ V, where V, =

peMax (D)

{v € V|pv = 0} = the sum of all simple D-submodules of V' which are
isomorphic to D/p. The set Supp (V) = {p € Max (D) |V, # 0} is called
the support of V, elements of Supp (V') are called weights and V}, is called
the component of V' of weight p. Clearly, an A-module is weight iff it is
a semisimple D-module. Clearly,

~ o~

A (D-torsion) = A (weight), (17)
i.e., a simple A-module is D-torsion iff it is weight.
Theorem 3.1 ([4-6], CLASSIFICATION OF SIMPLE D-TORSION/WEIGHT

A-MODULES). The map Max (D)/~ — A (D-torsion), T' — [L(T)], is a
bijection with the inverse [M| — Supp (M) where

1. IfT is a non-degenerated orbit then L(I') = A/Ap where p € T.
2. IfT'= (—o0,p] then L(T') = A/A(p, x).

3. IfT' = (o7"™(p),p] for some n > 1 then L(T') = AJ/A(y",p,x). The
D-length of L(T") is n.

4. If T = (p, 00) then L(T') = A/A(o(p),y)-

The set A (D-torsionfree). For elements «, 5 € D, we write o < 3
if p < q for all p,q € Max (D) such that O(p) = O(q), o € p and 5 € q.
(We write also a < f if there are no such ideals p and q). Recall that the
GWA A = @ A, is a Z-graded algebra where A; = Dv; = v;D, vy = 1,

1EL
v; = 2' and v_; = ¢ for all i > 1.
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Definition, [4-6]. An element b = v_,,8_n+v_mi1B-mi1+ - +B0 € A
(where m > 1, all 8; € D and S_,,, By # 0) is called a normal element if
Bo < B_m and fy < a.

The set S := D\ {0} is an Ore set of the domain A. Let k := S~'1D
be the field of fractions of D. The algebra B := S™'A = k[z,27 ;0] is a
skew Laurent polynomial ring which is a (left and right) principle ideal
domain. So, any simple B-module is of type B/Bb for some irreducible
element b of B. Two simple B-modules are isomorphic, B/Bb ~ B/Bc,
iff the elements b and ¢ are similar (i.e., there exists an element d € B
such that 1 is the greatest common right divisor of ¢ and d, and bd is a
least common left multiple of ¢ and d).

Theorem 3.2A([476], CLASSIFICATION OF SIMPLE D-TORSIONFREE
A-MODULES). A (D-torsionfree) = {[M; := A/A N Bb]|b is a normal
irreducible element of B}. The A-modules My, and My are isomorphic

iff the elements b and b’ are similar.

For all nonzero elements o, € D, the B-modules S™'M;, and
SilMﬁbaq are isomorphic. If an element b = v_p, 6 + -+ + Bo is
irreducible in B but not necessarily normal the next lemma shows that
there are explicit elements o and 3 such that the element Sba~! is normal
and irreducible in B.

Lemma 3.3 ([4, Lemma 13], NORMALIZATION PROCEDURE). Given an
element b = v_pmfP_y + -+ o € A where m = 1, all B; € D and
B—m,Bo # 0. Fiz a natural number s € N such that c=*(5y) < Bm,

o7 %(Bo) < Po and o *(Py) < a. Leta = ﬁ o=(Bo) and B = sii[?a_i(ﬁg).

=0
Then the element fba! is a normal element which is called a normali-
zation of b and denoted b™°™ (we can always assume that s is the least

possible).

The algebra A = K+ Y Kz’ is a simple weight D(A4)-module.
>m
Clearly, A = Y Kz2' where E := {0,m,m + 1,...}. Recall that by the
S
very definition of the algebra D(A) of differential operators on A, the
algebra A is a left D(A)-module and the action of an element § € D(A)
on an element a € A is denoted either by § % (a) or §(a). For all i € E,
h*x* = (i + 1)a*. This implies that the D(A)-module A is a weight
D(A)-module with Supp(A) = {(h —i—1)|i € E}. In particular, the
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D(A)-module A is D-torsion. If follows from the equalities
61=(h—2)x, 6_1 =h(h—m)z™, § 16, = h(h — 1)(h —m)

(18)
and 6161 =(h—1)(h—2)(h—m —1)

that the maps

61 K2t — Kzt pe dixp, i >m,
61 : Ka'™' 5 Kat, ped_ixp, i>m,

are bijections. Similarly, it follows from the equalities §_,,d,, = (h+m—1)
(h=2)---(h—m) and §,,0_,, = (h—1)(h—m—2)--- (h—2m) that the maps

Oom K — Kx™, p— 0y xp,
Om + K™ = K, pr—0d_p, *p,

are bijections. Therefore, the algebra A is a simple weight D(A)-module
with Supp(4) ={(h—i—1)|i € E}.

Classification of simple weight D(A)-modules with support
that belongs to the orbit O(h). The ideal (h) = Dh is a maximal
ideal of the polynomial algebra D = K[h| with D/(h) = K. Let O(h) =
O((h)) = {o*(h) = (h —1)|i € Z} be its o-orbit. We will see that (up
to isomorphism) there are only two simple weight D(A)-modules with
support in O(h): the algebra A and a ‘complementary’ module A’ which
we are going to define. Furthermore, supp(A’) = O(h)\Supp(A).

The polynomial algebra K[z] has the canonical structure of the left

Aj-module. Namely, K[z] ~ A1/A10; xxp=axp and J*p = Z—p for all
x

p € P. The Laurent polynomial algebra L = K[z, 27 '] = @ Ka', which
1€EZ

is the localization of the polynomial algebra K|x] at S, = {x' | i > 0},

is a left A; z-module. By (4), the Laurent polynomial algebra L is a left

module over the algebras A, ~ S;aD(A) and D(A). One can easily

verifies using Theorem 2.1, that the subalgebra A is a D(A)-submodule

of L. Consider the D(A)-module,

A=L/A=P K, E:=Z\E={...,—2,-1,1,2,...,m—1}. (19)
iEE’
By (18), the maps
61 ¢ Kot —» Ko™ psixp, i€ EN\{-1,m -1},
61 : Ko™ s K2t p—d_yxp, i€ E\{-1,m—1},
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are bijections. Since § = (h—3)2? and §_5 = (h+1)(h—m~+1)(h—m)z~2,
we have that

02062 =(h+1)(h—m+1)(h—m)(h—1) and

(20)
820_5 = (h—3)(h — 1)(h—m — 1)(h —m — 2),

and so the maps

8y : Ka ' = Kz, pr dyxp,
b9 : Kz — Kzt ped_gxp,

are bijections. Therefore, the D(A)-module A’ is a simple weight
D(A)-module with Supp(A’) = O(h)\Supp(A) ={(h—i—1)]i € E'}.

Lemma 3.4. The D(A)-modules A and A’ are the only two (up to iso-
morphism) simple weight D(A)-modules with support in the orbit O(h).

Proof. Recall that the D(A)-modules A and A" are non-isomorphic sim-
ple weight D(A)-modules with support in the orbit O(h). Now, the
lemma follows at once from the fact that every simple weight module is
uniquely determined by its support and that O(h) = Supp(A) [ [ Supp(A4").
O

Let us collect properties of the D(A)-modules A and A’ in the next
two lemmas.

Lemma 3.5. 1. The algebra A = @ Kz' is a simple weight Sym-
el
torsion D(A)-module with Supp(A) = {(h—i—1)|i € E} where
E={0,m,m+1,...}, and Endp4)(A) = K.

2. payA ~ D(A)/D(A)(h —1,6_1) = @ K&1 where T := 1+ D(A)
i€eE
(h—1,5_1).

Proof. 1. The weight spaces of the weight D(A)-module A are 1-dimen-
sional, hence Endp(4)(A) = K. The rest of statement 1 have been proven
above.

2. The D(A)-module W = D(A)/D(A)(h — 1) ~ @ Kd;1* is weight

1€EZ

with Supp(W) = Z where 1* = 14+D(A)(h—1). Themap W — A, 1* — 1
is a D(A)-module epimorphism. Hence, p(4yA =~ D(A)/D(A)(h—1,6-1),
by Lemma 3.4. O
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Lemma 3.6. 1. The algebra A’ = @ Kz' is a simple weight Sym-
1€E’
torsion D(A)-module with Supp(A’) = O(h)\Supp(A) = {(h —i—1)|
i€ E'}y where E' = Z\E = {...,-2,-1,1,2,....,m — 1}, and
EndD(A) (A/) =K.

2. pyA' = D(A)/D(A)(h,61) = @ K§1 whereT := 1+D(A)(h, ).
i€l

Proof. 1. The weight spaces of the weight D(A)-module A" are 1-dimen-
sional, hence Endp A)(A’ ) = K. The rest of statement 1 have been pro-
ven above.

2. The D(A)-module W' = D(A)/D(A)h ~ @ K6;1° is weight with

1€EZ

Supp(W) = Z where 1° = 1 + D(A)h. The map W' — A, 1° — T is
a D(A)-module epimorphism. Hence, p(a)A" =~ D(A)/D(A)(h, 1), by
Lemma 3.4. O

Classification of simple D-torsion D(A)-modules. Recall that
ACDA) CB=T"1A=T"'D(A). So, every B-module is automati-
cally is an A-module and D(A)-module. The group (o) acts on the set
Max(D) of maximal ideal of the algebra D = K[h]. The field K has cha-
racteristic zero and o(h) = h — 1. So, every orbit O(p) = {o'(p)|i € Z}
contains infinite number of elements where p € Max(D). We denote by
Max (D) /(o) is the set of all o-orbits in Max(D).

The algebra B = T~ !'D[z,271;0,1] is a GWA where T7!D is a
Dedekind ring and the automorphism o satisfies the condition (*) above.
Notice that Max(T~1D) = {T~'p|p € Max(D)\O(h)} where O(h) is
the o-orbit of the maximal ideal (h) of the algebra D, and the map
Max(D)\O(h) — Max(T~1D), p — T~ 1p is a bijection.

For each orbit O € Max(D)/(o)\{O(h)}, we fix its element, say po.
So, O(pp) = O.

Proposition 3.7. 1. @(T_ID—torsion) = {B/Bypo | po € Max(D) /(o)
\MO(h)}}-

2. The restriction map @(T*D-torsion) — D/(Z)(D-torsion), M — payM
1S an injection.

Proof. 1. Statement 1 follows at once from Theorem 3.1 and the fact
that the defining element of the GWA B is 1, and so every orbit of the
automorphism ¢ in Max(7~!D) is not degenerated.

2. Given [M] € B(T~!D-torsion). By statement 1,
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M=B/Bp =@,.p0c T D/T ' Dp ~ P,z "D/Dp
is a direct sum of non-isomorphic simple D-modules for some p = pp €
Max(D)\O(h). By Theorem 3.1 in case of the GWA A, the weight A-mo-
dule M is simple, hence the D(A)-module M is simple since A C D(A).
O

—

In view of Proposition 3.7.(2), we can write B(T~!D-torsion) C D(A)
(D-torsion).

Theorem 3.8 (CLASSIFICATION OF SIMPLE D-TORSION D(A)-MODULES).

1) D/(Z)(D—torsion) = {A, A} [IB(T~'D — torsion).

2) D(A)(D-torsion) = {A, A} [[{B/Bpo | po € Max(D\O(h))},
Supp(B/Bpo) = O.

3) For all [M] € D(A)(D-torsion), Supp(M) = oo and dimg (M) = co.

Proof. 1. Notice that Max(D) = O(h)[[Max(T~1D) where the in-
clusion Max(T~1D) C Max(D) is due to the injection Max(T~1D) —
Max(D), m — DNm. Recall that every simple D-torsion D(A)-module is
a simple weight D(A)-module, and vice versa, see (17). Now, statement 1
follows from Lemma 3.4 and Proposition 3.7.

2. Statement 2 follows from statement 1 and Proposition 3.7.

3. Statement 3 follows from statement 2. O

In order to describe the set of simple D-torsion free D(A)-modules we
need to know a classification of simple weight A-modules (Theorem 3.9)
and how simple weight D(A)-modules with support from the orbit O(h)
decompose under restriction to the subalgebra A of D(A) (Lemma 3.11).

o~

The set A (D-torsion) = A (weight). Recall that the algebra A is a
generalized Weyl algebra A = D[d1,0_1;0,a = h(h — 1)(h — m)] where
D = K[h] and o(h) = h — 1. The orbit O(h) is the only degenerated
orbit and the maximal ideals (h) < (h—1) < (h—m) are the only marked
maximal ideals. They partition the orbit O(h) into subsets (see (16)):

I = (_OO’ (h>]’ I = ((h)7 (h - 1)]7 It = ((h - 1), (h — Tn)}7
Iy = ((h —m),00).

Theorem 3.9 (CLASSIFICATION OF SIMPLE D-TORSION/WEIGHT A-MO-
DULES). The map Max (D)/~ — A (D-torsion), T' — [L(T")], is a bijec-
tion with the inverse [M] — Supp (M) where
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1. IfT € Max(D)/{(o)\{O(h)} is a non-degenerated orbit then L(I') =
A/Ap where p € T.

2. IfT =T_ = (—o0, (h)] then L_ := L(I'_) = A/A(h, 01).

3. [fF = Pl,Fm—l then L1 = L(Fl) = A/A((S_l,h — 1,(51) and
L1 = L(Ty_1) = AJA™ Y h — m,61). These two modules
are the only finite dimensional simple A-modules; dimg L(T';) =1
and dimg L(T)—1) =m — 1.

4. If ' =T then Ly := L(T'y) = A/A(h—m —1,0_1).
Proof. This is a particular case of Theorem 3.1. O

Recall that A C D(A) C B. So every B-module is also an A-module
and a D(A)-module (by restriction). Corollary 3.10 shows that the algeb-
ras A, D(A) and B have the same simple D-torsion modules provided
their supports do not belong to the orbit O(h). For the algebras R = A,
D(A), B, we denote by R(D-torsion|O) the set of simple D-torsion
R-modules with support disjoint from O(h).

Corollary 3.10. A(D-torsion |0) = D/(\A)(D-torsion | ©) = B(D-torsion | 0)
= {B/Bpo |po € Max(D)\O(h)} and Supp(B/Bpo) = O.

Proof. The corollary follows from the classifications of simple D-torsion
modules for the algebras A, D(A) and B (Theorem 3.8 and Theorem 3.9).
O

By Lemma 3.4, the D(A)-modules A and A’ are the only two (up
to isomorphism) simple weight D(A)-modules with support in the orbit
O(h). Lemma 3.11 shows that these modules are semisimple A-modules
of length 2.

Lemma 3.11. 1. pA = L1 @ Ly is a direct sum of simple weight
A-modules where the A-modules L1 and Ly are defined in Theo-
rem 3.9.(3,4).

2. pMA'=L_®Ly,_1 1s a direct sum of simple weight A-modules where
the A-modules Ly and Ly are defined in Theorem 3.9.(2,3).

Proof. 1. Recall that p4yA = K+ Y Ka'. Then 4K ~ Ly and 4( Y Ka')
i>m i>m

~ L,. Hence, yA = L1® L, since §1%K = 0,0_1%xK = 0and §_;xz™ = 0.
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2. Similarly, ppyA' = (Y Ka')e( Y  Ka'). Then,( > Ka') ~
i<—1 1

1<i<m—1 i<—
L_ands( Y Ka')~L,_ 1. Hence, p\A' = L;,,_1®L_ since d1xx~! =
1<i<m—1
0,0_1*x=0and 6 *x2™ ! =0. O

Classification of simple D-torsion free D(A)-modules. Recall
that the algebra A is a GWA A = DI[61,0_1;0,a = h(h — 1)(h — m)].
In order to stress that we consider ‘normal’ elements for the GWA A
we say ‘A-normal’, see Theorem 3.12, i.e. an element b = 0™ 8_,, +
S B 1 -+ Bo € A (where m > 1, all B; € D and B_,,, B # 0) is
called an A-normal element if 5y < f_,, and 5y < a.

Theorem 3.12 (CLASSIFICATION OF SIMPLE D-TORSION FREE D(A)-
MODULES). D(A) (D-torsion free) = {[M; := D(A)/D(A) N Bb] | b is an
A-normal irreducible element of B}. The D(A)-modules My and My are
isomorphic iff the elements b and b’ are similar.

Proof. Let R/b& the RHS of the equality in the theorem.

(i) R € D(A) (D-torsion free): Given M, := [D(A)/D(A) N Bb € R
where b is an A-normal irreducible element of B. We have to prove that
M, € D/(X) (D-torsion free). By the very definition the D(A)-module M,
is D-torsion free (since M C B/Bb). By Theorem 2.9, the D(A)-module
My, has finite length. It remains to show that the D(A)-module M, is
simple. Suppose that this is not the case, i.e. the left ideal D(A) N Bb
of the algebra D(A) is not a maximal left ideal, we seek a contradiction.
Then there is an element a@ € D\K such that the left ideal D(A) N
Bb is properly contained in the left ideal Da + D(A) N Bb # D(A).
Hence, let W be a simple weight D(A)-factor module of the D(A)-module
D(A)/(Da + D(A) N Bb). In particular the action of the element b €
A C D(A) has nonzero kernel. By Corollary 3.10 and Lemma 3.11, the
weight A-module W is either simple or a direct sum of two simple weight
A-modules. Hence, the action of the element b is not injective on a simple
A-submodule of W, this contradicts to [5, Lemma 3.7] since the element
b is A-normal, a contradiction.

(i) R 2 D/(Z) (D-torsion free): Let M € D/(Z) (D-torsion free). We
have to show that M ~ M, for some A-normal irreducible element b of
B. The B-module DM is simple. Hence, M ~ M, for some irreducible
element of the algebra B. Since D™'A = B we may assume that b =

5™ B + 0 B ypr + -+ + o with all B € D, By # 0 and Sy # 0.
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By Lemma 3.3, we may assume that the element b is A-normal since the
B-modules B/Bb and B/Bfba = B/Bba are isomorphic (via the map
u +— u«), and the statement (ii) follows. O

4. The algebras D(A(m)) where m € N"

In this section, properties of the algebras D(A(m)) of differential opera-
tors are studied where m € N". Proofs of Theorems 1.2-1.4 are given.
The key idea of the proofs is to use properties of the generalized Weyl
algebras A(m) of rank n.

Generalized Weyl algebras of rank n, [2-9]. Let D be a ring,
o = (o1,...,0,) an n-tuple of commuting automorphisms of D,
a = (ai,...,a,) an n-tuple of elements of the centre Z(D) of D such
that oi(a;) = a; for all i # j. The generalized Weyl algebra A =
D(o,a) = Dlz,y;0,a] of rank n is a ring generated by D and 2n inde-
terminates x1,...,Tn,Y1,--.,Yn subject to the defining relations:

vt = a;, iy = 0i(ai), vid = o;(d)w;,
and y;d = o; '(d)y; forall d € D,
(x5, 5] = [z, y5) = [yi,y;] = 0 forall i # 7,

where [z,y] = xy — yx. We say that a and o are the sets of defining
elements and automorphisms of the GWA A, respectively.
The GWA A = @ A, is a Z"-graded algebra (A, Ag C Aq4p for all

aEZ"
elements a, f € Z™) where Ay = Dvg = 04D, V4 = U, (1) ® - - - @04, (n),

U (1) == & and v_p, (i) := y!" for all m > 1, and vy(i) := 1.

Example. Let D;[x;,y;; 04, a;] be GWAs of rank 1 over a field K
where ¢ = 1,...,n. Then their tensor product over the field K,

n
® D[4, yi; 04, a;] = D]z, y;0,al,

is a GWA of rank n where the D = ®D,, o = (o1,...,0,) and

a = (ai,...,ap). The Z"-grading of the GWA Diz,y;0,a] of rank n
is the tensor product of Z-gradings of the tensor components/GWAs of
rank 1.
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Example. The n’th Weyl algebra A,, = A, (K) is a generalized Weyl
algebra A = D, [z, y;0;a] of rank n where D,, = K|hq, ..., hy] is a polyno-
mial algebra in n variables with coefficients in K, o = (01, ..., 0,) where
oi(hj) = hj—0;j, §;j is the Kronecker delta function and a = (h1, ..., hy).
The map

An—>A, Ti = Xy, &r—)yi, 1=1,...,n,

is an algebra isomorphism (notice that 0;x; +— h;). In particular, the

GWA A, = @ D,v, is a Z"-graded algebra where v4 = vy, (1) ® -+ ®
a€EZ™
Van, (1), vy (1) == " and v_y, (i) := O/ for all m > 1, and vy (i) := 1.

Generators and defining relations for the algebra D(A(m)).
Proof of Theorem 1.1. 1. The set S, := {[] 2 | n; > 0} (resp.,
=1

Spam = {[] 2™ | n; > 0}) is a multiplicative set of the polynomial
i=1
algebra P, = K[z1,...,x,] (resp., P, and A(m)). Clearly,
Kz, = K2, ... 2" = S;inPn =S1

n n,rm

Py =S, mA(m). (21)

The set Sy, 4 (resp., Spem) is an Ore set of the Weyl algebra A,, (resp.,
of A, and D(A(m))) and
Ang =Sy 1 An = Sy imAn = Sy tmD(Py) = D(S;, om Pr)
Q) o1 1 (22)
= D(S,, zmA(m)) = S, ;mD(A(m)).
Recall that the Weyl algebra A,, = D, [z, 0;0,a] is a GWA of rank n, see

above. In particular, the Weyl algebra A, = @ Dypv, is a Z"-graded
acZn
algebra.

Since the elements of the Ore set S, ; are homogeneous elements of
the algebra A, the localized algebra A, ; is also a Z"-graded algebra

Apz = @ Dn:co‘:Dn[:ﬁ{cl,...,xfl;ol,...,an] (23)
aeln

which is a skew Laurent polynomial algebra where D,, = Klhq,..., hy],
h; = 0;x; and z“ = [ . By (22), D(A(m)) ={d € Apno | % A(m) C
i=1
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Since the algebra A(m) is a Z™-graded subalgebra of the polynomial
algebra P,, the algebra D(A(m)) is also Z™-graded,

= P D(A(m))) Wwhere D(A(m))q)
aEL™ (24)
= D(A(m)) N Dpz® = {6 € Dyz® | 5 A(m) C A(m)}.

Now, using the fact that h; x 2% = (a; + 1)z and for all i = 1,...,n and
o € Z", we obtain the explicit expressions for the graded components,

D(A(m))mréwmmm[ai] ie. D(A(m)) = ®D< (my).

2. Statement 2 follows from statement 1 and Theorem 2.1.(4). O

The algebra D(A(m)) is a Z"-graded algebra. Recall that D(A(m))
= ® D(A(m;)) (Theorem 1.1.(1)). If m; > 2 then the algebra D(A(m;))

@ Kh;)0;(i) is a Z-graded algebra where the elements 0;(i) = ¢;
JEZ
are defined in Theorem 2.2.(1). If m; = 1 then the algebra D(A(1)) is

the Weyl algebra Ay = @ K|[h;]6;(i) which is a Z-graded algebra since
JEZ

it is a GWA where §;(i) = 0,(i)7 = 27 and §_;(i) = §_1(i)) = &/ for
j > 0. Since D(A(m)) = ® D(A(m;)) and every tensor component is a
Z-graded algebra the algebra D(A(m)) is a Z"-graded algebra

= X Dnba, Dn=Klh1,...,hn], 60 =]]0a(). (25)

a€EZ™ i=1

n
Notice that D,dq, = oDy since 0,d = 0%(d)d, where o® = [] oy,

=1
oi(h;j) = hj — d;;. The Z"-grading on the algebra D(A(m)) in (25) coin-
cides with the induced Z"-grading that is determined by the embedding
D(A(m)) C A, , and the Z"-grading of the algebra A, , in (23).

The generalized Weyl algebras A, and B, such that A, C
D(A(m)) C IB C T, 'A, = T;'D(A(m)) = T,'B,. Recall that
D(A(m)) = ® D(A(m;)). For each number i = 1,...,n, let A(7) be the

subalgebra of D(A( ;)) which is generated by the elements 0_1(7), h; and
61(i). By Theorem 2.1.(1), §_1(i) = h;(h; —m)z; " and 6 (i) = (h; —2);,
and so the algebra
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A(i) = D(i)[01(2),6-1(2); 04, hi(hi — 1) (hi — mi)],

(26)
D(i) = K[hi], oi(h;) =h; —1,
is a GWA such that A(z) A1 (i) :== D(A(m;)) N A1(i) where A1(i) =
K{(z;,0; | Ojzi—x;0; = 1) is the (first) Weyl algebra since 6_1(7), hi, 61(i) €
A (i) (Theorem 2.5.(2)). Let

A(i) and A, == ) Ai (i)
i=1 i=1
Then A,, C A,,.
The multiplicative submonoid T'(i) = (h; —j | j € Z) of D(7) is a (left
and right) denominator set of the algebras A(i), A1(i), D(A(m;)) and
Aj(7) such that

T(i)"'A>) ~ (Z) 1«41(2) T(i)"'D(A(mi))
(i) = B(i) = T(i) ' D(i)[xs, 27 s 04]
where T'(i) "' D(i) = K[hi, (hi — j) " ']jez and cr@-(hi) = h; — 1. Let

(27)

where A(m;) is a subalgebra of D(A(m;)) which is generated by the
elements h;, X; := x;"" and Y; := d_,,(¢). The algebra A(m;) is a GWA
of rank 1,

A(mz) = K[hz][Xz, Y{; Ulmi, a; = (hi+mi—1)-(hi—2)(hi—3) s (hi—ml-)],

which is a central simple Noetherian domain where o;(h;) = h; — 1, see
Theorem 2.2.(2).

We have the following diagram of algebras where the vertical lines
denote containments of the algebras where T, := T'(1)---T'(n) is a de-
nominator set of the corresponding algebras:

B, =T, 'An =T, Ay = T, 'D(A(m)) = T, YAy = Ty ' D2t . ol o0, . o)

/

D(A(m))
|\ /
)

(m An = ( ( )ﬂAn)
|
Ay,

Figure 1
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Proposition 4.1. Let m = (my,...,my,) € N*. Then

1. The subalgebra A(m) of D(A(m)) is a GWA of rank n which is a
central simple Noetherian domain of Gelfand-Kirillov dimension 2n.

2. The algebra D(A(m)) is a finitely generated left and right A(m)-
module,

D(A(m)) = > A(m)d,

{a€Zm:|ar|<2ma,...,|an|<2mp }

= > S A(m).

{a€Zr:|ay|<2ma,...,|an|<2mp}

Proof. 2. Statement 2 follows from the fact that D(A(m)) = % D(A(m;))
=1

and Theorem 2.2.(3).

1. By [5, Proposition 1.3], the GWA A(m) a Noetherian domain. By
[10, Theorem 4.5], the GWA A(m) a simple algebra. The algebra A(m)
is central since the algebra A, ; is so and

A(m) C Sy amA(m) = Dy[ay™, .. aif™ o™, o]

s
~ An,x (CL‘Z Cr oz, hy— mlhz)

The GWA A(m) =

Theorem 2.2.(2)). By [10, Corollary 4.8.(2)], the Gelfand-Kirillov dimen-
sion of the algebra A(m) is 2n. Now, by statement 2 and [21, Proposi-
tion 8.2.9.(ii)], GK (D(A(m))) = GK (A(m)) = 2n. O

T®s

A(m;) is a tensor product of simple GWAs (see

Proof of Theorem 1.2. o

(i) The algebra D(A(m)) is central: K C Z(D(A(m))) (g) Z(Apg) =
K, and so the algebra D(A(m)) is central.

(ii) The algebra D(A(m)) is Noetherian with Gelfand-Kirillov dimen-
sion 2n: By Proposition 4.1, the subalgebra A(m) of D(A(m)) is a
Noetherian algebra of Gelfand-Kirillov dimension 2n such that the algeb-
ra D(A(m)) is a finitely generated left and right A(m)-module. Hence,
the algebra D(A(m)) is also Noetherian and by [21, Proposition 8.2.9.(ii)],
GK (D(A(m))) = GK (A(m)) = 2n.

(iii) The algebra D(A(m)) is simple and Z"-graded: By (25), the al-
gebra D(A(m)) is a Z™-graded algebra and the Z"-graded components
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Dpéo (oo € Z™) of the algebra D(A(m)) are the common eigenspaces of
the commuting inner derivations ady,, ...,ady, of the algebra D(A(m)).
Therefore every nonzero ideal of the algebra D(A(m)) is a homogeneous
ideal and as a result has nontrivial intersection with the subalgebra D,,
of D(A(m)). Since D,, C A(m) and the algebra A(m) is simple (Propo-
sition 4.1.(1)), all nonzero ideals of the algebra D(A(m)) are equal to
D(A(m)), and so the algebra D(A(m)) is a simple algebra. O

The Krull dimension of the algebras D(A(m)). Proof of Theo-
rem 1.4.

By [10, Corollary 4.8.(5)], the Krull dimension of the GWA A(m) is n.
By Proposition 4.1, the algebra D(A(m)) is a finitely generated left and
right A(m)-module. Hence, the Krull dimension of the algebra D(A(m))
is smaller or equal to the Krull dimension of the algebra A(m) which is n.
The polynomial algebra D,, is the zero graded component of the Z™-gra-
ded algebra D(A(m)). Hence, them map I — D(A(m)) ®p, I (resp.,
I — I®p, D(A(m))) from the set of ideals of the algebra D,, to the set of
left (resp., right) ideals of the algebra D(A(m)) is an injection. Hence, the
Krull dimension of D,,, which is n, is smaller or equal to the Krull dimen-
sion of D(A(m)). Therefore, the Krull dimension of the algebra D(A(m))
is n. O

An analogue of the Inequality of Bernstein for the algebras
D(A(m)). By [10, Corollary 4.8.(4)], an analogue of the Inequality of
Bernstein holds for the algebra A(m): For all nonzero finitely generated
A(m)-modules M, GK (M) > n.

Proof of Theorem 1.3. By Proposition 4.1, the algebra D(A(m)) is
a finitely generated left and right .A(m)-module. Hence, each finitely ge-
nerated D(A(m))-module M is also a nonzero finitely generated A(m)-
module. Now,

GK pa(m)) (M) = GK 4(m)(M) > n,

and Theorem 1.3 follows. O

The global dimension of the algebras D(A(m)). Recall that
Morita equivalent algebras have the same global dimension and the global
dimension of the Weyl algebra A,, is n (in characteristic zero).
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Proof of Theorem 1.5. By [22, Theorem, p. 29], in the case
n = 1, the algebra D(A(m1)) is Morita equivalent to the Weyl algeb-
ra A;. Hence, for an arbitrary n > 1, the algebra

D(A(m)) = D(‘:A(mi)) ~ élD(A(m,-)) (Theorem 1.2.(1)),

1=

where m € N" is Morita equivalent to the Weyl algebra A, = AP™.
Therefore, the global dimension of the algebra D(A(m)) is equal to the
global dimension of the Weyl algebra A,, which is n. O
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